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ON LAGRANGIAN FORMULATIONS
FOR ARBITRARY BOSONIC HS FIELDS

ON MINKOWSKI BACKGROUNDS
A. A. Reshetnyak∗

Laboratory of Nonlinear Media Physics,

Institute of Strength Physics and Materials Science, Tomsk, Russia

We review the details of unconstrained Lagrangian formulations for Bose particles propagated
on an arbitrary dimensional �at space-time and described by the unitary irreducible integer higher-spin
representations of the Poincare group subject to Young tableaux Y (s1, . . . , sk) with k rows. The pro-
cedure is based on the construction of scalar auxiliary oscillator realizations for the symplectic sp(2k)
algebra which encodes the second-class operator constraints subsystem in the HS symmetry algebra.
Application of a universal BRST approach reproduces gauge-invariant Lagrangians with reducible
gauge symmetries describing the free dynamics of both massless and massive bosonic ˇelds of any
spin with appropriate number of auxiliary ˇelds.

PACS: 11.15.-q

INTRODUCTION

Growth of the interest to higher-spin (HS) ˇeld theory is mainly stipulated
by the hopes to reconsider the problems of a unique description of variety of
elementary particles and all known interactions especially due to expected output
of LHC on the planned capacity. Remind, that it suspects both the proof of
supersymmetry display, the answer on the question on existence of Higgs boson,
and probably a new insight on origin of Dark Matter ([1]). Because of HS ˇeld
theory is closely related to superstring theory, which operates with an inˇnite
tower of bosonic and fermionic HS ˇelds, it can be treated as an approach to
study the structure of superstring theory from ˇeld-theoretic viewpoint. Some of
the aspects of current state of HS ˇeld theory are discussed in the reviews [2].
The paper considers the last results of constructing Lagrangian formulations (LFs)
for free integer both massless and massive mixed-symmetry tensor HS ˇelds on
�at R

1,d−1-space-time subject to arbitrary Young tableaux (YT) Y (s1, . . . , sk) in
Fronsdal metric-like formalism within BFVÄBRST approach [3], and based on
the results presented in [4] (see [4], for detailed bibliography).
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It is known that, for d > 4 space-time dimensions, there appear, besides to-
tally symmetric irreducible representations of Poincare or (Anti)-de-Sitter ((A)dS)
algebras, the mixed-symmetry representations determined by more than one spin-
like parameters [5, 6]. Whereas for the former ones, the LFs both for massless
and massive free higher-spin ˇelds are well enough developed [7Ä11] as well as
on the base of BFVÄBRST approach, e.g., in [12Ä15], for the latter the problem
of their ˇeld-theoretic description is not completely solved. So, the main result
within the problem of LF for arbitrary massless mixed-symmetry HS ˇelds on
a Minkowski space-time was obtained in [16] with the use of unfolded form of
equations of motion for the ˇeld in the ®frame-like¯ formulation. In the ®metric-
like¯ formulation corresponding Lagrangians were derived in closed manner for
only reducible Poincare group ISO(1, d − 1) representations in [17].

1. INTEGER HS SYMMETRY ALGEBRA FOR BOSONIC FIELDS

A massless integer spin Poincare group irrep in R
1,d−1 is described by rank

k∑
i�1

si tensor ˇeld Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
≡ Φμ1

1...μ1
s1

,μ2
1...μ2

s2
,...,μk

1 ...μk
sk

(x) with

generalized spin s = (s1, s2, . . . , sk), (s1 � s2 � . . . � sk > 0, k � [d/2])
subject to a YT with k rows of lengths s1, s2, . . . , sk

Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
←→

μ1
1 μ1

2 · · · · · · · μ1
s1

μ2
1 μ2

2 · · · · · μ2
s2

· · ·
μ1

k μk
2 · · · · μk

sk

(1)

The ˇeld is symmetric with respect to the permutations of each type of Lorentz
indices μi, (for ημν = diag (+,−, . . . ,−), μ, ν = 0, 1, . . . , d−1) and obeys to the
KleinÄGordon, divergentless (2), traceless (3) and mixed-symmetry equations (4)
(for i, j = 1, . . . , k; li, mi = 1, . . . , si):

∂μ∂μΦ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
= 0, ∂μi

li Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
= 0, (2)

ημi
li

μi
mi Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk

= η
μi

li
μj

mj Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
= 0, li < mi,

(3)

Φ
(μ1)s1 ,...,{(μi)si

, . . . , μj
1 . . .︸ ︷︷ ︸μj

lj
}...μj

sj
,...(μk)sk

= 0, i < j, 1 � lj � sj , (4)

where the bracket below denotes that the indices in it are not included in sym-
metrization.
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Simultaneous description of all ISO(1, d− 1) group irreps may be reformu-
lated in a standard manner with an auxiliary Fock space H, generated by k pairs
of bosonic creation ai

μi(x) and annihilation aj+
νj (x) operators, i, j = 1, . . . , k,

μi, νj = 0, 1 . . . , d − 1: [ai
μi , a

j+
νj ] = −ημiνj δij and a set of constraints for an

arbitrary string-like (the so-called basic) vector |Φ〉 ∈ H,

|Φ〉 =
∞∑

s1=0

s1∑
s2=0

· · ·
sk−1∑
sk=0

Φ(μ1)s1 ,(μ2)s2 ,...,(μk)sk
(x)

k∏
i=1

si∏
li=1

a
+μi

li

i |0〉, (5)

(l0, li, lij, ti1j1)|Φ〉 =
(

∂μ∂μ,−iai
μ∂μ,

1
2
ai

μajμ, ai1+
μ aj1μ

)
|Φ〉 = 0,

i � j; i1 < j1.
(6)

The set of (k(k + 1) + 1) primary constraints (6), {oα} =
{
l0, l

i, lij , ti1j1
}
, are

equivalent to Eqs. (2)Ä(4) for all spins. In turn, additional condition, gi
0|Φ〉 =

(si + d/2)|Φ〉 for number particles operators, gi
0 = −ai+

μ aμi + d/2, makes (6) to
be equivalent to (2)Ä(4) for a given spin s.

The procedure of LF implies the Hermiticity of BFVÄBRST operator Q,
Q = Cαoα + . . ., that means the extension of the set {oα} up to one of {oI} =
{oα, o+

α ; gi
0}, which is closed with respect to Hermitian conjugation related to

standard scalar product on H and commutator multiplication [ , ]. Operators oI

satisfy the Lie-algebra commutation relations, [oI , oJ ] = fK
IJoK , for structure

constants fK
IJ = −fK

JI , to be determined from the multiplication Table.
The products Bi2j2

i1j1
, Ai2j2,i1j1 , F i1j1,i, Li2j2,i1j1 in the Table are given by the

relations,

Bi2j2
i1j1

= (gi2
0 − gj2

0 ) δi2
i1

δj2
j1

+ (tj2j1 θj2
j1

+ tj2+
j1

θj2
j1

) δi2
i1
− (t+i2

i1
θi2

i1
+ ti2i1 θi2

i1
) δj2

j1
,

(7)

Ai2j2,i1j1 = ti1j2 δi2j1 − ti2j1 δi1j2 , F i2j2,i = ti2j2 (δj2i − δi2i), (8)

Li2j2,i1j1 =
1
4

{
δi2i1 δj2j1

[
2gi2

0 δi2j2 + gi2
0 + gj2

0

]
−

−
(
δj2{i1

[
tj1}i2θi2j1} + ti2j1}+θj1}i2

]
+ (j2 ↔ i2)

)}
, (9)

with Heaviside θ-symbol θij . From the Hamiltonian analysis of the dynamical
systems the operators {oI} contain 2k2 second-class {oa} = {lij, ti1j1 , l+ij , t

+
i1j1

},
(2k + 1) ˇrst-class {l0, li, l+j } constraints subsystems and k elements gi

0 forming

matrix Δab(gi
0) in [oa, ob] ∼ Δab.

We called in [4] the algebra of the operators OI as integer higher-spin
symmetry algebra in Minkowski space with a Young tableaux having k rows and
denoted it as A(Y (k), R1,d−1).
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H
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sy
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ge
br

a
A

(Y
(k

),
R

1
,d

−
1
)

[↓
,→

]
ti 1

j
1

t+ i 1
j
1

l 0
li

li+
li 1

j
1

li 1
j
1
+

g
i 0

ti 2
j
2

A
i 2

j
2
,i

1
j
1

B
i 2

j
2

i 1
j
1

0
lj

2
δi 2

i
−

li 2
+

δj
2
i

l{
j
1
j
2
δi 1

}i
2

−
li 2

{i
1
+

δj
1
}j

2
F

i 2
j
2
,i

t+ i 2
j
2

−
B

i 1
j
1

i 2
j
2

A
+ i 1

j
1
,i

2
j
2

0
l i

2
δi j

2
−

l+ j
2
δi i 2

l i
2
{j

1
δi 1

}
j
2

−
l j

2
{j

1
+

δi 1
}

i 2
−

F
i 2

j
2

i+

l 0
0

0
0

0
0

0
0

0

lj
−

lj
1
δi 1

j
−

l i
1
δj j

1
0

0
l 0

δj
i

0
−

1 2
l{

i 1
+

δj
1
}j

lj
δij

lj
+

li 1
+

δj
1
j

l+ j
1
δj i 1

0
−

l 0
δj

i
0

1 2
l{

i 1
δj

1
}j

0
−

lj
+

δij

li 2
j
2

−
lj

1
{j

2
δi 2

}i
1

−
l i

1
{i

2
+

δj
2
}

j
1

0
0

−
1 2
l{

i 2
δj

2
}i

0
L

i 2
j
2
,i

1
j
1

li{
i 2

δj
2
}i

li 2
j
2
+

li 1
{i

2
+

δj
2
}j

1
l j

1
{j

2
+

δi 2
}

i 1
0

1 2
l{

i 2
+

δij
2
}

0
−

L
i 1

j
1
,i

2
j
2

0
−

li{
i 2

+
δj

2
}i

g
j 0

−
F

i 1
j
1
,j

F
i 1

j
1

j
+

0
−

li
δij

li+
δij

−
lj

{i
1
δj

1
}j

lj
{i

1
+

δj
1
}j

0
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The subsystem of the second-class constraints {oa} together with {gi
0} forms

the subalgebra in A(Y (k), R1,d−1) to be isomorphic to symplectic sp(2k) algebra
(see details in [4]).

Having constructed the HS symmetry algebra, we cannot still construct
BRST operator Q with respect to the elements oI from A(Y (k), R1,d−1) due
to second-class constraints {oa} presence in it. One should convert symplectic
algebra sp(2k) of {oa, gi

0} into enlarged set of operators OI with only ˇrst-class
constraints.

2. NEW OSCILLATOR REALIZATION FOR sp(2k)

Consider an additive conversion procedure developed within BRST approach,
(see, e.g., [13]), which implies the enlarging of oI to OI = oI+o′I , with additional
parts o′I to be given on a new Fock space H′. Now, the elements OI are given
on H ⊗ H′ so that a requirement for OI , [OI , OJ ] ∼ OK leads to the same
algebraic relations for OI and o′I as those for oI .

Leaving aside the details of Verma module (special representation space [12])
construction for the symplectic algebra sp(2k) of new operators o′I considered
in [4], we present here their explicit oscillator form in terms of new 2k2 creation
and annihilation operators (Bc; B+

d ) = (b+
ij , d

+
rs; bij , drs), i, j, r, s = 1, . . . , k;

i � j; r < s as follows (for k0 ≡ l)

g′i0 =
∑
l�m

b+
lm blm (δil + δim) +

∑
r<s

d+
rs drs (δis − δir) + hi, (10)

l′+ij = b+
ij , t′+lm = d+

lm −
l−1∑
n=1

dnl d+
nm −

k∑
n=1

(1 + δnl)b+
nm bln, (11)

t′lm = −
l−1∑
n=1

d+
nl dnm +

m−l−1∑
p=0

m−1∑
k1=l+1

. . .

m−1∑
kp=l+p

Ckpm (d+, d)
p∏

j=1

dkj−1 kj −

−
k∑

n=1

(1 + δnm)b+
nl bnm. (12)

Note, ˇrst, that Bc, B
+
d satisfy the standard commutation relations, [Bc, B

+
d ] =

δcd; second, the arbitrary parameters hi in (10) serve to reproduce correct LF
fo HS ˇeld with given spin s, whereas the form of the rest elements l′ij , for i � j,
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to be expressed by means of Clm(d+, d) as well as the property of Hermiticity
for them may be found in [4]∗.

3. BRSTÄBFV OPERATOR AND LAGRANGIAN FORMULATIONS

Because the algebra of OI under consideration is a Lie algebra A(Y (k),
R

1,d−1), the BFVÄBRST operator Q′ can be constructed in the standard way as

Q′ = OICI +
1
2
CICJfK

JIPK (13)

with the constants fK
JI from the Table, constraints OI = (L0, L

+
i , Li, Lij , L

+
ij , Tij ,

T +
ij , Gi

0), fermionic ghost ˇelds and conjugated to them momenta (CI ,PI) =
((η0,P0) ; (ηi,P+

i ); (η+
i , Pj); (ηij ,P+

ij ); (η+
ij ,Pij); (ϑrs, λ

+
rs); (ϑ+

rs, λrs);
(ηi

G,PG)
)

with the properties

ηij = ηji, ϑrs = ϑrs θsr,

{ϑrs, λ
+
tu} = δrt δsu, {Pj, η

+
i } = δij , {ηlm, P+

ij} = δli δjm

(14)

and nonvanishing anticommutators {η0,P0} = ı, {ηi
G ,Pj

G} = ıδij for zero-mode
ghosts∗∗.

To construct LF for bosonic HS ˇelds in a R
1,d−1 Minkowski space, we

partially follow the algorithm of [13, 14], which is a particular case of our con-
struction, corresponding to s3 = 0. First, we extract the dependence of Q′ (13)
on the ghosts ηi

G,P i
G, to obtain the BRST operator Q only for the system of

converted ˇrst-class constraints {OI} \ {Gi
0} and generalized spin operator σi:

Q′ = Q + ηi
G(σi + hi) + AiP i

G, with some Ai, where (15)

Q =

⎛
⎝1

2
η0 L0 + η+

i Li +
∑
l�m

η+
lmLlm +

∑
l<m

ϑ+
lm T lm + h.c.

⎞
⎠+

1
2
ĈI ĈJfK

JI P̂K ,

(16)

∗The case of the massive bosonic HS ˇelds, whose system of second-class constraints contains
additionally to elements of sp(2k) algebra the constraints of isometry subalgebra of Minkowski
space li, l+i , l0, may be treated via procedure of dimensional reduction of the algebra A(Y (k),R1,d)

for massless HS ˇelds to one A(Y (k),R1,d−1) for massive HS ˇelds, (see [4]). Now, the wave
equation in (2) is changed on KleinÄGordon equation corresponding to the constraint l0 (l0 =
∂μ∂μ + m2) acting on the same basic vector |Φ〉 (5).

∗∗The ghosts possess the standard ghost number distribution, gh (CI) = −gh (PI ) = 1 =⇒
gh (Q′) = 1.
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σi = Gi
0 − hi − ηi P+

i + η+
i Pi +

∑
m

(1 + δim) (η+
imP im − ηim P+

im)+

+
∑
l<i

[
ϑ+

li λli − ϑli λ+
li

]
−

∑
i<l

[
ϑ+

il λil − ϑil λ+
il

]
, (17)

where {ĈI} ≡ {CI} \ {ηi
G}, {P̂I} ≡ {PI} \ {P i

G}. Then, we choose a repre-
sentation of Htot: (ηi, ηij , ϑrs,P0,Pi,Pij , λrs,P i

G)|0〉 = 0 and suppose that the
ˇeld vectors |χ〉 as well as the gauge parameters |Λ〉 do not depend on ghosts ηi

G

|χ〉 =
∑

n

k∏
i�j,r<s

(b+
ij)

nij (d+
rs)

prs(η+
0 )nf0 ×

×
∏

i,j,l�m,n�o

(η+
i )nfi (P+

j )npj (η+
lm)nflm (P+

no)
npno ×

×
∏

r<s,t<u

(ϑ+
rs)

nfrs (λ+
tu)nλtu

∣∣∣Φ(a+
i )nf0(n)fi(n)pj(n)flm(n)pno,(n)frs(n)λtu

(n)l(n)ij(p)rs

〉
∗

(18)

We denote by |χk〉 the state (18) satisfying gh (|χk〉) = −k. Thus, the physi-
cal state having the ghost number zero is |χ0〉, the gauge parameters |Λ〉 hav-
ing the ghost number −1 is |χ1〉 and so on. The vector |χ0〉 must contain

physical string-like vector
∣∣∣Φ〉 = |Φ(a+

i )(0)fo(0)fi(0)pj(0)flm(0)pno(0)frs(0)λtu

(0)ij(0)rs

〉
:

|χ0〉 = |Φ〉 + |ΦA〉, where |ΦA〉∣∣[B+
a =CI=PI=0]

= 0. (19)

Independence of the vectors (18) on ηi
G transforms the equation for the physical

state Q′|χ0〉 = 0 and the BRST complex of the reducible gauge transformations,

δ|χ〉 = Q′|χ1〉, δ|χ1〉 = Q′|χ2〉, . . . , δ|χ(r−1)〉 = Q′|χ(r)〉, to the relations:

1) Q|χ0〉 = 0, 2) δ|χ0〉 = Q|χ1〉, . . . r) δ|χr−1〉 = Q|χ(r)〉,
(20)

1) (σi + hi)|χ0〉 = 0, 2) (σi + hi)|χ1〉 = 0, . . . r) (σi + hi)|χr〉 = 0,
(21)

where r − 1 = k(k + 1)− 1 is the stage of reducibility both for massless and for
the massive bosonic HS ˇeld. Resolving the spectral problem from Eqs. (21) we

∗The brackets (n)fi, (n)pj , (n)ij in (18) mean, e.g., for (n)ij the set of indices
(n11, . . . , n1k , . . . , nk1, . . . , nkk). The sum above is taken over nl, nij , prs and running from 0
to inˇnity, and over the rest n's from 0 to 1.
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determine the eigenvectors of the operators σi: |χ0〉(n)k
, |χ1〉(n)k

, . . . , |χs〉(n)k
,

n1 � n2 � . . . nk � 0 and corresponding eigenvalues of the parameters hi (for
massless HS ˇelds),

−hi = ni +
d − 2 − 4i

2
, i = 1, . . . , k, n1, . . . , nk−1 ∈ Z, nk ∈ N0. (22)

Let us ˇx some values of ni = si. Then one should substitute hi corresponding
to the chosen si (22) into Q (16) and relations (20). Thus, e.g., the equation of
motion (20) corresponding to the ˇeld with given spin (s1, . . . , sk) has the form,
Q(n)k

|χ0〉(n)k
= 0, with nilpotent Q(n)k

and the same for the rest relations in (20).
Following to bosonic one- [12] and two-row cases, [13,14] one can show that

last equation may be derived from the Lagrangian action for ˇxed spin (n)k =
(s)k,

S(s)k
=

∫
dη0 (s)k

〈χ0|K(s)k
Q(s)k

|χ0〉(s)k

(
=⇒

δS(s)k

δ(s)k
〈χ0| = Q(s)k

|χ0〉(s)k
= 0

)
,

(23)

where the standard scalar product for the creation and annihilation operators in
Htot = H ⊗ H′ ⊗ Hgh is assumed, and nondegenerate operator K(s)k

provides
reality of the action.

Concluding, one can prove that the action (23) indeed reproduces the basic
conditions (2)Ä(4) for massless (massive) HS ˇelds. General action (23) gives, in
principle, a straight recept to obtain the Lagrangian for any component ˇeld from
general vector |χ0〉(s)k

.
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