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ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° �μ¸¸¨°¸±μ°  ± ¤¥³¨¨ ´ Ê±, Œμ¸±¢ 

�¡§μ· ¶μ¸¢ÖÐ¥´ ³¥Ì ´¨§³ ³ £¥´¥· Í¨¨ ¨ ¸¢μ°¸É¢ ³ ¢μ§³ÊÐ¥´¨° ¢ ³μ¤¥²ÖÌ · ´-
´¥° ‚¸¥²¥´´μ° ¸ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°, Ö¢²ÖÕÐ¨Ì¸Ö  ²ÓÉ¥·´ É¨¢ ³¨ ¨´Ë²ÖÍ¨¨.
‚ É ±¨Ì ³μ¤¥²ÖÌ ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´Ò ¸¢μ°¸É¢  ¶¥·¢¨Î´ÒÌ ¸± ²Ö·´ÒÌ ¢μ§³ÊÐ¥´¨°:
¸¶¥±É· ³μÐ´μ¸É¨, ¸É É¨¸É¨Î¥¸± Ö  ´¨§μÉ·μ¶¨Ö ¨ ´¥£ Ê¸¸μ¢μ¸ÉÓ,   É ±¦¥ ¸¢μ°¸É¢  ¶¥·-
¢¨Î´ÒÌ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´.

We consider properties of perturbations in conformal cosmology. We study pertur-
bations in the early Universe in different models with conformal invariance, which could
be alternatives to in	ation. Here we describe power spectrum, statistical anisotropy and
non-Gaussianity of scalar perturbations and power spectrum of tensor modes.

PACS: 98.80.Cq

‚‚…„…�ˆ…

�  ´Ò´¥Ï´¥³ ÔÉ ¶¥ · §¢¨É¨Ö É¥μ·¥É¨Î¥¸±μ° ±μ¸³μ²μ£¨¨ ¨ ´ ¡²Õ¤ É¥²Ó-
´ÒÌ ³¥Éμ¤μ¢ ³μ¦´μ ³´μ£μ¥ ¸ Ê¢¥·¥´´μ¸ÉÓÕ ¸± § ÉÓ ´¥ Éμ²Ó±μ μ ¸μ¢·¥³¥´´μ°
‚¸¥²¥´´μ°, ´μ ¨ μ ¥¥ ¶·μÏ²μ³. �¸´μ¢μ° ±μ¸³μ²μ£¨¨ ¸²Ê¦¨É ³μ¤¥²Ó £μ·ÖÎ¥£μ

μ²ÓÏμ£μ ¢§·Ò¢ , ±μÉμ· Ö μ¶¨¸Ò¢ ¥É Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ°, ¶μ ±· °´¥° ³¥·¥
´ Î¨´ Ö ¸ É¥³¶¥· ÉÊ· ¶μ·Ö¤±  1 ŒÔ‚, ¨ ¢μ ¢¸¥³ ¸μ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´Éμ³.
�¤´ ±μ, ¥¸²¨ ³Ò · ¸¸³ É·¨¢ ¥³ ¸μ¢¸¥³ · ´´¨¥ ÔÉ ¶Ò · §¢¨É¨Ö ‚¸¥²¥´´μ°, ¢
É ±μ° ³μ¤¥²¨ μ¡´ ·Ê¦¨¢ ÕÉ¸Ö ¢´ÊÉ·¥´´¨¥ É¥μ·¥É¨Î¥¸±¨¥ ¶·μ¡²¥³Ò, ¸¢Ö§ ´-
´Ò¥ ¸ Éμ´±μ° ¶μ¤¸É·μ°±μ° ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ. ‚μ-¶¥·¢ÒÌ, μ¤´μ·μ¤´ Ö ‚¸¥-
²¥´´ Ö, ¶μ ±· °´¥° ³¥·¥ ¢¨¤¨³ Ö ¥¥ Î ¸ÉÓ, · ´ÓÏ¥ ¸μ¸ÉμÖ²  ¨§ 1089 ¶·¨Î¨´´μ
´¥ ¸¢Ö§ ´´ÒÌ μ¡² ¸É¥°, É ± ÎÉμ  ¶·¨μ·¨ ³Ò ¤μ²¦´Ò ¡Ò²¨ ¡Ò ¢¨¤¥ÉÓ ´  ´¥¡¥
¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ ¸¨²Ó´μ ´¥¶μÌμ¦¨Ì μ¡² ¸É¥°. ‚μ-¢Éμ·ÒÌ, ¸μ¢·¥³¥´´ Ö
‚¸¥²¥´´ Ö ¶²μ¸± Ö, ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ,   ÔÉμ §´ Î¨É, ÎÉμ ´  ¸É ·É¥ (¶² ´-
±μ¢¸±¨¥ ¢·¥³¥´ ) ¶²μ¸±μ¸É´μ¸ÉÓ ¡Ò²  ´  Ê·μ¢´¥ 10−60. ‚-É·¥ÉÓ¨Ì, Ô´É·μ¶¨Ö
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¸μ¢·¥³¥´´μ° ‚¸¥²¥´´μ° ¶·¥¢ÒÏ ¥É 1088, ´μ ¢ É¥μ·¨¨ £μ·ÖÎ¥£μ 
μ²ÓÏμ£μ
¢§·Ò¢  Ô¢μ²ÕÍ¨Ö ¶· ±É¨Î¥¸±¨ · ¢´μ¢¥¸´ Ö, ÎÉμ μ§´ Î ¥É μ£·μ³´μ¥ ´ Î ²Ó´μ¥
§´ Î¥´¨¥ Ô´É·μ¶¨¨. —Éμ¡Ò ¨§¡¥¦ ÉÓ ÔÉ¨Ì ¶·μ¡²¥³, ´ ¤μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ
´ Î ²Ó´ Ö ¸É ¤¨Ö Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¸¨²Ó´μ μÉ²¨Î ² ¸Ó μÉ Éμ£μ, ÎÉμ ¶·¥¤-
¶μ² £ ¥É¸Ö ¢ É¥μ·¨¨ £μ·ÖÎ¥£μ 
μ²ÓÏμ£μ ¢§·Ò¢ . 
μ²¥¥ Éμ£μ, ¨ ¤²Ö ´ ¸ ÔÉμ
¡Ê¤¥É μ¸μ¡¥´´μ ¢ ¦´μ, ¸¶¥Í¨Ë¨Î¥¸± Ö · ´´ÖÖ ¸É ¤¨Ö ´¥μ¡Ìμ¤¨³  ¤²Ö £¥´¥· -
Í¨¨ ±μ¸³μ²μ£¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°.

�¥·¢¨Î´Ò¥ ¸± ²Ö·´Ò¥ ¢μ§³ÊÐ¥´¨Ö ¢μ ‚¸¥²¥´´μ° Ö¢²ÖÕÉ¸Ö ¶· ±É¨Î¥¸±¨
£ Ê¸¸μ¢Ò³¨ ¨ ¨³¥ÕÉ ¶μÎÉ¨ ¶²μ¸±¨° ¸¶¥±É· ³μÐ´μ¸É¨ [1Ä3]. �¥·¢μ¥ ¶·¥¤¶μ-
² £ ¥É, ÎÉμ ÔÉ¨ ¢μ§³ÊÐ¥´¨Ö Å Ê¸¨²¥´´Ò¥ ¢ ±ÊÊ³´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¸² ¡μ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¥£μ ±¢ ´Éμ¢μ£μ ¶μ²Ö. �²μ¸±μ¸É´μ¸ÉÓ ¦¥ ¸¶¥±É· , ¶μ-¢¨¤¨³μ³Ê,
¤μ²¦´  ¡ÒÉÓ ¸²¥¤¸É¢¨¥³ ± ±μ°-²¨¡μ ¸¨³³¥É·¨¨. ‘ ³Ò° ¨§¢¥¸É´Ò° ¢ ·¨ ´É Å
¸¨³³¥É·¨Ö ¶·μ¸É· ´¸É¢  ¤¥ ‘¨ÉÉ¥· , μ¶¨¸Ò¢ ÕÐ¥£μ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · ¸-
Ï¨·¥´¨¥ ‚¸¥²¥´´μ°. �Éμ Å ¶·¨¡²¨¦¥´´ Ö ¸¨³³¥É·¨Ö ¨´Ë²ÖÍ¨μ´´μ° ‚¸¥²¥´-
´μ° [4Ä8], £ · ´É¨·ÊÕÐ Ö ¶·¨¡²¨¦¥´´ÊÕ ¶²μ¸±μ¸É´μ¸ÉÓ ¸± ²Ö·´μ£μ ¸¶¥±É· ,
¶μ²ÊÎ ¥³μ£μ ¡² £μ¤ ·Ö ¨´Ë²ÖÍ¨μ´´μ³Ê ³¥Ì ´¨§³Ê [9Ä13]. �¤´ ±μ ¨´Ë²Ö-
Í¨Ö Å ´¥ ¥¤¨´¸É¢¥´´Ò° ¢μ§³μ¦´Ò° ¢ ·¨ ´É. �²μ¸±¨° ¸¶¥±É·, ± ¶·¨³¥·Ê, ¶μ-
²ÊÎ ¥É¸Ö ¢ ³μ¤¥²¨ ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥ ¸ μÉ·¨Í É¥²Ó´Ò³
Ô±¸¶μ´¥´Í¨ ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ [14Ä16] (É ±¦¥ [17, 18]). “· ¢´¥´¨Ö ¤¢¨¦¥-
´¨Ö ÔÉμ£μ ¶μ²Ö ¨´¢ ·¨ ´É´Ò ¶·¨ μ¤´μ¢·¥³¥´´μ³ · ¸ÉÖ¦¥´¨¨ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ¨ ¸¤¢¨£¥ ¶μ²Ö. �É  ¸¨³³¥É·¨Ö ¸μÌ· ´Ö¥É¸Ö ¶·¨ ³¥¤²¥´´μ° Ô¢μ²ÕÍ¨¨
‚¸¥²¥´´μ° (Ô±¶¨·μ§¨¸ [19, 20]), ¨ ¨§ ´¥¥ ¸²¥¤Ê¥É ¶²μ¸±μ¸É´μ¸ÉÓ ¸± ²Ö·´μ£μ
¸¶¥±É· . ‘ÊÐ¥¸É¢ÊÕÉ ¨ ¤·Ê£¨¥ ³¥Ì ´¨§³Ò ¶μ²ÊÎ¥´¨Ö ¶²μ¸±μ£μ ¸¶¥±É· , ´ -
¶·¨³¥· [21Ä25], ¶·¨Î¥³ ¨´μ£¤  ´¥É μÎ¥¢¨¤´μ° ¸¨³³¥É·¨¨, £ · ´É¨·ÊÕÐ¥°
¶²μ¸±μ¸É´μ¸ÉÓ, ¨ ¸¶¥±É· ¶μ²ÊÎ ¥É¸Ö ¶²μ¸±¨³ ®¸²ÊÎ °´μ¯.

�·¨ ¶μ¨¸±¥  ²ÓÉ¥·´ É¨¢´ÒÌ ¸¨³³¥É·¨°, ¸ÉμÖÐ¨Ì §  ¶²μ¸±¨³ ¸¶¥±É·μ³,
¥¸É¥¸É¢¥´´μ μ¡· É¨ÉÓ¸Ö ± ±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸É¨ [26, 27]. ‚ ³μ¤¥²ÖÌ,
¶·¥¤²μ¦¥´´ÒÌ ¢ [26, 27], ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¤μ £μ·ÖÎ¥° ¸É ¤¨¨ ¡Ò²  Ô¶μÌ ,
±μ£¤  ¤¥°¸É¢¨¥ ¡Ò²μ ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´Ò³. ‚ μ¡¥¨Ì ³μ¤¥²ÖÌ £² ¢´μ°
±μ³¶μ´¥´Éμ° Ö¢²Ö¥É¸Ö ¸± ²Ö·´μ¥ ¶μ²¥, Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¥¥ ¢μ ‚¸¥²¥´´μ°.
‚ ¶¥·¢μ° ³μ¤¥²¨ ÔÉμ ±μ³¶²¥±¸´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥ ¸μ ¸É ´¤ ·É´Ò³ ±¨´¥É¨Î¥-
¸±¨³ Î²¥´μ³ ¨ μÉ·¨Í É¥²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ Î¥É¢¥·Éμ° ¸É¥¶¥´¨,   ¢μ ¢Éμ·μ° Å
¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸± ²Ö·´ÒÌ ¶μ²Ö, μ¤´μ ¨§ ±μÉμ·ÒÌ ¨³¥¥É ´¥μ¡ÒÎ´Ò° ±¨-
´¥É¨Î¥¸±¨° Î²¥´ ¸ ¶·μ¨§¢μ¤´Ò³¨ ¢Éμ·μ£μ ¶μ·Ö¤± . ‚ μ¡¥¨Ì ³μ¤¥²ÖÌ ¶μ¸²¥
Ô¶μÌ¨ ±μ´Ëμ·³´μ° Ô¢μ²ÕÍ¨¨ ¶·¥¤¶μ² £ ¥É¸Ö μÉ¸±μ± ¨²¨ · §μ£·¥¢, ¶μ¸²¥ ±μ-
Éμ·μ£μ ´ ¸ÉÊ¶ ¥É £μ·ÖÎ Ö ¸É ¤¨Ö. ‚ Í¥²μ³ ±μ´Í¥¶Í¨Ö ¶μÌμ¦  ´  ¨´Ë²Ö-
Í¨μ´´ÊÕ, μ¤´ ±μ ¨ ¤¨´ ³¨± , ¨, £² ¢´μ¥, Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¸²¥¤¸É¢¨Ö ÔÉ¨Ì
³μ¤¥²¥° ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ ¨´Ë²ÖÍ¨μ´´ÒÌ. ‘Éμ²Ó ¦¥ ¥¸É¥¸É¢¥´´μ, ± ±
¨ ¢ ¨´Ë²ÖÍ¨¨, ¢ ³μ¤¥²ÖÌ ¸ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥° ¢μ§³ÊÐ¥´¨Ö ¸± ²Ö·-
´μ£μ ¶μ²Ö ¶·¨μ¡·¥É ÕÉ ¶²μ¸±¨° ¸¶¥±É· ³μÐ´μ¸É¨, ¶·¨Î¥³ ¶·¥¤¶μ² £ ¥É¸Ö,
ÎÉμ ¸¶¥±É· ´¥ ¨¸± ¦ ¥É¸Ö ´  ¸É ¤¨¨ · §μ£·¥¢ , ¶·¨ ¶¥·¥· ¡μÉ±¥ ¢μ§³ÊÐ¥´¨°
¸± ²Ö·´μ£μ ¶μ²Ö ¢  ¤¨ ¡ É¨Î¥¸±¨¥ ¢μ§³ÊÐ¥´¨Ö. �É²¨Î¨Ö ³μ¤¥²¥° · ´´¥°
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‚¸¥²¥´´μ° ¸ ±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ μÉ ¨´Ë²ÖÍ¨μ´´ÒÌ § ±²ÕÎ ÕÉ¸Ö
¢ ¸²¥¤ÊÕÐ¥³: ¢μ-¶¥·¢ÒÌ, ¸± ²Ö·´Ò¥ ¢μ§³ÊÐ¥´¨Ö ¶μ²ÊÎ ÕÉ ´¥£ Ê¸¸μ¢μ¸ÉÓ ´¥-
μ¡ÒÎ´μ° Ëμ·³Ò [28, 29]; ¢μ-¢Éμ·ÒÌ, μ´¨ ¸É ´μ¢ÖÉ¸Ö  ´¨§μÉ·μ¶´Ò³¨ [30];
¢-É·¥ÉÓ¨Ì, ¢ ±μ´Ëμ·³´ÒÌ ³μ¤¥²ÖÌ ¶· ±É¨Î¥¸±¨ ´¥ £¥´¥·¨·ÊÕÉ¸Ö £· ¢¨É Í¨μ´-
´Ò¥ ¢μ²´Ò [31]. �¸´μ¢´μ° § ¤ Î¥° ¤ ´´μ£μ μ¡§μ·  Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥ μ¸μ¡ÒÌ
¸¢μ°¸É¢ ¶¥·¢¨Î´ÒÌ ¢μ§³ÊÐ¥´¨° ¢ ±μ´Ëμ·³´ÒÌ ³μ¤¥²ÖÌ, ±μÉμ·Ò¥ ¶μ§¢μ²ÖÕÉ
μÉ²¨Î¨ÉÓ ÔÉ¨ ³μ¤¥²¨ μÉ ¨´Ë²ÖÍ¨μ´´ÒÌ.

—Éμ ± ¸ ¥É¸Ö ¸ ³¨Ì ³μ¤¥²¥° ¸ ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°, Éμ, ´¥¸³μÉ·Ö ´ 
¸ÊÐ¥¸É¢¥´´μ¥ · §²¨Î¨¥ ¢ ³μÉ¨¢ Í¨¨ ¨ ¤¨´ ³¨Î¥¸±μ³ μ¶¨¸ ´¨¨, ³μ¤¥²¨ · -
¡μÉ [26] ¨ [27] ¶·¨¢μ¤ÖÉ ± μ¤´μ³Ê ¨ Éμ³Ê ¦¥ ³¥Ì ´¨§³Ê £¥´¥· Í¨¨ ¸± ²Ö·´ÒÌ
±μ¸³μ²μ£¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°. ‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö ¢¸¥ ¸¢μ¤¨É¸Ö ± ³μ¤¥²¨ ¸
¤¢Ê³Ö ¸± ²Ö·´Ò³¨ ¶μ²Ö³¨ ρ ¨ Θ ¸ ² £· ´¦¨ ´μ³

L = Lρ +
1
2
ρ2(∂μΘ)2, (1)

£¤¥ Lρ μ¶·¥¤¥²Ö¥É ¤¨´ ³¨±Ê ¶μ²Ö ρ. ’·¥¡Ê¥É¸Ö, ÎÉμ¡Ò ¶·¨ · ¸ÉÖ¦¥´¨ÖÌ
¶μ²¥ ρ ¶·¥μ¡· §μ¢Ò¢ ²μ¸Ó ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ρ(x) → λρ(λx); ¶·¥¤¶μ-
² £ ¥É¸Ö, ÎÉμ ¨³¥¥É ³¥¸Éμ ´¥É·¨¢¨ ²Ó´Ò° Ëμ´ ρc. �μ²¥ Θ · ¸ÉÖ£¨¢ ¥É¸Ö
É·¨¢¨ ²Ó´μ, Θ(x) → Θ(λx); ¢μ§³ÊÐ¥´¨Ö ¶μ²Ö Θ Ö¢²ÖÕÉ¸Ö ¶·¥¤Ï¥¸É¢¥´´¨-
± ³¨  ¤¨ ¡ É¨Î¥¸±¨Ì ³μ¤. �Ê¦´μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ´  ¶·μÉÖ¦¥´¨¨ ¢¸¥£μ
¶¥·¨μ¤  £¥´¥· Í¨¨ ¢μ§³ÊÐ¥´¨° Θ ¢²¨Ö´¨¥ £· ¢¨É Í¨μ´´ÒÌ ÔËË¥±Éμ¢ ´  ¤¨-
´ ³¨±Ê ÔÉ¨Ì ¤¢ÊÌ ¶μ²¥° ¡Ò²μ ´¥§´ Î¨É¥²Ó´Ò³ (ÔÉμ ¤μ¸É¨£ ¥É¸Ö · §´Ò³¨ ¶Ê-
ÉÖ³¨ ¢ [26] ¨ [27]), ¨ ¶·¥¤¶μ²μ¦¨ÉÓ ¶·μ¸É· ´¸É¢¥´´ÊÕ μ¤´μ·μ¤´μ¸ÉÓ Ëμ´  ρc.
’μ£¤  ³μ¦´μ μ¤´μ§´ Î´μ ´ ¶¨¸ ÉÓ:

ρc(x0) = − 1
x0

, x0 < 0, (2)

£¤¥ x0 = η Å ±μ´Ëμ·³´μ¥ ¢·¥³Ö ¢ ³μ¤¥²¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ [26]
¨ x0 = t Å Ë¨§¨Î¥¸±μ¥ ¢·¥³Ö ¢ ³μ¤¥²¨ £¥´¥§¨¸  [27].

„ ²¥¥ ³Ò ¶μ¤·μ¡´μ ¸· ¢´¨³ ¤¢¥ ³μ¤¥²¨ ¨ ¶μ± ¦¥³ ¨Ì ¸Ìμ¤¸É¢μ. �μ± ,
¤²Ö μ¶·¥¤¥²¥´´μ¸É¨, ¡Ê¤¥³ · ¡μÉ ÉÓ ¢ ¸Í¥´ ·¨¨ [26]. ‚ ´¥³ ±μ´Ëμ·³´ Ö ¨´-
¢ ·¨ ´É´μ¸ÉÓ ¤μ¶μ²´¥´  £²μ¡ ²Ó´μ° ¸¨³³¥É·¨¥°, ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ U(1),
¨ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ±μ´Ëμ·³´μ ¸¢Ö§ ´´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥

S[φ] =
∫

d4x
√
−g

[
gμν∂μφ∗∂νφ +

R

6
φ∗φ − V (φ)

]
,

Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¥¥ ¤μ¸É ÉμÎ´μ ¤μ²£μ ¢ ¶μÉ¥´Í¨ ²¥

V (φ) = −h2|φ|4. (3)

Œμ¤Ê²Ó ÔÉμ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²Õ ρ,   Ë §  Å ¶μ²Õ Θ ¨§
Ëμ·³Ê²Ò (1). �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ h � 1, É. ¥. É¥μ·¨Ö ´ Ìμ¤¨É¸Ö ¢ ·¥¦¨³¥
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¸² ¡μ° ¸¢Ö§¨. Š·μ³¥ Éμ£μ, ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ¶·¥¤¶μ² £ ¥É¸Ö μ¤´μ·μ¤´Ò³,
¨§μÉ·μ¶´Ò³ ¨ ¶·μ¸É· ´¸É¢¥´´μ ¶²μ¸±¨³,

ds2 = a2(η)(dη2 − dx2).

’μ£¤  ¨§-§  ±μ´Ëμ·³´μ° ¸¢Ö§¨ ¤¨´ ³¨±  ¶μ²Ö χ(η,x) = aφ ´¥ § ¢¨¸¨É μÉ
¶μ¢¥¤¥´¨Ö ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  ¨ ¸¢μ¤¨É¸Ö ± ¤¨´ ³¨±¥ ¶μ²Ö ¢ ¶·μ¸É· ´¸É¢¥
Œ¨´±μ¢¸±μ£μ. Š² ¸¸¨Î¥¸±¨³ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö χc(η) Å μ¤´μ·μ¤´μ¥ ¶μ²¥,
¸± ÉÒ¢ ÕÐ¥¥¸Ö ¢ ¶μÉ¥´Í¨ ²¥ Î¥É¢¥·Éμ° ¸É¥¶¥´¨. …£μ ¶μ¢¥¤¥´¨¥ ´  ¶μ§¤´¨Ì
¢·¥³¥´ Ì ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²Ö¥É¸Ö ±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ,

χc(η) =
1

h(η∗ − η)
, (4)

£¤¥ η∗ Å ¶·μ¨§¢μ²Ó´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¶ · ³¥É·, ¨ ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨
³Ò · ¸¸³ É·¨¢ ¥³ ¤¥°¸É¢¨É¥²Ó´μ¥ ·¥Ï¥´¨¥. Š ± ¡Ê¤¥É ¶μ± § ´μ, ´  · ´´¨Ì
¢·¥³¥´ Ì ²¨´¥°´Ò¥ ¢μ§³ÊÐ¥´¨Ö ´ ¤ ÔÉ¨³ ·¥Ï¥´¨¥³ μ¸Í¨²²¨·ÊÕÉ ± ± ³μ¤Ò
¸¢μ¡μ¤´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ, ¢ Éμ ¢·¥³Ö ± ± ´ 
¶μ§¤´¨Ì ¢·¥³¥´ Ì ¢μ§³ÊÐ¥´¨Ö Ë §Ò

θ =
√

2Arg φ

¶¥·¥¸É ÕÉ § ¢¨¸¥ÉÓ μÉ ¢·¥³¥´¨. ‚ ²¨´¥°´μ³ ¶μ·Ö¤±¥ ¸¶¥±É· ¢μ§³ÊÐ¥´¨° Ë §Ò
¶²μ¸±¨°, √

Pδθ =
h

2π
. (5)

‚ [26] μ¡¸Ê¦¤ ²μ¸Ó, ÎÉμ ÔÉμ ¸¢μ°¸É¢μ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ±μ´Ëμ·³´μ° ¨
£²μ¡ ²Ó´μ° ¸¨³³¥É·¨°.

„ ²¥¥ ¢ ÔÉμ³ ¸Í¥´ ·¨¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ² V (φ)
´  ¸ ³μ³ ¤¥²¥ ¨³¥¥É ³¨´¨³Ê³ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶μ²Ö ¨ ÎÉμ ³μ¤Ê²Ó |φ|
¢ ¨Éμ£¥ ¢ ´¥³ § ± ´Î¨¢ ¥É Ô¢μ²ÕÍ¨Õ, ¸³. ·¨¸. 1. —Éμ ± ¸ ¥É¸Ö ¤ ²Ó´¥°Ï¥°
Ô¢μ²ÕÍ¨¨, Éμ ÉÊÉ ¢μ§³μ¦´Ò ¢ ·¨ ´ÉÒ. � ¨¡μ²¥¥ ¶·μ¸Éμ° ¸²ÊÎ ° § ±²ÕÎ ¥É¸Ö
¢ Éμ³, ÎÉμ ¢μ§³ÊÐ¥´¨Ö δθ ´ Ìμ¤ÖÉ¸Ö §  ±μ¸³μ²μ£¨Î¥¸±¨³ £μ·¨§μ´Éμ³ ± ³μ-
³¥´ÉÊ μ±μ´Î ´¨Ö ±μ´Ëμ·³´μ° ¸É ¤¨¨. ŒÒ ¡Ê¤¥³ · ¡μÉ ÉÓ ¢ É ±μ³ ¶·¥¤¶μ-
²μ¦¥´¨¨. ‚μ§³ÊÐ¥´¨Ö Ë §Ò μ¸É ÕÉ¸Ö § ³μ·μ¦¥´´Ò³¨∗,   ¨Ì ¸¶¥±É· ¶²μ¸-
±¨³. ‚ £μ· §¤μ ¡μ²¥¥ ¶μ§¤´ÕÕ Ô¶μÌÊ ÔÉ¨ ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¶¥·¥¢μ¤ÖÉ¸Ö ¢
 ¤¨ ¡ É¨Î¥¸±¨¥ ¸± ²Ö·´Ò¥ ¢μ§³ÊÐ¥´¨Ö ¸ ¶μ³μÐÓÕ, ± ¶·¨³¥·Ê, ³¥Ì ´¨§³ 
· ¡μÉ [35Ä38] (¢ ÔÉμ³ ¸²ÊÎ ¥ θ ¡Ê¤¥É ¶¸¥¢¤μ-´ ³¡Ê-£μ²¤¸ÉμÊ´μ¢¸±¨³ ¡μ§μ´μ³,

∗„²Ö ¸¦¨³ ÕÐ¥°¸Ö ‚¸¥²¥´´μ° ÔÉμ ¸¢μ°¸É¢μ § £μ·¨§μ´É´ÒÌ ³μ¤ ¸μÌ· ´Ö¥É¸Ö, ¥¸²¨ ¤μ³¨-
´¨·ÊÕÐ¥¥ ¢¥Ð¥¸É¢μ ¨³¥¥É ¦¥¸É±μ¥ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö, w > 1. �Éμ ¸¢μ°¸É¢μ, ¢¶·μÎ¥³, ¢
²Õ¡μ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ¤²Ö ¦¨§´¥¸¶μ¸μ¡´μ¸É¨ ¸Í¥´ ·¨Ö ¸ μÉ¸±μ±μ³, ¸³. μ¡¸Ê¦¤¥´¨Ö ¢ · ¡μ-
É Ì [32Ä34].
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�¨¸. 1. ‘± ²Ö·´Ò° ¶μÉ¥´Í¨ ². ’μÎ±¨ ¶μ± §Ò¢ ÕÉ Ô¢μ²ÕÍ¨Õ ¸± ²Ö·´μ£μ ¶μ²Ö. ‘É·¥²±¨
¢ ±μ´¥Î´μ° ÉμÎ±¥ ´  ¤´¥ ¶μÉ¥´Í¨ ²  ¶μ± §Ò¢ ÕÉ, ÎÉμ É ³ ¨³¥ÕÉ¸Ö ¢μ§³ÊÐ¥´¨Ö Ë §Ò

¨ ¶¥·¥· ¡μÉ±  ¢μ§³ÊÐ¥´¨° ¶·μ¨¸Ìμ¤¨É, ± ± ¢ [39]) ¨²¨ ³¥Ì ´¨§³  ³μ¤Ê²¨·μ-
¢ ´´μ£μ · ¸¶ ¤  [40Ä42]. ‚ ²Õ¡μ³ ¸²ÊÎ ¥, ¸¶¥±É· ³μÐ´μ¸É¨ ´¥ ¨¸± ¦ ¥É¸Ö,
É ± ÎÉμ ¶μ²ÊÎ¨¢Ï¨¥¸Ö  ¤¨ ¡ É¨Î¥¸±¨¥ ¢μ§³ÊÐ¥´¨Ö ¨³¥ÕÉ ¨§´ Î ²Ó´Ò° ¶²μ¸-
±¨° ¸¶¥±É·. …¸²¨ ±μ´Ëμ·³´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ ´¥ ÉμÎ´ Ö ´  ÔÉ ¶¥ ¸± ÉÒ¢ -
´¨Ö, Éμ ¸± ²Ö·´Ò° ¸¶¥±É· ³μÐ´μ¸É¨ ¨³¥¥É ¸² ¡Ò° ´ ±²μ´, § ¢¨¸ÖÐ¨° ± ± μÉ
μÉ±²μ´¥´¨Ö μÉ ±μ´Ëμ·³´μ¸É¨, É ± ¨ μÉ Ô¢μ²ÕÍ¨¨ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  ¶·¨
¸± ÉÒ¢ ´¨¨ [43].

‘¢μ¥μ¡· §´μ° Î¥·Éμ° ³μ¤¥²¨ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¢μ ¢·¥³Ö ¸± ÉÒ¢ ´¨Ö ¶μ²Ö
³μ¤Ê²Ó Éμ¦¥ ¶μ²ÊÎ ¥É ¢μ§³ÊÐ¥´¨Ö. ‚ ¶μ§¤´¨¥ ¢·¥³¥´  ÔÉ¨ ¢μ§³ÊÐ¥´¨Ö ¨³¥ÕÉ
±· ¸´Ò° ¸¶¥±É· (´¨¦¥ ÔÉμ ¡Ê¤¥É ¶μ± § ´μ),√

P|φ|(k) ∝ k−1. (6)

‘²¥¤¸É¢¨¥³ ÔÉμ£μ Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¢μ§³ÊÐ¥´¨° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸ ±· ¸´Ò³
¸¶¥±É·μ³ ¢μ ¢·¥³Ö ¸± ÉÒ¢ ´¨Ö ¶¥·¥¤ É¥³, ± ± ¢μ§³ÊÐ¥´¨Ö ³μ¤Ê²Ö § ³μ·μ§ÖÉ¸Ö
¢ ³¨´¨³Ê³¥ ¶μÉ¥´Í¨ ²  V (φ). �´¨ ´¥ μ¶ ¸´Ò, ¥¸²¨ Ô´¥·£¨Ö ¶μ²Ö φ ³ ²  ¶μ
¸· ¢´¥´¨Õ ¸ ¶μ²´μ° Ô´¥·£¨¥° ´  ¢¸¥Ì ¢·¥³¥´ Ì ¤μ § ³μ·μ§±¨ ³μ¤Ê²Ö, É. ¥.
±μ¸³μ²μ£¨Î¥¸± Ö Ô¢μ²ÕÍ¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¤·Ê£μ° ³ É¥·¨¥° ¢ · ´´ÕÕ Ô¶μÌÊ.
‡¤¥¸Ó ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¨³¥´´μ ÔÉμ ¶·¥¤¶μ²μ¦¥´¨¥.

„·Ê£¨³ ¢ ¦´Ò³ ¸²¥¤¸É¢¨¥³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¨´Ë· ±· ¸´Ò¥ · ¤¨ ²Ó´Ò¥
³μ¤Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¸ ¢μ§³ÊÐ¥´¨Ö³¨ Ë §Ò, ÎÉμ, ¢ ¶·¨´Í¨¶¥, ³μ¦¥É μ± § ÉÓ
¡μ²ÓÏμ¥ ¢²¨Ö´¨¥ ´  ¶μ¸²¥¤´¨¥. �Éμ μ¤¨´ ¨§ ¢ ¦´ÒÌ ¢μ¶·μ¸μ¢, ±μÉμ·Ò¥ ³Ò
¡Ê¤¥³ μ¡¸Ê¦¤ ÉÓ ´¨¦¥. ‚ · ¡μÉ¥ [30] ¶μ± § ´μ, ÎÉμ ¢ ²¨´¥°´μ³ ¶μ·Ö¤±¥ ¶μ h
¨´Ë· ±· ¸´Ò¥ ÔËË¥±ÉÒ ³μ£ÊÉ ¡ÒÉÓ ¸¢¥¤¥´Ò ± ¶¥·¥μ¶·¥¤¥²¥´¨Õ ¶μ²¥°, É ±
ÎÉμ ¸¨²Ó´μ£μ ¨§³¥´¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ ²¨´¥°´μ£μ  ´ ²¨§  ¨§-§  ¨´Ë· ±· ¸´ÒÌ
³μ¤ ´¥ ¢μ§´¨± ¥É.



�‘�
…���‘’ˆ ‚�‡Œ“™…�ˆ‰ ‚ Š��”��Œ��‰ Š�‘Œ�‹�ƒˆˆ 1653

�¤´ ±μ ¸μ¢¸¥³ ¶·¥´¥¡·¥ÎÓ ¤²¨´´μ¢μ²´μ¢Ò³¨ ³μ¤ ³¨ δ|φ| ´¥²Ó§Ö. Œμ¤Ò,
ÎÓ¨ ¤²¨´Ò ¢μ²´ ¸¥£μ¤´Ö ¶·¥¢ÒÏ ÕÉ Ì ¡¡²μ¢¸±¨° · §³¥· H−1

0 , ¨´¤ÊÍ¨·ÊÕÉ
¸É É¨¸É¨Î¥¸±ÊÕ  ´¨§μÉ·μ¶¨Õ ¢μ§³ÊÐ¥´¨° Ë §Ò δθ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¶μ²ÊÎ -
ÕÐ¨Ì¸Ö  ¤¨ ¡ É¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°: ¸¶¥±É· ³μÐ´μ¸É¨  ¤¨ ¡ É¨Î¥¸±¨Ì ¢μ§-
³ÊÐ¥´¨° ζ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤ [30]:

Pζ(k) = P0(k)
(

1 + c1h
H0

k
k̂ik̂jwij − c2h

2(k̂u)2
)

. (7)

�¥·¢Ò° ´¥É·¨¢¨ ²Ó´Ò° Î²¥´, ²¨´¥°´Ò° ¶μ h, ´¥ ¸μ¤¥·¦¨É ¨´Ë· ±· ¸´ÒÌ
ÔËË¥±Éμ¢; wij Å ÔÉμ ¸¨³³¥É·¨Î´Ò° ¡¥¸¸²¥¤μ¢Ò° É¥´§μ· μ¡Ð¥£μ ¢¨¤ , ¸ ¥¤¨-

´¨Î´μ° ´μ·³¨·μ¢±μ°, wijwij = 1; k̂ Å ¥¤¨´¨Î´Ò° ¢¥±Éμ·, k̂ = k/k,   c1 Å
±μ´¸É ´É  ¶μ·Ö¤±  ¥¤¨´¨ÍÒ, ÎÓ¥ §´ Î¥´¨¥ ´¥ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸± § ´μ ¨§-§ 
±μ¸³¨Î¥¸±μ° ´¥μ¶·¥¤¥²¥´´μ¸É¨. ‚ ¶μ¸²¥¤´¥³ Î²¥´¥ u Å ´¥±μÉμ·Ò° ¥¤¨´¨Î-
´Ò° ¢¥±Éμ·, ´¥§ ¢¨¸¨³Ò° μÉ wij ,   ¶μ²μ¦¨É¥²Ó´Ò° ¶ · ³¥É· c2 ²μ£ ·¨Ë³¨Î¥-
¸±¨ Ê¸¨²¥´ ¨´Ë· ±· ¸´Ò³¨ ¶μ¶· ¢± ³¨. �Éμ ¶¥·¢μ¥ ³¥¸Éμ, £¤¥ ¶·μÖ¢²ÖÕÉ¸Ö
£²Ê¡μ±μ ¨´Ë· ±· ¸´Ò¥ ³μ¤Ò. �Î¥¢¨¤´μ, ÔÉμÉ ÔËË¥±É ³ ² ¶·¨ ³ ²ÒÌ h.

‘É É¨¸É¨Î¥¸± Ö  ´¨§μÉ·μ¶¨Ö ¢ ¶μ¸²¥¤´¥³ Î²¥´¥ ¢ (7) ¶μÌμ¦  ´  ÉÊ, ±μÉμ-
· Ö μ¡ÒÎ´μ μ¡¸Ê¦¤ ¥É¸Ö ¢ ±μ´É¥±¸É¥ ¨´Ë²ÖÍ¨¨ [44,45]. ˆ³¥´´μ μ´  £¥´¥·¨-
·Ê¥É¸Ö ¢ ´¥±μÉμ·ÒÌ ±μ´±·¥É´ÒÌ ³μ¤¥²ÖÌ ¨´Ë²ÖÍ¨¨ [46Ä49]: ÔÉ   ´¨§μÉ·μ¶¨Ö
´¥´Ê²¥¢ Ö ¶·¨ ¡μ²ÓÏ¨Ì ¨³¶Ê²Ó¸ Ì ¨ ¨³¥¥É ¸¶¥Í¨ ²Ó´ÊÕ É¥´§μ·´ÊÕ ¸É·Ê±-
ÉÊ·Ê (k̂u)2 ¸ ¶μ¸ÉμÖ´´Ò³ u. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶¥·¢Ò° ´¥É·¨¢¨ ²Ó´Ò° Î²¥´
¢ (7) ¨³¥¥É μ¡ÐÊÕ É¥´§μ·´ÊÕ ¸É·Ê±ÉÊ·Ê ¨ Ê³¥´ÓÏ ¥É¸Ö ¸ ¨³¶Ê²Ó¸μ³. �μ¸²¥¤-
´¥¥ ¸¢μ°¸É¢μ ¶μÌμ¦¥ ´  ¸¨ÉÊ Í¨Õ ¸ ±μ¸³μ²μ£¨Î¥¸±¨³¨ ³μ¤¥²Ö³¨, ¢±²ÕÎ Õ-
Ð¨³¨  ´¨§μÉ·μ¶´μ¥ · ¸Ï¨·¥´¨¥ ¶¥·¥¤ ¨´Ë²ÖÍ¨¥° [50,51]. ‚ Í¥²μ³ ¸É É¨¸É¨-
Î¥¸± Ö  ´¨§μÉ·μ¶¨Ö (7) ³μ¦¥É ¡ÒÉÓ ¢¥¸Ó³  ¸ÊÐ¥¸É¢¥´´μ°, ¶μ¸±μ²Ó±Ê ¸¨²Ó´ÒÌ
μ£· ´¨Î¥´¨° ´  h ¶μ¸É ¢¨ÉÓ ´¥²Ó§Ö, ¶μ ±· °´¥° ³¥·¥ ¢ · ³± Ì ³¥Ì ´¨§³ 
³μ¤Ê²¨·μ¢ ´´μ£μ · ¸¶ ¤  ¤²Ö ¶¥·¥· ¡μÉ±¨ ¢μ§³ÊÐ¥´¨° Ë §Ò ¢  ¤¨ ¡ É¨Î¥-
¸±¨¥ ³μ¤Ò.

�μ¸±μ²Ó±Ê ¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ² ´¥²¨´¥¥´, ¢μ§³ÊÐ¥´¨Ö Ë §Ò δθ,   ¸²¥-
¤μ¢ É¥²Ó´μ ¨  ¤¨ ¡ É¨Î¥¸±¨¥ ³μ¤Ò, ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸Í¥´ ·¨¨ ¶μ²ÊÎ ÕÉ
´¥£ Ê¸¸μ¢μ¸ÉÓ ¶μ³¨³μ Éμ°, ±μÉμ· Ö ³μ¦¥É £¥´¥·¨·μ¢ ÉÓ¸Ö ¢μ ¢·¥³Ö ¶¥·¥· -
¡μÉ±¨ ¢μ§³ÊÐ¥´¨°. ˆ§ ·¥§Ê²ÓÉ É , ¸Ëμ·³Ê²¨·μ¢ ´´μ£μ ¢ÒÏ¥, ¶μ´ÖÉ´μ, ÎÉμ
´¥£ Ê¸¸μ¢μ¸ÉÓ ´¥ ¸¢Ö§ ´  ¸ ¨´Ë· ±· ¸´Ò³¨ ÔËË¥±É ³¨ ¢ ¶¥·¢μ³ ´¥É·¨¢¨ ²Ó-
´μ³ ¶μ·Ö¤±¥ ¶μ h. �μÔÉμ³Ê ¥¥ ´¥¢μ§³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¸ ¶μ³μÐÓÕ £· ¤¨¥´É-
´ÒÌ · §²μ¦¥´¨° ÔËË¥±É¨¢´μ£μ Ëμ´μ¢μ£μ ¶μ²Ö, ¨ ¶·¨Ìμ¤¨É¸Ö ¶·μ¢μ¤¨ÉÓ ¶·Ö-
³μ° · ¸Î¥É. ‚ÒÎ¨¸²¥´¨Õ ´¥£ Ê¸¸μ¢μ¸É¨ ¨ ¶μ¸¢ÖÐ¥´  ¶¥·¢ Ö Î ¸ÉÓ ÔÉμ£μ μ¡-
§μ· . 
² £μ¤ ·Ö ¸¨³³¥É·¨¨ θ → −θ É·¥ÌÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· Ë §Ò · ¢¥´
´Ê²Õ, É ± ÎÉμ ´ Ï¥° § ¤ Î¥° ¡Ê¤¥É · ¸Î¥É Î¥ÉÒ·¥ÌÉμÎ¥Î´μ£μ ±μ··¥²ÖÉμ· .
„²Ö ÔÉμ£μ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É¥Ì´¨±Ê Š¥²¤ÒÏ Ä˜¢¨´£¥· , ¶μ§¢μ²ÖÕÐÊÕ
´ Ìμ¤¨ÉÓ μ¤´μ¢·¥³¥´´Ò¥ ±μ··¥²ÖÉμ·Ò μ¶¥· Éμ·μ¢ ¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ-
¤¥°¸É¢¨Ö. �´   ¤¥±¢ É´  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¨Ì μÉ ¶μ²¥° ¶μ ´ Î ²Ó´Ò³
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¸μ¸ÉμÖ´¨Ö³. �¥§Ê²ÓÉ ÉÒ μ± §Ò¢ ÕÉ¸Ö £·μ³μ§¤±¨³¨, μ¤´ ±μ μ´¨ Ê¶·μÐ ÕÉ¸Ö
¢ ¶·¥¤¥²¥ ³ ²μ£μ ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸ . Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¢ ÔÉμ³ ¸²ÊÎ ¥
¤ ÕÉ¸Ö Ëμ·³Ê²μ° (83).

Š·μ³¥ Éμ£μ, ³Ò · ¸¸³μÉ·¨³ ¤·Ê£μ° ¢ ¦´Ò° ¶·¨³¥· ³μ¤¥²¨ ¶¸¥¢¤μ±μ´-
Ëμ·³´μ£μ ±² ¸¸ . ŒÒ ¨§ÊÎ¨³ ¸²ÊÎ °, ±μ£¤  ´ ·ÊÏ¥´´ Ö ±μ´Ëμ·³´ Ö ¸¨³³¥-
É·¨Ö ¶·¨¢μ¤¨É ± É ±μ° ¦¥ ±μ¸³μ²μ£¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨, ± ± ¢ ³μ¤¥²ÖÌ Ô±¶¨-
·μ§¨¸ . �±¶¨·μ§¨¸ Å ÔÉμ Ô¶μÌ  μÎ¥´Ó ³¥¤²¥´´μ£μ ¸¦ É¨Ö, ´  ±μÉμ·μ° ¤μ³¨-
´¨·Ê¥É ¤ ¢²¥´¨¥, É. ¥. ·¥ ²¨§Ê¥É¸Ö Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö −p � ρ > 0 (±·μ³¥
Éμ£μ, ¡² £μ¤ ·Ö É ±μ³Ê Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö ‚¸¥²¥´´ Ö ¸ ³  ¶·¨Ìμ¤¨É ¢ ¨§μ-
É·μ¶´μ¥ ¸μ¸ÉμÖ´¨¥). Œμ¤¥²Ó, ±μÉμ·ÊÕ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ, μ¸´μ¢ ´  ´ 
¸± ²Ö·´μ³ ¶μ²¥ ¸ μÉ·¨Í É¥²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ φ4. �ÉμÉ ¶·¨³¥· ¶·¨¢μ¤¨²¸Ö ¢
· ¡μÉ¥ [52], £¤¥  ¢Éμ· ³¨ ¡Ò²  · ¸¸³μÉ·¥´  Ô±¶¨·μÉ¨Î¥¸± Ö ¸É ¤¨Ö ¨ ¶μ²ÊÎ¥´
¶²μ¸±¨° ¸¶¥±É· ¸± ²Ö·´ÒÌ ¢μ§³ÊÐ¥´¨°; ±·μ³¥ Éμ£μ, ¡Ò² ´ ¶¨¸ ´ μÉ¢¥É ¤²Ö
É¥´§μ·´μ£μ ¸¶¥±É· , ±μÉμ·Ò° £¥´¥·¨·Ê¥É¸Ö ´  ÔÉμ° ¸É ¤¨¨. ‡¤¥¸Ó ³Ò ´¥ ¡Ê¤¥³
± ¸ ÉÓ¸Ö ¸± ²Ö·´ÒÌ ¢μ§³ÊÐ¥´¨°, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ ¨Ì ¸¢μ°¸É¢  ¤μ¸É ÉμÎ´μ
Ìμ·μÏμ ¨§ÊÎ¥´Ò.

ˆÉ ±, ³Ò · ¸¸³μÉ·¨³ ±μ³¶²¥±¸´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥ φ ¸ ¤¥°¸É¢¨¥³:

S =
∫

d4x
√
−g

[
1
2
|∂μφ|2 +

λ

4
|φ|4
]

, (8)

¶·¨Î¥³ ¸± ÉÒ¢ ´¨¥ ´ Î¨´ ¥É¸Ö ¨§ ¸¨³³¥É·¨Î´μ° ÉμÎ±¨ φ = 0.
‘´ Î ²  ³Ò ´ °¤¥³ ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨°, É. ¥. μ¶¨Ï¥³ Ô¢μ-

²ÕÍ¨Õ ‚¸¥²¥´´μ°, ´μ ´¥ Éμ²Ó±μ ´  · ´´¨Ì ¢·¥³¥´ Ì (Ô±¶¨·μÉ¨Î¥¸± Ö ¸É -
¤¨Ö),   ¨ ´  ¶μ§¤´¨Ì, £¤¥, ± ± ³Ò Ê¢¨¤¨³, ‚¸¥²¥´´ Ö ¡Ò¸É·μ ±μ²² ¶¸¨·Ê¥É.
ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ · §μ£·¥¢ (³£´μ¢¥´´Ò° μÉ¸±μ±) ¶·μ¨¸Ìμ¤¨É ¶μ¸²¥ ¢Éμ-
·μ° ¸É ¤¨¨. �μ¸²¥ ÔÉμ£μ ³Ò ¨§ÊÎ¨³ É¥´§μ·´Ò¥ ¢μ§³ÊÐ¥´¨Ö, ±μÉμ·Ò¥ £¥´¥·¨-
·ÊÕÉ¸Ö ¢ É ±μ° ³μ¤¥²¨ ¨ ´  ¶¥·¢μ° ¸É ¤¨¨, ¨ ´  ¢Éμ·μ°. ˆÌ ¸¶¥±É· μ± §Ò-
¢ ¥É¸Ö ¸¨´¨³, ¶·¨ £¥´¥· Í¨¨ ´  ¶¥·¢μ° ¸É ¤¨¨ μ´ ¨³¥¥É ¢ ±ÊÊ³´Ò° ¶·μË¨²Ó
(P ∼ 1/k),   ´  ¢Éμ·μ° Å ¥Ð¥ ¸¨´¥¥ ´  μ¤´Ê ¸É¥¶¥´Ó ¨³¶Ê²Ó¸  (P ´¥ § ¢¨-
¸¨É μÉ k). � ±μ´¥Í, ³Ò ¶μ¶ÒÉ ¥³¸Ö ¶μ¸É ¢¨ÉÓ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò
³μ¤¥²¨ ¨§ · ¸¸³μÉ·¥´¨Ö £· ¢¨É Í¨μ´´ÒÌ ¢μ²´. �É¨ μ£· ´¨Î¥´¨Ö μ± §Ò¢ ÕÉ¸Ö
μÎ¥´Ó ¸² ¡Ò³¨, É. ¥. £· ¢¨É Í¨μ´´Ò¥ ¢μ²´Ò ¢ É ±μ° ³μ¤¥²¨ ¶· ±É¨Î¥¸±¨ ´¥
£¥´¥·¨·ÊÕÉ¸Ö.

1. Œ�„…‹œ ‘ Š��”��Œ�›Œ ‘Š�’›‚��ˆ…Œ

1.1. ‹¨´¥°´μ¥ ¶·¨¡²¨¦¥´¨¥. ‚ Ô¶μÌÊ ±μ´Ëμ·³´μ£μ ¸± ÉÒ¢ ´¨Ö ¤¨´ ³¨± 
¸± ²Ö·´μ£μ ¶μ²Ö μ¶·¥¤¥²Ö¥É¸Ö ¤¥°¸É¢¨¥³

S[φ] =
∫

d4x
√
−g

[
gμν∂μφ∗∂νφ +

R

6
φ∗φ − V (φ)

]
,
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£¤¥ ¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ² V (φ) μÉ·¨Í É¥²¥´ ¨ ¨³¥¥É ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É-
´Ò° ¢¨¤ (3). ‚ É¥·³¨´ Ì ¶μ²Ö χ = aφ Ê· ¢´¥´¨¥ ¶μ²Ö ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

ημν∂μ∂νχ − 2h2|χ|2χ = 0. (9)

�·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ¥ ±² ¸¸¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ´  ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì
¤μ¸É¨£ ¥É  ÉÉ· ±Éμ·  (4).

1.1.1. ‚μ§³ÊÐ¥´¨Ö Ë §Ò. �  ²¨´¥°´μ³ Ê·μ¢´¥ ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¨ ³μ-
¤Ê²Ö φ μÉÐ¥¶²ÖÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ . � Î´¥³ ¸ ¢μ§³ÊÐ¥´¨° Ë §Ò ¨²¨, É ± ± ±
Ëμ´μ¢μ¥ ·¥Ï¥´¨¥ ³Ò ¢Ò¡· ²¨ ¤¥°¸É¢¨É¥²Ó´Ò³ (4), ¸ ¢μ§³ÊÐ¥´¨° ³´¨³μ°
Î ¸É¨ χ2 ≡ Im χ/

√
2. �´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ²¨´¥ ·¨§μ¢ ´´μ³Ê Ê· ¢´¥´¨Õ

(δχ2)′′ − ∂i∂i δχ2 − 2h2χ2
c δχ2 = 0, (10)

£¤¥ ÏÉ·¨Ì μ¡μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ¶μ ±μ´Ëμ·³´μ³Ê ¢·¥³¥´¨ η. �¡μ§´ Î¨³
± ± k ±μ´Ëμ·³´Ò° ¨³¶Ê²Ó¸ ¢μ§³ÊÐ¥´¨Ö. ‚ ¦´Ò³ ¶·¥¤¶μ²μ¦¥´¨¥³ ¢ ´ Ï¥³
¸Í¥´ ·¨¨ ¡Ê¤¥É Éμ, ÎÉμ ±μ´Ëμ·³´μ¥ ¸± ÉÒ¢ ´¨¥ ´ Î¨´ ¥É¸Ö ¤μ¸É ÉμÎ´μ · ´μ,
ÎÉμ¡Ò ¸ÊÐ¥¸É¢μ¢ ²¨ ¢·¥³¥´ , ´  ±μÉμ·ÒÌ

k(η∗ − η) � 1. (11)

�μ¸±μ²Ó±Ê ¸ÊÐ¥¸É¢¥´´Ò¥ ¨³¶Ê²Ó¸Ò k ³ ²Ò (¨³¥ÕÉ ¶μ·Ö¤μ± ¸μ¢·¥³¥´´μ£μ
¶ · ³¥É·  • ¡¡² ), ÔÉμ ´¥· ¢¥´¸É¢μ μ§´ Î ¥É, ÎÉμ ¤²¨É¥²Ó´μ¸ÉÓ ¸± ÉÒ¢ ´¨Ö
¸ ÉμÎ±¨ §·¥´¨Ö ±μ´Ëμ·³´μ£μ ¢·¥³¥´¨ ¡μ²ÓÏ¥, Î¥³ ¤²¨É¥²Ó´μ¸ÉÓ, ¸± ¦¥³,
· ¸Ï¨·¥´¨Ö ¶μ¸²¥ 
μ²ÓÏμ£μ ¢§·Ò¢  ¤μ ¸¥£μ¤´ÖÏ´¥£μ ¤´Ö. …¤¨´¸É¢¥´´ Ö ¢μ§-
³μ¦´μ¸ÉÓ ¤²Ö ÔÉμ£μ Å ´ ²¨Î¨¥ ± ±μ°-´¨¡Ê¤Ó ¤·Ê£μ° Ô¶μÌ¨, ¶·¥¤Ï¥¸É¢ÊÕÐ¥°
Ô¶μÌ¥ £μ·ÖÎ¥£μ 
μ²ÓÏμ£μ ¢§·Ò¢ , ´  ±μÉμ·μ° ¡Ò ¡Ò²  ·¥Ï¥´  ¸É ´¤ ·É´ Ö
¶·μ¡²¥³  £μ·¨§μ´É ; ³¥Ì ´¨§³, ±μÉμ·Ò° ³Ò μ¡¸Ê¦¤ ¥³, · ¡μÉ ¥É ¨³¥´´μ ¢
ÔÉÊ Ô¶μÌÊ. �É³¥É¨³, ÎÉμ ¶μ¸²¥¤´¥¥ ¸¢μ°¸É¢μ ¶·¨¸ÊÐ¥ ¶μÎÉ¨ ¢¸¥³, ¥¸²¨ ´¥
¢¸¥³, ³¥Ì ´¨§³ ³ £¥´¥· Í¨¨ ±μ¸³μ²μ£¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°.

“· ¢´¥´¨¥ (10) ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ ¤²Ö ³¨´¨³ ²Ó´μ ¸¢Ö§ ´´μ£μ ¡¥§-
³ ¸¸μ¢μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶·μ¸É· ´¸É¢¥ ¤¥ ‘¨ÉÉ¥· . ‚ ¤ ²Ó´¥°Ï¥³ ´ ³
¶μ´ ¤μ¡¨É¸Ö ¥£μ ·¥Ï¥´¨¥ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

δχ2(x, η) =
∫

d3k

(2π)3/2
√

2k

(
δχ

(−)
2 (k,x, η)Âk + h. c.

)
.

‡¤¥¸Ó
δχ

(−)
2 (k,x, η) = eikx−ikη∗F (k, η∗ − η), (12)

£¤¥

F (k, ξ) = −
√

π

2
kξH

(1)
3/2(kξ), (13)
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  H
(1)
3/2 Å ËÊ´±Í¨Ö • ´±¥²Ö. �  · ´´¨Ì ¢·¥³¥´ Ì ³μ¤  μ¸Í¨²²¨·Ê¥É,

δχ
(−)
2 (k,x, η) = eikx−ikη. (14)

�·¨ ÔÉμ³ Âk ¨ Â†
k Å μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥

¸É ´¤ ·É´Ò³ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³, [Âk, Â′†
k ] = δ(k − k′). Š ±

μ¡ÒÎ´μ, ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ ¶μ²¥ δχ2 ¨§´ Î ²Ó´μ ´ Ìμ¤¨É¸Ö ¢ ¢ ±ÊÊ³´μ³
¸μ¸ÉμÖ´¨¨.

�  ¶μ§¤´¨Ì ¢·¥³¥´ Ì, ±μ£¤  k(η∗ − η) � 1, ¢μ§³ÊÐ¥´¨Ö Ë §Ò § ¢¨¸ÖÉ μÉ
¢·¥³¥´¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δθ(x) =
δχ2(x, η)

χc(η)
= ih

∫
d3k

4π3/2k3/2
eikx−ikη∗ Âk + h. c. (15)

�Éμ ¢Ò· ¦¥´¨¥ μ¶¨¸Ò¢ ¥É £ Ê¸¸μ¢μ ¸²ÊÎ °´μ¥ ¶μ²¥, Î¥° ¸¶¥±É· ³μÐ´μ¸É¨
¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ (5).

‚μ§³ÊÐ¥´¨Ö Ë §Ò ³μ£ÊÉ ¡ÒÉÓ ¶·¥¢· Ð¥´Ò ¢  ¤¨ ¡ É¨Î¥¸±¨¥ ³μ¤Ò ¶μ
±· °´¥° ³¥·¥ ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨. �¥·¢Ò° · ¡μÉ ¥É, ¥¸²¨ θ ´  ¸ ³μ³ ¤¥²¥ Ö¢-
²Ö¥É¸Ö ¶¸¥¢¤μ-´ ³¡Ê-£μ²¤¸ÉμÊ´μ¢¸±¨³ ¶μ²¥³, ±μÉμ·μ¥ ¢Ò¸ ¦¨¢ ¥É¸Ö ´  ¸±²μ´
¶μÉ¥´Í¨ ² . �ÉμÉ ³¥Ì ´¨§³ £¥´¥·¨·Ê¥É ´¥£ Ê¸¸μ¢μ¸ÉÓ ²μ± ²Ó´μ£μ ¢¨¤  ¢  ¤¨ -
¡ É¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨ÖÌ. „²Ö μ¡Ð¨Ì §´ Î¥´¨° Ë §Ò, ´  ±μÉμ·ÊÕ ¢Ò¸ ¦¨-
¢ ¥É¸Ö ¶μ²¥, θc ∼ π/2, Ô±¸¶¥·¨³¥´É ²Ó´μ¥ μÉ¸ÊÉ¸É¢¨¥ ´¥£ Ê¸¸μ¢μ¸É¨ [1, 3]
¶·¥¤¶μ² £ ¥É Pδθ � 10−4 [39],   ¶· ¢¨²Ó´ Ö ¸± ²Ö·´ Ö  ³¶²¨ÉÊ¤  ¶μ²Ê-
Î ¥É¸Ö ¤²Ö

h � 10−2. (16)

‚μμ¡Ð¥ £μ¢μ·Ö, É ±μ¥ μ£· ´¨Î¥´¨¥ ´¥ ¢μ§´¨± ¥É ¶·¨  ²ÓÉ¥·´ É¨¢´μ³ ³¥Ì -
´¨§³¥ ³μ¤Ê²¨·μ¢ ´´μ£μ · ¸¶ ¤  [40Ä42]. ‚ ÔÉμ³ ¸²ÊÎ ¥, ¥¸²¨ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨° ¶ · ³¥É· ³ ¸¸Ò ¨²¨ Ï¨·¨´Ò § ¢¨¸¨É ²¨´¥°´μ μÉ θ, ¶μ²ÊÎ ÕÐ¨°¸Ö ¶ -
· ³¥É· ´¥£ Ê¸¸μ¢μ¸É¨ ¢¥¸Ó³  ³ ² (¶μ¤·μ¡´μ¸É¨ ¸³. ¢ [42, 53]), fNL ∼ 1, ¢
¶μ²´μ³ ¸μ£² ¸¨¨ ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³ ¶·¥¤¥²μ³ [1,3].

1.1.2. ‚μ§³ÊÐ¥´¨Ö ³μ¤Ê²Ö. � ¸¸³μÉ·¨³ É¥¶¥·Ó · ¤¨ ²Ó´Ò¥ ¢μ§³ÊÐ¥-
´¨Ö, ¨²¨, ¸ ÊÎ¥Éμ³ ´ Ï¥£μ ¸μ£² Ï¥´¨Ö, ÎÉμ ±² ¸¸¨Î¥¸±μ¥ ·¥Ï¥´¨¥ χc ¤¥°-
¸É¢¨É¥²Ó´μ, ¢μ§³ÊÐ¥´¨Ö ¤¥°¸É¢¨É¥²Ó´μ° Î ¸É¨ χ1 ≡ Reχ/

√
2. ‚ ²¨´¥°´μ³

¶μ·Ö¤±¥ μ´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ ´  ¸É ¤¨¨ ±μ´Ëμ·³´μ£μ
¸± ÉÒ¢ ´¨Ö:

(δχ1)′′ − ∂i∂i δχ1 − 6h2χ2
cδχ1 ≡ (δχ1)′′ − ∂i∂i δχ1 −

6
(η∗ − η)2

δχ1 = 0.

�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö, ¸É·¥³ÖÐ¥¥¸Ö ± ± ´μ´¨Î¥¸±¨ ´μ·³¨·μ¢ ´´μ° ³μ¤¥
¶·¨ k(η∗ − η) → ∞, ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δχ1 = −eikx−ikη∗ i

4π

√
η∗ − η

2
H

(1)
5/2 [k(η∗ − η)] B̂k + h. c.
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£¤¥ B̂k, B̂†
k Å ¤·Ê£μ° ´ ¡μ· μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö. �  ¶μ§¤´¨Ì

¢·¥³¥´ Ì, ±μ£¤  k(η∗ − η) � 1, ³Ò ¶μ²ÊÎ ¥³

δχ1 = −eikx−ikη∗
3

4π3/2

1
k5/2(η∗ − η)2

B̂k + h. c..

‘²¥¤μ¢ É¥²Ó´μ, ¢μ§³ÊÐ¥´¨Ö ³μ¤Ê²Ö ¶μ²ÊÎ ÕÉ ±· ¸´Ò° ¸¶¥±É· ³μÐ´μ¸É¨ (6).
‡ ¢¨¸¨³μ¸ÉÓ δχ1 ∝ (η∗ − η)−2 ¥¸É¥¸É¢¥´´μ ¶·¥¤¸É ¢²ÖÉÓ ¸¥¡¥ ± ± ²μ-

± ²Ó´Ò° ¸¤¢¨£ ¶ · ³¥É·  μ±μ´Î ´¨Ö ¸± ÉÒ¢ ´¨Ö η∗. „¥°¸É¢¨É¥²Ó´μ, ¸ ÊÎ¥Éμ³
Ëμ´μ¢μ£μ ·¥Ï¥´¨Ö (4), ¸Ê³³  χc + δχ1/

√
2, É. ¥. · ¤¨ ²Ó´μ¥ ¶μ²¥ ¸ ÊÎ¥Éμ³

¢μ§³ÊÐ¥´¨°, Ö¢²Ö¥É¸Ö ²¨´¥ ·¨§ Í¨¥° ¢Ò· ¦¥´¨Ö

χc[η∗(x) − η] =
1

h[η∗(x) − η]
, (17)

£¤¥
η∗(x) = η∗ + δη∗(x) (18)

¨

δη∗(x) =
3h

4
√

2π3/2

∫
d3k

k5/2

(
eikx−ikη∗B̂k + h. c.

)
. (19)

’ ±¨³ μ¡· §μ³, ¨´Ë· ±· ¸´Ò¥ · ¤¨ ²Ó´Ò¥ ³μ¤Ò ³μ¤¨Ë¨Í¨·ÊÕÉ Ëμ´μ¢μ¥ ·¥-
Ï¥´¨¥, ¶·¥¢· Ð Ö ¶ · ³¥É· μ±μ´Î ´¨Ö ¸± ÉÒ¢ ´¨Ö η∗ ¢ ¸²ÊÎ °´μ¥ ¶μ²¥, ³¥¤-
²¥´´μ ³¥´ÖÕÐ¥¥¸Ö ¢ ¶·μ¸É· ´¸É¢¥, ± ± ¶μ± §Ò¢ ÕÉ Ëμ·³Ê²Ò (17), (18).

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¨´Ë· ±· ¸´Ò¥ ³μ¤Ò ¢´μ¸ÖÉ ¢±² ¤ ´¥ Éμ²Ó±μ ¢
¶μ²¥ δη∗(x), ´μ ¨ ¢ ¥£μ ¶·μ¸É· ´¸É¢¥´´ÊÕ ¶·μ¨§¢μ¤´ÊÕ. ‚±² ¤ ³μ¤, ´ Ìμ¤Ö-
Ð¨Ì¸Ö §  £μ·¨§μ´Éμ³ ¸¥£μ¤´Ö, É. ¥. ¨³¥ÕÐ¨Ì ¨³¶Ê²Ó¸Ò k � H0, ¢ Ë²Ê±ÉÊ Í¨Õ
¶μ¸²¥¤´¨Ì ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³

〈∂iη∗(x)∂jη∗(x)〉k�H0 = δij
3h2

8π

∫
k�H0

dk

k
= δij

3h2

8π
log

H0

Λ
, (20)

£¤¥ Λ Å ¨´Ë· ±· ¸´μ¥ μ¡·¥§ ´¨¥, ¶ · ³¥É·¨§ÊÕÐ¥¥ ´ Ï¥ ´¥§´ ´¨¥ ¤¨´ ³¨±¨
¢ ´ Î ²¥ ¸É ¤¨¨ ±μ´Ëμ·³´μ£μ ¸± ÉÒ¢ ´¨Ö.

1.2. ‚²¨Ö´¨¥ ¨´Ë· ±· ¸´ÒÌ · ¤¨ ²Ó´ÒÌ ³μ¤ ´  ¢μ§³ÊÐ¥´¨Ö Ë §Ò:
¶¥·¢Ò° ¶μ·Ö¤μ± ¶μ h. � ¸¸³μÉ·¨³ É¥¶¥·Ó, ± ± ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ · ¤¨ ²Ó-
´Ò³¨ ³μ¤ ³¨ ¢²¨Ö¥É ´  ¸¢μ°¸É¢  ¢μ§³ÊÐ¥´¨° Ë §Ò δθ. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³
¢μ§³ÊÐ¥´¨Ö ³´¨³μ° Î ¸É¨ δχ2, ÎÓ¨ ¤²¨´Ò ¢μ²´ £μ· §¤μ ³¥´ÓÏ¥ Ì · ±É¥·-
´μ£μ ³ ¸ÏÉ ¡  ¨§³¥´¥´¨Ö ³μ¤Ê²Ö (¶μ¤·μ¡´¥¥ ¸³. [30]). „²Ö ´¨Ì ³ ¸ÏÉ ¡Ò
· §¤¥²ÖÕÉ¸Ö, ¨ ¢μ§³ÊÐ¥´¨Ö δχ2 ³μ£ÊÉ ¢¸¥ ¥Ð¥ · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ²¨´¥°´μ³
¶·¨¡²¨¦¥´¨¨, ´μ ¢ ¶μ²¥ (17).

�μ¸±μ²Ó±Ê ´ ¸ § ¡μÉ¨É ¨´Ë· ±· ¸´ Ö Î ¸ÉÓ η∗(x), ³Ò ¨¸¶μ²Ó§Ê¥³ £· -
¤¨¥´É´μ¥ · §²μ¦¥´¨¥, · ¸¸³ É·¨¢ Ö ¶μ±  μ¡² ¸ÉÓ ¢¡²¨§¨ ´Ê²Ö, ¨ § ¶¨Ï¥³

η∗(x) = η∗(0) − vixi + . . . , (21)
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£¤¥
vi = −∂iη∗(x)|x=0,

  ÉμÎ±¨ μ¡μ§´ Î ÕÉ Î²¥´Ò ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ ¶μ x. ‚ ¦´μ, ÎÉμ ¶μ²¥ ∂i∂jη∗(x)
¨³¥¥É ¸¨´¨° ¸¶¥±É· ³μÐ´μ¸É¨, É ± ÎÉμ £² ¢´Ò° ÔËË¥±É ¨´Ë· ±· ¸´ÒÌ ³μ¤
¶·¨Ìμ¤¨É¸Ö ´  ¤¢  Î²¥´ , ±μÉμ·Ò¥ ³Ò ¢Ò¶¨¸ ²¨ Ö¢´μ ¢ (21). Š·μ³¥ Éμ£μ, ³Ò
¶·¥¤¶μ² £ ¥³ ¢ ¤ ²Ó´¥°Ï¥³, ÎÉμ

|v| � 1 (22)

¨ μ¶Ê¸± ¥³ ¶μ±  ¶μ¶· ¢±¨ ¶μ·Ö¤±  v2. � §²μ¦¥´¨¥ ¶μ |v| ¤μ¶Ê¸É¨³μ, ¶μ-
¸±μ²Ó±Ê ¶μ²¥ v(x) ¨³¥¥É ¶²μ¸±¨° ¸¶¥±É· ³μÐ´μ¸É¨, É ± ÎÉμ · §²μ¦¥´¨¥
¶μ |v| Ö¢²Ö¥É¸Ö, ´  ¸ ³μ³ ¤¥²¥, · §²μ¦¥´¨¥³ ¶μ h, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨´Ë· ±· ¸-
´ÒÌ ²μ£ ·¨Ë³μ¢. „ ²¥¥ ³Ò É ±¦¥ ¶·μ¢¥¤¥³  ´ ²¨§ ²¨¤¨·ÊÕÐ¨Ì ÔËË¥±Éμ¢ ¢
¶μ·Ö¤±¥ v2.

�¸É ¢²ÖÖ ¢ (21) Éμ²Ó±μ ¤¢  Î²¥´ , ³Ò ¨³¥¥³, ¢³¥¸Éμ Ëμ·³Ê²Ò (4),

χc =
1

h[η∗(0) − η − vx]
. (23)

�Éμ ¢Ò· ¦¥´¨¥ ¢±²ÕÎ ¥É ±μ³¡¨´ Í¨Õ η∗(0)− (η +vx). ŒÒ ¨´É¥·¶·¥É¨·Ê¥³
¥¥ ± ± ²μ± ²Ó´Ò° ¸¤¢¨£ ¢·¥³¥´¨ ¨ ²μ·¥´Í¥¢ ¡Ê¸É ¨§´ Î ²Ó´μ£μ Ëμ´μ¢μ£μ
·¥Ï¥´¨Ö (4). ‡ ³¥É¨³, ÎÉμ ¶μ²¥ (23) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¶μ²¥¢ÒÌ Ê· ¢´¥-
´¨° (9) ¢ ´ Ï¥³ ¶·¨¡²¨¦¥´¨¨. ’ ± Ö ¨´É¥·¶·¥É Í¨Ö ¶μ§¢μ²Ö¥É ´ ³ ´ °É¨
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (10) ¸ ¢´¥Ï´¨³ ¶μ²¥³ (23) ¨ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ (14):
μ´¨ ¶μ²ÊÎ ÕÉ¸Ö ¢·¥³¥´´Ò³ ¸¤¢¨£μ³ ¨ ²μ·¥´Í¥¢Ò³ ¶μ¢μ·μÉμ³ ¨¸Ìμ¤´μ£μ ·¥-
Ï¥´¨Ö (12), (13):

δχ
(−)
2 (k,x, η) = eiq(x+vη)−iqη∗(0)F (q, η∗(0) − η − vx), (24)

£¤¥ ËÊ´±Í¨Ö F É ±¦¥ μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (13) ¸ ²μ·¥´Í-¶·¥μ¡· §μ¢ ´-
´Ò³ ¨³¶Ê²Ó¸μ³

q = k + kv, q = |q| = k + kv, (25)

£¤¥ ¨³¥¥É¸Ö ¢ ¢¨¤Ê, ÎÉμ Î²¥´ ³¨ ¶μ·Ö¤±  v2 ´ ¤μ ¶·¥´¥¡·¥ÎÓ. ŒÒ · ¸¸³ -
É·¨¢ ¥³ ¶μ¶· ¢±¨ ± ÔÉμ³Ê ·¥Ï¥´¨Õ ¶μ·Ö¤±  ∂i∂jη∗(x) ¨ v2 ¤ ²¥¥ ¢ ¶¶. 1.3.1
¨ 1.3.2 ¸μμÉ¢¥É¸É¢¥´´μ.

ˆ§ Ê· ¢´¥´¨° (23) ¨ (24) ³Ò ¶μ²ÊÎ ¥³, ÎÉμ ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¸´μ¢  ¶¥-
·¥¸É ÕÉ μ¸Í¨²²¨·μ¢ ÉÓ, ±μ£¤  k[η∗(x) − η] → 0:

δθ(x) =
δχ2(x)
χc(x)

= i

∫
d3k√

k

h

4π3/2q
eikx−ikη∗(x)Âk + h. c., (26)

�Éμ μ§´ Î ¥É, ÎÉμ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ £· ¤¨¥´É´μ£μ · §²μ¦¥´¨Ö, ±μÉμ·Ò³ ³Ò
¶μ±  μ£· ´¨Î¨²¨¸Ó, ¸¢μ°¸É¢  ¸²ÊÎ °´μ£μ ¶μ²Ö δθ É ±¨¥ ¦¥, ± ± ¨ ¸¢μ°¸É¢ 
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¶μ²Ö (15). „¥°¸É¢¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê η∗(x) = η∗(0)−vx ¢ (26), ¨´Ë· ±· ¸´Ò¥
ÔËË¥±ÉÒ ¨¸Î¥§ ÕÉ ¶·¨ ¶¥·¥μ¶·¥¤¥²¥´¨¨ ¶μ²Ö,

Âq = e−ikη∗(0)

√
k

q
Âk, (27)

£¤¥ k ¨ q É ± ¦¥ ¸¢Ö§ ´Ò Ê· ¢´¥´¨¥³ (25). �μ¸±μ²Ó±Ê ³¥·  d3k/k ²μ·¥´Í-
¨´¢ ·¨ ´É´ , μ¶¥· Éμ·Ò Âq, Â†

q ¶μ¤Î¨´ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³ ±μ³³ÊÉ Í¨μ´´Ò³
¸μμÉ´μÏ¥´¨Ö³, ¢ Éμ ¢·¥³Ö ± ± ¢ ´ Ï¥³ ¶·¨¡²¨¦¥´¨¨ ¶μ²¥ (26), § ¶¨¸ ´´μ¥
Î¥·¥§ ÔÉ¨ μ¶¥· Éμ·Ò, ¸μ¢¶ ¤ ¥É ¸ ²¨´¥°´Ò³ ¶μ²¥³ (15). ˆÉ ±, ¨´Ë· ±· ¸´Ò¥
· ¤¨ ²Ó´Ò¥ ³μ¤Ò, ´  ¸ ³μ³ ¤¥²¥, ´¥ μ¸μ¡¥´´μ μ¶ ¸´Ò, É ± ± ± μ´¨ ± Î¥¸É¢¥´-
´Ò³ μ¡· §μ³ ´¥ ³¥´ÖÕÉ ¸¢μ°¸É¢ ¶μ²Ö δθ.

1.3. ‘É É¨¸É¨Î¥¸± Ö  ´¨§μÉ·μ¶¨Ö. 1.3.1 �¥·¢Ò° ¶μ·Ö¤μ± ¶μ h. ‚ ¶¥·¢μ³
¶μ·Ö¤±¥ ¶μ h ´¥É·¨¢¨ ²Ó´μ¥ ¢μ§¤¥°¸É¢¨¥ ¤²¨´´μ¢μ²´μ¢ÒÌ ¢μ§³ÊÐ¥´¨° δη∗(x)
´  ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¶μÖ¢²Ö¥É¸Ö ¢¶¥·¢Ò¥ ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ £· ¤¨¥´É´μ£μ
· §²μ¦¥´¨Ö, É. ¥. ¢ ¶μ·Ö¤±¥ ∂i∂jη∗. ‡¤¥¸Ó ³Ò μ¡· É¨³ ¢´¨³ ´¨¥ ´  ÔËË¥±É
μÉ ³μ¤ δη∗, ÎÓ¨ ¸μ¢·¥³¥´´Ò¥ ¤²¨´Ò ¢μ²´ ¶·¥¢μ¸Ìμ¤ÖÉ Ì ¡¡²μ¢¸±¨° · §³¥·.
ŒÒ ¨³¥¥³ ¤¥²μ ¸ ¥¤¨´¸É¢¥´´μ° ·¥ ²¨§ Í¨¥° ¸²ÊÎ °´μ£μ ¶μ²Ö δη∗, É ± ÎÉμ
¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ £· ¤¨¥´É´μ£μ · §²μ¦¥´¨Ö ∂i∂jη∗ Å ÔÉμ ¶·μ¸Éμ É¥´§μ·,
¶μ¸ÉμÖ´´Ò° ¢μ ¢¸¥° ¢¨¤¨³μ° ‚¸¥²¥´´μ°. ‚ ÔÉμ³ ¶μ¤· §¤¥²¥ ³Ò ¶·¨¢¥¤¥³
¢ÒÎ¨¸²¥´¨¥ ¸É É¨¸É¨Î¥¸±μ°  ´¨§μÉ·μ¶¨¨, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ÔÉ¨³ É¥´§μ·μ³.

„μ ¸¨Ì ¶μ· ³Ò ¨¸¶μ²Ó§μ¢ ²¨ É¥μ·¨Õ ¢μ§³ÊÐ¥´¨° ¶μ ∂i∂jη∗. ”μ´ (17)
¡μ²ÓÏ¥ ´¥ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¶μ²¥¢ÒÌ Ê· ¢´¥´¨° (9) ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ £· -
¤¨¥´É´μ£μ · §²μ¦¥´¨Ö. Šμ³¡¨´ Í¨Ö, ¢Ìμ¤ÖÐ Ö ¢ Ê· ¢´¥´¨¥ (10) ¤²Ö ¢μ§³Ê-
Ð¥´¨° ³´¨³μ° Î ¸É¨, ¤ ¥É¸Ö É¥¶¥·Ó ¢Ò· ¦¥´¨¥³ [30]

2h2χ2
c =

2
(η∗(x) − η)2

+
2
3

∂i∂iη∗
η∗ − η

. (28)

�¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (10) ´  Ëμ´¥ (28) ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ (14) ´ 
¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì Ö¢²Ö¥É¸Ö

δχ
(−)
2 (k,x, η) =

i eikx−ikη∗(x)

q(η∗ − η)

(
1 − π

2k

kikj

k2
∂i∂jη∗ +

π

6k
∂i∂iη∗

)
.

„¢  ´¥É·¨¢¨ ²Ó´ÒÌ Î²¥´  ¢ ¸±μ¡± Ì μ¶·¥¤¥²ÖÕÉ ¶μ¶· ¢±Ê ± ¸¶¥±É·Ê ³μÐ-
´μ¸É¨ ¢μ§³ÊÐ¥´¨° Ë §Ò, ¢Ò§¢ ´´ÊÕ · ¤¨ ²Ó´Ò³¨ ³μ¤ ³¨ ¸ ¤²¨´ ³¨ ¢μ²´
¡μ²ÓÏ¥ ¸μ¢·¥³¥´´μ£μ Ì ¡¡²μ¢¸±μ£μ · §³¥· . ’ ±ÊÕ ¦¥ ¶μ¶· ¢±Ê ¶μ²ÊÎ ÕÉ ¨
 ¤¨ ¡ É¨Î¥¸±¨¥ ¢μ§³ÊÐ¥´¨Ö, É ± ÎÉμ ¢ ¨Éμ£¥ ³Ò ¨³¥¥³

Pζ = Aζ

[
1 − π

k

kikj

k2

(
∂i∂jη∗ −

1
3
δij∂k∂kη∗

)]
. (29)
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‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¸·¥¤´¥¥ ¶μ Ê£² ³ μÉ ÔÉμ° ¶μ¶· ¢±¨ § ´Ê²Ö¥É¸Ö, ± ± ¨
¤μ²¦´μ ¡ÒÉÓ ¸μ ¸É É¨¸É¨Î¥¸±μ°  ´¨§μÉ·μ¶¨¥°.

�¨ ¢¥²¨Î¨´ , ´¨ ÉμÎ´ Ö Ëμ·³  É¥´§μ·  ∂i∂jη∗− (1/3)δij∂k∂kη∗ ´¥ ³μ¦¥É
¡ÒÉÓ μ¤´μ§´ Î´μ ¶·¥¤¸± § ´  ¨§-§  ±μ¸³¨Î¥¸±μ° ´¥μ¶·¥¤¥²¥´´μ¸É¨. —Éμ¡Ò
μÍ¥´¨ÉÓ ¸É É¨¸É¨Î¥¸±ÊÕ  ´¨§μÉ·μ¶¨Õ, · ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ ¢¥²¨Î¨´Ê:

〈(
∂i∂jη∗ −

1
3
δij∂k∂kη∗

)(
∂i∂jη∗ −

1
3
δij∂k∂kη∗

)〉
k�H0

� 3h2

8π2
H2

0 ,

£¤¥ μ¡μ§´ Î¥´¨Ö μÉ· ¦ ÕÉ ÉμÉ Ë ±É, ÎÉμ ³Ò · ¸¸³ É·¨¢ ¥³ Éμ²Ó±μ É¥ ³μ¤Ò,
ÎÓ¨ ¸¥£μ¤´ÖÏ´¨¥ ¤²¨´Ò ¢μ²´ ¶·¥¢ÒÏ ÕÉ Ì ¡¡²μ¢¸±¨° · §³¥·. ’ ±¨³ μ¡· -
§μ³, ³Ò ¶·¨Ìμ¤¨³ ± ¶¥·¢μ³Ê ´¥É·¨¢¨ ²Ó´μ³Ê Î²¥´Ê ¢ (7). ‘É ·Ï¨¥ ¶μ·Ö¤±¨
£· ¤¨¥´É´μ£μ · §²μ¦¥´¨Ö ¤ ÕÉ ¢±² ¤Ò ¢ ¸É É¨¸É¨Î¥¸±ÊÕ  ´¨§μÉ·μ¶¨Õ, ¶μ¤ -
¢²¥´´Ò¥ ¤μ¶μ²´¨É¥²Ó´Ò³¨ Ë ±Éμ· ³¨ H0/k.

1.3.2. �μ·Ö¤μ± h2: ¢±² ¤ £²Ê¡μ±μ ¨´Ë· ±· ¸´ÒÌ ³μ¤. ’¥¶¥·Ó ¶¥·¥°¤¥³
± · ¸¸³μÉ·¥´¨Õ ¸É É¨¸É¨Î¥¸±μ°  ´¨§μÉ·μ¶¨¨ ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ ¶μ h. �μ-
¸±μ²Ó±Ê μ¡Ð¨° ¸¤¢¨£ ¢·¥³¥´¨ η∗(0) ´¥ ¢ ¦¥´, £² ¢´Ò° ¢±² ¤ ¢ ÔÉμ³ ¶μ·Ö¤±¥
¶·μ¶μ·Í¨μ´ ²¥´ ²μ£ ·¨Ë³¨Î¥¸±¨ Ê¸¨²¥´´μ° ±μ³¡¨´ Í¨¨ ∂iη∗∂jη∗ ≡ vivj .
�μÔÉμ³Ê ³Ò ¨¸¶μ²Ó§Ê¥³ ¤¢  Î²¥´  · §²μ¦¥´¨Ö ¶μ ¶·μ¨§¢μ¤´Ò³, Ö¢´μ ¢Ò¶¨-
¸ ´´Ò¥ ¢ Ëμ·³Ê²¥ (21).

‚ ¶μ·Ö¤±¥ v2 ËÊ´±Í¨Ö (23) Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¶μ²¥¢μ£μ Ê· ¢´¥-
´¨Ö (9). ‚³¥¸Éμ ÔÉμ£μ ·¥Ï¥´¨¥³ ¡Ê¤¥É

χc =
1

hγ[η∗(0) − η − vx]
, (30)

£¤¥ γ = (1−v2)−1/2. ŒÒ ¡Ê¤¥³ ¨§ÊÎ ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (10) ¸ ÔÉ¨³ Ëμ´μ³.
�¥¸²μ¦´μ Ê¢¨¤¥ÉÓ, ÎÉμ ·¥Ï¥´¨¥, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ´ Î ²Ó´μ³Ê Ê¸²μ¢¨Õ (14),
¨³¥¥É ¢¨¤

δχ
(−)
2 (k,x, η) = eiq||γ(x||+vη)+iqT xT −iqγη∗(0)F [q, γ(η∗(0) − η − vx)], (31)

£¤¥ ²μ·¥´Í-¶μ¢¥·´ÊÉÒ° ¨³¶Ê²Ó¸, ± ± μ¡ÒÎ´μ, · ¢¥´ q|| = γ(k||+kv), qT = kT ,
q = γ(k+k||v),   μ¡μ§´ Î¥´¨Ö || ¨ T μÉ´μ¸ÖÉ¸Ö ± ±μ³¶μ´¥´É ³, ¶ · ²²¥²Ó´Ò³
¨ ¶¥·¶¥´¤¨±Ê²Ö·´Ò³ ± v ¸μμÉ¢¥É¸É¢¥´´μ.

‘μ£² ¸´μ ¸Í¥´ ·¨Õ, ±μÉμ·μ³Ê ³Ò ¸²¥¤Ê¥³, ¢μ§³ÊÐ¥´¨Ö Ë §Ò δθ ¢Ò³μ-
· ¦¨¢ ÕÉ¸Ö ´  £¨¶¥·¶μ¢¥·Ì´μ¸É¨ η = η∗(0) − vx ≡ η∗(0) − vx||,   ¶μÉμ³
μ¸É ÕÉ¸Ö ¶μ¸ÉμÖ´´Ò³¨ ¢μ ¢·¥³¥´¨. ˆ§ (30) ¨ (31) ¸²¥¤Ê¥É, ÎÉμ ´  ¶μ§¤´¨Ì
¢·¥³¥´ Ì ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δθ(x) =
∫

d3q
√

q

h

4π3/2q
eiγ−1q||x||+iqT xT

Âq + h. c., (32)
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£¤¥ μ¶¥· Éμ·Ò Âq μ¶·¥¤¥²¥´Ò (27) ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸É ´¤ ·É´Ò³ ±μ³³Ê-
É Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³; §¤¥¸Ó ³Ò μÉ¡·μ¸¨²¨ ¶μ¸ÉμÖ´´Ò° Ë §μ¢Ò° ³´μ-
¦¨É¥²Ó, μÉ ±μÉμ·μ£μ ´¨ÎÉμ ´¥ § ¢¨¸¨É. ‚¨¤´μ, ÎÉμ ¢ ¶μ·Ö¤±¥ v2 ¢²¨Ö´¨¥
£²Ê¡μ±μ ¨´Ë· ±· ¸´ÒÌ ³μ¤ ¶·¥¤¸É ¢²¥´μ ³´μ¦¨É¥²¥³ γ−1 ¢ ¶¥·¢μ³ Î²¥´¥
¢ Ô±¸¶μ´¥´É¥: ¨³¶Ê²Ó¸ ¢μ§³ÊÐ¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ q, ´  ¸ ³μ³ ¤¥²¥ · -
¢¥´ p = (γ−1q||,qT ). ‘μμÉ¢¥É¸É¢¥´´μ, ¸¶¥±É· ³μÐ´μ¸É¨ (¶μ³¨³μ ¶μ¶· ¢±¨,
μ¡¸Ê¦¤ ¥³μ° · ´¥¥ ¢ ¶. 1.3.1) ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Pζ(k) = Aζ
k3

[(γk||)2 + (kT )2]3/2
= Aζ

(
1 − 3

2
(kv)2

k2

)
.

ˆÉ ±, ³Ò ¶·¨Ï²¨ ± ¶μ¸²¥¤´¥³Ê Î²¥´Ê ¢ (7). �¶ÖÉÓ ¦¥, ´¨ ´ ¶· ¢²¥´¨¥, ´¨ ¢¥-
²¨Î¨´  v ´¥ ³μ£ÊÉ ¡ÒÉÓ μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´Ò ¨§-§  ±μ¸³¨Î¥¸±μ° ´¥μ¶·¥¤¥-
²¥´´μ¸É¨; ¢¸¶μ³´¨³, μ¤´ ±μ, ÎÉμ §´ Î¥´¨¥ |v|,   ¸²¥¤μ¢ É¥²Ó´μ, ¶ · ³¥É·  c2

¢ (7), ²μ£ ·¨Ë³¨Î¥¸±¨ Ê¸¨²¥´μ ¨´Ë· ±· ¸´Ò³¨ ¶μ¶· ¢± ³¨, ¸³. (20).
…¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¢μ§³ÊÐ¥´¨Ö Ë §Ò ¶¥·¥¢μ¤ÖÉ¸Ö ¢  ¤¨ ¡ É¨Î¥¸±¨¥

¢μ§³ÊÐ¥´¨Ö ±Ê·¢ Éμ´´Ò³ ³¥Ì ´¨§³μ³, μ¡  Î²¥´  ¸É É¨¸É¨Î¥¸±μ°  ´¨§μÉ·μ-
¶¨¨ (7) ³ ²Ò ¨§-§  Ê¸²μ¢¨Ö (16). ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ÔËË¥±É ³μ¦¥É ¡ÒÉÓ
¸¨²Ó´¥¥ ¢ ¸²ÊÎ ¥ ³¥Ì ´¨§³  ³μ¤Ê²¨·μ¢ ´´μ£μ · ¸¶ ¤ .

1.4. ƒ¥´¥§¨¸ ¸ £ ²¨²¥μ´μ³ ¨ ±μ´Ëμ·³´μ¥ ¸± ÉÒ¢ ´¨¥. 1.4.1. Ÿ¢´ Ö ¶·μ-
¢¥·± . Œμ¤¥²Ó ¸ £ ²¨²¥μ´μ³ ¡Ò²  ¢¢¥¤¥´  ¢ [54]. ‘± ÉÒ¢ ÕÐ¨°¸Ö £ ²¨²¥μ´
¢ ´¥° ¸²Ê¦¨É ¶μ²¥³ ρ, ¢Ìμ¤ÖÐ¨³ ¢ (1) ¨ (2). ‚ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ
² £· ´¦¨ ´ ¶·μ¸É¥°Ï¥° ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´μ° ¢¥·¸¨¨ [27] ÔÉμ° ³μ¤¥²¨
¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Lπ = −f2 e2π ∂μπ∂μπ +
f3

Λ3
∂μπ∂μπ�π +

f3

2Λ3
(∂μπ∂μπ)2, (33)

£¤¥ � = ∂μ∂μ. “· ¢´¥´¨¥ ¶μ²Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ¤μ¶Ê¸± ¥É μ¤´μ-
·μ¤´μ¥ ·¥Ï¥´¨¥ πc ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

eπc = − 1
H∗x0

, (34)

£¤¥ x0 = t < 0 ¨

H2
∗ =

2Λ3

3f
.

‘²¥¤μ¢ É¥²Ó´μ, μ¶·¥¤¥²Ö¥³
ρ = H∗ eπ (35)

É ±, ÎÉμ¡Ò Ëμ´μ¢μ¥ ·¥Ï¥´¨¥ ¤ ¢ ²μ¸Ó (2).
‡ ¶¨Ï¥³ ±¢ ¤· É¨Î´μ¥ ¤¥°¸É¢¨¥ ¤²Ö ¢μ§³ÊÐ¥´¨° ´ ¤ ÔÉ¨³ ·¥Ï¥´¨¥³:

Sδπ =
f2

H2
∗

∫
d4x

{
1
x2

0

[(∂0δπ)2 − (∂iδπ)2] +
4
x4

0

δπ2

}
.
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“¤μ¡´μ ¢¢¥¸É¨ ¶¥·¥³¥´´ÊÕ δρ = −x−1
0 δπ. ˆ§ (35) ¸²¥¤Ê¥É, ÎÉμ δρ Å ¢μ§³Ê-

Ð¥´¨¥ ¶μ²Ö ρ ´ ¤ Ëμ´μ³ ρc = −x−1
0 . …£μ ¤¥°¸É¢¨¥:

Sδρ =
2f2

H2
∗

∫
d4x

1
2

[
(∂0δρ)2 − (∂iδρ)2 +

6
x2

0

(δρ)2
]

.

“· ¢´¥´¨¥ ¶μ²Ö ¨³¥¥É ¶·μ¸ÉÊÕ Ëμ·³Ê:

∂2
0δρ − Δδρ − 6

x2
0

δρ = 0. (36)

Š ´μ´¨Î¥¸±¨ ´μ·³¨·μ¢ ´´μ¥ ·¥Ï¥´¨¥ ¸ ¨³¶Ê²Ó¸μ³ k ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò-
· ¦¥´¨¥³:

δρ = h eikx i

4π

√
−t

2
H

(1)
5/2(−kx0)B̂k + h. c., (37)

£¤¥ B̂†
k ¨ B̂k Å μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸É ´-

¤ ·É´Ò³ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³ [B̂k, B̂†
q] = δ(k − q),  

h =
H∗√
2f

. (38)

�É  É¥μ·¨Ö ´ Ìμ¤¨É¸Ö ¢ ·¥¦¨³¥ ¸² ¡μ° ¸¢Ö§¨ ¢ ¨´É¥·¥¸´μ³ ¤¨ ¶ §μ´¥ ¨³¶Ê²Ó-
¸μ¢, ¥¸²¨ h � 1.

Œμ¤  (37) μ¸Í¨²²¨·Ê¥É ´  · ´´¨Ì ¢·¥³¥´ Ì, ±μ£¤  k|x0| � 1,   ´  ¶μ§¤-
´¨Ì ¢·¥³¥´ Ì ¢¥¤¥É ¸¥¡Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δρ = h eikx 3
4π3/2

1
k5/2x2

0

B̂k + h. c.

�Éμ ¶μ¢¥¤¥´¨¥ É ±¦¥ ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ²μ± ²Ó´Ò° ¸¤¢¨£ ¢·¥-
³¥´¨ [26, 27]. „¥°¸É¢¨É¥²Ó´μ, ¤²Ö ¸¤¢¨´ÊÉμ£μ ·¥Ï¥´¨Ö ¤²Ö £ ²¨²¥μ´  (34)
³Ò ¨³¥¥³

eπc+δπ = eπc(1 + δπ) = − 1
H∗(x0 + δx0)

= − 1
H∗x0

+
δx0

H∗x2
0

.

‘²¥¤μ¢ É¥²Ó´μ,
δx0 = −x0δπ = x2

0δρ.

É ±¨³ μ¡· §μ³, δx0(x) ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ´  ¶μ§¤´¨Ì ¢·¥³¥´ Ì ¨ ¨³¥¥É
±· ¸´Ò° ¸¶¥±É· ³μÐ´μ¸É¨:

Pδx0 =
9h2

4π2

1
k2

. (39)
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‚ ¸Í¥´ ·¨¨ ¸ £ ²¨²¥μ´μ³ ¶μ²¥ Θ ¢¢μ¤¨É¸Ö ± ± ¤μ¶μ²´¨É¥²Ó´μ¥ ¶μ²¥,
¨³¥´´μ ¸ Í¥²ÓÕ £¥´¥· Í¨¨ ±μ¸³μ²μ£¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°. 
² £μ¤ ·Ö ±μ´-
Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸É¨ ±¢ ¤· É¨Î´Ò° ² £· ´¦¨ ´ ¤²Ö ÔÉ¨Ì ¢μ§³ÊÐ¥´¨°
¨³¥¥É Ëμ·³Ê ¢Éμ·μ£μ Î²¥´  ¢ (1). ‚ ¶μ²¥ ρc = −x−1

0 μ´¨ ¸¥¡Ö ¢¥¤ÊÉ ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³:

Θ = eikx 1
4
√

2π
(−x0)3/2H

(1)
3/2(−kx0)Âk + h. c., (40)

£¤¥ Â†
k ¨ Âk Å ¤·Ê£μ° ´ ¡μ· μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö. � 

· ´´¨Ì ¢·¥³¥´ Ì ¶μ²¥ Θ ´ Ìμ¤¨É¸Ö ¢ ·¥¦¨³¥ ‚Š
,   ±μ£¤  k|x0| � 1, ³μ¤ 
´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨. ‚ ·¥§Ê²ÓÉ É¥ ´  ¶μ§¤´¨Ì ¢·¥³¥´ Ì ¸¶¥±É· ³μÐ´μ¸É¨
¶²μ¸±¨°,

PΘ =
1

4π2
. (41)

�ÉμÉ ·¥§Ê²ÓÉ É ¢¥·¥´ ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨. �¨§Ï¨° ¶μ·Ö¤μ± ¢§ ¨³μ-
¤¥°¸É¢¨Ö ¶μ²¥° Θ ¨ δρ μ¶·¥¤¥²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö, ÎÓÖ
¶²μÉ´μ¸ÉÓ (¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö)

HI = −Lint = −ρcδρ(∂μΘ)2. (42)

ˆ³¥´´μ ÔÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ μÉ¢¥É¸É¢¥´´μ §  ´¥£ Ê¸¸μ¢μ¸ÉÓ, ±μÉμ·ÊÕ ³Ò ¶μ§¦¥
´ °¤¥³.

‚ ¶·μ¢¥¤¥´´ÒÌ · ¸¸Ê¦¤¥´¨ÖÌ ³Ò ¶·¥´¥¡·¥£²¨ ¢²¨Ö´¨¥³ £· ¢¨É Í¨¨. �Éμ
§ ±μ´´μ ¢ É ±μ³ ¸Í¥´ ·¨¨ ´  · ´´¨Ì ÔÉ ¶ Ì, ±μ£¤  ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶μ²Ö £ -
²¨²¥μ´  ³ ² ,   μ¸É ²Ó´Ò¥ ¶μ²Ö ¢μμ¡Ð¥, ± ± ¶·¥¤¶μ² £ ¥É¸Ö, ´¥¸ÊÐ¥¸É¢¥´´Ò.
�μ¸²¥¤´¥¥ ¶·¥¤¶μ²μ¦¥´¨¥ ¨³¥¥É¸Ö ¨ ¢ ¸Í¥´ ·¨¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³,
´μ, ¢ μÉ²¨Î¨¥ μÉ £ ²¨²¥μ´ , ¢ ³μ¤¥²¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ ¥¸ÉÓ ¸± -
²Ö·´Ò° ¶μÉ¥´Í¨ ². � ¶μ³´¨³, ÎÉμ ±μ´Ëμ·³´ Ö ¸¨³³¥É·¨Ö ¤¨±ÉÊ¥É ¥£μ ¢¨¤:
V (φ) = −h2|φ|4. ˆ¸¶μ²Ó§Ê¥³ ¶ · ³¥É·¨§ Í¨Õ

φ =
ρ

h
exp

(
i
hΘ√

2

)
. (43)

’μ£¤  Ëμ´μ¢μ¥ ¶μ²¥ ρc ¸± ÉÒ¢ ¥É¸Ö ¸μ£² ¸´μ (2), £¤¥ x0 = η Å É¥¶¥·Ó ±μ´-
Ëμ·³´μ¥ ¢·¥³Ö [26]. ‹ £· ´¦¨ ´ ¤²Ö Θ ¸μ¢¶ ¤ ¥É ¸μ ¢Éμ·Ò³ Î²¥´μ³ ¢ (1),
  ¢μ§³ÊÐ¥´¨Ö δρ ¸´μ¢  ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ (36). Š ´μ´¨Î¥¸±¨ ´μ·³¨·μ-
¢ ´´μ¥ ·¥Ï¥´¨¥ ¤²Ö ¶μ²Ö Θ ¨ ¢μ§³ÊÐ¥´¨Ö δρ ¸μ¢¶ ¤ ¥É ¸ (40) ¨ (37) ¸μμÉ-
¢¥É¸É¢¥´´μ, Éμ²Ó±μ h Å ±μ´¸É ´É  ¸ ³μ¤¥°¸É¢¨Ö,   x0 = η. ’ ±¨³ μ¡· §μ³,
¤¨´ ³¨±  ¢μ§³ÊÐ¥´¨° ¢ ³μ¤¥²¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ ¨¤¥´É¨Î´  ³μ-
¤¥²¨ ¸ £ ²¨²¥μ´μ³.
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1.4.2. �¡Ð¥¥ ¤μ± § É¥²Ó¸É¢μ. “¡¥¤¨³¸Ö, ÎÉμ Ëμ·³  Ê· ¢´¥´¨Ö (36),
μ¶·¥¤¥²ÖÕÐ¥£μ ¢μ§³ÊÐ¥´¨Ö δρ ¢ ²¨´¥°´μ³ ¶μ·Ö¤±¥, ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²Ö¥É¸Ö
±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ. � ¨³¥´´μ, · ¸¸³μÉ·¨³ É¥μ·¨Õ, ¢ ±μÉμ·μ°
±² ¸¸¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¶μ²Ö ¤²Ö ρ ¨³¥¥É ¢Éμ·μ° ¶μ·Ö¤μ± ¶μ ¶·μ¨§¢μ¤´Ò³,
¤¥°¸É¢¨¥ ¤²Ö ρ ²μ± ²Ó´μ ¨ ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¸¤¢¨-
£μ¢ ¨ ¢· Ð¥´¨°, ¢·¥³¥´´ÒÌ ¸¤¢¨£μ¢, · ¸ÉÖ¦¥´¨°

ρ(x) → λρ(λx)

¨ ¨´¢¥·¸¨¨

ρ(xμ) → 1
x2

ρ

(
xμ

x2

)
.

‚ É ±μ° É¥μ·¨¨  ¢Éμ³ É¨Î¥¸±¨ ¨³¥¥É¸Ö ·¥Ï¥´¨¥ ρc = −x−1
0 (μ¡ÐÊÕ ±μ´-

¸É ´ÉÊ ¢¸¥£¤  ³μ¦´μ ¸¤¥² ÉÓ · ¢´μ° ¥¤¨´¨Í¥ ¶¥·¥μ¡μ§´ Î¥´¨¥³ ¶μ²Ö). �Éμ
·¥Ï¥´¨¥ ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¨ · ¸ÉÖ¦¥´¨Ö, ¨ ¨´¢¥·¸¨¨. ’ ±¨³ μ¡· -
§μ³, ±¢ ¤· É¨Î´μ¥ ¤¥°¸É¢¨¥ ¤²Ö ¢μ§³ÊÐ¥´¨° δρ ´ ¤ ÔÉ¨³ ·¥Ï¥´¨¥³ Éμ¦¥
¤μ²¦´μ ¡ÒÉÓ ¨´¢ ·¨ ´É´μ. ‡ ¶¨Ï¥³ ¤²Ö ±¢ ¤· É¨Î´μ£μ ¤¥°¸É¢¨Ö:

S(2) = h−2

∫
d4x δρLδρ, (44)

£¤¥ L Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ· ¢Éμ·μ£μ ¶μ·Ö¤± ,   h Å ´¥±μÉμ· Ö ±μ´-
¸É ´É , ¢Ò¡μ· ±μÉμ·μ° ¡Ê¤¥É μ¶·¥¤¥²¥´ ´¨¦¥. �μ¸±μ²Ó±Ê Ëμ´ § ¢¨¸¨É Éμ²Ó±μ
μÉ ¢·¥³¥´¨, μ¶¥· Éμ· L ´¥ ¸μ¤¥·¦¨É Ö¢´μ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É, ´μ
³μ¦¥É ¸μ¤¥·¦ ÉÓ ¢·¥³Ö. �´ É ±¦¥ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶·μ¸É· ´¸É¢¥´-
´ÒÌ ¢· Ð¥´¨°.

ˆ´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ · ¸ÉÖ¦¥´¨° μ§´ Î ¥É, ÎÉμ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
μ¡Ð¥° ±μ´¸É ´ÉÒ Î ¸ÉÓ L, ¢±²ÕÎ ÕÐ Ö ¶·μ¨§¢μ¤´Ò¥, ¨³¥¥É ¢¨¤

L ⊃ −∂2
0 + v2

sΔ, (45)

£¤¥ vs ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨. ŒÒ ³μ¦¥³ ¢Ò¡· ÉÓ ±μ´¸É ´ÉÊ h ¢ (44) É ±¨³
μ¡· §μ³, ÎÉμ¡Ò Î²¥´ ¸ ¤¢Ê³Ö ¶·μ¨§¢μ¤´Ò³¨ ¶μ ¢·¥³¥´¨ ¢Ìμ¤¨² ¸ ±μÔËË¨-
Í¨¥´Éμ³ −1. Œ ¸ÏÉ ¡´μ° ¨´¢ ·¨ ´É´μ¸É¨ ´¥ ¤μ¸É ÉμÎ´μ∗ ¤²Ö Éμ£μ, ÎÉμ¡Ò
¶μ²ÊÎ¨ÉÓ vs = 1. �¤´ ±μ É·¥¡μ¢ ´¨¥ ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¨´¢¥·¸¨¨
μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É vs = 1. —²¥´ ¡¥§ ¶·μ¨§¢μ¤´ÒÌ ¶· ±É¨Î¥¸±¨ μ¤´μ-
§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ · ¸ÉÖ¦¥´¨Ö ¨
¨´¢¥·¸¨¨,

L ⊃ c

x2
0

, (46)

∗�·μ¸Éμ° ¸¶μ¸μ¡ ÔÉμ Ê¢¨¤¥ÉÓ Å · ¸¸³μÉ·¥ÉÓ ³μ¤¨Ë¨± Í¨Õ ³μ¤¥²¨ £ ²¨²¥μ´ , ¢ ±μÉμ·μ°
±μÔËË¨Í¨¥´ÉÒ ¶·¨ ¢Éμ·μ³ ¨ É·¥ÉÓ¥³ Î²¥´ Ì ¢ (33) ´¥§ ¢¨¸¨³Ò.
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£¤¥ c Å ¶μ±  ¶·μ¨§¢μ²Ó´ Ö ±μ´¸É ´É . � ±μ´¥Í, ¨´¢ ·¨ ´É´μ¸ÉÓ ¨¸Ìμ¤´μ£μ
¤¥°¸É¢¨Ö μÉ´μ¸¨É¥²Ó´μ ¢·¥³¥´´ÒÌ ¸¤¢¨£μ¢ μ§´ Î ¥É, ÎÉμ δρ = ρ̇c = x−2

0

¤μ²¦´μ ¡ÒÉÓ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö Lδρ = 0. �Éμ ¤ ¥É c = 6. ’ ±¨³ μ¡· -
§μ³, ¢¸¥ ±¢ ¤· É¨Î´μ¥ ¤¥°¸É¢¨¥ ¤²Ö ¢μ§³ÊÐ¥´¨° μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö
±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡Ð¥£μ ¶μ¸ÉμÖ´´μ£μ ³´μ¦¨-
É¥²Ö,   ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¤²Ö δρ ¨³¥¥É μ¤¨´ ¨ ÉμÉ ¦¥ ¢¨¤ ¢ Í¥²μ³ ±² ¸¸¥
±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´ÒÌ ³μ¤¥²¥° ¸ ² £· ´¦¨ ´ ³¨ μ¡Ð¥£μ ¢¨¤  (1). ‚ ²¨-
¤¨·ÊÕÐ¥³ ´¥²¨´¥°´μ³ ¶μ·Ö¤±¥ ¸¢μ°¸É¢  ¢μ§³ÊÐ¥´¨° Θ ¨¤¥´É¨Î´Ò ¢ ÔÉ¨Ì
³μ¤¥²ÖÌ, É ± ± ± μ´¨ μ¶·¥¤¥²ÖÕÉ¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö (42).

1.5. �¥£ Ê¸¸μ¢μ¸ÉÓ. ’¥¶¥·Ó ¶·¥°¤¥³ ± μ¡¸Ê¦¤¥´¨Õ ´¥£ Ê¸¸μ¢μ¸É¨. �μ-
¸±μ²Ó±Ê ³μ¤¥²Ó ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò θ → −θ, É·¥ÌÉμÎ±  ¶μ²¥°
Ë §Ò · ¢´  ´Ê²Õ. �μÔÉμ³Ê ´¨§Ï¥° ´¥¨¸Î¥§ ÕÐ¥° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±-
Í¨¥° ¡Ê¤¥É Î¥ÉÒ·¥ÌÉμÎ¥Î´ Ö. ‚ ÔÉμ³ ¶μ¤· §¤¥²¥ ³Ò ´ °¤¥³ Î¥ÉÒ·¥ÌÉμÎ¥Î´ÊÕ
±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±Í¨Õ 〈θ(x)θ(y)θ(z)θ(w)〉 ¨ ¨§²μ¦¨³ ³¥Éμ¤, ±μÉμ·Ò³ ÔÉμ
¸¤¥² ´μ, É ± ´ §Ò¢ ¥³Ò° 〈In-In〉-Ëμ·³ ²¨§³. „²Ö ¶·μ¨§¢μ²Ó´μ£μ μ¶¥· Éμ·  O
§ ¶¨Ï¥³:

〈O〉 =

〈⎡⎣T exp

⎛
⎝i

0∫
−∞

dx0 HI

⎞
⎠
⎤
⎦O(I)

⎡
⎣T exp

⎛
⎝−i

0∫
−∞

dx0 HI

⎞
⎠
⎤
⎦〉 , (47)

£¤¥ O(I) Å μ¶¥· Éμ· O ¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. �μ¸±μ²Ó±Ê ´ ³
¶μÉ·¥¡Ê¥É¸Ö £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö, ³Ò ¥£μ  ±±Ê· É´μ ¢ÒÎ¨¸²¨³.

1.5.1. ƒ ³¨²ÓÉμ´¨ ´. � ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ Î²¥´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¶¥·-
¢μ£μ ¶μ·Ö¤±  ¶μ h, ¶μÔÉμ³Ê ¤²Ö ¶μ²Ö χ § ¶¨Ï¥³

χ =
(

ρc

h
+

ρ√
2

)
exp

[
i
hθ√

2

]
,

£¤¥

ρc =
1

η∗ − η
≡ 1

ξ
≡ − 1

x0

Å ±² ¸¸¨Î¥¸±μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ¶μ²Ö, Ê³´μ¦¥´´μ¥ ´  h; ³Ò ¨¸¶μ²Ó§Ê¥³
§¤¥¸Ó μ¡μ§´ Î¥´¨¥ ρ ¤²Ö ¢μ§³ÊÐ¥´¨° ³μ¤Ê²Ö. ’μ£¤ 

L =
1
2
(∂μρ)2 +

1
2

(
ρc +

hρ√
2

)2

(∂μθ)2 + 3ρ2
cρ

2 +
√

2hρcρ
3 +

h2

4
ρ4. (48)

ˆ§ (48) ´ Ìμ¤¨³ ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò¥ ¶¥·¥³¥´´Ò¥

πθ = θ̇

(
ρc +

hρ√
2

)2

, πρ = ρ̇ (49)
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¨ ¶²μÉ´μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´ 

H =
π2

θ

2
(

ρc +
hρ√

2

)2 +
1
2

(
ρc +

hρ√
2

)2

(∂iθ)2 + Hρ; (50)

§¤¥¸Ó Hρ ¸μ¤¥·¦¨É Éμ²Ó±μ ρ ¨ ρc.
’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¶·¥¤¸É ¢²¥´¨Õ ¢§ ¨³μ¤¥°¸É¢¨Ö. „²Ö ÔÉμ£μ · §²μ¦¨³

£ ³¨²ÓÉμ´¨ ´ (50) ´  ±¢ ¤· É¨Î´ÊÕ Î ¸ÉÓ H0 ¨ Î²¥´ ¢§ ¨³μ¤¥°¸É¢¨Ö HI

H0(θ, πθ) =
π2

θ

2ρ2
c

+
1
2
ρ2

c(∂iθ)2,
(51)

HI(θ, πθ) = − π2
θ

2ρ2
c

⎡
⎢⎢⎢⎣
(

ρc +
hρ√

2

)2

− ρ2
c(

ρc +
hρ√

2

)2

⎤
⎥⎥⎥⎦+

1
2

[(
ρc +

hρ√
2

)2

− ρ2
c

]
(∂iθ)2.

‚¢¥¤¥³ ¶¥·¥³¥´´Ò¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö θ(I) ¨ πθ(I). �´¨ ¶μ
μ¶·¥¤¥²¥´¨Õ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¢μ¡μ¤´Ò³ Ê· ¢´¥´¨Ö³

θ̇(I) = i[H0(θ(I), πθ(I)), θ(I)], π̇θ(I) = i[H0(θ(I), πθ(I)), πθ(I)] (52)

¸ ¢ ±ÊÊ³´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨. Š ± ¨ ¤μ²¦´μ ¡ÒÉÓ, Ê· ¢´¥´¨Ö (52)
Ô±¢¨¢ ²¥´É´Ò ¸¢μ¡μ¤´Ò³ Ê· ¢´¥´¨Ö³, ¢ÒÉ¥± ÕÐ¨³ ¨§ (48):

∂2
μθ(I) + 2

ρ̇c

ρc
θ̇(I) = 0,

∂2
μρ(I) − 6ρ2

cρ(I) = 0

¸ ·¥Ï¥´¨Ö³¨

ρ(I) = − i

4π

∫
d3k√

k

√
kξ

2
H

(1)
5/2(kξ) eikxBk + h. c., (53)

θ(I) = − 1
4πρc

∫
d3k√

k

√
kξ

2
H

(1)
3/2(kξ) eikxAk + h. c. (54)

�ÊÉ¥³ ¸É ´¤ ·É´ÒÌ ³ ´¨¶Ê²ÖÍ¨° ¶μ²ÊÎ ¥³ £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö (51)
¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö HI(θ(I), πθ(I)). ‘μμÉ¢¥É¸É¢¥´´μ, ¶¥·¢μ¥ Ê· ¢-
´¥´¨¥ ¢ (52) ¤ ¥É

πθ(I) = ρ2
c θ̇(I),
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É ± ÎÉμ

HI(θ(I), πθ(I)) = −
θ̇2
(I)ρ

2
c

2

⎡
⎢⎢⎢⎣
(

ρc +
hρ(I)√

2

)2

− ρ2
c(

ρc +
hρ(I)√

2

)2

⎤
⎥⎥⎥⎦+

+
1
2

[(
ρc +

hρ(I)√
2

)2

− ρ2
c

]
(∂iθ(I))2 .

� §² £ Ö ÔÉμ ¢Ò· ¦¥´¨¥ ¶μ h ¨ ρ(I) ¤μ ¶¥·¢μ£μ ¶μ·Ö¤± , ¶μ²ÊÎ ¥³ £ ³¨²ÓÉμ-
´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö (¤²Ö Ê¶·μÐ¥´¨Ö μ¡μ-
§´ Î¥´¨° ¨´¤¥±¸ (I) Ê ¶μ²¥° ¡Ê¤¥³ μ¶Ê¸± ÉÓ)

HI =
hρcρ√

2
((∂iθ)2 − θ̇2) = −Lint, (55)

¨³¥´´μ ¥£μ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¢ (47).
1.5.2. ‘¶ ·¨¢ ´¨¥ ¨ T -¶·μ¨§¢¥¤¥´¨¥. �¨¦¥ ´ ³ ¶μ´ ¤μ¡ÖÉ¸Ö ¸²¥¤ÊÕÐ¨¥

ËÊ´±Í¨¨:

θ(x)θ(y) =: θ(x)θ(y) : +D(x, y), ρ(x)ρ(y) =: ρ(x)ρ(y) : +Dρ(x, y). (56)

ˆ¸¶μ²Ó§ÊÖ (53), (54), ¶μ²ÊÎ ¥³

D(x, y) =
1

32π2

∫
d3k

[ρc(x)ρc(y)]3/2
H

(1)
3/2(−kx0)H

(2)
3/2(−ky0) eik(x−y), (57)

Dρ(x, y) =
1

32π2

∫
d3k

[ρc(x)ρc(y)]1/2
H

(1)
5/2(−kx0)H

(2)
5/2(−ky0) eik(x−y). (58)

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ²Õ¡ Ö ¨§ ËÊ´±Í¨° ¸¶ ·¨¢ ´¨Ö D Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

D(ρ)(x, y) = D∗
(ρ)(y, x). (59)

Š·μ³¥ Éμ£μ, ´ ³ ¶μ´ ¤μ¡¨É¸Ö ( ´É¨)T -¶·μ¨§¢¥¤¥´¨¥ ¶μ²¥° ρ. � ¨³¥´´μ,

T xy + Txy ≡ 〈T (ρxρy)〉 + 〈T (ρxρy)〉 = Θ(x0 − y0)Dρ(y, x)+
+ Θ(y0 − x0)Dρ(x, y) + Θ(x0 − y0)Dρ(x, y) + Θ(y0 − x0)Dρ(y, x) =

= Dρ(x, y) + Dρ(y, x) = 2 Re (Dρ(x, y)) (60)

¨

T xy − Txy = −ε(x0 − y0)[Dρ(x, y)− Dρ(y, x)] = −2iε(x0 − y0) Im (Dρ(x, y)).
(61)
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1.5.3. 4-ÉμÎ¥Î´Ò¥ ËÊ´±Í¨¨. Šμμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥. � °¤¥³ ±μ·-
·¥²ÖÉμ· 〈θ(x)θ(y)θ(z)θ(w)〉, ±μÉμ·Ò° ¢ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¤²Ö ¶·μ¸ÉμÉÒ
Î ¸Éμ μ¡μ§´ Î ÉÓ θ4. � ³ ¨´É¥·¥¸¥´ ¢±² ¤ ¶μ·Ö¤±  h2. �μ¤¸É ¢¨³ (55) ¢ (47).
‚ ±μ··¥²ÖÉμ·¥ ¡Ê¤¥É ¤¢  É¨¶  ¢±² ¤μ¢. �¥·¢Ò° ¸μμÉ¢¥É¸É¢Ê¥É · §²μ¦¥´¨Õ ¨
²¥¢μ°, ¨ ¶· ¢μ° Ô±¸¶μ´¥´ÉÒ ¤μ ¶¥·¢μ£μ ¶μ·Ö¤± . ‚ ÔÉμ³ ¸²ÊÎ ¥ ( ´É¨)T -
¶·μ¨§¢¥¤¥´¨¥ ´ ³ ´¥ ¶μ´ ¤μ¡¨É¸Ö, ¥¤¨´¸É¢¥´´ Ö ¢μ§³μ¦´μ¸ÉÓ Å ¸¶ ·¨ÉÓ ρ,
¶·¨Ìμ¤ÖÐ¨¥ ¨§ ¤¢ÊÌ £ ³¨²ÓÉμ´¨ ´μ¢, ¤·Ê£ ¸ ¤·Ê£μ³,   θ ¨§ μ¡μ¨Ì £ ³¨²ÓÉμ-
´¨ ´μ¢ Å ¸ θ ¨§ θ4. ˆÉ ±, ¨¸¶μ²Ó§ÊÖ (47), (55) ¨ (56), ¶μ²ÊÎ ¥³ ¤²Ö ¢±² ¤ 
¶¥·¢μ£μ É¨¶ 

〈
i

( ∫
d4x′HI(x′)

)
θ4(−i)

(∫
d4x′′HI(x′′)

)〉
=

=

{
2h2

∫
d4x′d4x′′ρc(x′)ρc(x′′)

[
∂′

μD(x′, x)∂′
μD(x′, y)∂′′

ν D(z, x′′)∂′′
ν ×

× D(w, x′′)Dρ(x′, x′′) +
(

x ↔ z
y ↔ w

)]}
+ {y ↔ z} + {y ↔ w}. (62)

�¶·¥¤¥²¨³ ¥Ð¥ ¤¢¥ ËÊ´±Í¨¨:

R(x′; x, y) ≡ Rx′xy ≡ Re [∂′
μD(x′, x)∂′

μD(x′, y)],

Q(x′; x, y) ≡ Qx′xy ≡ Im [∂′
μD(x′, x)∂′

μD(x′, y)].
(63)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (59), ¶μ²ÊÎ¨³

∂′′
ν D(z, x′′)∂′′

ν D(w, x′′) = ∂′′
ν D∗(x′′, z)∂′′

ν D∗(x′′, w) = Rx′′zw − iQx′′zw.

‘¤¥² ¢ § ³¥´Ê x′ ↔ x′′ ¢μ ¢Éμ·μ³ Î²¥´¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì (62), ¶μ²ÊÎ¨³
(¤²Ö ¢Ò· ¦¥´¨Ö ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì):

(Rx′xy + iQx′xy)(Rx′′zw − iQx′′zw)Dρ(x′, x′′)+

= (Rx′xy − iQx′xy)(Rx′′zw + iQx′′zw)Dρ(x′′, x′) =

= (Rx′xyRx′′zw + Qx′xyQx′′zw)[Dρ(x′, x′′) + Dρ(x′′, x′)] +

+ i(Qx′xyRx′′zw − Rx′xyQx′′zw)[Dρ(x′, x′′) − Dρ(x′′, x′)]. (64)
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’¥¶¥·Ó μ¡¸Ê¤¨³ ¢Éμ·μ° É¨¶ ¢±² ¤μ¢. �´ μÉ¢¥Î ¥É · §²μ¦¥´¨Õ Éμ²Ó±μ
μ¤´μ° Ô±¸¶μ´¥´ÉÒ, ´μ ¤μ ¢Éμ·μ£μ ¶μ·Ö¤± :

〈(
i2

2

∫
d4x′d4x′′ THI(x′)HI(x′′)

)
θ4

〉
+

+
〈

θ4

(
(−i)2

2

∫
d4x′d4x′′ THI(x′)HI(x′′)

)〉
=

=

{
−2h2

∫
d4x′d4x′′ρc(x′)ρc(x′′)

[
∂′

μD(x′, x)∂′
μD(x′, y)∂′′

ν D(x′′, z)∂′′
ν ×

× D(x′′, w)T x′x′′ + ∂′
μD(x, x′)∂′

μD(y, x′)∂′′
ν D(z, x′′)∂′′

ν D(w, x′′)Tx′x′′
]}

+

+ {y ↔ z} + {y ↔ w}. (65)

ˆ¸¶μ²Ó§ÊÖ (60), (61) ¨ (63), ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì ¶·¥-
¤Ò¤ÊÐ¥° Ëμ·³Ê²Ò:

(Rx′xyRx′′zw − Qx′xyQx′′zw)[Dρ(x′, x′′) + Dρ(x′′, x′)]−
− iε(x′

0 − x′′
0 )(Qx′xyRx′′zw + Rx′xyQx′′zw)[Dρ(x′, x′′) − Dρ(x′′, x′)]. (66)

�μ¤¸É ¢²ÖÖ (66) ¢ (65) ¨ (64) ¢ (62), ¶μ²ÊÎ ¥³ ¢ ¨Éμ£¥

〈θxθyθzθw〉 = 4h2

∫
d4x′d4x′′ρc(x′)ρc(x′′)[Qx′xyQx′′zw(Dρ(x′, x′′)+

+ Dρ(x′′, x′)) + i(Dρ(x′, x′′) − Dρ(x′′, x′)){Θ(x′
0 − x′′

0 )Qx′xyRx′′zw −
− Θ(x′′

0 − x′
0)Rx′xyQx′′zw}] + [y ↔ z] + [y ↔ w]. (67)

1.5.4. 4-ÉμÎ¥Î´Ò¥ ËÊ´±Í¨¨. ˆ³¶Ê²Ó¸´μ¥ ¶·¥¤¸É ¢²¥´¨¥. ‹¨¤¨·ÊÕÐ¨°
¢±² ¤. ‹¨¤¨·ÊÕÐ¨° ¢±² ¤, ´  ¸ ³μ³ ¤¥²¥, ¤ ¥É ¶μ¸²¥¤´¨° Î²¥´, Ö¢´μ ¢Ò-
¶¨¸ ´´Ò° ¢ (67). �μ§¦¥ ³Ò ÔÉμ Ê¢¨¤¨³. � ¸ ¨´É¥·¥¸Ê¥É Ëμ·³ ²Ó´Ò° ¶·¥¤¥²
x0 = y0 = z0 = w0 → 0, ÎÉμ μÉ¢¥Î ¥É ¶μ§¤´¨³ ¢·¥³¥´ ³. ‘¶ ·¨¢ ´¨¥ D
·¥£Ê²Ö·´μ ¢ ÔÉμ³ ¶·¥¤¥²¥. �μÔÉμ³Ê ³Ò ±² ¤¥³ ¢·¥³Ö · ¢´Ò³ ´Ê²Õ ¶·Ö³μ ¢
Ëμ·³Ê²¥ (57):

D(x′,x, x0 = 0) =
i

32π2ρc(ξ)3/2

√
2
π

∫
d3k

k3/2
H

(1)
3/2(kξ) eik(x′−x). (68)
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‡¤¥¸Ó ¨ ´¨¦¥ ³Ò ¨¸¶μ²Ó§Ê¥³ μ¡μ§´ Î¥´¨Ö ξ = −x′
0 ¨ χ = −x′′

0 . � °¤¥³∗

ËÊ´±Í¨¨ Rx′xy ¨ Qx′xy. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³

∂′
μD(x′,x)∂′

μD(x′,y) = − 1
(32π2)2

2
π

∫
d3k1d

3k2

k
3/2
1 k

3/2
2

eik1(x′−x)+ik2(x′−y) ×

×
[

∂

∂ξ
(ξ3/2H

(1)
3/2(k1ξ))

∂

∂ξ
(ξ3/2H

(1)
3/2(k2ξ)) + k1k2ξ

3H
(1)
3/2(k1ξ)H

(1)
3/2(k2ξ)

]
.

(69)

� §¤¥²¨³ ¢Ò· ¦¥´¨¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì (69) ´  ¤¥°¸É¢¨É¥²Ó´ÊÕ

R̃(k1, k2, k12, ξ) ≡ π(k1k2)3/2 Re [. . .] =

= cos (ξ(k1 + k2))[ξ2k1k2(k2
12 − (k1 + k2)2) + k2

1 + k2
2 − k2

12] +

+ sin (ξ(k1 + k2))ξ(k1 + k2)(k2
1 + k2

2 − k2
12) (70)

¨ ³´¨³ÊÕ Î ¸É¨

Q̃(k1, k2, k12, ξ) ≡ π(k1k2)3/2 Im [. . .] =

= sin (ξ(k1 + k2))[ξ2k1k2(k2
12 − (k1 + k2)2) + k2

1 + k2
2 − k2

12]−
− cos (ξ(k1 + k2))ξ(k1 + k2)(k2

1 + k2
2 − k2

12), (71)

£¤¥
k12 = k1 + k2. (72)

ŒÒ ÊÎ²¨, ÎÉμ ¨´É¥£· ² ∫
d3k eikxf(k)

¤¥°¸É¢¨É¥²¥´ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¥°¸É¢¨É¥²Ó´μ° ËÊ´±Í¨¨ f(k). ˆ§ (63), (68),
(69) ¶μ²ÊÎ ¥³

Rx′xy = − 1
8(2π)6

∫
d3k1d

3k2

k3
1k

3
2

ei[(k1+k2)x
′−k1x−k2y]R̃(k1, k2, k12, ξ),

Qx′xy = − 1
8(2π)6

∫
d3k1d

3k2

k3
1k

3
2

ei[(k1+k2)x
′−k1x−k2y]Q̃(k1, k2, k12, ξ).

(73)

∗Š ¦¥É¸Ö § ³ ´Î¨¢Ò³ ¨§¡ ¢¨ÉÓ¸Ö μÉ ¶·μ¨§¢μ¤´ÒÌ ¢ (67) ¸ ¶μ³μÐÓÕ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨
¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³. �¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¶μ²ÊÎ¨¢Ï¥¥¸Ö ¢Ò· ¦¥´¨¥ ¢Ò£²Ö¤¨É ¶·μÐ¥, ÔÉμÉ
¶μ¤Ìμ¤ ¡¥¸¶μ²¥§¥´ ¨§-§  ¶μÖ¢²ÖÕÐ¥£μ¸Ö £· ´¨Î´μ£μ Î²¥´ ,   £² ¢´μ¥, ¨§-§  ¸¨´£Ê²Ö·´μ¸É¨ ¶·¨
ξ → 0, ±μÉμ· Ö μÉ¸ÊÉ¸É¢Ê¥É ¢ ¨¸Ìμ¤´μ° Ëμ·³Ê²¥ (67).
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’¥¶¥·Ó ´ °¤¥³ Î¥ÉÒ·¥ÌÉμÎ¥Î´ÊÕ ËÊ´±Í¨Õ ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨. � ¸-
¸³μÉ·¨³ ¸´ Î ²  ¢±² ¤ ¶¥·¢μ£μ Î²¥´  ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì (67). �·¨´¨³ Ö
¢μ ¢´¨³ ´¨¥ (59), ¶μ¤¸É ¢²Ö¥³ (58) ¨ (73) ¢ (67) ¨ ¨´É¥£·¨·Ê¥³ ¶μ x′,x′′.
‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ ¥³ ¤¢¥ δ-ËÊ´±Í¨¨, ¶¥·¢ Ö ¨§ ±μÉμ·ÒÌ ¤ ¥É (72),
£¤¥ k12 Å ¨³¶Ê²Ó¸ Dρ,   ¢Éμ· Ö μÉ¢¥Î ¥É § ±μ´Ê ¸μÌ· ´¥´¨Ö ¶μ²´μ£μ ¨³-
¶Ê²Ó¸ . ˆÉ ±, ³Ò ¶μ²ÊÎ ¥³

〈θ4〉l. c = 8h2

∫
dx′dx′′ρc(x′)ρc(x′′)Qx′xyQx′′zw Re (Dρ(x′, x′′)) =

=
h2

64(2π)8

∫
d3k1d

3k2d
3p1d

3p2

k3
1k

3
2p

3
1p

3
2

δ(k1 + k2 + p1 + p2) ei[k1x+k2y+p1z+p2w] ×

×
∞∫
0

dξ dχ
√

ρc(ξ)ρc(χ)Q̃(k1, k2, k12, ξ)Q̃(p1, p2, k12, χ)×

× [Y5/2(k12ξ)Y5/2(k12χ) + J5/2(k12ξ)J5/2(k12χ)]. (74)

�¶·¥¤¥²¨³ ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ n-ÉμÎ¥Î´ÊÕ ËÊ´±Í¨Õ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

(2π)3δ

(
n∑

i=1

ki

)
Gn(k1, . . . ,kn) =

∫ n∏
i=1

{d3xi e−ikixi}Gn(x1, . . . ,xn),

Éμ£¤  ¤²Ö Î¥ÉÒ·¥ÌÉμÎ±¨ ¨³¥¥³

θ4(l. c)(k1,k2,p1,p2) =
h2π

32
1

k3
1k

3
2p

3
1p

3
2

×

×
∞∫
0

dξ dχ
√

ρc(ξ)ρc(χ)Q̃(k1, k2, k12, ξ)Q̃(p1, p2, k12, χ)×

× [Y5/2(k12ξ)Y5/2(k12χ) + J5/2(k12ξ)J5/2(k12χ)]. (75)

‚¨¤´μ, ÎÉμ ¨´É¥£· ²Ò ¶μ ξ ¨ χ · §¤¥²ÖÕÉ¸Ö ´  ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¨´É¥£· -
²μ¢, ± ¦¤Ò° ¨§ ±μÉμ·ÒÌ ¡¥·¥É¸Ö Ö¢´μ. �·¨ ¶μ³μÐ¨ ±μ³¶ÓÕÉ¥·´ÒÌ ¶·μ£· ³³
(Mathematica, Maple),   É ±¦¥ ¨¸¶μ²Ó§ÊÖ ¸É ´¤ ·É´Ò¥ ³¥Éμ¤Ò ¨´É¥£·¨·μ¢ ´¨Ö,
¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

Y(k1, k2, k12) ≡
∞∫
0

dξ Q̃(k1, k2, k12, ξ)
√

ρc(ξ)Y5/2(k12ξ) =

= −1
2

√
π

2
1

k
5/2
12

[3(k2
1 − k2

2)
2 − 2(k2

1 + k2
2)k

2
12 − k4

12], (76)
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J (k1, k2, k12) ≡
∞∫
0

dξ Q̃(k1, k2, k12, ξ)
√

ρc(ξ)J5/2(k12ξ) =

=
1

√
2πk

5/2
12

[
k12(k2

12 − 3(k1 − k2)2)(k1 + k2) + (3(k2
1 − k2

2)
2 −

− 2(k2
1 + k2

2)k
2
12 − k4

12) arctanh
k12

k1 + k2

]
. (77)

’¥¶¥·Ó ¢Ò¤¥²¨³ ²¨¤¨·ÊÕÐ¨° ¶μ·Ö¤μ±. � ³ ¨´É¥·¥¸´  ¸²¥¤ÊÕÐ Ö ±μ´-
Ë¨£Ê· Í¨Ö:

X =
x + y

2
, Z =

z + w
2

, ε = x − y = z − w, (78)

¸μμÉ¢¥É¸É¢¥´´μ,

x = X +
ε

2
, z = Z +

ε

2
,

y = X − ε

2
, w = Z− ε

2
.

ˆ§ (78) ¸²¥¤Ê¥É, ÎÉμ

L ≡ X− Z = x − z = y − w.

‚ ¤ ²Ó´¥°Ï¥³ ¨´É¥·¥¸´Ò³ ¤²Ö ´ ¸ ·¥¦¨³μ³ ¡Ê¤¥É

L � ε. (79)

—¥·¥§ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ¶μ± § É¥²Ó Ô±¸¶μ´¥´ÉÒ ¢ (74) ¢Ò· ¦ ¥É¸Ö ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³:

X(k1 + k2) + Z(p1 + p2) +
ε

2
(k1 − k2) +

ε

2
(p1 − p2). (80)

ˆ²¨, ¢¢μ¤Ö ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ (³Ò ÊÎ¨ÉÒ¢ ¥³ δ-ËÊ´±Í¨Õ ¢ (74)),

k1 + k2 = k12, p1 + p2 = −k12,

k1 − k2 = 2Q, p1 − p2 = 2P,

k1 =
k12

2
+ Q, k2 =

k12

2
− Q,

p1 = −k12

2
+ P, p2 = −k12

2
− P,

¶μ²ÊÎ ¥³ ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ

Lk12 + ε(Q + P). (81)
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�Éμ μ§´ Î ¥É, ÎÉμ ¢ ·¥¦¨³¥ (79)

Q ∼ P ∼ 1
ε
� k12 ∼ 1

L
.

ˆ¸¶μ²Ó§ÊÖ (76), (77), ´ Ìμ¤¨³ ²¨¤¨·ÊÕÐ¥¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨° Y ¨ J ¶·¨
³ ²ÒÌ k12:

Y(Q,k12) =
√

2π

k12
Q2

[
1 − 3

(
k12Q
k12Q

)2

+ O(k2
12/Q2)

]
,

J (Q,k12) = O(k5/2
12 ).

(82)

�É³¥É¨³, ÎÉμ ²¨¤¨·ÊÕÐ¨¥ Î²¥´Ò ¶μ·Ö¤±  1/k
5/2
12 ¨ 1/k

3/2
12 , ±μÉμ·Ò¥ ³Ò ¡Ò

´ ¨¢´μ μ¦¨¤ ²¨ ¢ (76), ¸μ±· É¨²¨¸Ó.
ˆÉ ±, ¶μ¤¸É ¢²ÖÖ (82) ¢ (75), ¶μ²ÊÎ ¥³ (¶μ¸±μ²Ó±Ê ËÊ´±Í¨Ö J ·¥£Ê²Ö·´ ,

μ´  ´¥ ¤ ¥É ²¨¤¨·ÊÕÐ¥£μ ¢±² ¤ ):

θ4(l. c)(Q,P,k12) =
h2π2

16
1

k12Q4P 4

[
1 − 3

(
k12Q
k12Q

)2
][

1 − 3
(

k12P
k12P

)2
]
(83)

‚ ·¥¦¨³¥ ³ ²ÒÌ k12 ¢Éμ·μ° Î²¥´ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì (67) ´¥ ¨³¥¥É ¸¨´-
£Ê²Ö·´μ¸É¨. �μ¸²¥ ¶¥·¥Ìμ¤  ¢ ¨³¶Ê²Ó¸´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨§ (70), (71), (73)
¢¨¤´μ, ÎÉμ ËÊ´±Í¨¨ R ¨ Q ·¥£Ê²Ö·´Ò ¶·¨ k12 → 0. ” ±Éμ· Dρ(x′, x′′) −
Dρ(x′′, x′) = 2i Im (Dρ(x′, x′′)) ¢±²ÕÎ ¥É ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° 
¥¸¸¥²Ö ¨
�¥°³ ´  J3/2(k12ξ)Y3/2(k12χ) ¨, ¸²¥¤μ¢ É¥²Ó´μ, Éμ¦¥ ±μ´¥Î¥´. ‘μμÉ¢¥É-
¸É¢¥´´μ, ¨´É¥£· ² ¶μ ξ ¨ χ É ±¦¥ ´¥ ¨³¥¥É ¸¨´£Ê²Ö·´μ¸É¨. �μ²ÊÎ ¥³, ÎÉμ
¢±² ¤ μÉ ¢Éμ·μ£μ ¸² £ ¥³μ£μ ¢ (67) ±μ´¥Î¥´ ¶·¨ ³ ²ÒÌ k12 ¨, ¸²¥¤μ¢ É¥²Ó´μ,
¶μ¤ ¢²¥´ ¶μ ¸· ¢´¥´¨Õ ¸ (83).

�¥·¥±·¥¸É´Ò¥ ¸² £ ¥³Ò¥ (¢ É·¥ÉÓ¥° ¸É·μÎ±¥ ¢ Ëμ·³Ê²¥ (67)) Éμ¦¥ ¶μ¤ -
¢²¥´Ò ¶μ ¸· ¢´¥´¨Õ ¸ ²¨¤¨·ÊÕÐ¨³ ¢±² ¤μ³. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ · ¸¸³μÉ·¨³
¸² £ ¥³μ¥ y ↔ z. ˆ§ (74) ¸²¥¤Ê¥É, ÎÉμ ÔÉμ μÉ¢¥Î ¥É § ³¥´¥ k2 ↔ p2 ¢ Ô±¸¶μ-
´¥´É¥,   k12 ¢ (74) μ¸É ¥É¸Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ´¥¨§³¥´´Ò³ (72). ’ ±¨³ μ¡· §μ³,
¶μ²ÊÎ ¥³, ÎÉμ ¢Ò· ¦¥´¨¥ ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ (80) μ¸É ¥É¸Ö ¢¥·´Ò³, ¸
§ ³¥´μ° k2 ↔ p2, ¨ Ê· ¢´¥´¨¥ (81) ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

k1 + p1 = k̃12, k2 + p2 = −k̃12,

k1 − p1 = 2Q, k2 − p2 = 2P.
(84)

—Éμ ± ¸ ¥É¸Ö Ê· ¢´¥´¨Ö (81), Éμ μ´μ Éμ¦¥ μ¸É ¥É¸Ö, ´μ ¸ § ³¥´μ° k12 ↔ k̃12.
�Éμ μ§´ Î ¥É, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³ ²Ò³ ¸É ´μ¢¨É¸Ö k̃12,   ´¥ k12. �μ ËÊ´±-
Í¨¨ Y ¨ J ¢¸¥ ¥Ð¥ § ¢¨¸ÖÉ μÉ k12,   ´¥ μÉ k̃12, ¨ ¶μÔÉμ³Ê ¨´Ë· ±· ¸´μ¥
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Ê¸¨²¥´¨¥ (¸¨´£Ê²Ö·´μ¸ÉÓ), É ±μ¥, ± ± ¡Ò²μ ¢ (83), ¢ ¶¥·¥±·¥¸É´μ³ Î²¥´¥ μÉ-
¸ÊÉ¸É¢Ê¥É.

ˆÉ ±, ¢ ¤·¥¢¥¸´μ³ ¶·¨¡²¨¦¥´¨¨ ²¨¤¨·ÊÕÐ¨° ¢±² ¤ ¢ ¶·¥¤¥²¥ k12 → 0
¨³¥¥É ¢¨¤ (83). ‚ · ¡μÉ¥ [55] ¶μ± § ´μ, ÎÉμ ¨³¥¥É¸Ö ¢ ¦´Ò° μ¤´μ¶¥É²¥-
¢μ° ¢±² ¤

θ4(l.c)(Q,P,k12) �
h4

π2

1
P 3Q3k3

12

ln
k12

Λ
,

μ´ ¶μ¤ ¢²¥´, ¶μ ¸· ¢´¥´¨Õ ¸ ¤·¥¢¥¸´Ò³ ¢±² ¤μ³, Ë ±Éμ·μ³ h2, μ¤´ ±μ Ê¸¨²¥´
¢ ·¥¦¨³¥ ³ ²μ£μ ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸  Ë ±Éμ·μ³ 1/k2

12. ’ ±¨³ μ¡· §μ³, ¶·¨
μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ ¶¥É²¥¢μ° ¢±² ¤ ³μ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´Ò³, ¨ ¤ ¦¥
¶·¥μ¡² ¤ ÉÓ ´ ¤ ¤·¥¢¥¸´Ò³.

1.5.5. ”μ·³Ò ´¥£ Ê¸¸μ¢μ¸É¨. ‚ÒÎ¨¸²¥´¨¥ ¢±² ¤  (65) ¶·μ¢¥¤¥´μ
¢ ¶. 1.5.6, £¤¥ É ±¦¥ ¶·¨¢¥¤¥´ ¶μ²´Ò° ·¥§Ê²ÓÉ É ¤²Ö Î¥ÉÒ·¥ÌÉμÎ±¨. ŒÒ μ¶·¥-
¤¥²Ö¥³ Î¥ÉÒ·¥ÌÉμÎ±Ê, ¨²¨ É·¨¸¶¥±É· T ¢ ´ Ï¥³ ¸²ÊÎ ¥, ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

G4(k1,k2,k3,k4) =
h2

4∏
i=1

k3
i

T (k1, k2, k3, k4, k12, k14),

£¤¥ k14 = k1 +k4. Šμ³¡¨´ Í¨¨ k13 = |k1 +k3| ¨ k24 = |k2 +k4| ´¥ Ö¢²ÖÕÉ¸Ö
´¥§ ¢¨¸¨³Ò³¨, É ± ± ±

k13 = k24 =
√

k2
1 + k2

2 + k2
3 + k2

4 − k2
12 − k2

14.

„²Ö ¨²²Õ¸É· Í¨¨ Ê¤μ¡´μ · §²μ¦¨ÉÓ É·¨¸¶¥±É· ´  Î ¸ÉÓ Ts, ¸¨´£Ê²Ö·´ÊÕ ¶·¨
k12 → 0, k13 → 0 ¨²¨ k14 → 0, ¨ ´  ·¥£Ê²Ö·´ÊÕ Î ¸ÉÓ Tr,

T = Ts + Tr.

‘¨´£Ê²Ö·´ Ö Î ¸ÉÓ ¶μ²ÊÎ ¥É¸Ö∗ ¨§ (83),

Ts =
π

32
[Ys(k1, k2, k12)Ys(k3, k4, k12) + (k2 ↔ k3) + (k2 ↔ k4)], (85)

Éμ£¤  ± ± μ¸É ²Ó´ Ö Î ¸ÉÓ ´ Ìμ¤¨É¸Ö ¨§ (96) ¨ (97). ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ
´¨± ±μ° ¤·Ê£μ° ¸¨´£Ê²Ö·´μ¸É¨ ¢ T ´¥É: ³μ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ²μ£ ·¨Ë³¨Î¥-
¸±¨¥ · ¸Ìμ¤¨³μ¸É¨, ¶μÖ¢²ÖÕÐ¨¥¸Ö ¢ ¶·μ³¥¦ÊÉμÎ´ÒÌ Ëμ·³Ê² Ì, ¸μ±· Ð ÕÉ¸Ö
¶·¨ ÊÎ¥É¥ ¢¸¥Ì ¢±² ¤μ¢.

Š ± ¨  ¢Éμ·Ò [56], ³Ò ¡Ê¤¥³ ¸· ¢´¨¢ ÉÓ ´ Ï É·¨¸¶¥±É· ¸ É·¨¸¶¥±É· ³¨
²μ± ²Ó´μ£μ ¢¨¤ . �μ¸²¥¤´¨¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§  ´§ Í  ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´-
¸É¢¥ [57,58]

ζ(x) = ζg +
3
5
fNL(ζ2

g − 〈ζ2
g 〉) +

9
25

gNL(ζ3
g − 3〈ζ2

g 〉ζg), (86)

∗�·μ¨§¢¥¤¥´¨¥ YsYr ·¥£Ê²Ö·´μ ¢ ¶·¥¤¥²¥ k12 → 0.
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£¤¥ ζg Å £ Ê¸¸μ¢μ ¶μ²¥,   fNL ¨ gNL Å ±μ´¸É ´ÉÒ. ŒÒ ¨³¥¥³ [56]:

G4,loc(k1,k2,k3,k4) =
const
4∏

i=1

k3
i

(f2
NLTloc1 + gNLTloc2),

£¤¥ ¤¢¥ ²μ± ²Ó´Ò¥ Ëμ·³Ò Å ¸²¥¤ÊÕÐ¨¥:

Tloc1 =
9
50

(
k3
1k

3
3 + k3

1k
3
4 + k3

2k3
3 + k3

2k
3
4

k3
12

+ {k2 ↔ k3} + {k2 ↔ k4}
)

, (87)

Tloc2 =
27
100

4∑
i=1

k3
i . (88)

�¶·¥¤¥²¨³ ¢¥²¨Î¨´Ê ´¥£ Ê¸¸μ¢μ¸É¨. ‘É ´¤ ·É´ Ö μÍ¥´±  tNL ¸¢Ö§ ´  ¸ Î¥ÉÒ-
·¥ÌÉμÎ¥Î´μ° ËÊ´±Í¨¥° ¢ ¶·¥¤¥²¥ É¥É· Ô¤· , ki = k12 = k14 ≡ k,

〈ζ4
k〉ki=k12=k14≡k = (2π)9P3

ζ δ

(
4∑

i=1

ki

)
1
k9

tNL. (89)

�É³¥É¨³, ÎÉμ ¸É ´¤ ·É´μ¥ μ¶·¥¤¥²¥´¨¥ ¢±²ÕÎ ¥É P3
ζ ¢ ¶· ¢μ° Î ¸É¨. �Éμ

¨³¥¥É ¸³Ò¸² ¤²Ö ²μ± ²Ó´μ£μ  ´§ Í  (86), ¨ ¢¥²¨Î¨´Ò ¢ ²μ± ²Ó´ÒÌ ³μ¤¥²ÖÌ
¸²¥¤ÊÕÐ¨¥ [56]:

tloc1
NL = 2,16f2

NL, tloc2
NL = 1,08gNL.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢¥²¨Î¨´ , ±μÉμ·ÊÕ ³Ò ³μ¦¥³ Ö¢´μ ´ °É¨ ¢ ´ Ï¥° ³μ-
¤¥²¨, ÔÉμ

〈θ4
k〉ki=k12=k14≡k = (2π)9P3

θ δ

(
4∑

i=1

ki

)
1
k9

t
(θ)
NL,

£¤¥ Pθ = 1/(4π2), ¸μ£² ¸´μ (41). ‚¥²¨Î¨´  ´¥£ Ê¸¸μ¢μ¸É¨ ¤²Ö θ ¢ ´ Ï¥°
³μ¤¥²¨ ¶μ²ÊÎ ¥É¸Ö ¨§ (96) ¨ (97),

t
(θ)
NL = 2,87h2. (90)

�¤¨ ¡ É¨Î¥¸±¨¥ ¢μ§³ÊÐ¥´¨Ö ζ ¶·μ¶μ·Í¨μ´ ²Ó´Ò θ,   ¨³¥´´μ,

ζ = r
θ

θ̄
, (91)

£¤¥ θ̄ Å μ¤´μ·μ¤´μ¥ Ëμ´μ¢μ¥ §´ Î¥´¨¥ ¸± ²Ö·´μ£μ ¶μ²Ö ¨ r � 1 Å μ¸² ¡-
²ÖÕÐ¨° Ë ±Éμ·, ´¥ § ¢¨¸ÖÐ¨° μÉ k ´¨ ¤²Ö ±Ê·¢ Éμ´´μ£μ ³¥Ì ´¨§³  ¶¥·¥¢μ¤ 
¢μ§³ÊÐ¥´¨° θ ¢  ¤¨ ¡ É¨Î¥¸±¨¥, ´¨ ¤²Ö ³¥Ì ´¨§³  ³μ¤Ê²¨·μ¢ ´´μ£μ · ¸¶ ¤ ∗.

∗� ¶μ³´¨³, ÎÉμ ³Ò ´¥ ÊÎ¨ÉÒ¢ ¥³ ´¥£ Ê¸¸μ¢μ¸ÉÓ, ±μÉμ· Ö ³μ¦¥É £¥´¥·¨·μ¢ ÉÓ¸Ö ¢μ ¢·¥³Ö ¶¥-
·¥· ¡μÉ±¨ ¢μ§³ÊÐ¥´¨°. ’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó§μ¢ ´¨¥ ²¨´¥°´μ° ¸¢Ö§¨ ³¥¦¤Ê ζ ¨ θ μ¶· ¢¤ ´´μ.
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�μÔÉμ³Ê ¢ ´ Ï¥° ³μ¤¥²¨ ¢¥²¨Î¨´  ´¥£ Ê¸¸μ¢μ¸É¨  ¤¨ ¡ É¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨°
¸²¥¤ÊÕÐ Ö:

tNL =
Pθ

Pζ
t
(θ)
NL = 2,87

h2

4π2Pζ
.

’ ± ¦¥, ± ± ¨ ¢ ¨´Ë²ÖÍ¨μ´´ÒÌ ³μ¤¥²ÖÌ ¸ É ±¨³¨ ³¥Ì ´¨§³ ³¨ ¶¥·¥· ¡μÉ±¨
¢μ§³ÊÐ¥´¨°, ¢ ´ Ï¥° ³μ¤¥²¨ ³Ò ³μ¦¥³ ¶μ²ÊÎ¨ÉÓ tNL � 1. Š ± Ê¦¥ μ¡¸Ê-
¦¤ ²μ¸Ó, ´¨± ±¨Ì ³μ¤¥²Ó´μ-´¥§ ¢¨¸¨³ÒÌ μ£· ´¨Î¥´¨° ´  θ̄ ¨ h ´¥É, É ± ÎÉμ
¢´ÊÉ·¥´´ÖÖ ´¥£ Ê¸¸μ¢μ¸ÉÓ, μ ±μÉμ·μ° ¨¤¥É ·¥ÎÓ, ¢¶μ²´¥ ³μ¦¥É ¶·¥μ¡² ¤ ÉÓ
´ ¤ ´¥£ Ê¸¸μ¢μ¸ÉÓÕ, ¸¢Ö§ ´´μ° ¸ ¶¥·¥Ìμ¤μ³ μÉ ¢μ§³ÊÐ¥´¨° θ ±  ¤¨ ¡ É¨Î¥-
¸±¨³ ¢μ§³ÊÐ¥´¨Ö³, ¨ ¡ÒÉÓ ¤μ¸É ÉμÎ´μ° ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ´ ¡²Õ¤¥´¨Ö.

�É³¥É¨³, μ¤´ ±μ, ÎÉμ ¢ ¸Í¥´ ·¨¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ [26] ¸¶¥±É·
³μÐ´μ¸É¨  ¤¨ ¡ É¨Î¥¸±¨Ì ¢μ§³ÊÐ¥´¨° ¸ ³ ¶·μ¶μ·Í¨μ´ ²¥´ h2. �·¨Î¨´ 
ÔÉμ£μ ¢ Éμ³, ÎÉμ θ Å ¶μ²¥ Ë §Ò ¢ · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨. ‘ ´ Ï¥° ´μ·³¨-
·μ¢±μ° ¥£μ Ëμ´μ¢μ¥ §´ Î¥´¨¥ μ£· ´¨Î¥´μ ¸¢¥·ÌÊ, ÔÉμ ¢¨¤´μ ¨§ Ëμ·³Ê²Ò (43),

|θ̄| �
√

2π
h

,

¨ ¥¸²¨ ´¥ ¶·¥¤¶μ² £ ÉÓ Éμ´±μ° ¶μ¤¸É·μ°±¨, Éμ |θ̄| ∼ π/h. ”μ·³Ê²  (91)
Éμ£¤  ¤ ¥É

Pζ � r2h2

8π4
,

É ± ÎÉμ

tNL � 2,87
2π2

r2
.

�μÔÉμ³Ê ¢´ÊÉ·¥´´ÖÖ ´¥£ Ê¸¸μ¢μ¸ÉÓ ³μ¦¥É ¡ÒÉÓ §´ Î¨É¥²Ó´μ° Éμ²Ó±μ ¤²Ö ´¥-
¡μ²ÓÏ¨Ì Ë ±Éμ·μ¢ μ¸² ¡²¥´¨Ö r. …¸²¨ ¢μ§³ÊÐ¥´¨Ö θ ¶¥·¥¢μ¤ÖÉ¸Ö ¢  ¤¨ ¡ É¨-
Î¥¸±¨¥ ³μ¤Ò ¸ ¶μ³μÐÓÕ ±Ê·¢ Éμ´´μ£μ ³¥Ì ´¨§³ , ´¥£ Ê¸¸μ¢μ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸
¶¥·¥Ìμ¤μ³, ¡μ²ÓÏ Ö ¤²Ö ³ ²ÒÌ r, fNL ∼ r−1 [59Ä62], É ± ÎÉμ ¥¥ ¢±² ¤ ¢ É·¨¸-
¶¥±É·, £·Ê¡μ £μ¢μ·Ö, μ¤´μ£μ ¶μ·Ö¤±  ¸ ¢´ÊÉ·¥´´¥° ´¥£ Ê¸¸μ¢μ¸ÉÓÕ. ‚ ÔÉμ³
¸²ÊÎ ¥ ¢μ¶·μ¸ ¢μ§³μ¦´μ¸É¨ ´ ¡²Õ¤¥´¨Ö ¢´ÊÉ·¥´´¥° ´¥£ Ê¸¸μ¢μ¸É¨ § ¸²Ê¦¨-
¢ ¥É μÉ¤¥²Ó´μ£μ ¨§ÊÎ¥´¨Ö. �Éμ μÉ´μ¸¨É¸Ö ¨ ± μ¸´μ¢´μ° ³ ¸¸¥ ³μ¤¥²¥° ³μ-
¤Ê²¨·μ¢ ´´μ£μ · ¸¶ ¤ , ¢ ±μÉμ·ÒÌ Éμ¦¥ fNL ∼ r−1 [63, 64]. …¸ÉÓ, μ¤´ ±μ,
¨¸±²ÕÎ¥´¨¥ [65]: ¥¸²¨ Ï¨·¨´  · ¸¶ ¤ ÕÐ¨Ì¸Ö Î ¸É¨Í Γ(θ) ²¨´¥°´  ¶μ θ
¨²¨ ¨³¥¥É ¢¨¤ Γ(θ) = (γ0 + γ1θ)2 (ÎÉμ ¡μ²¥¥ ¶· ¢¤μ¶μ¤μ¡´μ ¸ ÉμÎ±¨ §·¥´¨Ö
Ë¨§¨±¨ Î ¸É¨Í), Éμ fNL, gNL ¡Ê¤ÊÉ, £·Ê¡μ £μ¢μ·Ö, ¶μ·Ö¤±  ¥¤¨´¨ÍÒ ¤ ¦¥ ¤²Ö
³ ²ÒÌ r ∼ γ1/γ0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¡μ²ÓÏ¨Ì tNL. ‚ Í¥²μ³ ³μ¦´μ ¸± § ÉÓ,
ÎÉμ ¢ ¸Í¥´ ·¨¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ ¤μ³¨´¨·μ¢ ´¨¥ ¨ ¤¥É¥±É¨·Ê¥-
³μ¸ÉÓ ¢´ÊÉ·¥´´¥° ´¥£ Ê¸¸μ¢μ¸É¨ ¢μ§³μ¦´Ò, ´μ Éμ²Ó±μ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ.

Š ± Ê¶μ³¨´ ²μ¸Ó · ´¥¥, ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ ´¥£ Ê¸¸μ¢μ¸ÉÓ ¤ ¥É É ±¦¥
¶¥É²¥¢ Ö ¤¨ £· ³³  (¢ ¶¥É²¥ ¡¥¦¨É ³μ¤Ê²Ó ¶μ²Ö). 
² £μ¤ ·Ö ¸¶¥Í¨ ²Ó´μ° § -
¢¨¸¨³μ¸É¨ μÉ ¨³¶Ê²Ó¸  ÔÉμÉ ¢±² ¤ ¶μ§¢μ²Ö¥É ²¥£±μ μ£· ´¨Î¨ÉÓ ±μ´¸-
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É ´ÉÊ h [55]. �£· ´¨Î¥´¨Ö, μ¤´ ±μ, μ¸É ÕÉ¸Ö ¸²¨Ï±μ³ ¸² ¡Ò³¨ (¸² ¡¥¥,
Î¥³ μ£· ´¨Î¥´¨Ö ¨§  ³¶²¨ÉÊ¤Ò ¸¶¥±É· ).

’¥¶¥·Ó ¶¥·¥°¤¥³ ± μ¡¸Ê¦¤¥´¨Õ · §²¨Î´ÒÌ Ëμ·³ ´¥£ Ê¸¸μ¢μ¸É¨. —Éμ¡Ò
¨Ì ¸· ¢´¨¢ ÉÓ, ³Ò § ¤ ¥³

h2

4π2Pζ
= fNL = gNL = 1;

Éμ£¤  ¢¥²¨Î¨´Ò Î¥ÉÒ·¥ÌÉμÎ¥± ¢μ ¢¸¥Ì ³μ¤¥²ÖÌ ¸Ìμ¦¨.
ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ · §²¨Î´Ò¥ ¶·¥¤¥²Ò ¤²Ö ËÊ´±Í¨¨ T . ŒÒ ¶μ²Ó-

§Ê¥³¸Ö ´μ³¥´±² ÉÊ·μ°, ¶·¨³¥´¥´´μ° ¢ [56, 66]. ƒ· Ë¨±¨  Ä¢ ´  ·¨¸. 2, 3,

�¨¸. 2. �μ²´Ò° É·¨¸¶¥±É· T ( ), ¥£μ ¸¨´£Ê²Ö·´ Ö Î ¸ÉÓ Ts (¡), ¥£μ ·¥£Ê²Ö·´ Ö
Î ¸ÉÓ Tr (¢), É·¨¸¶¥±É· ²μ± ²Ó´μ£μ ¢¨¤  Tloc1 (£) ¨ ¤·Ê£μ° É·¨¸¶¥±É· ²μ± ²Ó´μ£μ
¢¨¤  Tloc2 (¤) ¢ · ¢´μ¸Éμ·μ´´¥³ ¶·¥¤¥²¥. �¶·¥¤¥²¥´¨Ö ¤ ´Ò ¢ ¶. 1.5.5. � ¶μ³´¨³,
ÎÉμ ¢¥·É¨± ²Ó´Ò¥ ³ ¸ÏÉ ¡Ò ´  ´¨¦´¨Ì ¤¢ÊÌ £· Ë¨± Ì μÉ²¨Î ÕÉ¸Ö
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�¨¸. 3. ’¥ ¦¥ £· Ë¨±¨, ÎÉμ ¨ ´  ·¨¸. 2, ´μ ¢ ¸¶¥Í¨ ²Ó´μ³ ¶² ´ ·´μ³ ¶·¥¤¥²¥

4 ¨ 5 ¶μ± §Ò¢ ÕÉ: ¶μ²´Ò° É·¨¸¶¥±É· T , ¸¨´£Ê²Ö·´Ò° ¢±² ¤ Ts ¨ ·¥£Ê²Ö·-
´ÊÕ Î ¸ÉÓ Tr ¢ ´ Ï¥° ³μ¤¥²¨ ¸μμÉ¢¥É¸É¢¥´´μ. ƒ· Ë¨±¨ £ ¨ ¤ ¶μ± §Ò¢ ÕÉ
¤¢  ²μ± ²Ó´ÒÌ É·¨¸¶¥±É·  Tloc1 ¨ Tloc2. �É³¥É¨³, ÎÉμ ¢¥·É¨± ²Ó´Ò¥ ³ ¸-
ÏÉ ¡Ò ¢ ¶μ¸²¥¤´¨Ì ¤¢ÊÌ £· Ë¨± Ì · §²¨Î ÕÉ¸Ö ³¥¦¤Ê ¸μ¡μ° ¨ μÉ²¨Î ÕÉ¸Ö
μÉ ¢¥·É¨± ²Ó´μ£μ ³ ¸ÏÉ ¡  ¶¥·¢ÒÌ É·¥Ì £· Ë¨±μ¢. �¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ´ 
ÔÉ¨Ì £· Ë¨± Ì μ£· ´¨Î¥´Ò · §²¨Î´Ò³¨ ´¥· ¢¥´¸É¢ ³¨, ±μÉμ·Ò³ ¶μ¤Î¨´ÖÕÉ¸Ö
¨³¶Ê²Ó¸Ò. ‚ Î ¸É´μ¸É¨,

k2
12 + k2

14 �
4∑

i=1

k2
i ,

√
k2
1 + k2

4 − 2k1k4 � k14 �
√

k2
1 + k2

4 + 2k1k4.



�‘�
…���‘’ˆ ‚�‡Œ“™…�ˆ‰ ‚ Š��”��Œ��‰ Š�‘Œ�‹�ƒˆˆ 1679

�¨¸. 4. „¢ ¦¤Ò ¸¦ ÉÒ° ¶·¥¤¥². �μ± § ´Ò ±μ³¡¨´ Í¨¨ T /

(
4∏

i=1

ki

)
¤²Ö É¥Ì ¦¥ É·¨-

¸¶¥±É·μ¢, ÎÉμ ¨ ´  ·¨¸. 2

ŒÒ · ¸¸³ É·¨¢ ¥³ ¸²¥¤ÊÕÐ¨¥ ¶·¥¤¥²Ò.

1. � ¢´μ¸Éμ·μ´´¨° ¶·¥¤¥², k1 = k2 = k3 = k4. ŒÒ ¶·¥¤¸É ¢²Ö¥³
´  ·¨¸. 2 Î¥ÉÒ·¥ÌÉμÎ±Ê ± ± ËÊ´±Í¨Õ k12/k1 ¨ k14/k1. ‘· §Ê ¢¨¤´  μ¸μ-
¡¥´´μ¸ÉÓ T ∝ k−1

12 , k−1
14 ¢ ´ Ï¥³ É·¨¸¶¥±É·¥ ¨ ¥£μ ¸¨´£Ê²Ö·´μ° Î ¸É¨,  

É ±¦¥ ¸¨´£Ê²Ö·´μ¸ÉÓ ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  Tloc1 ∝ k−3
12 , k−3

14 ¢ ¶¥·¢μ³
²μ± ²Ó´μ³ É·¨¸¶¥±É·¥. Š ± · ´¥¥ ¡Ò²μ μÉ³¥Î¥´μ, ¨´Ë²ÖÍ¨μ´´Ò¥ ³μ¤¥²¨ ¸
μ¤´¨³ ¶μ²¥³ ¨´Ë² Éμ´  ¨³¥ÕÉ É·¨¸¶¥±É·, ·¥£Ê²Ö·´Ò° ¢ ÉμÎ± Ì k12 → 0 ¨
k14 → 0 [56,66Ä80]. ’ ±¨³ μ¡· §μ³, ¸¨´£Ê²Ö·´μ¸ÉÓ, ¢Ò§¢ ´´ Ö ¨´Ë· ±· ¸´Ò³
Ê¸¨²¥´¨¥³ · ¤¨ ²Ó´ÒÌ ³μ¤ δρ, Ö¢²Ö¥É¸Ö μÉ²¨Î¨É¥²Ó´μ° Î¥·Éμ° ±μ´Ëμ·³´ÒÌ
³μ¤¥²¥°.
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�¨¸. 5. „¢ ¦¤Ò ¸¦ ÉÒ° ¶·¥¤¥². ’μ ¦¥, ÎÉμ ¨ ´  ·¨¸. 4, ´μ ¤²Ö ¸ ³¨Ì É·¨¸¶¥±É·μ¢ T

2. ‘¶¥Í¨ ²Ó´Ò° ¶² ´ ·´Ò° ¶·¥¤¥², k1 = k3 = k14 ¨

k12 =
[
k2
1 +

k2k4

2k2
1

(
k2k4 +

√
(4k2

1 − k2
2)(4k2

1 − k2
4)
)]1/2

.

—¥ÉÒ·¥ÌÉμÎ±¨ ´  ·¨¸. 3 ¶μ± § ´Ò ± ± ËÊ´±Í¨¨ k2/k1 ¨ k4/k1. ‘É·Ê±ÉÊ·Ò
´  ¤¨ £μ´ ²¨ μ¶ÖÉÓ ¶μÖ¢²ÖÕÉ¸Ö ¨§-§  ¸¨´£Ê²Ö·´μ¸É¨, É¥¶¥·Ó ¶·¨ k13 → 0,
ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É k2 → k4. �É³¥É¨³, ÎÉμ ¶μ²´Ò° É·¨¸¶¥±É· § ´Ê²Ö¥É¸Ö ´ 
£· ´¨Í Ì k2 = 0 ¨ k4 = 0 (ÔÉμ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ  ´ ²¨É¨Î¥¸±¨). �μ-
¸²¥¤´ÖÖ Î¥·É  ¸Ìμ¦  ¸μ ³´μ£¨³¨ ¨´Ë²ÖÍ¨μ´´Ò³¨ ³μ¤¥²Ö³¨ [56, 66], μ¤´ ±μ
μÉ¸ÊÉ¸É¢Ê¥É ¢ Tloc1 ¢ Tloc2.
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3. „¢ ¦¤Ò ¸¦ ÉÒ° ¶·¥¤¥², k3 = k4 = k12. �  ·¨¸. 4 ¶μ± § ´Ò ¸²¥¤ÊÕÐ¨¥
±μ³¡¨´ Í¨¨:

T
4∏

i=1

ki

,

  ´  ·¨¸. 5 ¸ ³¨ É·¨¸¶¥±É·Ò T ± ± ËÊ´±Í¨¨ k2/k1 ¨ k4/k1. �Î¥¢¨¤´μ, ´ Ï
É·¨¸¶¥±É· ¸¨²Ó´μ μÉ²¨Î ¥É¸Ö μÉ ²μ± ²Ó´ÒÌ ¢ É ±μ³ ¶·¥¤¥²¥.

1.5.6. —¥ÉÒ·¥ÌÉμÎ±  ¡¥§ ¶·¨¡²¨¦¥´¨°. �·μ¢¥¤¥³ Ö¢´μ¥ ¢ÒÎ¨¸²¥´¨¥ Î¥-
ÉÒ·¥ÌÉμÎ±¨. Š ± ´¨ ¸É· ´´μ, ÔÉμ ³μ¦´μ ¸¤¥² ÉÓ ¶μ²´μ¸ÉÓÕ  ´ ²¨É¨Î¥¸±¨.

�¨¸. 6. s-± ´ ²Ó´Ò° ¢±² ¤ ¢ É·¨¸¶¥±É·. ˜É·¨Ìμ¢ Ö ¨ ¸¶²μÏ´ Ö ²¨´¨¨ μÉ¢¥Î ÕÉ
¤¢ÊÌÉμÎ¥Î´Ò³ ËÊ´±Í¨Ö³ ¶μ²¥° θ ¨ δρ ¸μμÉ¢¥É¸É¢¥´´μ

‚ÒÎ¨¸²¥´¨Ö Ê¤μ¡´¥¥ ¶·μ¢μ¤¨ÉÓ ¢ É¥·³¨´ Ì ¸¨³³¥É·¨Î´ÒÌ ¶μ²¨´μ³μ¢.
‚ s-± ´ ²¥ (¤¨ £· ³³  ´  ·¨¸. 6) ÔÉμ ±μ³¡¨´ Í¨¨

K1 = k1 + k2, K2 = k1k2, P1 = k3 + k4, P2 = k3k4. (92)

‚ ¤ ²Ó´¥°Ï¥³ ´ ³ ¡Ê¤¥É Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö

ZK1,K2 = K1(3K2
1 − 12K2 − k2

12),

XK1,K2 = k4
12 + 2k2

12(K
2
1 − 2K2) + 12K2

1K2 − 3K4
1 .

‚ ÔÉ¨Ì É¥·³¨´ Ì ¢Ò· ¦¥´¨Ö (70) ¨ (71) ¶¥·¥¶¨¸Ò¢ ÕÉ¸Ö:

R̃ = [K2
1 − 2K2 − k2

12 − K2(K2
1 − k2

12)ξ
2] cos (K1ξ)+

+ K1(K2
1 − 2K2 − k2

12)ξ sin (K1ξ),

Q̃ = [K2
1 − 2K2 − k2

12 − K2(K2
1 − k2

12)ξ
2] sin (K1ξ)−

− K1(K2
1 − 2K2 − k2

12)ξ cos (K1ξ).

—²¥´Ò (65) ¤ ÕÉ ¸²¥¤ÊÕÐ¨° ¢±² ¤ ¢ Î¥ÉÒ·¥ÌÉμÎ¥Î´ÊÕ ËÊ´±Í¨Õ:

G4TT̄ =
h2

4∏
i=1

k3
i

π

32
[U(k1, k2, k3, k4, k12) + 2 permutations],
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£¤¥, ¢ μÎ¥¢¨¤´ÒÌ μ¡μ§´ Î¥´¨ÖÌ,

U(k1, k2, k3, k4, k12) =
32
π

∞∫
0

dξU(k1, k2, k3, k4, k12; ξ)

¨

U(k1, k2, k3, k4, k12; ξ) =

ξ∫
0

dχ√
ξχ

(J5/2(k12ξ)Y5/2(k12χ)−

−Y5/2(k12ξ)J5/2(k12χ))(Q̃k1,k2,k12(ξ)R̃k3,k4,k12(χ)+Q̃k3,k4,k12(ξ)R̃k1,k2,k12(χ)).

�·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ¸²¥¤´¥£μ ¨´É¥£· ²  ¤ ¥É

U = U0 + UI ,

£¤¥

U0 =
Q̃k3,k4,k12(ξ)

2πk5
12ξ

3
(2k3

12ξ cos (K1ξ)(2K2k
2
12ξ

2 − 3(K2
1 − 4K2 + k2

12))−

− 2K1k12 sin (K1ξ)(2k4
12ξ

2 + 3k2
12 + 36K2 − 9K2

1)) + {k1, k2 ↔ k3, k4},
(93)

UI =
Q̃k3,k4,k12(ξ)XK1,K2

2πk5
12ξ

3
([(k2

12ξ
2 − 3) sin (k12ξ) + 3k12ξ cos (k12ξ)]×

×[Ci((K1−k12)ξ)+Ci((K1+k12)ξ)]+[(k2
12ξ

2−3) cos (k12ξ)−3k12ξ sin (k12ξ)]×
× [Si((K1 − k12)ξ) − Si((K1 + k12)ξ)]) + {k1, k2 ↔ k3, k4}.

�É³¥É¨³, ÎÉμ U0 ¸μ¤¥·¦¨É Éμ²Ó±μ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ¸É¥¶¥´¨ ξ.
’ ±¨³ μ¡· §μ³, ¨´É¥£·¨·μ¢ ´¨¥ U0 ¶μ ξ £·μ³μ§¤±μ¥, ´μ ¶·μ¸Éμ¥∗. ‘ ¤·Ê-
£μ° ¸Éμ·μ´Ò, UI ¢±²ÕÎ ¥É ¨´É¥£· ²Ó´Ò° ±μ¸¨´Ê¸ ¨ ¸¨´Ê¸ (Ci ¨ Si), É ± ÎÉμ
¥£μ ¨´É¥£·¨·μ¢ ´¨¥ ´¥É·¨¢¨ ²Ó´μ. �μ¸²¥¤´¥¥ ¨´É¥£·¨·μ¢ ´¨¥ ³Ò ¶·μ¢μ¤¨³,
¨¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨° Si ¨ Ci ¨ ¨§³¥´ÖÖ ¶μ·Ö¤μ±
¨´É¥£·¨·μ¢ ´¨Ö, É. ¥. ³Ò ¸´ Î ²  ¨´É¥£·¨·Ê¥³ ¶μ ξ,   ¶μÉμ³ ¶μ χ:

UI =
32
π

∞∫
0

dξUI(ξ) =
32
π2

∞∫
0

cos (K1χ)dχ

χ

χ∫
0

dξ
Q̃k3,k4,k12(ξ)XK1,K2

k5
12ξ

3
×

×([(3−k2
12ξ

2) sin (k12ξ)−3k12ξ cos (k12ξ)] cos (k12χ)−[(3−k2
12ξ

2) cos (k12ξ)+
+ 3k12ξ sin (k12ξ)] sin (k12χ)) + {k1, k2 ↔ k3, k4} = UI0 + UII.

∗‚ ÉμÎ±¥ ξ → 0 ¨¸Ìμ¤´Ò° ¨´É¥£· ² ¸Ìμ¤¨É¸Ö. ’¥³ ´¥ ³¥´¥¥, ´¥±μÉμ·Ò¥ μÉ¤¥²Ó´Ò¥ Î²¥´Ò
³μ£ÊÉ ¤ ¢ ÉÓ · ¸Ìμ¤¨³μ¸É¨ (´ ¶·¨³¥·, U0 ¸μ¤¥·¦¨É cos (K1ξ)/ξ). —Éμ¡Ò ·¥£Ê²Ö·¨§μ¢ ÉÓ ÔÉ¨
· ¸Ìμ¤¨³μ¸É¨, ³Ò ¨´É¥£·¨·Ê¥³ ¶μ ξ μÉ α > 0 ¨ ¡¥·¥³ ¶·¥¤¥² α → 0 ¢ ±μ´Í¥ ¢ÒÎ¨¸²¥´¨Ö.
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‚´ÊÉ·¥´´¥¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ξ É·Ê¤μ¥³±μ¥, ´μ ¸´μ¢  ¶·μ¸Éμ¥. �´μ ¤ ¥É ¤¢ 
¢¨¤  ¢±² ¤μ¢: ¶¥·¢Ò° ´¥ ¸μ¤¥·¦¨É ¨´É¥£· ²Ó´ÒÌ ¸¨´Ê¸μ¢ ¨ ±μ¸¨´Ê¸μ¢,

UI0 =
16XK1,K2

π2k4
12

∞∫
0

cos (K1χ)dχ

χ2
(2P1(k2

12 − 3P2)χ cos (P1χ)+

+ P1(k2
12 + 12P2 − 3P 2

1 )χ cos (k12χ) + [3P 2
1 − 6P2 − k2

12(3 − 2P2χ
2)]×

× sin (P1χ)) + {k1, k2 ↔ k3, k4}, (94)

  ¢Éμ·μ° ¸μ¤¥·¦¨É Si ¨ Ci ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨,

UII =
8XK1,K2XP1,P2

π2k5
12

∞∫
0

cos (K1χ)dχ

χ
(cos (k12χ)

[
Ci ((P1 + k12)χ)−

− Ci ((P1 − k12)χ) − log
(

P1 + k12

P1 − k12

)]
+ sin (k12χ)[Si ((P1 + k12)χ)+

+ Si ((P1 − k12)χ)]) + {k1, k2 ↔ k3, k4}. (95)

’¥³ ´¥ ³¥´¥¥, μ¡  ÔÉ¨ ¨´É¥£· ²  ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò  ´ ²¨É¨Î¥¸±¨, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ Ëμ·³Ê²Ò ¨³¥ÕÉ ¢¨¤

Si(a, b, c) = lim
ε→+0

∞∫
0

dx e−εx sin (ax) Si(bx)
x

+ {b → c} =

=
1
4
[Θ(b−a)L∗

2(b/a)+Θ(a− b)L2(b/a)−2L2(−b/a)+L2(b/a)]+{b → c},

Ci(a, b, c) = lim
ε→+0

∞∫
0

dx e−εx cos (ax)[Ci (bx) − Ci (cx) − log (b/c)]
x

=

=
1
8

{
log
(

b2

c2

)
log
(

(ia)2

bc

)
+L2

(
b2

a2

)
−L2

(
a2

b2

)
−L2

(
c2

a2

)
+L2

(
a2

c2

)}
,

£¤¥ L2 Å ËÊ´±Í¨Ö ¤¨²μ£ ·¨Ë³. ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³

U =
1

8πk4
12

(
Zk1,k2Xk3,k4 log

[
(P 2

1 − k2
12)

2

(K1 + P1)4

]
+ Zk3,k4Xk1,k2×

× log
[
(K2

1 − k2
12)

2

(K1 + P1)4

]
+

k2
12

(K1 + P1)3
[G2 + k2

12G4 + k4
12G6]

)
+

+
1

8πk5
12

Xk1,k2Xk3,k4 [Ci(K1 + k12, P1 + k12, P1 − k12)+

+ Ci(K1 − k12, P1 + k12, P1 − k12) + Si(K1 + k12, P1 + k12, P1 − k12)−
− Si(K1 − k12, P1 + k12, P1 − k12) + {k1, k2 ↔ k3, k4}].
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�¥·¢Ò¥ ¤¢¥ ¸É·μÎ±¨ ¢μ§´¨± ÕÉ ¨§ ¨´É¥£·¨·μ¢ ´¨Ö U0, Ëμ·³Ê²Ò (93) ¨ ¨§ (94),
  μ¸É ²Ó´μ¥ Å ¨§ (95). ˆ¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

G2(k1, k2, k3, k4) = −12(K1 + P1)4(K2
1 − 4K2)(P 2

1 − 4P2),

G4(k1, k2, k3, k4) = 32K2P2(K2
1 + K1P1 + P 2

1 ) − 16P2(K1 + P1)×
×(K3

1+2K2
1P1−3K1P

2
1 −3P 3

1 )−16K2(K1+P1)(P 3
1 +2P 2

1 K1−3P1K
2
1−3K3

1)−
− 4(K1 + P1)2(3K4

1 − 2K2
1P 2

1 + 3P 4
1 ),

G6(k1, k2, k3, k4) = −32K2P2−16(K1+P1)[K2(K1+2P1)+P2(P1+2K1)]+

+ 4(K1 + P1)2(3K2
1 + 2K1P1 + 3P 2

1 ).

ŒÒ ¤μ¡ ¢²Ö¥³ Î ¸ÉÓ ¨§ (62), ±μÉμ· Ö μÉ¢¥Î ¥É s-± ´ ²Ó´μ° ¤¨ £· ³³¥ ´  ·¨¸. 6
¨ ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ (75), ¨ ¶μ²ÊÎ ¥³ ¶μ²´Ò° ¢±² ¤ s-± ´ ²Ó´μ° ¤¨ £· ³³Ò:

S(k1, k2, k3, k4, k12) =
h2

4∏
i=1

k3
i

π

32
[Y(k1, k2, k12)Y(k3, k4, k12)+

+ J (k1, k2, k12)J (k3, k4, k12) + U(k1, k2, k3, k4, k12)]. (96)

‚³¥¸É¥ ¸ ¶¥·¥±·¥¸É´Ò³¨ Î²¥´ ³¨ ÔÉμ ¤ ¥É μ±μ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É

G4(k1,k2,k3,k4) =
h2

4∏
i=1

k3
i

T (k1, k2, k3, k4, k12, k14) =

= S(k1, k2, k3, k4, k12) + S(k1, k3, k2, k4, k13) + S(k1, k4, k3, k2, k14). (97)

ˆ¸¸²¥¤μ¢ ´¨¥ ÔÉμ° Ëμ·³Ê²Ò ¶·¨¢¥¤¥´μ ¢ ¶. 1.5.5.

2. �‘…‚„�Š��”��Œ��Ÿ Œ�„…‹œ

2.1. Š² ¸¸¨Î¥¸±μ¥ ·¥Ï¥´¨¥. ’¥¶¥·Ó ¶¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ¶¸¥¢¤μ-
±μ´Ëμ·³´μ° ³μ¤¥²¨. � ¶μ³´¨³, ³Ò · ¸¸³ É·¨¢ ¥³ ¸²¥¤ÊÕÐ¥¥ ¤¥°¸É¢¨¥ ¤²Ö
¸± ²Ö·´μ£μ ¶μ²Ö:

S =
∫

d4x
√
−g

[
1
2
|∂μφ|2 +

λ

4
|φ|4
]

. (98)

� Î´¥³ ¸ ·¥Ï¥´¨° ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶μ²Ö. �¢μ²ÕÍ¨Ö μ¤´μ·μ¤´μ°
‚¸¥²¥´´μ° μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ¤²Ö ¶μ²Ö φ

φ̈ + 3Hφ̇ = λφ3 (99)
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¨ Ê· ¢´¥´¨¥³ ”·¨¤³ ´ 

H2 =
8π

3M2
pl

(
1
2
|φ̇|2 − λ

4
|φ|4
)

. (100)

�  · ´´¨Ì ¢·¥³¥´ Ì ³Ò ¶·¥´¥¡·¥£ ¥³ Ì ¡¡²μ¢¸±¨³ É·¥´¨¥³ ¢ ¶¥·¢μ³ Ê· ¢-
´¥´¨¨ ¨ ¶¨Ï¥³

φ̈ = λφ3. (101)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢μ ‚¸¥²¥´´μ° ¶·¥´¥¡·¥¦¨³μ ³ ² ,

E =
φ̇2

2
− λφ4

4
= 0,   μ¤´μ·μ¤´μ¥ ·¥Ï¥´¨¥ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

φ =
√

2√
λ(t∗∗ − t)

. (102)

�μ¸±μ²Ó±Ê ¶·¨ ¶μ¤¸É ´μ¢±¥ φ ¢μ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ³Ò ¶μ²ÊÎ ¥³ ´Ê²Ó (H2 ¶·μ-
¶μ·Í¨μ´ ²¥´ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢μ ‚¸¥²¥´´μ°), ³Ò ¨¸¶μ²Ó§Ê¥³ ¤·Ê£μ¥ Ê· ¢-
´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö H . � · ³¥É· • ¡¡²  ¨ ³ ¸ÏÉ ¡´Ò° Ë ±Éμ· ´ Ìμ¤¨³
¨§ Ê· ¢´¥´¨Ö

2ä

a
+
(

ȧ

a

)2

≈ 2Ḣ = − 8π

M2
pl

(
|φ̇|2
2

+
λ|φ|4

4

)
. (103)

�  ¸ ³μ³ ¤¥²¥ ³μ¦´μ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸É ´¤ ·É´μ¥ Ê· ¢´¥´¨¥ ”·¨¤³ ´ ,
´μ · ¸¸³μÉ·¥ÉÓ ¸²¥¤ÊÕÐ¨° ¶μ·Ö¤μ± ¶μ M−2

pl . ’¥Ì´¨Î¥¸±¨ Ê¤μ¡´¥¥ ¨¸¶μ²Ó§μ-
¢ ÉÓ Ê· ¢´¥´¨¥ ¸ ¤ ¢²¥´¨¥³. ˆÉ ±, ³Ò ´ Ìμ¤¨³ ¶ · ³¥É· • ¡¡² :

H = − 8π

3λM2
pl

1
(t∗∗ − t)3

. (104)

�Éμ ¶μ¢¥¤¥´¨¥ μÉ¢¥Î ¥É Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö

p

ρ
→ ∞. (105)

ˆ§ Ê· ¢´¥´¨Ö (104) ´ Ìμ¤¨³ ³ ¸ÏÉ ¡´Ò° Ë ±Éμ·

a = a∗∗

(
1 − 4π

3λM2
pl

1
(t∗∗ − t)2

)
. (106)

’ ±¨³ μ¡· §μ³, ´  · ´´¨Ì ¢·¥³¥´ Ì ³Ò ¶μ²ÊÎ¨²¨ Ô±¶¨·μÉ¨Î¥¸±¨° ·¥¦¨³
³¥¤²¥´´μ£μ ¸¦ É¨Ö. � Ï¥ ¶·¨¡²¨¦¥´¨¥ · ¡μÉ ¥É ¤μ É¥Ì ¶μ·, ¶μ±  ¢Éμ·μ°

Î²¥´ ³´μ£μ ³¥´ÓÏ¥ ¶¥·¢μ£μ, É. ¥. (t∗∗ − t)2 � 4π

3λM2
pl

.
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’¥¶¥·Ó · ¸¸³μÉ·¨³ ·¥Ï¥´¨¥ ´  ¶μ§¤´¨Ì ¢·¥³¥´ Ì. ŒÒ ·¥Ï¨³ Ê· ¢´¥-
´¨¥ ¤¢¨¦¥´¨Ö ¨ Ê· ¢´¥´¨¥ ”·¨¤³ ´ , ¶·¥´¥¡·¥£ Ö ¶μÉ¥´Í¨ ²μ³, ´μ μ¸É ¢²ÖÖ
Ì ¡¡²μ¢¸±μ¥ É·¥´¨¥:

φ̈ + 3Hφ̇ = 0, (107)

H = − 2
√

π√
3Mpl

φ̇. (108)

�μ¤¸É ¢²ÖÖ H ¢ ¶¥·¢μ¥ Ê· ¢´¥´¨¥, ¶μ²ÊÎ ¥³

φ̈ =
√

12π

Mpl
φ̇2. (109)

…£μ ·¥Ï¥´¨¥³ ¡Ê¤¥É

φ = − Mpl√
12π

ln (μ(t∗ − t)). (110)

ŒÒ ¤¥°¸É¢¨É¥²Ó´μ ¢¨¤¨³, ÎÉμ ¶μÉ¥´Í¨ ² Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ ³ ²μ¸É¨
λφ4 � φ̇2 ¨ λφ3 � φ̈, ¶μ¸±μ²Ó±Ê φ Å ²μ£ ·¨Ë³¨Î¥¸± Ö ËÊ´±Í¨Ö,   φ̇ ¨ φ̈ Å
¸É¥¶¥´´Ò¥. ‡¤¥¸Ó μ Å ´¥§ ¢¨¸¨³Ò° ¶ · ³¥É·, ±μÉμ·Ò° ´¥ ³μ¦¥É ¡ÒÉÓ μ¶·¥-
¤¥²¥´ ¨§ ¸¨¸É¥³Ò (107), (108). ‡´ Ö ¶μ¢¥¤¥´¨¥ φ, ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¥¥ ·¥Ï¥-
´¨¥ ¤²Ö H :

H = − 1
3(t∗ − t)

. (111)

�Éμ ¶μ¢¥¤¥´¨¥ μÉ¢¥Î ¥É Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö

p = ρ. (112)

ˆ§ (111) μ¶·¥¤¥²Ö¥³ ³ ¸ÏÉ ¡´Ò° Ë ±Éμ·:

a = a′
∗(t∗ − t)1/3 = a∗(η∗ − η)1/2. (113)

’¥¶¥·Ó ³Ò ¤μ²¦´Ò ¸Ï¨ÉÓ ¤¢  ·¥¦¨³ , ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ±μÔËË¨Í¨¥´ÉÒ.
�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¶¥·¢Ò° (106) ¨ ¢Éμ·μ° (113) ·¥¦¨³Ò ¸Ï¨¢ ÕÉ¸Ö ¢ ÉμÎ±¥,
£¤¥ ¶μÉ¥´Í¨ ² Éμ£μ ¦¥ ¶μ·Ö¤± , ÎÉμ ¨ Ì ¡¡²μ¢¸±μ¥ É·¥´¨¥ (ÔÉμ ¢·¥³Ö μ¡μ§´ -
Î¨³ ± ± tL):

λφ3 = 3Hφ̇. (114)

‚ ÔÉμ Ê· ¢´¥´¨¥ ¶μ¤¸É ¢²Ö¥³ ·¥Ï¥´¨¥ ¤²Ö φ. �·¨ ÔÉμ³ ³Ò ³μ¦¥³ ¨¸¶μ²Ó§μ-
¢ ÉÓ ²Õ¡μ¥ ¨§ ·¥Ï¥´¨° (φ ´  · ´´¨Ì ¢·¥³¥´ Ì ¨²¨ ´  ¶μ§¤´¨Ì), ¶μ¸±μ²Ó±Ê ¨
¶μ²¥ φ, ¨ ¥£μ ¶·μ¨§¢μ¤´ Ö φ̇ ¸ ³¨ ¤μ²¦´Ò ¡ÒÉÓ ¸Ï¨ÉÒ ¢ ÔÉμ° ÉμÎ±¥. “¸²μ¢¨Ö
¸Ï¨¢±¨ ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

φ :
√

2√
λ(t∗∗ − tL)

= − Mpl√
12π

ln (μ(t∗ − tL)), (115)

φ̇ :
√

2√
λ(t∗∗ − tL)2

=
1√
12π

Mpl

t∗ − tL
. (116)
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Š·μ³¥ Éμ£μ, ³Ò, · §Ê³¥¥É¸Ö, ¡Ê¤¥³ É·¥¡μ¢ ÉÓ ¸Ï¨¢±¨ ·¥Ï¥´¨° ¤²Ö H ¨ a:

H :
1

3(t∗ − tL)
=

8π

3λM2
pl(t∗∗ − tL)3

, (117)

a : a∗∗ = a′
∗(t∗ − tL)1/3. (118)

�É¨ Ê· ¢´¥´¨Ö ¶μ§¢μ²ÖÕÉ ¢Ò· §¨ÉÓ ¢¸¥ ¶ · ³¥É·Ò Î¥·¥§ μ¤¨´, ´ ¶·¨³¥·
Î¥·¥§ a∗:

a∗∗ =

(
a2
∗

Mpl

√
λ

)1/3

, (119)

η∗ =
(

a∗∗
a∗

)2

, (120)

t∗∗ − tL =
√

4π√
λMpl

. (121)

’¥¶¥·Ó ¶¥·¥°¤¥³ ± Î¨¸²¥´´μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨°: ·¥Ï¨³ ¸¨¸É¥³Ê (99),
(100) ¨ ¨§ÊÎ¨³ ¥¥  ¸¨³¶ÉμÉ¨±¨. �Éμ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³μ° ¶·μ¢¥·±μ°, ¶μ-
¸±μ²Ó±Ê ³Ò, ´  ¸ ³μ³ ¤¥²¥, ´¥ §´ ¥³, ¸¢Ö§ ´Ò ²¨ ¤¢  ´ °¤¥´´ÒÌ ·¥Ï¥´¨Ö
³¥¦¤Ê ¸μ¡μ°. „¥°¸É¢¨É¥²Ó´μ, ¸¨¸É¥³  (99), (100) ´¥²¨´¥°´ ,   §´ Î¨É, ³μ-
¦¥É ¨³¥ÉÓ ´¥¸±μ²Ó±μ ·¥Ï¥´¨°. Œμ£²μ ¡Ò ¸²ÊÎ¨ÉÓ¸Ö, ÎÉμ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥
¶¥·¢μ£μ ·¥¦¨³  ´  ¶μ§¤´¨Ì ¢·¥³¥´ Ì ¶¥·¥Ìμ¤¨²μ ¡Ò ¢ ´¥¨§¢¥¸É´μ¥ ¤·Ê£μ¥
·¥Ï¥´¨¥.

—¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (99), (100) ¶·¨¢¥¤¥´μ ´  ·¨¸. 7. ˆ§ÊÎ Ö ¤¢¥
¥£μ  ¸¨³¶ÉμÉ¨±¨, ³Ò ¶·¨Ìμ¤¨³ ± ¢Ò¢μ¤Ê, ÎÉμ ¡Ò²¨ ¶· ¢Ò: ¶¥·¢μ¥ ´ °¤¥´´μ¥

·¥Ï¥´¨¥

√
2√

λ(t∗∗ − t)
¶¥·¥Ìμ¤¨É ¢μ ¢Éμ·μ¥ − Mpl√

12π
ln (μ(t∗ − t)).

�¨¸. 7. —¨¸²¥´´μ¥ ·¥Ï¥´¨¥. �Ê´±É¨·´ Ö

²¨´¨Ö Å ÔÉμ

√
2√

λ(t∗∗ − t)
; ÏÉ·¨Ìμ¢ Ö Å

ÔÉμ − Mpl√
12π

ln (μ(t∗ − t)); ¸¶²μÏ´ Ö Å

Î¨¸²¥´´Ò° ·¥§Ê²ÓÉ É
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’¥¶¥·Ó ´ ³ ´ ¤μ ¢Ò· §¨ÉÓ a∗ Î¥·¥§ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò. Š ± Ê¦¥ Ê¶μ-
³¨´ ²μ¸Ó, ³Ò ¡Ê¤¥³ · ¡μÉ ÉÓ ¢ ¶·¨¡²¨¦¥´¨¨ ³£´μ¢¥´´μ£μ · §μ£·¥¢ . ˆ¸¶μ²Ó-
§ÊÖ Ê· ¢´¥´¨¥ ”·¨¤³ ´  ¤²Ö £μ·ÖÎ¥° (· ¤¨ Íμ´´μ-¤μ³¨´¨·μ¢ ´´μ°) ¸É ¤¨¨,
¢μ ¢·¥³Ö · §μ£·¥¢  ¶μ²ÊÎ¨³

|Hc| =
T 2

reh

M∗
pl

. (122)

‡ ¶¨Ï¥³ ¥Ð¥ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´É·μ¶¨¨ ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¥³ μ¡Ñ¥³¥

ac

a0
=

T0

Treh

(
g∗0

g∗reh

)1/3

. (123)

ˆ´¤¥±¸ 0 §¤¥¸Ó μÉ¢¥Î ¥É ¶·μ¨§¢μ²Ó´μ³Ê ³μ³¥´ÉÊ ´  £μ·ÖÎ¥° ¸É ¤¨¨ (· ¤¨ -
Í¨μ´´μ-¤μ³¨´¨·μ¢ ´´μ°),   ¨´¤¥±¸ c Å ³μ³¥´ÉÊ μÉ¸±μ± . g∗ Å ±μ²¨Î¥¸É¢μ
ÔËË¥±É¨¢´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ³μ³¥´É ¢·¥³¥´¨. �¥·¥¤
μÉ¸±μ±μ³ ¶ · ³¥É· • ¡¡²  · ¢¥´

Hc = − 1
2a∗(η∗ − ηc)3/2

. (124)

ŒÒ ¸Î¨É ¥³, ÎÉμ |Hc| μ¤¨´ ±μ¢ ¤μ ¨ ¶μ¸²¥ μÉ¸±μ±  ¨ ¸· §Ê ¶μ¸²¥ μÉ¸±μ± 
·¥ ²¨§Ê¥É¸Ö £μ·ÖÎ Ö ¸É ¤¨Ö. ‘· ¢´¨¢ Ö Ëμ·³Ê²Ò (122) ¨ (124), ¶μ²ÊÎ ¥³
(ac ¡¥·¥³ ¨§ Ê· ¢´¥´¨Ö (113))

T 2
reh

M∗
pl

=
1

2a∗(η∗ − ηc)3/2
=

1
2ac(η∗ − ηc)

(125)

¨ ¢Ò· ¦ ¥³ ±μ´Ëμ·³´μ¥ ¢·¥³Ö

η∗ − ηc =
1

2ac

M∗
pl

T 2
reh

=
M∗

plg
1/3
∗reh

2a0T0Trehg
1/3
∗0

. (126)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ ac ¢ (123) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

a∗(η∗ − ηc)1/2

a0
=

T0g
1/3
∗0

Trehg
1/3
∗reh

, (127)

¨, ¶μ¤¸É ¢²ÖÖ ±μ´Ëμ·³´μ¥ ¢·¥³Ö, ¶μ²ÊÎ ¥³

a∗ = a0
T0

Treh

(
2a0T0Treh

Mpl

1,66g∗0√
g∗reh

)1/2

. (128)
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ŠμÔËË¨Í¨¥´É a∗∗ ¶μ¸²¥ ¢Ò· ¦¥´¨Ö Î¥·¥§ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ¢Ò£²Ö¤¨É ± ±

a∗∗ =

(
2a3

0T
3
0

TrehM2
pl

√
λ

(
1,66g∗0√

g∗reh

))1/3

. (129)

’¥¶¥·Ó ¶¥·¥°¤¥³ ± μ¡¸Ê¦¤¥´¨Õ É¥´§μ·´ÒÌ ¢μ§³ÊÐ¥´¨°.
2.2. ’¥´§μ·´Ò¥ ¢μ§³ÊÐ¥´¨Ö. ’¥´§μ·´Ò¥ ³μ¤Ò, ± ¨§ÊÎ¥´¨Õ ±μÉμ·ÒÌ ³Ò

¸¥°Î ¸ ¶·¨¸ÉÊ¶¨³, Ê¤μ¢²¥É¢μ·ÖÕÉ ¸É ´¤ ·É´μ³Ê Ê· ¢´¥´¨Õ, É ±μ³Ê ¦¥, ± ± ¨
¸¢μ¡μ¤´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥. �Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

ϕ̈ + 3Hϕ̇ +
k2

a2
ϕ = 0, (130)

¨²¨, ¶μ¸²¥ ¶¥·¥Ìμ¤  ± ±μ´Ëμ·³´μ³Ê ¢·¥³¥´¨:

ϕ′′ + 2
a′

a
ϕ′ + k2ϕ = 0. (131)

“¶·μ¸É¨³ ÔÉμ Ê· ¢´¥´¨¥, ¸¤¥² ¢ § ³¥´Ê ϕ = χ/a:

χ′′ − a′′

a
χ +

k2

a2
χ = 0, (132)

£¤¥ ϕ =

√
M2

pl

32π
h ¸ ÊÎ¥Éμ³ · §²¨Î¨Ö ¢ ´μ·³¨·μ¢±¥ ³¥¦¤Ê ± ´μ´¨Î¥¸±¨ ´μ·³¨-

·μ¢ ´´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³ ¨  ³¶²¨ÉÊ¤μ° É¥´§μ·´ÒÌ ¢μ§³ÊÐ¥´¨°.
ŒÒ ¸´μ¢  · ¸¸³ É·¨¢ ¥³ ¤¢  ·¥¦¨³ : · ´´¨¥ ¢·¥³¥´ , ´  ±μÉμ·ÒÌ ³ ¸-

ÏÉ ¡´Ò° Ë ±Éμ· a ¶· ±É¨Î¥¸±¨ ¶μ¸ÉμÖ´´Ò°, ¨ ¶μ§¤´¨¥ ¢·¥³¥´ , ´  ±μÉμ·ÒÌ
μ´ ³¥´Ö¥É¸Ö ± ± a ∝ (t∗ − t)1/3. Š ± ³Ò §´ ¥³, Ì · ±É¥· Ô¢μ²ÕÍ¨¨ ²Õ¡μ°
³μ¤Ò § ¢¨¸¨É μÉ ³μ³¥´É  ¢·¥³¥´¨, ±μ£¤  μ´  ¢ÒÌμ¤¨É §  £μ·¨§μ´É,   §´ Î¨É,
μÉ ¨³¶Ê²Ó¸  ³μ¤Ò.

� ¸¸³μÉ·¨³ ¢´ Î ²¥ ¢μ§³ÊÐ¥´¨¥ ¸ ³ ²Ò³ ¨³¶Ê²Ó¸μ³, ±μÉμ·μ¥ ¶¥·¥¸¥± ¥É
£μ·¨§μ´É ´  · ´´¨Ì ¢·¥³¥´ Ì. � ¶μ³´¨³, ÎÉμ ³ ¸ÏÉ ¡´Ò° Ë ±Éμ· ¢ ÔÉμ
¢·¥³Ö Ô¢μ²ÕÍ¨μ´¨·Ê¥É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

a ≈ a∗∗

(
1 − c

(η∗∗ − η)2

)
, c =

4π

3λM2
pla

2
∗∗

. (133)

Œ ²μ¸ÉÓ ¨³¶Ê²Ó¸  μ§´ Î ¥É, ÎÉμ ¢μ ¢·¥³Ö ¢¸¥° Ô¢μ²ÕÍ¨¨ ¶μ¤ £μ·¨§μ´Éμ³ ¨ ¢μ
¢·¥³Ö ¢ÒÌμ¤  §  £μ·¨§μ´É ·¥ ²¨§Ê¥É¸Ö ¨³¥´´μ É ±μ¥ ¶μ¢¥¤¥´¨¥ ³ ¸ÏÉ ¡´μ£μ
Ë ±Éμ· . ˆ¸¶μ²Ó§ÊÖ Ê¸²μ¢¨¥ ¶¥·¥¸¥Î¥´¨Ö £μ·¨§μ´É  k/a ∼ H ¨ Ê¸²μ¢¨¥ ¶·¨-
³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö, ³Ò ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ μ£· ´¨Î¥´¨¥ ´  ¨³¶Ê²Ó¸Ò:

k � 3√
2π

√
λMpla∗∗ =

3√
2π

M
2/3
pl λ1/3a

2/3
∗ . (134)
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„²Ö É ±¨Ì ¨³¶Ê²Ó¸μ¢ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

χ′′ +
6c

(η∗∗ − η)4
χ + k2χ = 0. (135)

�Éμ Ê· ¢´¥´¨¥ ´¥ ·¥Ï ¥É¸Ö ¢ Ö¢´μ³ ¢¨¤¥. �μÔÉμ³Ê ´ ³ ¶·¨¤¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ
É¥μ·¨Õ ¢μ§³ÊÐ¥´¨°. �¸¨³¶ÉμÉ¨±μ° ¶·¨ ¡μ²ÓÏ¨Ì −η ¤μ²¦´  ¡ÒÉÓ μ¡ÒÎ´ Ö
¢μ²´  χ(±) = e±ikη . �  ¶μ§¤´¨Ì ¢·¥³¥´ Ì, ¶μ¸²¥ ¢ÒÌμ¤  §  £μ·¨§μ´É, ´μ ¤μ
¢±²ÕÎ¥´¨Ö ¢Éμ·μ£μ ·¥¦¨³   ¸¨³¶ÉμÉ¨±  ·¥Ï¥´¨Ö ¡Ê¤¥É ¸²¥¤ÊÕÐ¥°:

ϕ = C1 + C2

t∫
tX

dt

a3
= C1 +

C2

a2
∗∗

(
η − 2c

η

)
,

χ = ϕ · a = C1a∗∗

(
1 − c

η2

)
+

C2

a∗∗

(
η − 3c

η

)
,

(136)

£¤¥ tX Å ¢·¥³Ö ¶¥·¥¸¥Î¥´¨Ö £μ·¨§μ´É . ‡ ¤ Î  É¥¶¥·Ó ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò
¸Ï¨ÉÓ ÔÉ¨ ¤¢¥  ¸¨³¶ÉμÉ¨±¨, ¤²Ö Éμ£μ ÎÉμ¡Ò ´ °É¨ χ(+) ¨ χ(−) ¶μ¸²¥ ¶¥·¥¸¥-
Î¥´¨Ö £μ·¨§μ´É .

„²Ö ÔÉμ£μ Ê· ¢´¥´¨¥ (135) ³Ò ¡Ê¤¥³ ·¥Ï ÉÓ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, · §-
² £ Ö ¢μ±·Ê£ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö £μ·¨§μ´É . ‚ ¶¥·¢μ³ ·¥¦¨³¥,   ³Ò ¨³¥´´μ ¥£μ
¸¥°Î ¸ · ¸¸³ É·¨¢ ¥³, ¨³¥¥É¸Ö Ê¸²μ¢¨¥: c/η2 � 1, ¶·¨Î¥³ ³μ³¥´É ¶¥·¥¸¥Î¥-
´¨Ö £μ·¨§μ´É  ¸μμÉ¢¥É¸É¢Ê¥É · ¢¥´¸É¢Ê ¤¢ÊÌ Î²¥´μ¢ ¢ (135): k2 = 6c/η4. �μ²Ê-
Î ¥³, ÎÉμ ¢¡²¨§¨ ÔÉμ° ÉμÎ±¨ ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö Ê¸²μ¢¨¥ k2η2 ∼ c/η2 � 1.
ŒÒ ´ Ìμ¤¨³ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ ·Ö¤  ¶μ ¤¢Ê³ ³ ²Ò³ ¶ · ³¥É· ³: c/η2 � 1 ¨
k2η2 � 1. �¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤ χ = C1χ(1) + C2χ(2), £¤¥

χ(1) = 1 − c

η2
− α1k

2η2 + α̃1
c2

η4
+ β1k

2η2 c

η2
ln (η) + γ1k

4η4 + . . . ,

χ(2) = η − α2c

η
− β2k

2η3 + α̃2
c2

η3
+ β̃2k

2cη ln (η) + γ2k
4η5.

(137)

’¥¶¥·Ó ³Ò ¶μ¤¸É ¢²Ö¥³ ÔÉμ · §²μ¦¥´¨¥ ¢ (135) ¨ ¶μ²ÊÎ ¥³ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥,
ÎÉμ α1 = 1/2, α2 = 3, β2 = 1/6. ’¥¶¥·Ó ¢ ¶·¥¤¥²¥ c/η2 � k2η2 � 1
¢¨¤´μ, ÎÉμ χ(1) → cos (kη),   χ(2) → sin (kη)/k. � ¶μ¸±μ²Ó±Ê ³Ò §´ ¥³, ÎÉμ

χ(+) ∼ eikη , ·¥Ï¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Î¥·¥§ χ(1) ¨ χ(2):

χ(+) = χ(1) + ikχ(2). (138)

’¥¶¥·Ó, Ê¸É·¥³¨¢ k2η2 ± ´Ê²Õ ¨ ¨¸¶μ²Ó§ÊÖ k2η2 � c/η2 � 1, ³Ò ¤μ²¦´Ò
¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ (136):

χ(+) = C1a∗∗χ(1) +
C2

a∗∗
χ(2). (139)
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�μÔÉμ³Ê C1 = 1/a∗∗, C2 = ika∗∗ ¨ μ¡Ð¥¥ ·¥Ï¥´¨¥ (¤ ¦¥ ¶μ¸²¥ ¸³¥´Ò
±² ¸¸¨Î¥¸±μ£μ ·¥¦¨³ ) ¡Ê¤¥É ¸²¥¤ÊÕÐ¨³:

ϕ(+) =
1

a∗∗
+ ika∗∗

η∫
ηX

dη

a2(η)
. (140)

‘¤¥² ¥³ ¶·μ¢¥·±Ê: ·¥Ï¨³ Ê· ¢´¥´¨¥ (135) ¢ ¶·¥¤¥²¥ c/η2 � 1 Ö¢´μ.

χ = eikη(1 + f(η, k)), f � 1. (141)

�Éμ ¢Ò· ¦¥´¨¥ ¶μ¤¸É ¢²Ö¥³ ¢ (135):

f ′′ + 2ikf ′ +
6c

η4
(1 + f) = 0, (142)

¶·¨Î¥³ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ¶·¥´¥¡·¥£ ¥³ f :

u′ + 2iku +
6c

η4
= 0, (143)

§¤¥¸Ó u = f ′. �¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¡Ê¤¥É ¸²¥¤ÊÕÐ¨³:

f =

η∫
−∞

e−2ikη′
η′∫

−∞

− 6c

η′′4 e2ikη′′
dη′′dη′. (144)

ˆ§³¥´ÖÖ ¶μ·Ö¤μ± ¨´É¥£·¨·μ¢ ´¨Ö, ¡¥·¥³ ¨´É¥£· ² Ö¢´μ,

f =

η∫
−∞

− 6c

η′′4 e2ikη′′
η∫

η′′

e−2ikη′
dη′dη′′ =

η∫
−∞

(
− 6c

η′4

)
(e−2ik(η−η′) − 1) dη′.

(145)
ˆ´É¥£·¨·ÊÖ É·¨ · §  ¶μ Î ¸ÉÖ³, ¶μ²ÊÎ ¥³ μÉ¢¥É:

− c

η2
− 2ikc

η
+

η∫
−∞

c

η′ e
−2ik(η−η′)(2ik)2dη′. (146)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ kη � 1

χ = eikη

(
1 − c

η2
− 2ikc

η
+ . . .

)
= 1 − c

η2
− 2ikc

η
+ ikη − ik

c

η
+ . . . (147)
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ŒÒ, ¤¥°¸É¢¨É¥²Ó´μ, ¶μ²ÊÎ¨²¨ É ±μ° ¦¥ μÉ¢¥É, ± ± ¨ ¢ (137). ‘Ï¨¢ Ö É¥¶¥·Ó
¤¢  ·¥Ï¥´¨Ö ¢³¥¸É¥

χ = ϕ · a = 1 − c

η2
+ ikη − 3

ikc

η
=
(

C1 +
C2

a2
∗∗

η − 2
C2

a2
∗∗

c

η

)(
1 − c

η2

)
a∗∗,

(148)
³Ò μ¶·¥¤¥²Ö¥³ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ±μÔËË¨Í¨¥´ÉÒ C1 = 1 ¨ C2 = ik. ˆÉ ±,

ϕ(+) =
1

a∗∗
+ ika∗∗

η∫
ηX

dη

a2(η)
, χ(+) = ϕ(+)a(η), (149)

ÎÉμ ¶μ¤É¢¥·¦¤ ¥É (140). ‚ ·¥§Ê²ÓÉ É¥, ¸ ÊÎ¥Éμ³ ´μ·³¨·μ¢±¨, ·¥Ï¥´¨¥ ¡Ê¤¥É
¸²¥¤ÊÕÐ¨³:

ϕ(+) =
1

(2π)3/2
√

2k

⎛
⎝ 1

a∗∗
+ ika∗∗

η∫
ηX

dη

a2(η)

⎞
⎠ . (150)

‚ ¶·¥¤¥²¥ ³ ²ÒÌ η (É. ¥. Ê¦¥ ¢μ ¢Éμ·μ³ ·¥¦¨³¥) ¢Ò· ¦¥´¨¥ ¤²Ö ¶μ²Ö
§ ¶¨Ï¥É¸Ö ± ±

ϕ(+) =
1

(2π)3/2
√

2k

(
1

a∗∗
+ ika∗∗

[
4
√

6c/k2

a2
∗∗

− t∗∗ − tL
a3
∗∗

+

+
2c

a∗∗(t∗∗ − tL)
− 2c

a2
∗∗

4
√

6c/k2
− 1

a2
∗

ln
(

η∗ − η

η∗

)])
.

‘ ÊÎ¥Éμ³ Ê· ¢´¥´¨° (119)Ä(121) (Ê¸²μ¢¨° ¸Ï¨¢±¨) ¨ Ê¸²μ¢¨Ö ³ ²μ¸É¨ ¨³-
¶Ê²Ó¸  ¢ ¶¥·¢μ³ ·¥¦¨³¥ (134) μ¸´μ¢´μ° ¢±² ¤ ¤ ¥É ¶¥·¢Ò°, ±μ´¸É ´É´Ò° Î²¥´:

ϕ(+) =
1

(2π)3/2
√

2k

(
Mpl

√
λ

a2
∗

)1/3

.

�μ²ÊÎ ¥³, ÎÉμ ¸¶¥±É· ³μÐ´μ¸É¨ ¶·¨¡²¨¦¥´´μ · ¢¥´

Pϕ(k) ≈ 1
2ka2

∗∗
=

1
2k

(
Mpl

√
λ

a2
∗

)2/3

, (151)

£¤¥

〈ϕ(x, t)ϕ(x, t)〉 =
∫

d3k

(2π)3
Pϕ(k), Pϕ =

k3Pϕ(k)
2π2

. (152)
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’¥¶¥·Ó ¢¸¶μ³´¨³, ÎÉμ ³Ò ¨³¥¥³ ¤¥²μ ¸ É¥´§μ·´Ò³¨ ³μ¤ ³¨, ¨ ¶μ³¥´Ö¥³
´μ·³¨·μ¢±Ê:

Ph = Pϕ
32π

M2
pl

=
16π

k

( √
λ

M2
pla

2
∗

)2/3

. (153)

‚Ò· §¨³ ¸¶¥±É· ³μÐ´μ¸É¨ Î¥·¥§ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò. „²Ö ÔÉμ£μ ³Ò
¨¸¶μ²Ó§Ê¥³ ¶·¨¡²¨¦¥´¨¥ ³£´μ¢¥´´μ£μ · §μ£·¥¢  (128). �μ²ÊÎ¨³ ¤²Ö ¸¶¥±É· 
¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

Ph =
21/38πT

2/3
reh λ1/3

M
2/3
pl a2

0T
2
0 k

(√
g∗reh

1,66g∗0

)2/3

. (154)

‡ ³¥É¨³, ÎÉμ Ph ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ³μ³¥´É  ¢·¥³¥´¨ t0, ± ± ¨ ¤μ²¦´μ

¡ÒÉÓ, ¶μ¸±μ²Ó±Ê ¢¥²¨Î¨´  a0T0g
1/3
∗0 ¸μÌ· ´Ö¥É¸Ö.

’¥¶¥·Ó ¶μ¸É ¢¨³ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò É¥μ·¨¨ ¨¸Ìμ¤Ö ¶μ±  Éμ²Ó±μ
¨§ ¶¥·¢μ£μ ·¥¦¨³ . 
Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ Ê¸²μ¢¨¥ ¨§ ¶¥·¢¨Î´μ£μ ´Ê±²¥μ¸¨´-
É¥§ : ¶·¥¤¶μ² £ ¥³, ÎÉμ ¤μ¶μ²´¨É¥²Ó´μ¥ ±μ²¨Î¥¸É¢μ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò Å ÔÉμ ´  ¸ ³μ³ ¤¥²¥ £· ¢¨Éμ´Ò. ŒÒ ¶·¨³¥´Ö¥³ ¨§¢¥¸É´Ò¥ μ£· ´¨-
Î¥´¨Ö ´  ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ° ³ É¥·¨¨,   É ±¦¥ ¢Ò· ¦¥´¨¥ ¤²Ö
Ô´¥·£¨¨ Î¥·¥§ ¸¶¥±É· ³μÐ´μ¸É¨ [81,82]:

ρΓ <
π2

30
T 4, (155)

ρΓ =
∫

k2

a2
〈ϕ2(k)〉d3k =

∫
k2

a2
0

Pϕ(k)
(

aX

a0

)2(
g∗0
g∗X

)1/3

d3k. (156)

‡¤¥¸Ó ¨´¤¥±¸ 0 μÉ¢¥Î ¥É ³μ³¥´ÉÊ ´Ê±²¥μ¸¨´É¥§ ,   ¨´¤¥±¸ X Å ³μ³¥´ÉÊ,
±μ£¤  ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³μ¤  ¢Ìμ¤¨É ¶μ¤ £μ·¨§μ´É. �¥·¥¸¥Î¥´¨¥ £μ·¨§μ´É ,
± ± μ¡ÒÎ´μ, μ§´ Î ¥É · ¢¥´¸É¢μ H = k/a (k Å ¨³¶Ê²Ó¸ ³μ¤Ò). ‚Ò· §¨³ aX ,
¨¸¶μ²Ó§ÊÖ H ∼ a−2 ´  · ¤¨ Í¨μ´´μ-¤μ³¨´¨·μ¢ ´´μ° ¸É ¤¨¨:

aX =
a2
0H0

k
. (157)

�·¥¤¥²Ò ¨´É¥£·¨·μ¢ ´¨Ö ¢ (156) ¸²¥¤ÊÕÐ¨¥: kmin = a0H0 ¨ kmax =
3√
2π

a0 ×

T0

(
Mplλ

Treh

)1/3 (2g∗0 · 1,66
√

g∗reh

)1/3

. �μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ Å ÔÉμ ³ ±¸¨³ ²Ó´Ò°

¨³¶Ê²Ó¸ ³μ¤Ò ´  ¶¥·¢μ³ ·¥¦¨³¥ (¶·¨³¥´¥´  Ëμ·³Ê²  (128) ¢ Ê¸²μ¢¨¨ (134)).
ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ H = T 2/M∗

pl, ¶μ²ÊÎ ¥³ μ£· ´¨Î¥´¨¥ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ
Î¨¸²¥´´μ£μ ³´μ¦¨É¥²Ö ¶μ·Ö¤±  ¥¤¨´¨ÍÒ):

λ <
g∗X

1/3

g
4/3
∗0

. (158)
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�· ¢ Ö Î ¸ÉÓ §¤¥¸Ó ³ ²μ μÉ²¨Î ¥É¸Ö μÉ ¥¤¨´¨ÍÒ, É. ¥. ¶ · ³¥É· λ ³μ¦¥É ¶·¨-
´¨³ ÉÓ ¶μÎÉ¨ ¶·μ¨§¢μ²Ó´Ò¥ §´ Î¥´¨Ö ¢ μ¡² ¸É¨ λ < 1.

„·Ê£μ° ¸¶μ¸μ¡ μ£· ´¨Î¨ÉÓ ¶ · ³¥É·Ò ³μ¤¥²¨ Å ¨¸¶μ²Ó§μ¢ ÉÓ ·¥§Ê²Ó-
É ÉÒ ¶·Ö³μ£μ ¶μ¨¸±  £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ (Ô±¸¶¥·¨³¥´ÉÒ LIGO ¨ VIRGO).
„²Ö ÔÉμ£μ ´ °¤¥³ ¢¥²¨Î¨´Ê ΩGW,log, ¢Ò· ¦ ÕÐÊÕ ²μ£ ·¨Ë³¨Î¥¸±¨° ¢±² ¤

¢ ΩGW: ΩGW =
∫ dk

k
ΩGW,log. ’ ± ± ± ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶ ¤ ¥É ¶·μ¶μ·Í¨μ-

´ ²Ó´μ 1/a4, Ê³´μ¦¨³ ¢Ò· ¦¥´¨¥ (155) ´ 

(
a0

atoday

)4

¨ ¶μ²ÊÎ¨³ Ëμ·³Ê²Ê

ρtoday =
∫

dk

k

H2
0k2T 2

today

T 4
0 a2

today

(
g∗today

g∗0

)2/3(
g∗0
g∗X

)1/3

×

× M
4/3
pl T

2/3
reh λ1/3 1

25/3

(√
g∗reh

1,66g∗0

)2/3

. (159)

�μ¸²¥ Ê¶·μÐ¥´¨° ¶μ²ÊÎ ¥³

ρtoday =
∫

dk

k
k2
phys

T 2
todayT

2/3
reh λ1/3

M
2/3
pl

g
2/3
∗todayg

1/3
∗reh

g
1/3
∗X

(1,66)4/3

25/3
. (160)

‘ ÉμÎ´μ¸ÉÓÕ ¤μ Î¨¸²¥´´ÒÌ ³´μ¦¨É¥²¥°

ΩGW,log = k2
phys

T 2
todayT

2/3
reh λ1/3

ρcM
2/3
pl

. (161)

ˆ ¤ ¦¥ ¥¸²¨ ³Ò ¶·¥¤¶μ²μ¦¨³ Treh/Mpl ∼ 1 ¨ λ ∼ 1, ·¥§Ê²ÓÉ É ¡Ê¤¥É ¤ ²¥±μ
§  £· ´¨Í ³¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¢μ§³μ¦´μ¸É¥°:

ΩGW,log ≈ 10−27. (162)

’¥¶¥·Ó μ¡· É¨³¸Ö ±μ ¢Éμ·μ³Ê ·¥¦¨³Ê. “· ¢´¥´¨¥ ¤²Ö ¢μ§³ÊÐ¥´¨° ¢Ò-
£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

χ′′ +
1
4

χ

(η∗ − η)2
+ k2χ = 0. (163)

…£μ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö

C1

√
η∗ − ηJ0((η∗ − η)k) + C2

√
η∗ − ηN0((η∗ − η)k). (164)

‘μμÉ¢¥É¸É¢¥´´μ, χ(+) Å ·¥Ï¥´¨¥ ¸ ¶μ²μ¦¨É¥²Ó´μ-Î ¸ÉμÉ´μ°  ¸¨³¶ÉμÉ¨±μ° Å

¡Ê¤¥É · ¢´μ C
√

η∗ − ηH
(1)
0 ((η∗−η)k). …£μ  ¸¨³¶ÉμÉ¨±  ¶·¨ ¡μ²ÓÏ¨Ì −η, ± ±
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μ¡ÒÎ´μ, ¤μ²¦´  ¨³¥ÉÓ ¢¨¤

χ(+) → 1
(2π)3/2

√
2k

eikη. (165)

�Éμ μ§´ Î ¥É, ÎÉμ C = 1/4
√

2π,   ·¥Ï¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

χ(+) =
1

4
√

2π

√
η∗ − ηH

(1)
0 ((η∗ − η)k). (166)

�μ¸²¥ ¢ÒÌμ¤  §  £μ·¨§μ´É Ê ÔÉμ° ³μ¤Ò ¡Ê¤¥É ¤¢  ·¥Ï¥´¨Ö: ¶μ¸ÉμÖ´´μ¥ ¨
²μ£ ·¨Ë³¨Î¥¸±¨ · ¸ÉÊÐ¥¥. �·¨ ÔÉμ³ § ¢¨¸¨³μ¸ÉÓ μÉ k Éμ¦¥ ¢¸¥£μ ²¨ÏÓ ²μ-
£ ·¨Ë³¨Î¥¸± Ö. �·¨ η → η∗ ³Ò · ¸±² ¤Ò¢ ¥³ ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ϕ(+) =
χ(+)

a
=

π + 2i ln
(

k(η∗ − η)
2

)
+ 2iγ

4
√

2a∗π2
. (167)

� °¤¥³ É¥¶¥·Ó ¢Ò· ¦¥´¨¥ ¤²Ö ¸¶¥±É·  ³μÐ´μ¸É¨ ¢μ ¢Éμ·μ³ ·¥¦¨³¥ ¡μ²ÓÏ¨Ì
¨³¶Ê²Ó¸μ¢. ˆ§ Ê· ¢´¥´¨° (167) ¨ (128) ³Ò ¶μ²ÊÎ ¥³

Pϕ(k) =
π2 + 4

(
γ + ln

(
k(η∗ − ηC)

2

))2

4πa2
∗

. (168)

‚¸¶μ³¨´ Ö É¥´§μ·´ÊÕ ´μ·³¨·μ¢±Ê, ¨³¥¥³

Ph =

8

(
π2 + 4

(
γ + ln

(
k(η∗ − ηC)

2

))2
)

M2
plπa2

∗
. (169)

‚Ò· §¨³ ¸¶¥±É· Î¥·¥§ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò:

Ph = 4

(
π2 + 4

(
γ + ln

(
k(η∗ − ηC)

2

))2
)

Treh

Mpla3
0T

3
0

√
g∗reh

1,66g∗0
. (170)

�´ ²μ£¨Î´μ ¶¥·¢μ³Ê ·¥¦¨³Ê ¶μ¸É ¢¨³ μ£· ´¨Î¥´¨¥ ¨§ ¶¥·¢¨Î´μ£μ ´Ê±²¥μ-
¸¨´É¥§ . ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¥¤¥²Ò ¨´É¥£·¨·μ¢ ´¨Ö ¡Ê¤ÊÉ kmin = a0H0 ¨

kmax =
Treha0T0

Mpl
1,66g

1/3
∗0 g

1/6
∗reh. �μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ μÉ¢¥Î ¥É ¶μ¸²¥¤´¥°

³μ¤¥, ¢ÒÌμ¤ÖÐ¥° ±μ£¤ -²¨¡μ §  £μ·¨§μ´É (¸μ¶μ¸É ¢²¥´Ò Ê· ¢´¥´¨Ö
k/areh = Hc ¨ Hc = T 2

reh/M∗
pl). ˆ¸¶μ²Ó§ÊÖ (155) ¨ (157), ¶·¨Ìμ¤¨³

± ¢Ò· ¦¥´¨Õ

Treh < Mpl
g∗X

1/3

g
4/3
∗0 g∗reh

. (171)
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’ ±¨³ μ¡· §μ³, ³Ò ¢´μ¢Ó ¶μ²ÊÎ ¥³, ÎÉμ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò ³μ¤¥²¨
¶· ±É¨Î¥¸±¨ μÉ¸ÊÉ¸É¢ÊÕÉ.

ˆÉ ±, ¢ ³μ¤¥²¨ ¶¸¥¢¤μ±μ´Ëμ·³´μ£μ Ô±¶¨·μ§¨¸  £¥´¥·¨·ÊÕÉ¸Ö £· ¢¨É -
Í¨μ´´Ò¥ ¢μ²´Ò ¸ ¸¨´¨³ ¸¶¥±É·μ³ ³μÐ´μ¸É¨. �·¨ ÔÉμ³  ³¶²¨ÉÊ¤Ò ÔÉ¨Ì
£· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ´ ¸Éμ²Ó±μ ³ ²Ò, ÎÉμ ¨Ì · ¸¸³μÉ·¥´¨¥ ´¥ ¶·¨¢μ¤¨É ±
¸±μ²Ó±μ-´¨¡Ê¤Ó ¸¥·Ó¥§´Ò³ μ£· ´¨Î¥´¨Ö³ ´  ¶ · ³¥·Ò ³μ¤¥²¨.

‡�Š‹�—…�ˆ…

ˆÉ ±, ³Ò · ¸¸³μÉ·¥²¨ ¸¢μ°¸É¢  ¢μ§³ÊÐ¥´¨° ¢ · ´´¥° ‚¸¥²¥´´μ°. ‚ · §¤. 1
³Ò ¶μ¤·μ¡´μ ¨§ÊÎ¨²¨ ¸¢μ°¸É¢  ¸± ²Ö·´ÒÌ ¢μ§³ÊÐ¥´¨° ¢ ³μ¤¥²¨ ¸ ±μ´Ëμ·³-
´Ò³ ¸± ÉÒ¢ ´¨¥³, ¢ Î ¸É´μ¸É¨, ¸¶¥±É·Ò ³μÐ´μ¸É¨ ¶μ²¥° Ë §Ò ¨ ³μ¤Ê²Ö,
¸É É¨¸É¨Î¥¸±ÊÕ  ´¨§μÉ·μ¶¨Õ ¢μ§³ÊÐ¥´¨° Ë §Ò. Š·μ³¥ Éμ£μ, ³Ò ¶·μ¢¥²¨
¸· ¢´¥´¨¥ ³μ¤¥²¨ ¸ ±μ´Ëμ·³´Ò³ ¸± ÉÒ¢ ´¨¥³ ¨ ³μ¤¥²¨ £¥´¥§¨¸ : ¶μ± § ²¨,
ÎÉμ ¶·¨  ¤¥±¢ É´μ³ ¸μμÉ´¥¸¥´¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¢μ§³ÊÐ¥´¨Ö £¥-
´¥·¨·ÊÕÉ¸Ö ¨¤¥´É¨Î´μ ¢ ÔÉ¨Ì ¤¢ÊÌ ³μ¤¥²ÖÌ,   ¨Ì ¸¢μ°¸É¢  μ¤¨´ ±μ¢Ò. �ÉμÉ
·¥§Ê²ÓÉ É μ¡μ¡Ð ¥É¸Ö ´  ²Õ¡Ò¥ ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´Ò¥ ³μ¤¥²¨.

Š·μ³¥ Éμ£μ, ¢ μ¡§μ·¥ ¢ ¦´μ¥ ³¥¸Éμ Ê¤¥²¥´μ ¢ÒÎ¨¸²¥´¨Õ ´¥£ Ê¸¸μ¢μ¸É¨.
„²Ö · ¸Î¥É  É·¨¸¶¥±É·  ¨¸¶μ²Ó§μ¢ ´  É¥Ì´¨±  Š¥²¤ÒÏ Ä˜¢¨´£¥· , ¶μ§¢μ-
²ÖÕÐ Ö ´ Ìμ¤¨ÉÓ μ¤´μ¢·¥³¥´´Ò¥ ±μ··¥²ÖÉμ·Ò μ¶¥· Éμ·μ¢ ¢ ¶·¥¤¸É ¢²¥´¨¨
¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ ÔÉμ³ · §¤¥²¥ ³Ò ¶μ²ÊÎ¨²¨ É·¨¸¶¥±É· ¢ ·¥¦¨³¥ ³ ²μ£μ
¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸ ,   É ±¦¥ ¶μ²´Ò° μÉ¢¥É ¡¥§ ± ±¨Ì-²¨¡μ ¶·¨¡²¨¦¥´¨°.

‚ · §¤. 2 ³Ò · ¸¸³μÉ·¥²¨ ¶¸¥¢¤μ±μ´Ëμ·³´ÊÕ ³μ¤¥²Ó · ´´¥° ‚¸¥²¥´´μ°.
ŒÒ ¢Ò¢¥²¨ ±² ¸¸¨Î¥¸±¨¥ ·¥¦¨³Ò Ô¢μ²ÕÍ¨¨: ³¥¤²¥´´Ò° ·¥¦¨³ ¸¦ É¨Ö,  ´ -
²μ£¨Î´Ò° ³μ¤¥²¨ Ô±¶¨·μ§¨¸ , ¨ ¡Ò¸É·Ò° ·¥¦¨³ ±μ²² ¶¸ ,   É ±¦¥ ¶·μ¢¥²¨
¢ÒÎ¨¸²¥´¨¥ ¸¶¥±É·μ¢ ³μÐ´μ¸É¨ É¥´§μ·´ÒÌ ¢μ§³ÊÐ¥´¨° ¢ μ¡μ¨Ì ·¥¦¨³ Ì.
�  ¨Ì μ¸´μ¢¥ ³Ò ¶μ¸É ¢¨²¨ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò ³μ¤¥²¨. �·¨ ÔÉμ³
¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò μ£· ´¨Î¥´¨Ö ´  ¤μ¶μ²´¨É¥²Ó´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸É¥¶¥´¨
¸¢μ¡μ¤Ò, ¶μ²ÊÎ ¥³Ò¥ ¨§ ´Ê±²¥μ¸¨´É¥§ ,   É ±¦¥ ·¥§Ê²ÓÉ ÉÒ ¶·Ö³μ£μ ¶μ¨¸± 
£· ¢¨É Í¨μ´´ÒÌ ¢μ²´.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ· ÌμÉ¥² ¡Ò ¢Ò· §¨ÉÓ ¸¢μÕ ¨¸±·¥´´ÕÕ ¶·¨§´ É¥²Ó´μ¸ÉÓ
´ ÊÎ´μ³Ê ·Ê±μ¢μ¤¨É¥²Õ ‚.�. �Ê¡ ±μ¢Ê §  ¢´¨³ ´¨¥ ± · ¡μÉ¥, ¶μ¸ÉμÖ´´ÊÕ
¶μ¤¤¥·¦±Ê ¨ ±·¨É¨Î¥¸±¨¥ § ³¥Î ´¨Ö,   É ±¦¥ Œ.‚. ‹¨¡ ´μ¢Ê §  ¶²μ¤μÉ¢μ·´ÊÕ
¸μ¢³¥¸É´ÊÕ · ¡μÉÊ.

�¢Éμ· ¡² £μ¤ ·¥´ ¢¸¥³ ¸μÉ·Ê¤´¨± ³ ¨  ¸¶¨· ´É ³ μÉ¤¥²  É¥μ·¥É¨Î¥¸±μ°
Ë¨§¨±¨ ˆ´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ��� §  Ê´¨± ²Ó´ÊÕ É¢μ·Î¥¸±ÊÕ
 É³μ¸Ë¥·Ê ¨ ¤μ¡·μ¦¥² É¥²Ó´μ¸ÉÓ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´É  ��” 14-22-00161. �¢Éμ· ¢Ò· -
¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ Ëμ´¤Ê ®„¨´ ¸É¨Ö¯.
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