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�·¥¤¸É ¢²¥´Ò ¶μ¸²¥¤´¨¥ ·¥§Ê²ÓÉ ÉÒ ¢ μ¡² ¸É¨  ´ ²¨É¨Î¥¸±¨Ì ±μ´É· ±Í¨°  ²-
£¥¡· ‹¨ ¤²Ö ¤¢ÊÌ³¥·´ÒÌ £¨¶¥·¡μ²¨Î¥¸±¨Ì ¶·μ¸É· ´¸É¢. „ ´μ ¶μ²´μ¥ £¥μ³¥É·¨Î¥¸±μ¥
μ¶¨¸ ´¨¥ ¢¸¥Ì ¢μ§³μ¦´ÒÌ μ·Éμ£μ´ ²Ó´ÒÌ ¨ ´¥μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É (¸¢Ö-
§ ´´ÒÌ ¸ ¸¨³³¥É·¨Ö³¨ ¶¥·¢μ£μ ¶μ·Ö¤± ), ±μÉμ·Ò¥ ¤μ¶Ê¸± ÕÉ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ
¤²Ö ¤¢ÊÌ³¥·´ÒÌ Ê· ¢´¥´¨° ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ¨²¨ ƒ¥²Ó³£μ²ÓÍ  ´  ¤¢ÊÌ¶μ²μ¸É´μ³
(¢¥·Ì´ÖÖ ¶μ²μ¸ÉÓ) H2 ¨ ´  μ¤´μ¶μ²μ¸É´μ³ H̃2 £¨¶¥·¡μ²μ¨¤ Ì. �¸ÊÐ¥¸É¢²¥´ ¶·¥¤¥²Ó-
´Ò° ¶¥·¥Ìμ¤ ³¥¦¤Ê ´¥¶μ¤£·Ê¶¶μ¢Ò³¨ (£² ¢´Ò³ μ¡· §μ³, § ¤ ´´Ò³¨ ¶ · ³¥É·¨Î¥¸±¨)
¨ ¶μ¤£·Ê¶¶μ¢Ò³¨ ¸¨¸É¥³ ³¨ ±μμ·¤¨´ É. �¶¨¸ ´Ò  ´ ²¨É¨Î¥¸±¨¥ ±μ´É· ±Í¨¨ ³¥¦¤Ê
· §²¨Î´Ò³¨ ¸¨¸É¥³ ³¨ ±μμ·¤¨´ É ´  £¨¶¥·¡μ²μ¨¤ Ì H2 ¨ H̃2 ¨ ¥¢±²¨¤μ¢Ò³ ¶·μ¸É· ´-
¸É¢μ³ E2 ¨ ¶·μ¸É· ´¸É¢μ³ Œ¨´±μ¢¸±μ£μ E1,1 ¸μμÉ¢¥É¸É¢¥´´μ.

In this review we present recent results in the ˇeld of analytical contraction of Lie alge-
bra in two-dimensional hyperbolic space. A complete geometric description for all possible
orthogonal and nonorthogonal (related to the ˇrst order symmetries) systems of coordinates,
which allow separation of variables of two-dimensional LaplaceÄBeltrami or Helmholtz
equation on the two-sheeted (upper sheet) H2 and the one-sheeted H̃2 hyperboloids is
given. The limiting transition between non subgroup (mostly parametric) and subgroup
systems is conducted. The analytic contractions between various systems of coordinates
in two hyperbolic spaces and Euclidean E2 and Minkowski E1,1 spaces are presented.

PACS: 02.20.Tw; 03.65.Fd

‚‚…„…�ˆ…

‘ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ ¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢, ¸¢Ö§Ò¢ ÕÐ¨Ì £²μ¡ ²Ó´Ò¥
Ë¨§¨Î¥¸±¨¥ É¥μ·¨¨, É ±¨¥ ± ± ·¥²ÖÉ¨¢¨¸É¸± Ö ¨ ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Ë¨§¨± ,
¢±²ÕÎ Ö ±¢ ´Éμ¢ÊÕ ¨ ±² ¸¸¨Î¥¸±ÊÕ ³¥Ì ´¨±Ê. ‘¨£ ² [1] ¡Ò² μ¤´¨³ ¨§ ¶¥·¢ÒÌ
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³ É¥³ É¨±μ¢, ±Éμ μÉ³¥É¨² ¸¢Ö§Ó ³¥¦¤Ê É ±μ£μ É¨¶  ¶·¥¤¥²Ó´Ò³¨ ¶¥·¥Ìμ¤ ³¨
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨  ²£¥¡· ³¨ ‹¨. „¢  £μ¤  ¸¶Ê¸ÉÖ ˆ´ß´Õ ¨ ‚¨£´¥· [2],
¨¸¶μ²Ó§ÊÖ ¨¤¥Õ ‘¨£ ² , ¢¢¥²¨ ¶μ´ÖÉ¨¥ ±μ´É· ±Í¨¨ (É ± ´ §Ò¢ ¥³Ò¥ ±μ´É· ±-
Í¨¨ ˆ´ß´ÕÄ‚¨£´¥· ), ¨´¤ÊÍ¨·ÊÕÐ¥° ¶¥·¥Ìμ¤ μÉ  ²£¥¡·Ò �Ê ´± ·¥ ±  ²£¥¡·¥
ƒ ²¨²¥Ö ¶·¨ ¸É·¥³²¥´¨¨ ¸±μ·μ¸É¨ ¸¢¥É  ± ¡¥¸±μ´¥Î´μ¸É¨: c → ∞.

�¡ÒÎ´μ ¶μ¤ ±μ´É· ±Í¨¥° ˆ´ß´ÕÄ‚¨£´¥·  [2Ä4] ¶μ´¨³ ¥É¸Ö ´¥± Ö ¶·μ-
Í¥¤Ê·  ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  μÉ § ¤ ´´μ° £·Ê¶¶Ò ‹¨ ± ¤·Ê£μ°, ´¥¨§μ³μ·Ë´μ°
£·Ê¶¶¥ ‹¨. � ¸¸³μÉ·¨³ ´¥±μÉμ·Ò° ¡ §¨¸ {X1, X2, . . . , Xn}  ²£¥¡·Ò ‹¨ L.
‚¢¥¤¥³ ´μ¢Ò° ¡ §¨¸ X̃i = uik(ε)Xk (§¤¥¸Ó ¨ ¤ ²¥¥ ¶·¥¤¶μ² £ ¥É¸Ö ¸Ê³³¨·μ¢ -
´¨¥ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³), ¢ ±μÉμ·μ³ ³ É·¨Í  U(ε) = (uik) μÉ¢¥Î ¥É
§  ¶·¥μ¡· §μ¢ ´¨¥ ¡ §¨¸  ¨ § ¢¨¸¨É μÉ ´¥±μÉμ·μ£μ ¶ · ³¥É·  ε. Œ É·¨Í 
U(ε) É ±μ¢ , ÎÉμ ¶·¨ ε = 1 ¨³¥¥³ uik(1) = δik, ¶·¨ ε �= 0 Å |U(ε)| �= 0,
  ¶·¨ ε → 0 ³ É·¨Í  U(ε) ¸É ´μ¢¨É¸Ö ¢Ò·μ¦¤¥´´μ°, É. ¥. |U(0)| = 0. ‚ ¶·¥-
¤¥²¥ (¥¸²¨ É ±μ° ¶·¥¤¥² ¸ÊÐ¥¸É¢Ê¥É) ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö  ²£¥¡·Ò
‹¨ L ´¥¶·¥·Ò¢´μ ¶¥·¥Ìμ¤ÖÉ ¢ ±μ³³ÊÉ Éμ·Ò, μ¶·¥¤¥²ÖÕÐ¨¥ ´¥¨§μ³μ·Ë´ÊÕ
 ²£¥¡·Ê ‹¨ L̃.

�μ§¦¥ ¡Ò²¨ ¢¢¥¤¥´Ò μ¡μ¡Ð¥´´Ò¥ (¨²¨ ¸¨´£Ê²Ö·´Ò¥) ±μ´É· ±Í¨¨ ˆ´ß´ÕÄ
‚¨£´¥· . �É¨ ±μ´É· ±Í¨¨ ¶μ·μ¦¤ ÕÉ¸Ö ¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥°, ¸μ¤¥·¦ Ð¥°
Í¥²Ò¥ ¸É¥¶¥´¨ ¶ · ³¥É·  ±μ´É· ±Í¨¨ ε [5Ä8] (¸³. É ±¦¥ ¸É ÉÓ¨ [9Ä11]). ‚ ± -
Î¥¸É¢¥ ¶·¨³¥·  É ±¨Ì ±μ´É· ±Í¨° ³μ¦´μ μÉ³¥É¨ÉÓ ±μ´É· ±Í¨Õ £·Ê¶¶Ò SU(2)
¢ £·Ê¶¶Ê ƒ¥°§¨´£¥· Ä‚¥°²Ö [7,8, 12,13].

�μ¸²¥¤ÊÕÐ¥¥ · §¢¨É¨¥ ¶μ´ÖÉ¨Ö ±μ´É· ±Í¨° ˆ´ß´ÕÄ‚¨£´¥·  ¸¢Ö§ ´μ
¸ É ± ´ §Ò¢ ¥³Ò³¨ £· ¤Ê¨·μ¢ ´´Ò³¨ ±μ´É· ±Í¨Ö³¨, ¢¶¥·¢Ò¥ ¢¢¥¤¥´´Ò³¨
¢ ¸É ÉÓÖÌ [14Ä16] ¨ ¶μ§¤´¥¥ ¨¸¸²¥¤μ¢ ´´Ò³¨ ¢ · ¡μÉ Ì [17Ä20]. �É¨ ±μ´É· ±-
Í¨¨ ³μ¦´μ μÉ´¥¸É¨ ± É¨¶Ê ®¤¨¸±·¥É´ÒÌ¯ ±μ´É· ±Í¨°. ˆ¤¥Ö £· ¤Ê¨·μ¢ ´´ÒÌ
±μ´É· ±Í¨° ¸²¥¤ÊÕÐ Ö: Ê³´μ¦ ¥³ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ £· ¤Ê¨·Ê¥³μ°  ²-
£¥¡·Ò ‹¨ L ´  ´¥±μÉμ·Ò¥ ¶ · ³¥É·Ò εi É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸É·Ê±ÉÊ·´Ò¥
±μ´¸É ´ÉÒ ¸μÌ· ´Ö²¨ ¶·¥¦´ÕÕ £· ¤Ê¨·μ¢±Ê. �μ¸²¥ ÔÉμ£μ ¶¥·¥Ìμ¤¨³ ± ¶·¥-
¤¥²Ê εi → 0. ‡ ¨´É¥·¥¸μ¢ ´´Ò° Î¨É É¥²Ó ³μ¦¥É ´ °É¨ μ¶¨¸ ´¨¥ · §²¨Î´ÒÌ
¸¢μ°¸É¢ ±μ´É· ±Í¨° ¢ · ¡μÉ Ì [21Ä30] ¨ Í¨É¨·Ê¥³μ° ¢ ´¨Ì ²¨É¥· ÉÊ·¥.

‚ ´¥¤ ¢´¨Ì ¸É ÉÓÖÌ [31Ä40,45,46] ¶·¥¤¸É ¢²¥´Ò ´¥±μÉμ·Ò¥ ´μ¢Ò¥  ¸¶¥±ÉÒ
É¥μ·¨¨ ±μ´É· ±Í¨° £·Ê¶¶ ‹¨ ¨  ²£¥¡· ‹¨ ¢ ±μ´É¥±¸É¥ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ
¢ Ê· ¢´¥´¨ÖÌ ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ´  μ¤´μ·μ¤´ÒÌ ¶·μ¸É· ´¸É¢ Ì,   ¨³¥´´μ
¸¢Ö§Ó ³¥¦¤Ê ¸¨¸É¥³ ³¨ ±μμ·¤¨´ É, ¤μ¶Ê¸± ÕÐ¨Ì · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ
¢ ±·¨¢ÒÌ ¨ ¶²μ¸±¨Ì ¶·μ¸É· ´¸É¢ Ì, ¸¢Ö§ ´´ÒÌ ±μ´É· ±Í¨Ö³¨ ¨Ì £·Ê¶¶ ¨§μ³¥-
É·¨°. �ÉμÉ ¶μ¤Ìμ¤ ¨¸¶μ²Ó§Ê¥É ¸¶¥Í¨ ²Ó´Ò° ¢¨¤ ±μ´É· ±Í¨° ˆ´ß´ÕÄ‚¨£´¥· ,
´ §Ò¢ ¥³ÒÌ  ´ ²¨É¨Î¥¸±¨³¨, ¶·¨ ±μÉμ·ÒÌ ¶ · ³¥É· ±μ´É· ±Í¨¨ ¨³¥¥É ¢¨¤
ε = 1/R, £¤¥ R Å · ¤¨Ê¸ ¸Ë¥·Ò (¨²¨ ¶¸¥¢¤μ¸Ë¥·Ò). ‚ · ³± Ì ÔÉμ£μ ¶μ¤-
Ìμ¤  ¸É ´μ¢¨É¸Ö ¢μ§³μ¦´Ò³ ¶·μ¸²¥¤¨ÉÓ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ ε → 0 (R → ∞)
´  É ±¨Ì Ê·μ¢´ÖÌ, ± ± ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥ μ¶¥· Éμ·Ò £·Ê¶¶Ò ‹¨ (£·Ê¶¶Ò
¨§μ³¥É·¨¨ μ¤´μ·μ¤´μ£μ ¶·μ¸É· ´¸É¢ ) ¨ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö  ²£¥-
¡·Ò ‹¨; μ¶¥· Éμ· ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ¤²Ö ¶·μ¸É· ´¸É¢ ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò;
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¨´¢ ·¨ ´É´Ò¥ μ¶¥· Éμ·Ò ¢Éμ·μ£μ ¶μ·Ö¤± , Ì · ±É¥·¨§ÊÕÐ¨¥ · §¤¥²Ö¥³ÊÕ ¸¨-
¸É¥³Ê; μ·Éμ£μ´ ²Ó´ Ö (¨²¨ ´¥μ·Éμ£μ´ ²Ó´ Ö) ¸¨¸É¥³  ±μμ·¤¨´ É; ¸μ¡¸É¢¥´´Ò¥
ËÊ´±Í¨¨ ¨´¢ ·¨ ´É´ÒÌ μ¶¥· Éμ·μ¢; ³¥¦¡ §¨¸´Ò¥ · §²μ¦¥´¨Ö.

‚ Î ¸É´μ¸É¨, ¢ ¸É ÉÓÖÌ [32, 33] ³¥Éμ¤  ´ ²¨É¨Î¥¸±¨Ì ±μ´É· ±Í¨° ¶·¥¤-
¸É ¢²¥´ ¤²Ö ¤¢ÊÌ ¶·μ¸ÉÒÌ μ¤´μ·μ¤´ÒÌ ¶·μ¸É· ´¸É¢ Å ¤¢ÊÌ³¥·´μ° ¸Ë¥·Ò
S2 ∼ O(3)/O(2) ¨ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  H2 ∼ O(2, 1)/O(2), ¤²Ö
±μÉμ·ÒÌ · ¸¸³μÉ·¥´Ò ¢¸¥ É¨¶Ò · §¤¥²Ö¥³ÒÌ ±μμ·¤¨´ É. ’ ±¦¥ ¶μ± § ´μ,
ÎÉμ ¤¢¥ ¸¨¸É¥³Ò ´  ¸Ë¥·¥ S2 (Ô²²¨¶É¨Î¥¸± Ö ¨ ¶μ²Ö·´ Ö) ¨ ¤¥¢ÖÉÓ ¸¨¸É¥³
´  £¨¶¥·¡μ²μ¨¤¥ H2 ¢ ±μ´É· ±Í¨μ´´μ³ ¶·¥¤¥²¥ R → ∞ ¶¥·¥Ìμ¤ÖÉ ¢ Î¥ÉÒ·¥
¸¨¸É¥³Ò ´  ¶²μ¸±μ¸É¨ E2. ‚ · ¡μÉ¥ [31]  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ¨§ÊÎ¥´Ò ±μ³-
¶²¥±¸´Ò¥ ±μ´É· ±Í¨¨ ¸¨¸É¥³ ±μμ·¤¨´ É ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H2

¢ ¸¨¸É¥³Ò ´  ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ (¤¢ÊÌ³¥·´μ³ ¶·μ¸É· ´¸É¢¥ Œ¨´-
±μ¢¸±μ£μ) E1,1. ‘²ÊÎ ° ¤¥°¸É¢¨É¥²Ó´ÒÌ ±μ´É· ±Í¨° ¨§ H̃2 ∼ O(2, 1)/O(1, 1)
¶·μ ´ ²¨§¨·μ¢ ´ ¢ · ¡μÉ Ì [45,46]. „¥É ²Ó´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¢¸¥Ì ¢μ§³μ¦´ÒÌ
±μ´É· ±Í¨° ¢ ¸²ÊÎ ¥ É·¥Ì³¥·´μ° ¸Ë¥·Ò ¶·μ¢¥¤¥´μ ¢ · ¡μÉ¥ [40]. ‚ ¸É -
ÉÓÖÌ [34, 35], ÌμÉÖ · §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢  · ¸¸³ É·¨¢ ² ¸Ó ¶·μ¨§¢μ²Ó´μ°,
¨§ÊÎ¥´ Éμ²Ó±μ ¶·μ¸É¥°Ï¨° É¨¶ ±μμ·¤¨´ É,   ¨³¥´´μ ¶μ¤£·Ê¶¶μ¢μ°. ˆ¸¶μ²Ó§μ-
¢ ´Ò  ´ ²¨É¨Î¥¸±¨¥ ±μ´É· ±Í¨¨ ¨§ £·Ê¶¶Ò ¢· Ð¥´¨Ö O(n+1) ¢ £·Ê¶¶Ê ¥¢±²¨-
¤μ¢ÒÌ ¤¢¨¦¥´¨° E(n) c Í¥²ÓÕ ¶μ²ÊÎ¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¶μ¤£·Ê¶¶μ¢Ò³¨ ¸¨¸É¥-
³ ³¨ ±μμ·¤¨´ É, ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ μ¶¥-
· Éμ·  ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨, ¨´¢ ·¨ ´É´Ò³¨ μ¶¥· Éμ· ³¨,  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨
¸μμÉ´μÏ¥´¨Ö³¨ ¤²Ö ³ É·¨Î´ÒÌ μ¶¥· Éμ·μ¢ ¸¨³³¥É·¨¨, ³¥¦¡ §¨¸´Ò³¨ ±μÔË-
Ë¨Í¨¥´É ³¨ (É ± ´ §Ò¢ ¥³Ò³¨ T -±μÔËË¨Í¨¥´É ³¨ [47]) ´  £¨¶¥·¸Ë¥·¥ Sn

¨ ¢ ¶·μ¸É· ´¸É¢¥ En. „¥É ²Ó´μ¥ · ¸¸³μÉ·¥´¨¥ ±μ´É· ±Í¨° ´¥¶μ¤£·Ê¶¶μ¢ÒÌ
±μμ·¤¨´ É ¶·μ¢¥¤¥´μ ¢ [36] ¨ ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [37].

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³μ¦´μ ¢Ò¤¥²¨ÉÓ ¤¢  μ¸´μ¢´ÒÌ ¶μ¤Ìμ¤  ± § ¤ Î¥ μ
· §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨¨ ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ´  μ¤´μ·μ¤´ÒÌ ¶·μ-
¸É· ´¸É¢ Ì ¸ £·Ê¶¶ ³¨ ¨§μ³¥É·¨° SO(p, q) ¨ E(p, q). ˆ¸Éμ·¨Î¥¸±¨ ¶·¨ ¶¥·-
¢μ³ ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ³¥Éμ¤Ò ¤¨ËË¥·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨. ’ ±, ¶·μ-
¡²¥³  · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¤²Ö Ê· ¢´¥´¨° ƒ¥²Ó³£μ²ÓÍ , ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨
¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ¤¢ÊÌ- ¨ É·¥Ì³¥·´ÒÌ ¶·μ¸É· ´¸É¢ ¶μ¸ÉμÖ´´μ°
±·¨¢¨§´Ò (¢±²ÕÎ Ö ¸Ë¥·Ê ¨ ¤¢ÊÌ¶μ²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤) ¢¶¥·¢Ò¥ ·¥Ï¥´ 
�²¥¢¸±¨³ [48]. �´ ²μ£¨Î´ Ö § ¤ Î  ¤²Ö ¤¢ÊÌ- ¨ É·¥Ì³¥·´ÒÌ ¶·μ¸É· ´¸É¢
Œ¨´±μ¢¸±μ£μ ¤¥É ²Ó´μ μ¡¸Ê¦¤ ² ¸Ó Š ²´¨´¸μ³ ¢ [49], ¤²Ö £¨¶¥·¡μ²μ¨¤  ¸
£·Ê¶¶μ° ¨§μ³¥É·¨° SO(2, 2),   É ±¦¥ ¤²Ö ±μ³¶²¥±¸´μ° ¸Ë¥·Ò ¸ £·Ê¶¶μ°
SO(4, C) Å ¢ · ¡μÉ Ì Œ¨²²¥·  ¨ Š ²´¨´¸  [50,51] (¸³. É ±¦¥ [52]). �μ§¦¥
£· Ë¨Î¥¸± Ö ¶·μÍ¥¤Ê·  ¶μ¸É·μ¥´¨Ö ¢¸¥¢μ§³μ¦´ÒÌ (¨ ´¥ Éμ²Ó±μ ¶μ¤£·Ê¶¶μ-
¢ÒÌ) μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É ´  n-³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É-
¢¥ ¨ ´  n-³¥·´μ° ¸Ë¥·¥ ¡Ò²  · §· ¡μÉ ´  ¢ [53] (¸³. É ±¦¥ [54]). Š ¦¤ Ö
¨§ · §¤¥²ÖÕÐ¨Ì ¸¨¸É¥³ ±μμ·¤¨´ É Ì · ±É¥·¨§Ê¥É¸Ö ¶μ²´Ò³ ´ ¡μ·μ³ ¢§ ¨³´μ
±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢ ¸¨³³¥É·¨¨, ²¥¦ Ð¨Ì ¢ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥
£·Ê¶¶Ò ¨§μ³¥É·¨° ¶·μ¸É· ´¸É¢  ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ . � ¶·¨³¥·, § ¤ Î 
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±² ¸¸¨Ë¨± Í¨¨ ¶μ²´ÒÌ ´ ¡μ·μ¢ μ¶¥· Éμ·μ¢ ¸¨³³¥É·¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
· §¤¥²¥´¨Õ ¶¥·¥³¥´´ÒÌ ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·-
¡μ²μ¨¤¥ ¸ £·Ê¶¶μ° ¨§μ³¥É·¨° ‹μ·¥´Í  SO(3, 1), ·¥Ï¥´  ¢ · ¡μÉ¥ [55]. �μ¤μ¡-
´ Ö § ¤ Î  ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  ¢ ¸²ÊÎ ¥ ¤·Ê£¨Ì ¶·μ¸É· ´¸É¢ ¶μ¸ÉμÖ´-
´μ° ±·¨¢¨§´Ò (¤¢ÊÌ- ¨ É·¥Ì³¥·´ÒÌ) ¶·μ ´ ²¨§¨·μ¢ ´  ¢ · ¡μÉ Ì [56Ä63].

„·Ê£μ°, Î¨¸Éμ  ²£¥¡· ¨Î¥¸±¨°, ¶μ¤Ìμ¤ ± ¶·μ¡²¥³¥ · §¤¥²¥´¨Ö ¶¥·¥³¥´-
´ÒÌ ¨¸¶μ²Ó§Ê¥É £·Ê¶¶Ê ¨§μ³¥É·¨° ¶·μ¸É· ´¸É¢ . Š² ¸¸¨Ë¨± Í¨Ö μ¶¥· Éμ·μ¢
¢Éμ·μ£μ ¶μ·Ö¤±  ´  ´¥¶μ¤μ¡´Ò¥ ±² ¸¸Ò ¶μ§¢μ²Ö¥É ¶μ¸É·μ¨ÉÓ ¢¸¥ ¢μ§³μ¦´Ò¥
μ·Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ É´Ò¥ ¸¨¸É¥³Ò, ¤μ¶Ê¸± ÕÐ¨¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ
¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  ´  ¶·μ¸É· ´¸É¢ Ì ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò. �¤´ ±μ
¢ μÉ²¨Î¨¥ μÉ ¶·Ö³μ£μ ¶μ¤Ìμ¤ , ¶·¨ ±μÉμ·μ³ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¤²Ö ¤ ´-
´μ° ±μμ·¤¨´ É´μ° ¸¨¸É¥³Ò μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¶μ²´Ò³ ´ ¡μ·μ³ μ¶¥-
· Éμ·μ¢ ¸¨³³¥É·¨¨, μ¡· É´ Ö § ¤ Î  Å § ¤ Î  ¶μ¸É·μ¥´¨Ö ±μμ·¤¨´ É´μ° ¸¨-
¸É¥³Ò, ¢ ±μÉμ·μ° ¤ ´´Ò¥ ±μ³³ÊÉ¨·ÊÕÐ¨¥ μ¶¥· Éμ·Ò ³μ£ÊÉ ¡ÒÉÓ ¤¨ £μ´ ²¨§μ-
¢ ´Ò, Å ´¥ Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´μ° ¨ ¶μ²´μ¸ÉÓÕ ·¥Ï¥´  Éμ²Ó±μ ¤²Ö ´¥±μÉμ·ÒÌ
¤¢ÊÌ- ¨ É·¥Ì³¥·´ÒÌ ¶·μ¸É· ´¸É¢ (¸³., ´ ¶·¨³¥·, · ¡μÉÒ [38,52,64,65] ¨ Í¨É¨-
·Ê¥³ÊÕ ¢ ´¨Ì ²¨É¥· ÉÊ·Ê). 	μ²¥¥ Éμ£μ, ¸ÊÐ¥¸É¢Ê¥É Ìμ·μÏμ ¨§¢¥¸É´Ò° ¶·¨³¥·
´  ¶²μ¸±μ¸É¨ E1,1, ±μ£¤  ´ ¡μ· μ¶¥· Éμ·μ¢ ¸¨³³¥É·¨¨ ´¥ ¸μμÉ¢¥É¸É¢Ê¥É ´¨
μ¤´μ° ±μμ·¤¨´ É´μ° ¸¨¸É¥³¥.

�¥¸³μÉ·Ö ´  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ · ¡μÉ, ¶μ¸¢ÖÐ¥´´ÒÌ ¨¸¸²¥-
¤μ¢ ´¨Õ · §²¨Î´ÒÌ  ¸¶¥±Éμ¢ (· §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ, ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö,
¢μ²´μ¢Ò¥ ËÊ´±Í¨¨, ¸¶¥±É· ¨ É. ¶.) Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  ´  ¶·μ¸É· ´¸É¢ Ì
¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò, ¸²ÊÎ ° μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¨²¨ ¡μ²¥¥ μ¡Ð¥°
É· ´§¨É¨¢´μ° ¶μ¢¥·Ì´μ¸É¨ ¸ £·Ê¶¶μ° SO(p, q) (p, q � 1) μ¶¨¸ ´ ´¥¤μ¸É ÉμÎ´μ
¶μ¤·μ¡´μ. ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¥¸ÉÓ ³´μ£μ μ¸μ¡¥´´μ¸É¥°, ±μÉμ·Ò¥ μÉ²¨Î ÕÉ
ÔÉ¨ ¤¢¥ É· ´§¨É¨¢´Ò¥ ¶μ¢¥·Ì´μ¸É¨ £·Ê¶¶Ò ‹μ·¥´Í  SO(2, 1) ¢ ¶·μ¸É· ´¸É¢¥
Œ¨´±μ¢¸±μ£μ (¸³. · ¡μÉÒ [41Ä46, 66Ä69]). ‚ Éμ ¢·¥³Ö ± ± · ¸¸ÉμÖ´¨¥ r
³¥¦¤Ê ¤¢Ê³Ö Ë¨±¸¨·μ¢ ´´Ò³¨ ÉμÎ± ³¨ x = (x0, x1, x2) ¨ y = (y0, y1, y2)
¤¢ÊÌ³¥·´μ£μ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  [x, x] = x2

0 − x2
1 − x2

2 = R2, § -
¤ ¢ ¥³μ¥ Ëμ·³Ê²μ° coshkr = [x, y]/R2 � 1 (k = 1/R), Ö¢²Ö¥É¸Ö ´¥μÉ·¨Í -
É¥²Ó´Ò³ ¤¥°¸É¢¨É¥²Ó´Ò³ Î¨¸²μ³, ¤²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¨³¥¥³
coshkr = [x, y]/R2 � 0, £¤¥ [x, x] = x2

0 − x2
1 − x2

2 = −R2 ¨ · ¸¸ÉμÖ´¨¥ r
Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³ ´¥μÉ·¨Í É¥²Ó´Ò³ Î¨¸²μ³ ¤²Ö coshkr � 1 ¨ ³´¨-
³Ò³ ¶·¨ 0 � coshkr < 1 (´ ¶·¨³¥·, [x, y] = 0 ¤²Ö ¤¢ÊÌ ÉμÎ¥± x = (0, 0, R) ¨
y = (0, R, 0) ´  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥). ‚ ·¥§Ê²ÓÉ É¥ ³´μ£¨¥ ¸¨¸É¥³Ò
±μμ·¤¨´ É ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  Ö¢²ÖÕÉ¸Ö ±Ê¸μÎ´μ-μ¶·¥¤¥²¥´´Ò³¨,  
´¥±μÉμ·Ò¥ ¨§ ´¨Ì ¤ ¦¥ ´¥ ¶μ²´μ¸ÉÓÕ ¶μ±·Ò¢ ÕÉ ¶μ¢¥·Ì´μ¸ÉÓ H̃2.

�·¨ ´ ¶¨¸ ´¨¨ ¤ ´´μ£μ μ¡§μ·  ³Ò ¶·¥¸²¥¤μ¢ ²¨ É·¨ μ¸´μ¢´Ò¥ Í¥²¨: ¢μ-
¶¥·¢ÒÌ, ¢ · ³± Ì  ²£¥¡· ¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ¶·¥¤¸É ¢¨ÉÓ ¶·μÍ¥¸¸ · §¤¥²¥´¨Ö
¶¥·¥³¥´´ÒÌ ¤²Ö Ê· ¢´¥´¨Ö ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ (¨²¨ ƒ¥²Ó³£μ²ÓÍ ) ´  ¤¢ÊÌ-
³¥·´μ³ ¶·μ¸É· ´¸É¢¥ μ¤´μ- ¨ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤μ¢; ¢μ-¢Éμ·ÒÌ, ¤ ÉÓ
¤¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ ± ± μ·Éμ£μ´ ²Ó´ÒÌ, É ± ¨ ´¥μ·Éμ£μ´ ²Ó´ÒÌ · §¤¥²ÖÕÐ¨Ì
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¸¨¸É¥³ ±μμ·¤¨´ É, ¢±²ÕÎ Ö · §²¨Î´Ò¥ ¶·¥¤¥²Ó´Ò¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ´¨³¨;
¢-É·¥ÉÓ¨Ì, ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¢¸¥¢μ§³μ¦´Ò¥ ±μ´É· ±Í¨¨ ± ¸¨¸É¥³ ³ ´  ¥¢-
±²¨¤μ¢μ° E2 ¨ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° E1,1 ¶²μ¸±μ¸ÉÖÌ. „ ´´Ò° μ¡§μ·, £² ¢´Ò³
μ¡· §μ³, μ¸´μ¢Ò¢ ¥É¸Ö ´  ¸É ÉÓÖÌ [31,33,37,38,45,46].

‘·¥¤¨ ¢¸¥£μ ³´μ£μμ¡· §¨Ö ¶·¨³¥´¥´¨°  ²£¥¡· ¨Î¥¸±¨Ì ±μ´É· ±Í¨° ¢ · §-
²¨Î´ÒÌ μ¡² ¸ÉÖÌ ¸μ¢·¥³¥´´μ° ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨ ¢Ò¤¥²¨³ ¸²¥¤ÊÕÐ¨¥.
‚ É¥μ·¨¨ (¸Ê¶¥·)¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ±μ´É· ±Í¨¨ Ê¸É ´ ¢²¨¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê
¸¨¸É¥³ ³¨ ±μμ·¤¨´ É, ¤μ¶Ê¸± ÕÐ¨³¨ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨ÖÌ
ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¨²¨ ˜·¥¤¨´£¥·  ¢ ¶·μ¸É· ´¸É¢ Ì ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò
¨ ¶²μ¸±¨Ì ¶·μ¸É· ´¸É¢ Ì [70Ä74]. ‚ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ±μ´-
É· ±Í¨¨ ¶μ³μ£ ÕÉ ¶μ²ÊÎ ÉÓ · §²¨Î´Ò¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ Ëμ·³Ê²Ò ¤²Ö ¸μ¡-
¸É¢¥´´ÒÌ ËÊ´±Í¨° μ¶¥· Éμ·  ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ [75], ³¥¦¡ §¨¸´ÒÌ ±μÔË-
Ë¨Í¨¥´Éμ¢, É ±¨Ì ± ± d-ËÊ´±Í¨¨ ‚¨£´¥·  (³´μ£μÎ²¥´Ò Š· ¢ÎÊ± ), ±μÔËË¨-
Í¨¥´ÉÒ Š²¥¡Ï Äƒμ·¤ ´  (¶μ²¨´μ³Ò • ´ ), ±μÔËË¨Í¨¥´ÉÒ � ±  (³´μ£μÎ²¥´Ò
‚¨²Ó¸μ´ Ä� ± ) ¨ É. ¤. [12,13,38].

� ¡μÉ  ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 ±· É±μ ¶·¥¤¸É ¢²¥´Ò
´¥±μÉμ·Ò¥ ¨§¢¥¸É´Ò¥  ¸¶¥±ÉÒ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³-
£μ²ÓÍ  ´  ¶·μ¸É· ´¸É¢ Ì ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò ¨ ¤ ´μ μ¶¨¸ ´¨¥ É¥μ·¥É¨±μ-
£·Ê¶¶μ¢μ£μ ¶·μÍ¥¸¸  ±² ¸¸¨Ë¨± Í¨¨ ¢¸¥Ì · §¤¥²ÖÕÐ¨Ì ¸¨¸É¥³ ±μμ·¤¨´ É ¤²Ö
¤¢ÊÌ³¥·´μ£μ Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  ¶μ ´¥¶μ¤μ¡´Ò³ ±² ¸¸ ³ (μ·¡¨É ³)  ²£¥-
¡·Ò ¸¨³³¥É·¨° so(2, 1). ’ ³ ¦¥ · ¸¸³μÉ·¥´Ò ¶μ¤£·Ê¶¶μ¢Ò¥ ¸¨¸É¥³Ò, ¸¢Ö§ ´-
´Ò¥ ¸ μ¶¥· Éμ· ³¨ ¸¨³³¥É·¨¨ ¢Éμ·μ£μ ¶μ·Ö¤± . „ ¥É¸Ö ¶μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥
ÔÉ¨Ì ¸¨¸É¥³, μ¡¸Ê¦¤ ÕÉ¸Ö ¶·¥¤¥²Ó´Ò¥ ¶¥·¥Ìμ¤Ò μÉ ¶ · ³¥É·¨Î¥¸±¨Ì ¸¨¸É¥³
± ¡μ²¥¥ ¶·μ¸ÉÒ³. „ ´Ò · §²¨Î´Ò¥ Ô±¢¨¢ ²¥´É´Ò¥ Ëμ·³Ò § ¶¨¸¨ · §¤¥²ÖÕ-
Ð¨Ì ¸¨¸É¥³ ±μμ·¤¨´ É, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ´ ¨¡μ²¥¥ Ê¤μ¡´Ò³¨ ¤²Ö ·¥-
 ²¨§ Í¨¨ ±μ´É· ±Í¨°. � §¤. 2 ¶μ¸¢ÖÐ¥´ ±μ´É· ±Í¨Ö³ ¸¨¸É¥³ ±μμ·¤¨´ É, ¤μ-
¶Ê¸± ÕÐ¨Ì · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨¨ ƒ¥²Ó³£μ²ÓÍ , ¨ μ¶¥· Éμ· ³
¸¨³³¥É·¨¨ ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H2. ‚ · §¤. 3 μ¶¨¸ ´Ò  ´ ²μ£¨Î-
´Ò¥ ±μ´É· ±Í¨¨ ¤²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  H̃2. ‚ · §¤. 4 μ¡¸Ê¦¤ ÕÉ¸Ö
¶·¥¤¸É ¢²¥´´Ò¥ ¢ ¤ ´´μ³ μ¡§μ·¥ ·¥§Ê²ÓÉ ÉÒ.

1. ��‡„…‹…�ˆ… �…�…Œ…��›•
�� „‚“•Œ…��›• ƒˆ�…���‹�ˆ„�•

� ¸ ¨´É¥·¥¸Ê¥É ¤¢ÊÌ³¥·´μ¥ £¨¶¥·¡μ²¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ, μ¶¨¸Ò¢ ¥³μ¥
Ê· ¢´¥´¨¥³

u · u = Gμνuμuν = −u2
0 + u2

1 + u2
2 = −εR2, ε = ±1, μ, ν = 0, 1, 2, (1)

¢ ±μÉμ·μ³ R Å ¶¸¥¢¤μ· ¤¨Ê¸. ‡´ Î¥´¨¥ ε = 1 ¸μμÉ¢¥É¸É¢Ê¥É ¤¢ÊÌ¶μ²μ¸É´μ³Ê
£¨¶¥·¡μ²μ¨¤Ê H2,   ε = −1 Å μ¤´μ¶μ²μ¸É´μ³Ê H̃2. „¥± ·Éμ¢Ò ±μμ·¤¨-
´ ÉÒ uμ ¨ ³¥É·¨±  Gμν = diag (−1, 1, 1) ¶·¨´ ¤²¥¦ É É·¥Ì³¥·´μ³Ê μ¡Ñ¥³-
²ÕÐ¥³Ê ¶·μ¸É· ´¸É¢Ê Œ¨´±μ¢¸±μ£μ E2,1. Š ± ¨§¢¥¸É´μ, £·Ê¶¶  ‹¨ SO(2, 1)
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Ö¢²Ö¥É¸Ö £·Ê¶¶μ° ¨§μ³¥É·¨° ¤²Ö ¶·μ¸É· ´¸É¢  (1). ‚Ò¶¨Ï¥³ ¸É ´¤ ·É´Ò°
¡ §¨¸ ¤²Ö  ²£¥¡·Ò ‹¨ so(2, 1)

K1 = −(u0∂u2 + u2∂u0),
K2 = −(u0∂u1 + u1∂u0), (2)

L = u1∂u2 − u2∂u1 ,

¶μ¤Î¨´ÖÕÐ¨°¸Ö ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³

[K1, K2] = −L, [L, K1] = K2, [K2, L] = K1. (3)

�¶¥· Éμ· Š §¨³¨·   ²£¥¡·Ò so(2, 1) μ¶·¥¤¥²Ö¥É¸Ö ± ±

C = K2
1 + K2

2 − L2 (4)

¨ ¶·μ¶μ·Í¨μ´ ²¥´ μ¶¥· Éμ·Ê ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ΔLB = εC/R2. ‚ ²μ± ²Ó-
´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ξ = (ξ1, ξ2), § ¤ ´´μ° ´  £¨¶¥·¡μ²μ¨¤¥ (1), μ¶¥· Éμ·
‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ¶·¨´¨³ ¥É ¢¨¤

ΔLB =
1
√

g

∂

∂ξi

√
g gik ∂

∂ξk
, i, k = 1, 2, (5)

£¤¥ gik μ¶·¥¤¥²Ö¥É ¤¢ÊÌ³¥·´ÊÕ ³¥É·¨±Ê

ds2 = gikdξidξk, gijgjk = δi
k, g = | det (gik)|, i, k = 1, 2. (6)

‘μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢  Gμν

ds2 = Gμν duμ duν ¨ ±μ³¶μ´¥´É ³¨ gik(ξ) μ¶¨¸Ò¢ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

gik(ξ) = εGμν
∂uμ

∂ξi

∂uν

∂ξk
. (7)

“· ¢´¥´¨¥ ƒ¥²Ó³£μ²ÓÍ  ´  ³´μ£μμ¡· §¨¨ (1) μ¶·¥¤¥²Ö¥É¸Ö ± ±

ΔLBΨ = EΨ, (8)

£¤¥ E Å ´¥´Ê²¥¢ Ö ¤¥°¸É¢¨É¥²Ó´ Ö ¨²¨ ±μ³¶²¥±¸´ Ö ±μ´¸É ´É . ‚¸¥ ¨§¢¥¸É-
´Ò¥ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É, ¤μ¶Ê¸± ÕÐ¨¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ
¢ Ê· ¢´¥´¨¨ ƒ¥²Ó³£μ²ÓÍ  ´  £¨¶¥·¡μ²μ¨¤ Ì (1),  ¸¸μÍ¨¨·ÊÕÉ¸Ö ¸ μ¶¥· Éμ· ³¨

¢Éμ·μ£μ ¶μ·Ö¤±  S
(2)
α ¢ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥ so(2, 1) (£¤¥ ¨´¤¥±¸ α ¸μμÉ-

¢¥É¸É¢Ê¥É ¸¨¸É¥³¥), ±μ³³ÊÉ¨·ÊÕÐ¨³¨ ¸ μ¶¥· Éμ·μ³ ΔLB. � ¶μ³´¨³, ÎÉμ
¢ ¸²ÊÎ ¥ μ·Éμ£μ´ ²Ó´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ³¥É·¨Î¥¸±¨° É¥´§μ· ¨³¥¥É ¤¨ £μ-
´ ²Ó´Ò° ¢¨¤ gik = δikH2

k , £¤¥ H2
k Å ±μÔËË¨Í¨¥´ÉÒ ‹ ³Ô [76].
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‚ μ¸´μ¢¥  ²£¥¡· ¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ± ¶μ¸É·μ¥´¨Õ · §¤¥²ÖÕÐ¨Ì ¸¨¸É¥³
±μμ·¤¨´ É ¤²Ö Ê· ¢´¥´¨Ö ƒ¥²Ó³£μ²ÓÍ  (8) ²¥¦¨É ±² ¸¸¨Ë¨± Í¨Ö ¶μ μ·¡¨É ³

¢¸¥Ì ´¥¶μ¤μ¡´ÒÌ μ¶¥· Éμ·μ¢ S
(2)
α ¨§ ³´μ¦¥¸É¢  ¶μ²¨´μ³μ¢ ¢Éμ·μ£μ ¶μ·Ö¤± :

S(2)
α = m

(α)
ik XiXk, m

(α)
ik = m

(α)
ki , m

(α)
ik = const, i, k = 1, 2, 3 (9)

(X1 = K1, X2 = K2, X3 = L) ¶μ¤ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò SO(2, 1). „ ´´ Ö § ¤ Î 

¸¢μ¤¨É¸Ö ± ±² ¸¸¨Ë¨± Í¨¨ ¸¨³³¥É·¨Î´ÒÌ ³ É·¨Í M =
(
m

(α)
ki

)
´  ´¥¶μ¤μ¡-

´Ò¥ ±² ¸¸Ò ¶μ¤ ¤¥°¸É¢¨¥³ ¶·¥μ¡· §μ¢ ´¨° ¢¨¤  M ′ = α1A
T MA + α2AC , £¤¥

AT Å É· ´¸¶μ´¨·μ¢ ´´ Ö ³ É·¨Í ; A Å Ô²¥³¥´É £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì  ¢Éμ-
³μ·Ë¨§³μ¢ ¤²Ö so(2, 1); α1 �= 0, α2 Å ¤¥°¸É¢¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ; AC Å
³ É·¨Í , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö μ¶¥· Éμ·Ê Š §¨³¨·  (4).

…¸²¨ μ¶¥· Éμ· S
(2)
α Ö¢²Ö¥É¸Ö ±¢ ¤· Éμ³ μ¶¥· Éμ·  ¶¥·¢μ£μ ¶μ·Ö¤±  Xi

(¨²¨ ±¢ ¤· Éμ³ ¸Ê³³Ò ´¥±μÉμ·ÒÌ μ¶¥· Éμ·μ¢ Xi, ± ± ¢ ¸²ÊÎ ¥ μ·¨Í¨±²¨-
Î¥¸±¨Ì ±μμ·¤¨´ É), Éμ μ´¨ ¨³¥ÕÉ ¶μ¤£·Ê¶¶μ¢μ° ¢¨¤ [63]. ” ±É¨Î¥¸±¨ ¶μ¤-
£·Ê¶¶μ¢Ò¥ ±μμ·¤¨´ ÉÒ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ μ¶¥· Éμ·μ¢ ¶¥·¢μ£μ ¶μ·Ö¤± 
 ²£¥¡·Ò so(2, 1):

S(1) = miXi, mi = const, i = 1, 2, 3. (10)

�É³¥É¨³, ÎÉμ É ± Ö ±² ¸¸¨Ë¨± Í¨Ö, μ¸´μ¢ ´´ Ö ´  μ¶¥· Éμ· Ì ¶¥·¢μ£μ ¶μ-
·Ö¤± , ´¥ Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´μ°, É ± ± ± ¶·¨ ÔÉμ³, ¢μμ¡Ð¥ £μ¢μ·Ö, ³μ£ÊÉ ¡ÒÉÓ
¶μ²ÊÎ¥´Ò ´¥ Éμ²Ó±μ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É. ’¥³ ´¥ ³¥´¥¥, ± ±
¶μ± § ´μ ¢ ¶. 1.1.2, ¨¸¶μ²Ó§ÊÖ ´¥±¨° ¶·μ¨§¢μ² ¶·¨ μ¶·¥¤¥²¥´¨¨ ±μμ·¤¨´ É´ÒÌ
¸¨¸É¥³, ¨Ì ³μ¦´μ ¶·¨¢¥¸É¨ ± μ·Éμ£μ´ ²Ó´μ° Ëμ·³¥.

1.1. ‘¨³³¥É·¨¨ ¶¥·¢μ£μ ¶μ·Ö¤±  ¨ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ. 1.1.1. Š² ¸-
¸¨Ë¨± Í¨Ö ¸¨³³¥É·¨° ¶¥·¢μ£μ ¶μ·Ö¤± . ‘μ¸É ¢¨³ ¢¥±Éμ· v = (a, b, c) ¤²Ö
¶·μ¨§¢μ²Ó´μ£μ Ô²¥³¥´É 

S(1)(a, b, c) = aK1 + bK2 + cL (11)

 ²£¥¡·Ò ‹¨ so(2, 1). �μ¤ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì  ¢Éμ³μ·Ë¨§³μ¢ A3

([77, £². 4]) ÔÉμ°  ²£¥¡·Ò ±μμ·¤¨´ ÉÒ ¢¥±Éμ·  v ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

K1 : v = (a, b, c) ·

⎛⎝ 1 0 0
0 cosha1 sinh a1

0 sinh a1 cosha1

⎞⎠ = v · AK1 , (12)

K2 : v = (a, b, c) ·

⎛⎝ cosha2 0 sinh a2

0 1 0
sinh a2 0 cosha2

⎞⎠ = v · AK2 , (13)

L : v = (a, b, c) ·

⎛⎝ cos a3 − sin a3 0
sin a3 cos a3 0

0 0 1

⎞⎠ = v · AL, (14)
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£¤¥ a1, a2, a3 Å £·Ê¶¶μ¢Ò¥ ¶ · ³¥É·Ò; v = (ā, b̄, c̄) Å ¶·¥μ¡· §μ¢ ´´Ò°
¢¥±Éμ·. �·¨ ±² ¸¸¨Ë¨± Í¨¨ ³Ò É ±¦¥ ÊÎ¨ÉÒ¢ ¥³ É·¨ μÉ· ¦¥´¨Ö:

R0 : (u0, u1, u2) → (−u0, u1, u2),
R1 : (u0, u1, u2) → (u0,−u1, u2), (15)

R2 : (u0, u1, u2) → (u0, u1,−u2),

μ¸É ¢²ÖÕÐ¨¥ ¨´¢ ·¨ ´É´Ò³ μ¶¥· Éμ· ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ΔLB.
�É³¥É¨³ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶·¥μ¡· §μ¢ ´¨Ö³¨ μ¶¥· Éμ·μ¢ ¨ ¶·¥μ¡· §μ-

¢ ´¨Ö³¨ ±μμ·¤¨´ É (u0, u1, u2):

(K ′
1, K

′
2, L

′)T = A−1
K1

(K1, K2, L)T ∼ (u′
0, u

′
1, u

′
2)

T =

=

⎛⎝ cosha1 0 − sinh a1

0 1 0
− sinh a1 0 cosha1

⎞⎠ (u0, u1, u2)T ,

(K ′
1, K

′
2, L

′)T = A−1
K2

(K1, K2, L)T ∼ (u′
0, u

′
1, u

′
2)

T = (16)

=

⎛⎝ cosha2 sinh a2 0
sinh a2 cosha2 0

0 0 1

⎞⎠ (u0, u1, u2)T ,

(K ′
1, K

′
2, L

′)T = A−1
L (K1, K2, L)T ∼ (u′

0, u
′
1, u

′
2)

T =

=

⎛⎝ 1 0 0
0 cos a3 − sina3

0 sina3 cos a3

⎞⎠ (u0, u1, u2)T .

Šμ³¶μ§¨Í¨Ö É·¨£μ´μ³¥É·¨Î¥¸±μ£μ ¢· Ð¥´¨Ö ¶μ Î ¸μ¢μ° ¸É·¥²±¥ ´  Ê£μ² a3 =
π/2 ¢¤μ²Ó μ¸¨ u0 ¸ μÉ· ¦¥´¨¥³ R1 ¸μμÉ¢¥É¸É¢Ê¥É ¶¥·¥¸É ´μ¢±¥ u1 ¨ u2:
u1 ↔ u2. ’ ± Ö ¶¥·¥¸É ´μ¢±  ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥μ¡· §μ¢ ´¨Õ μ¶¥· Éμ·μ¢
K ′

1 = K2, K ′
2 = K1, L′ = −L.

�¡Ð¨° ¨´¢ ·¨ ´É ¶·¥μ¡· §μ¢ ´¨° (12)Ä(14) ¨³¥¥É ¢¨¤

I = a2 + b2 − c2, (17)

¨ ¤²Ö ±² ¸¸¨Ë¨± Í¨¨ ¢¸¥Ì ¶μ¤ ²£¥¡· ¶μ ±² ¸¸ ³ ´¥Ô±¢¨¢ ²¥´É´μ¸É¨ ´¥μ¡Ìμ-
¤¨³μ · ¸¸³μÉ·¥ÉÓ ¸²¥¤ÊÕÐ¨¥ É·¨ ¸²ÊÎ Ö.

A. I = 0 ¨²¨ c2 = a2 + b2. …¸²¨ a �= 0, Éμ c2 > b2. „¥°¸É¢ÊÖ AK1 ´  v
¸ a1 = −arctanh (b/c) ¨ ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ I = 0, ³Ò ³μ¦¥³ ¸¢¥¸É¨
±μμ·¤¨´ ÉÊ b ± ´Ê²Õ ¨ ¶μ²ÊÎ¨ÉÓ ¢¥±Éμ· (a, 0, |a|). � §¤¥²¨¢ (a, 0, |a|) ´  a,
μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³ ¢¥±Éμ· (1, 0,±1), ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¸¨³³¥É·¨¨

S(1)(1, 0,±1) = K1 ± L. (18)
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…¸²¨ a = 0, Éμ |c| = |b| �= 0, ¨, ¤¥²Ö (0, b, c) ´  b, ¶μ²ÊÎ ¥³ (0, 1,±1) ¨²¨

S(1)(0, 1,±1) = K2 ± L. (19)

�É³¥É¨³, ÎÉμ ÔÉ¨ ¤¢¥ ¸¨³³¥É·¨¨ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° ¢· Ð¥´¨¥³ AL (¶μ²Ê-
Î ¥³ ā �= 0) ¨ ÎÉμ §´ ± ¢ (18) ³μ¦¥É ¡ÒÉÓ ¢§ÖÉ ¶μ²μ¦¨É¥²Ó´Ò³ ¶·¨ ¨¸¶μ²Ó§μ-
¢ ´¨¨ ¤¨¸±·¥É´μ° ¸¨³³¥É·¨¨ R2 (15).

�. I > 0 ¨²¨ c2 < a2 + b2. ‚ ÔÉμ³ ¸²ÊÎ ¥ a �= 0 ¨²¨ b �= 0. …¸²¨ a �= 0,
Éμ, ¨¸¶μ²Ó§ÊÖ AL ¸ a3 = −arccot (b/a), ¶μ²ÊÎ ¥³ ā = 0, É ± ÎÉμ c̄2 < b̄2,
¨, ¢Ò¡¨· Ö a1 É ±μ°, ÎÉμ ¶·¨ ¶μ³μÐ¨ AK1 ³μ¦´μ μ¡´Ê²¨ÉÓ c, μ±μ´Î É¥²Ó´μ
¶μ²ÊÎ ¥³ ¢¥±Éμ· (0, 1, 0), ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¸¨³³¥É·¨¨

S(1)(0, 1, 0) = K2. (20)

�μ  ´ ²μ£¨¨ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¢¥±Éμ· (1, 0, 0), ±μÉμ·Ò° ¤ ¥É

S(1)(1, 0, 0) = K1. (21)

‚. I < 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ c2 > a2 + b2. �·¨ b �= 0 ¨ a �= 0, ¨¸¶μ²Ó§ÊÖ
AL, ¶μ²ÊÎ ¥³ ā = 0, É ± ÎÉμ c̄2 > b̄2. �μ¸²¥, ¨¸¶μ²Ó§ÊÖ AK1 , μ¡´Ê²Ö¥³ b̄ ¨
¶μ²ÊÎ ¥³ ¢¥±Éμ· (0, 0, 1). …¸²¨ b = 0 ¨ a �= 0, ¨¸¶μ²Ó§ÊÖ AK2 , μ¡´Ê²Ö¥³ ā ¨
¶μ²ÊÎ ¥³ ÉμÉ ¦¥ ¢¥±Éμ· (0, 0, 1), ¸μμÉ¢¥É¸É¢ÊÕÐ¨° μ¶¥· Éμ·Ê

S(1)(0, 0, 1) = L. (22)

’ ±¨³ μ¡· §μ³, μ¶¥· Éμ·Ò S(1)(a, b, c) (11) ¡Ò²¨ ¶·¥μ¡· §μ¢ ´Ò ¢ É·¨
´¥¶μ¤μ¡´ÒÌ ±² ¸¸ , ± ¦¤Ò° ¨§ ±μÉμ·ÒÌ ¸μμÉ¢¥É¸É¢Ê¥É ¶μ¤£·Ê¶¶μ¢μ° ¸¨¸É¥³¥
±μμ·¤¨´ É. �Éμ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö É·¥Ì μ¤´μ³¥·´ÒÌ ¶μ¤-
 ²£¥¡· Å o(2), o(1, 1) ¨ e(1) Å  ²£¥¡·Ò so(2, 1) [63]. �É³¥É¨³, ÎÉμ μ¶¥-
· Éμ·Ò (18) ¨ (19),   É ±¦¥ (20) ¨ (21) μ¶¨¸Ò¢ ÕÉ Ô±¢¨¢ ²¥´É´Ò¥ ¸¨¸É¥³Ò
±μμ·¤¨´ É.

1.1.2. �μ¤£·Ê¶¶μ¢Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É. �μ¸É·μ¨³ ¶μ¤£·Ê¶¶μ¢Ò¥ ±μμ·-
¤¨´ É´Ò¥ ¸¨¸É¥³Ò, ¤μ¶Ê¸± ÕÐ¨¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¤²Ö ± ¦¤μ£μ μ¶¥-
· Éμ·  ¸¨³³¥É·¨¨ ¶¥·¢μ£μ ¶μ·Ö¤±  S(1), ¶μ²ÊÎ¥´´μ£μ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥.
�μÉ·¥¡Ê¥³, ÎÉμ¡Ò μ¶¥· Éμ· S(1), ¶·¥¤¸É ¢²¥´´Ò° ¢ ¢¨¤¥ (18)Ä(22) ¨²¨

S(1) = ξ0∂u0 + ξ1∂u1 + ξ2∂u2 , ξi ≡ ξi(u0, u1, u2), (23)

¢ ´¥±μÉμ·ÒÌ ²μ± ²Ó´ÒÌ ±·¨¢μ²¨´¥°´ÒÌ ±μμ·¤¨´ É Ì ξ(u0, u1, u2),
η(u0, u1, u2) ¶·¨´¨³ ² ± ´μ´¨Î¥¸±ÊÕ ¨²¨ ¤¨ £μ´ ²Ó´ÊÕ Ëμ·³Ê:

S(1) =
∂

∂η
. (24)
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�¥Ï¥´¨¥ ÔÉμ° § ¤ Î¨ Ô±¢¨¢ ²¥´É´μ ¶μ¨¸±Ê ·¥Ï¥´¨Ö ¤¢ÊÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ
¶μ·Ö¤±  ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ

ξ0
∂ξ

∂u0
+ ξ1

∂ξ

∂u1
+ ξ2

∂ξ

∂u2
= 0, ξ0

∂η

∂u0
+ ξ1

∂η

∂u1
+ ξ2

∂η

∂u2
= 1 (25)

¸ ÊÎ¥Éμ³ ¸μμÉ´μÏ¥´¨Ö (1). � ¸¸³μÉ·¨³ ± ¦¤Ò° ¸²ÊÎ ° μÉ¤¥²Ó´μ.

1. S(1) = L. „²Ö ¶·¨¢¥¤¥´¨Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ L = u1∂u2 − u2∂u1 ±
± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê L = ∂η ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

u1
∂ξ

∂u2
− u2

∂ξ

∂u1
= 0, u1

∂η

∂u2
− u2

∂η

∂u1
= 1. (26)

‚Ò¶¨¸Ò¢ Ö Ê· ¢´¥´¨Ö Ì · ±É¥·¨¸É¨±

du1

u2
= −du2

u1
=

dξ

0
,

du1

u2
= −du2

u1
=

dη

1
(27)

¨ ·¥Ï Ö ¨Ì, ´ °¤¥³

f2(ξ, R) = u2
1 + u2

2, η = arcsin
u2

f(ξ)
+ g(ξ, R), (28)

μÉ±Ê¤  u2 = f(ξ, R) sin (η − g(ξ, R)). ‘μμÉ´μÏ¥´¨¥ (28) ¤ ¥É u1 =√
f2(ξ, R) − u2

2 = f(ξ, R) cos (η − g(ξ, R)). ’·¥ÉÓÖ ±μμ·¤¨´ É  u0 μ¶·¥¤¥-
²Ö¥É¸Ö ¨§ (1).

1a. „²Ö ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ε =1 ¨³¥¥³ u0 =
√

f2(ξ, R)+R2 > 0.
‚Ò¡¨· Ö f(ξ, R) = R sinh ξ ¨ g(ξ, R) = 0 ¨ μ¡μ§´ Î Ö ´μ¢Ò¥ ±μμ·¤¨´ ÉÒ
(τ, ϕ) ¢³¥¸Éμ (ξ, η), ¶μ²ÊÎ ¥³ μ·Éμ£μ´ ²Ó´ÊÕ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μ-
μ·¤¨´ É ¤²Ö ¢¥·Ì´¥° ¶μ²μ¸É¨ H2:

u0 = R cosh τ, u1 = R sinh τ cosϕ, u2 = R sinh τ sinϕ, (29)

£¤¥ τ � 0 ¨ ϕ ∈ [0, 2π) (¸³. ·¨¸. 2 ¨ É ¡². 1 ¢ ¶·¨²μ¦¥´¨¨).
�É³¥É¨³, ÎÉμ ¥¸²¨ ¢§ÖÉÓ g(ξ, R), É ± ÎÉμ g′ξ �= 0, Éμ ¶μ²ÊÎ¨³ ´¥μ·Éμ£μ´ ²Ó-

´ÊÕ ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É, ±μÉμ· Ö É ±¦¥ ¤μ¶Ê¸± ¥É · §¤¥²¥´¨¥
¶¥·¥³¥´´ÒÌ. ‚ Î ¸É´μ¸É¨, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ´¥μ·Éμ£μ´ ²Ó´ÊÕ ¸Ë¥·¨Î¥¸±ÊÕ
¸¨¸É¥³Ê ±μμ·¤¨´ É ¢ ¢¨¤¥ (g = −Rξ/α, α Å ´¥´Ê²¥¢ Ö ±μ´¸É ´É ):

u0 = R cosh τ,

u1 = R sinh τ cos (ϕ + Rτ/α) , (30)

u2 = R sinh τ sin (ϕ + Rτ/α) ,

±μÉμ· Ö ¸É·¥³¨É¸Ö ± μ·Éμ£μ´ ²Ó´μ° ¸¨¸É¥³¥ ¶·¨ α → ∞.

1¡. ‚ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ε = −1 ¨§ (28) ¸²¥¤Ê¥É, ÎÉμ
u0 = ±

√
f2(ξ, R) − R2. �μ² £ Ö f(ξ, R) = R cosh ξ, g(ξ, R) = 0 ¨ ¢¢μ¤Ö
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ξ = τ , η = ϕ, ¶μ²ÊÎ ¥³ μ·Éμ£μ´ ²Ó´ÊÕ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ´  H̃2

(¸³. ·¨¸. 26 ¨ É ¡². 2 ¢ ¶·¨²μ¦¥´¨¨):

u0 = R sinh τ, u1 = R cosh τ cosϕ, u2 = R cosh τ sin ϕ, (31)

£¤¥ ϕ ∈ [0, 2π), τ ∈ R.
�´ ²μ£¨Î´μ, ¢§Ö¢ g(ξ, R) = −Rξ/α − π/2, ¶μ²ÊÎ¨³ ´¥μ·Éμ£μ´ ²Ó´ÊÕ

¸¨¸É¥³Ê ±μμ·¤¨´ É:

u0 = R sinh τ,

u1 = −R cosh τ sin (ϕ + Rτ/α) , (32)

u2 = R cosh τ cos (ϕ + Rτ/α) .

�É³¥É¨³, ÎÉμ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±¨¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É ¶μ²´μ¸ÉÓÕ ¶μ±·Ò-
¢ ÕÉ μ¤´μ¶μ²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤ ¨ ¢¥·Ì´ÕÕ ¶μ²μ¸ÉÓ ¤¢ÊÌ¶μ²μ¸É´μ£μ.

2. S(1) = K2. ‡ ¶¨Ï¥³ μ¶¥· Éμ· K2 ¢ É¥·³¨´ Ì ²μ± ²Ó´ÒÌ ¶¥·¥³¥´-
´ÒÌ (ξ, η)

− K2 = u0
∂

∂u1
+ u1

∂

∂u0
=

(
u0

∂ξ

∂u1
+ u1

∂ξ

∂u0

)
∂

∂ξ
+

+
(

u0
∂η

∂u1
+ u1

∂η

∂u0

)
∂

∂η
(33)

¨ ¶·¥μ¡· §Ê¥³ ¥£μ ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê (24). ˆ³¥¥³

u0
∂ξ

∂u1
+ u1

∂ξ

∂u0
= 0, u0

∂η

∂u1
+ u1

∂η

∂u0
= 1. (34)

• · ±É¥·¨¸É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö § ¶¨Ï¥³ ¢ ¢¨¤¥

du1

u0
=

du0

u1
=

dξ

0
,

du1

u0
=

du0

u1
=

dη

1
. (35)

ˆ§ (34) ¸²¥¤Ê¥É

f(ξ, R) = u2
0 − u2

1, η = arcsh
u1√

f(ξ, R)
+ g(ξ, R). (36)

2a. ‚ ¸²ÊÎ ¥ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  f(ξ, R) > 0 ¨ ¶μ²ÊÎ ¥³

u1 =
√

f(ξ, R) sinh (η − g(ξ, R)),

u0 =
√

f(ξ, R) + u2
1 =

√
f(ξ, R) cosh (η − g(ξ, R)).
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’·¥ÉÓÖ ±μμ·¤¨´ É  ¶·¨´¨³ ¥É ¢¨¤ u2 = ±
√

f2(ξ, R) − R2. ‚Ò¡¨· Ö f(ξ, R) =
R2 cosh2 ξ, ¤ ²¥¥ ¶μ² £ Ö g(ξ, R) = 0 ¨ ¢¢μ¤Ö μ¡μ§´ Î¥´¨Ö τ1 ¨ τ2 ¢³¥¸Éμ ξ ¨
η, ¶μ²ÊÎ ¥³ μ·Éμ£μ´ ²Ó´ÊÕ Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê:

u0 = R cosh τ1 cosh τ2, u1 = R cosh τ1 sinh τ2, u2 = R sinh τ1, (37)

£¤¥ τ1, τ2 ∈ R (¸³. ·¨¸. 4).
‚Ò¡¨· Ö g(ξ, R) = −ξ/α, ¶μ²ÊÎ ¥³ ´¥μ·Éμ£μ´ ²Ó´Ò¥ Ô±¢¨¤¨¸É ´É´Ò¥

±μμ·¤¨´ ÉÒ:

u0 = R cosh τ1 cosh (τ2 + Rτ1/α),
u1 = R cosh τ1 sinh(τ2 + Rτ1/α), (38)

u2 = R sinh τ1.

2¡. �  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H̃2 ËÊ´±Í¨Ö f(ξ, R) ³μ¦¥É ¶·¨´¨-
³ ÉÓ ± ± ¶μ²μ¦¨É¥²Ó´Ò¥, É ± ¨ μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö. �·¨ f(ξ, R)> 0
(|u2| � R) ¨³¥¥³ u0 =

√
f(ξ, R) cosh (η − g(ξ, R)), ´μ É¥¶¥·Ó u2 =

±
√

f(ξ, R) + R2.
‚Ò¡¨· Ö f(ξ, R) = R2 sinh2 ξ ¨ g(ξ, R) = 0, ¶¥·¥¨³¥´μ¢Ò¢ Ö (ξ, η) ´ 

(τ1, τ2), ¶μ²ÊÎ ¥³ μ·Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ É¨¶  Ia, ±μÉμ·Ò¥ ¶μ±·Ò¢ ÕÉ
μ¡² ¸ÉÓ |u2| � R ´  H̃2 (¸³. ·¨¸. 23):

u0 = R sinh τ1 cosh τ2,

u1 = R sinh τ1 sinh τ2, (39)

u2 = ±R cosh τ1,

£¤¥ τ1, τ2 ∈ R.
�´ ²μ£¨Î´μ, ¶μ² £ Ö g(ξ, R) = ln [Rξ/α], ¶μ²ÊÎ ¥³ ´¥μ·Éμ£μ´ ²Ó´ÊÕ ¸¨-

¸É¥³Ê É¨¶  Ia (τ1 �= 0):

u0 = R sinh τ1 cosh (τ2 − ln [Rτ1/α]) ,

u1 = R sinh τ1 sinh (τ2 − ln [Rτ1/α]) , (40)

u2 = ±R cosh τ1.

‚ ¸²ÊÎ ¥, ±μ£¤  u2
0 − u2

1 � 0 ¨²¨ |u2| � R, ¸μμÉ´μÏ¥´¨Ö ¢ (36) ¶·¨´¨³ -
ÕÉ ¢¨¤

f(ξ, R) = u2
1 − u2

0 > 0, η = cosh−1 u1√
f(ξ, R)

+ g(ξ, R). (41)

�μ  ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³ ¸²ÊÎ ¥³, ¶μ² £ Ö f(ξ, R) = R2 sin2 ξ, ¶·¨Ìμ-
¤¨³ ± Ô±¢¨¤¨¸É ´É´Ò³ ±μμ·¤¨´ É ³, ¶μ±·Ò¢ ÕÐ¨³ §μ´Ê |u2| � R ´  H̃2

(¸³. ·¨¸. 23):

u0 = R sinϕ sinh τ, u1 = R sin ϕ cosh τ, u2 = R cosϕ, (42)
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£¤¥ τ ∈ R, ϕ ∈ [0, 2π). ’ ±ÊÕ ¸¨¸É¥³Ê ´ §μ¢¥³ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥-
³μ° É¨¶  Ib. „²Ö ´¥μ·Éμ£μ´ ²Ó´ÒÌ ±μμ·¤¨´ É É¨¶  Ib ¢Ò¡¨· ¥³ g(ξ, R) =
ln [Rξ/α] ¨ ¶μ²ÊÎ ¥³ (ϕ �= 0):

u0 = R sin ϕ sinh (τ − ln [Rϕ/α]) ,

u1 = R sin ϕ cosh (τ − ln [Rϕ/α]) , (43)

u2 = R cosϕ.

�É³¥É¨³, ÎÉμ ¸¨¸É¥³  (42) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¨§ (39) § ³¥´μ° τ1 =
−iϕ, τ2 = τ + iπ/2. Š·μ³¥ Éμ£μ, · §´¨Í  ³¥¦¤Ê ¸¨¸É¥³ ³¨ É¨¶  Ia ¨ Ib
¶·μÖ¢²Ö¥É¸Ö ¢ · §´ÒÌ ±μ´É· ±Í¨ÖÌ, ¶μ± § ´´ÒÌ ´¨¦¥.

‚³¥¸É¥ ¸ Ô±¢¨¤¨¸É ´É´Ò³¨ ±μμ·¤¨´ É ³¨ É¨¶  Ia ¨ Ib ³μ¦´μ ¢¢¥¸É¨ ¸¨-
¸É¥³Ò É¨¶  IIa (|u1| � R) ¨ IIb (|u1| � R), ¢ ±μÉμ·ÒÌ ¤¨ £μ´ ²¨§Ê¥É¸Ö μ¶¥-
· Éμ· S(1) = K1. ‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ± ¸¨¸É¥³ ³, ¶μ¤μ¡´Ò³ (39), (42), ¸
ÉμÎ´μ¸ÉÓÕ ¤μ ¶¥·¥¸É ´μ¢±¨ u1 ↔ u2.

‚ ± Î¥¸É¢¥ ´¥μ·Éμ£μ´ ²Ó´ÒÌ ±μμ·¤¨´ É É¨¶  IIb ³μ¦´μ · ¸¸³μÉ·¥ÉÓ, ´ -
¶·¨³¥·, ¸²¥¤ÊÕÐ¨¥:

u0 = −R cosϕ sinh (τ + Rϕ/α) ,

u1 = R sin ϕ, (44)

u2 = −R cosϕ cosh (τ + Rϕ/α) .

3. S(1) = K1 +L. � ¸¸³μÉ·¨³ μ¶¥· Éμ· K1 +L = (u1−u0)∂u2 −u2∂u0 −
u2∂u1 . „²Ö ¶·¨¢¥¤¥´¨Ö ¥£μ ± ± ´μ´¨Î¥¸±μ° Ëμ·³¥ ∂η ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ
Ê· ¢´¥´¨Ö

(u1 − u0)
∂ξ

∂u2
− u2

∂ξ

∂u0
− u2

∂ξ

∂u1
= 0,

(45)

(u1 − u0)
∂η

∂u2
− u2

∂η

∂u0
− u2

∂η

∂u1
= 1.

�É¸Õ¤  ´ Ìμ¤¨³, ÎÉμ

f(ξ, R) = u0 − u1, u2 = g(ξ, R) − ηf(ξ, R). (46)

3a. „²Ö ¢¥·Ì´¥° ¶μ²μ¸É¨ ´  H2 ¨³¥¥³ μ·Éμ£μ´ ²Ó´Ò¥ · §¤¥²ÖÕÐ¨¥ ±μ-
μ·¤¨´ ÉÒ (ξ, η) (¶μ² £ ¥³ g = 0):

ξ = u0 − u1 > 0, η =
u2

u1 − u0
. (47)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (1) ¸ ε = 1 ¨ ¶μ² £ Ö η = −x̃, ξ = R/ỹ, ¶μ²ÊÎ ¥³
μ·Éμ£μ´ ²Ó´ÊÕ μ·¨Í¨±²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (¸³. ·¨¸. 6):

u0 = R
x̃2 + ỹ2 + 1

2ỹ
, u1 = R

x̃2 + ỹ2 − 1
2ỹ

, u2 = R
x̃

ỹ
, (48)

£¤¥ x̃ ∈ R, ỹ > 0.
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„²Ö ´¥μ·Éμ£μ´ ²Ó´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ¡¥·¥³ f(ξ, R) = R/ξ, g(ξ, R) =
R(1 − 1/ξ). �¡μ§´ Î Ö ξ = ỹ, η = −x̃, ¶μ²ÊÎ ¥³

u0 = R
(x̃ + ỹ − 1)2 + ỹ2 + 1

2ỹ
,

u1 = R
(x̃ + ỹ − 1)2 + ỹ2 − 1

2ỹ
, (49)

u2 = R
x̃ + ỹ − 1

ỹ
.

3¡. ‚ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  (ε = −1) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥
μ·¨Í¨±²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (¸³. ·¨¸. 28):

u0 = R
x̃2 − ỹ2 + 1

2ỹ
, u1 = R

x̃2 − ỹ2 − 1
2ỹ

, u2 = R
x̃

ỹ
, (50)

£¤¥ x̃ ∈ R, ỹ ∈ R \ {0}.
�¥μ·Éμ£μ´ ²Ó´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É ¶·¨ f(ξ, R) = Rξ/2, g(ξ, R) = R

¨³¥¥É ¢¨¤

u0 =
R

4
(
ξη2 − 4η + ξ

)
,

u1 =
R

4
(
ξη2 − 4η − ξ

)
, (51)

u2 = R(1 − ξη/2).

Ÿ¸´μ, ÎÉμ ³μ¦´μ ¢¢¥¸É¨ Ô±¢¨¢ ²¥´É´Ò¥ ¸¨¸É¥³ ³ (48), (50), (51) ±μμ·¤¨-
´ ÉÒ, ¢ ±μÉμ·ÒÌ μ¶¥· Éμ· S(1) = K2 − L ¶·¨´¨³ ¥É ¤¨ £μ´ ²Ó´Ò° ¢¨¤. �É¨
¸¨¸É¥³Ò ¶μ²ÊÎ ÕÉ¸Ö ¶¥·¥¸É ´μ¢±μ° ±μμ·¤¨´ É u1 ¨ u2.

1.2. Š² ¸¸¨Ë¨± Í¨Ö ¸¨³³¥É·¨° ¢Éμ·μ£μ ¶μ·Ö¤± . ’¥¶¥·Ó μ¡· É¨³¸Ö ±
μ¶¥· Éμ· ³ ¢Éμ·μ£μ ¶μ·Ö¤±  S ≡ S(2) (9) ¨§ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·Ò ¤²Ö
so(2, 1):

S = aK2
1 + b{K1, K2} + cK2

2 + d{K1, L} + e{K2, L} + fL2 (52)

({X, Y } = XY + Y X) ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±¢ ¤· É¨Î´μ° Ëμ·³μ°

M =

⎛⎝ a b d
b c e
d e f

⎞⎠ . (53)
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�μ¤ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò  ¢Éμ³μ·Ë¨§³μ¢ A3 Ô²¥³¥´ÉÒ Ëμ·³Ò M ¶·¥μ¡· -
§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

M ′
K1

= AT
K1

MAK1 = (54)

=

⎛⎜⎝
a b cosh a1+d sinh a1 b sinh a1+d cosh a1

b cosh a1+d sinh a1 c cosh2 a1+e sinh 2a1+f sinh2 a1
c+f

2
sinh 2a1+e cosh 2a1

b sinha1+d cosh a1
c+f

2
sinh 2a1+e cosh 2a1 c sinh2 a1+e sinh 2a1+f cosh2 a1

⎞⎟⎠,

M ′
K2

= AT
K2

MAK2 , (55)

M ′
L = AT

LMAL, (56)

£¤¥ AT Å É· ´¸¶μ´¨·μ¢ ´´ Ö ³ É·¨Í . ˆ³¥¥³ ¤¢  £¨¶¥·¡μ²¨Î¥¸±¨Ì (54), (55)
¨ μ¤´μ μ¡ÒÎ´μ¥ (56) ¢· Ð¥´¨Ö.

’ ±¨³ μ¡· §μ³, § ¤ Î  ¸¢μ¤¨É¸Ö ± ±² ¸¸¨Ë¨± Í¨¨ ³ É·¨Í M μÉ´μ¸¨-
É¥²Ó´μ ¤¥°¸É¢¨° (54)Ä(56) ¨ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¸ μ¶¥· Éμ·μ³ Š §¨³¨· 
C = K2

1 + K2
2 − L2:

M ′
C = α1M + α2

⎛⎝ 1 0 0
0 1 0
0 0 −1

⎞⎠ = α1M + α2AC , (57)

£¤¥ α1 Å ´¥´Ê²¥¢ Ö ¶μ¸ÉμÖ´´ Ö.
ˆ´¢ ·¨ ´É ³¨ ¶·¥μ¡· §μ¢ ´¨° (54)Ä(56) Ö¢²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò:

I1 = a + c − f, I2 = A + C − F, I3 = det M,

£¤¥ A, B, C, . . . , F Å ³¨´μ·Ò Ô²¥³¥´Éμ¢ a, b, c, . . . , f ³ É·¨ÍÒ M ¸μμÉ¢¥É-
¸É¢¥´´μ.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  I3 = 0. …¸²¨ ÔÉμ ´¥ É ±, Éμ, ¨¸¶μ²Ó§ÊÖ ¶·¥-
μ¡· §μ¢ ´¨¥ (57),   ¨³¥´´μ M ′

C = M − μAC , £¤¥ μ Å ÔÉμ ¤¥°¸É¢¨É¥²Ó´Ò°
±μ·¥´Ó Ê· ¢´¥´¨Ö det (M − μAC) = 0, ¸¢¥¤¥³ I3 ± ´Ê²Õ. �·¨ Ê¸²μ¢¨¨, ÎÉμ
det M = 0, ¤²Ö ³¨´μ·μ¢ ³ É·¨ÍÒ M ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

CF = E2, AF = D2, AC = B2 (58)

¨

aA − bB + dD = 0, (59)

−bB + cC − eE = 0, (60)

dD − eE + fF = 0. (61)

‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö (54)Ä(56) ¤¥°¸É¢ÊÕÉ ´  ³¨´μ·Ò É ±
¦¥, ± ± ´  Ô²¥³¥´ÉÒ ³ É·¨ÍÒ M , É. ¥., ¥¸²¨ § ³¥´¨ÉÓ a, b, c, . . . ¢ (54)Ä(56) ´ 
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¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¨´μ·Ò A, B, C, . . ., ¶μ²ÊÎ¨³ É¥ ¦¥ ¸ ³Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö
³¨´μ·μ¢.

„¥°¸É¢ÊÖ ¢· Ð¥´¨¥³ AL ´  ³¨´μ· B, ¸¢¥¤¥³ ¥£μ ± ´Ê²Õ. ’ ± ± ± I3 Å
¨´¢ ·¨ ´É £·Ê¶¶Ò A3, ¸μμÉ´μÏ¥´¨Ö (58)Ä(61) ¢¥·´Ò ¨ ¤²Ö ¶·¥μ¡· §μ¢ ´´ÒÌ
³¨´μ·μ¢. ’μ£¤  ¨§ (58) ¸²¥¤Ê¥É, ÎÉμ AC = 0. � ¸¸³μÉ·¨³ ¢μ§³μ¦´Ò¥ ¢ ·¨-
 ´ÉÒ.

‘²ÊÎ ° 1. …¸²¨ A = 0, Éμ D = 0 ¨§ (58). …¸ÉÓ ¤¢  ¢ ·¨ ´É .
1. I2 �= 0, É. ¥. C − F �= 0, Éμ£¤ , ¢Ò¡· ¢ ¶μ¤Ìμ¤ÖÐ¨° ¶ · ³¥É· a1 =

1
4

ln
(

F + C − 2E

F + C + 2E

)
, ³¨´μ· E ³μ¦´μ ¸¢¥¸É¨ ± ´Ê²Õ,   ³¨´μ·Ò A, B, D

μ¸É ´ÊÉ¸Ö ´Ê²¥¢Ò³¨. ’ ±μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  ¸ÊÐ¥¸É¢Ê¥É, É ± ± ± (F +C−
2E)(F + C + 2E) = (C − F )2 > 0. „ ²¥¥, ¨§ (58) ¶μ²ÊÎ ¥³ CF = 0. ’μ£¤ :

• ²¨¡μ C = 0, F �= 0 ¨ f = 0 ¨§ (61), É ± ÎÉμ e = 0 ¨§ A = 0 ¨ d = 0 ¨§
C = 0. „ ²¥¥ μ¡´Ê²Ö¥³ b ¢· Ð¥´¨¥³ AL ¨ μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³

M1 =

⎛⎝ a 0 0
0 c 0
0 0 0

⎞⎠∣∣∣∣∣∣
F=ac �=0

;

• ²¨¡μ C �= 0, F = 0, Éμ£¤  c = 0 ¨§ (60), É ± ÎÉμ e = 0 ¨§ A = 0 ¨ b = 0
¨§ F = 0. �μ²ÊÎ ¥³

M2 =

⎛⎝ a 0 d
0 0 0
d 0 f

⎞⎠∣∣∣∣∣∣
C=af−d2 �=0

.

2. �Ê¸ÉÓ I2 = 0, É. ¥. C = F .
• …¸²¨ C = F = 0, Éμ E = 0 ¨§ (58) ¨ ¢¸¥ ³¨´μ·Ò · ¢´Ò ´Ê²Õ. ‚ ÔÉμ³

¸²ÊÎ ¥  ¢Éμ³μ·Ë¨§³Ò ´¥ ³μ£ÊÉ ¨§³¥´¨ÉÓ ´¨ μ¤¨´ ³¨´μ·, ´μ ¢¸¥ ¥Ð¥ ¤¥°¸É¢ÊÕÉ
´  Ô²¥³¥´ÉÒ ³ É·¨ÍÒ M . �μ¤Ìμ¤ÖÐ¨³ ¢· Ð¥´¨¥³ AL Ô²¥³¥´É b ¸¢μ¤¨É¸Ö
± ´Ê²Õ. …¸²¨ a �= 0, Éμ c = 0 ¨§ F = 0, e = 0 ¨§ E = 0, ¨ ¶μ²ÊÎ ¥³ Ëμ·³Ê
M2 ¸ Ê¸²μ¢¨¥³ C = 0. …¸²¨ a = 0, Éμ d = 0 ¨§ C = 0, ¨ ¢· Ð¥´¨¥³ AL ¸
a3 = π/2 ¶μ²ÊÎ¨³ ÉÊ ¦¥ ¸ ³ÊÕ Ëμ·³Ê M2.

• …¸²¨ C = F �= 0, Éμ f = c ¨§ (60), (61), É ± ÎÉμ e = ±c ¨§ A = 0 ¨
d = ±b ¨§ C = F . ˆ¸¶μ²Ó§ÊÖ μÉ· ¦¥´¨Ö, ¸¢μ¤¨³ Ô²¥³¥´ÉÒ ¸ ¢¥·Ì´¨³ §´ ±μ³
± Ô²¥³¥´É ³ ¸ ´¨¦´¨³ §´ ±μ³ ¨ ¶μ²ÊÎ ¥³ Ëμ·³Ê

M3 =

⎛⎝ a b −b
b c −c
−b −c c

⎞⎠∣∣∣∣∣∣
ac �=b2

.

‘²ÊÎ ° 2. �·¨ A �= 0 ¨³¥¥³ C = 0 ¨§ (58), É ± ± ± B = 0,   ³¨´μ·
E = 0 ¢ ¸¨²Ê (58). ’μ£¤ :
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• ²¨¡μ I2 �= 0, É. ¥. A − F �= 0. ‚Ò¡¨· Ö a2 =
1
4

ln
(

A + F − 2D

A + F + 2D

)
,

¸¢μ¤¨³ ³¨´μ· D ± ´Ê²Õ,   ³¨´μ·Ò C, B, E μ¸É ÕÉ¸Ö ´Ê²¥¢Ò³¨. ’ ±μ°
¶ · ³¥É· a2 ¢ ¸¨²Ê Éμ£μ, ÎÉμ (A+F −2D)(A+F +2D) = (A−F )2 > 0. ’μ£¤ 
¨§ (58) ¶μ²ÊÎ ¥³ AF = 0, É ± ÎÉμ F = 0. ‚¸¥ ³¨´μ·Ò, §  ¨¸±²ÕÎ¥´¨¥³ A,
· ¢´Ò ´Ê²Õ, ¶μÔÉμ³Ê a = 0 ¨§ (59). ’μ£¤  d = 0 ¨§ C = 0,   b = 0 ¨§ F = 0.
�μ²ÊÎ¥´´ Ö Ëμ·³  ¸¢μ¤¨É¸Ö ¢· Ð¥´¨¥³ AL ¸ a3 = π/2 ± M2;

• ²¨¡μ I2 = A − F = 0, ¶μÔÉμ³Ê A = F �= 0. ’μ£¤  f = a ¨§ (59), (60),  
d = ±a ¨§ C = 0 ¨ b = ±e ¨§ A = F . ˆ¸¶μ²Ó§ÊÖ μÉ· ¦¥´¨Ö, ¸¢μ¤¨³ Ô²¥³¥´ÉÒ
¸ ¢¥·Ì´¨³ §´ ±μ³ ± Ô²¥³¥´É ³ ¸ ´¨¦´¨³ §´ ±μ³ ¨ ¶μ²ÊÎ ¥³ Ëμ·³Ê

M4 =

⎛⎝ a b −a
b c −b
−a −b a

⎞⎠∣∣∣∣∣∣
ac �=b2

. (62)

�É³¥É¨³, ÎÉμ
1) ¢· Ð¥´¨¥³ AL ¸ a3 = π/2 Ëμ·³  M3 ¶·¨¢μ¤¨É¸Ö ± Ëμ·³¥ M4;
2) Ëμ·³  M1 ¸ ¶μ³μÐÓÕ (57) ¸ α1 = 1/c, α2 = −1 ¸¢μ¤¨É¸Ö ± Ëμ·³¥ M2

¸ a �= −1, d = 0, f = 1, É ± ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ Éμ²Ó±μ ¤¢¥ ´¥¶μ¤μ¡´Ò¥ Ëμ·³Ò Å
M2 (¡¥§ ¢¸Ö±μ£μ Ê¸²μ¢¨Ö) ¨ M4.

�·μ ´ ²¨§¨·Ê¥³, ± ±¨¥ μ¶¥· Éμ·Ò ¶μ²ÊÎ É¸Ö ¨§ ± ¦¤μ° Ëμ·³Ò.
1. M4

…¸²¨ ¢ (62) I1 = c �= 0, Éμ ±μ³¶μ§¨Í¨¥° AL ◦ AK1 ◦ AL ¸ ¶ · ³¥É· ³¨

sin a3 = σ/
√

σ2 + 4, sinh a1 = −σ
√

σ2 + 4/2, σ = −b/c ¶μ²ÊÎ ¥³⎛⎝ a 0 −a
0 c 0
−a 0 a

⎞⎠∣∣∣∣∣∣
ac �=0

,

  ¤¥²Ö ´  a ¨ ¨¸¶μ²Ó§ÊÖ μÉ· ¦¥´¨Ö, ¶μ²ÊÎ ¥³ μ¶¥· Éμ·Ò (γ > 0):

SEP = (K1 + L)2 + γK2
2 ¶·¨ ac > 0; (63)

SHP = (K1 + L)2 − γK2
2 ¶·¨ ac < 0. (64)

…¸²¨ ¢ (62) I1 = c = 0, Éμ b �= 0. ˆ¸¶μ²Ó§ÊÖ ÉÊ ¦¥ ¸ ³ÊÕ ±μ³¶μ§¨Í¨Õ
AL◦AK1 ◦AL ¸ σ = −a/(2b), ¶μ²ÊÎ ¥³ a = 0,   ¶μ¸²¥ ¶·¨³¥´¥´¨Ö μÉ· ¦¥´¨°
¨ ¤¥²¥´¨Ö ´  b ¶μ²ÊÎ ¥³ μ¶¥· Éμ·

SSCP = {K1, K2} + {K2, L}. (65)

2. M2

‚ ÔÉμ³ ¸²ÊÎ ¥ Ëμ·³  ¢Ò£²Ö¤¨É É ±:

M2 =

⎛⎝ a 0 d
0 0 0
d 0 f

⎞⎠ ∼=

⎛⎝ 0 0 0
0 c e
0 e f

⎞⎠ = M̃2. (66)
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‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ · ¸¸³μÉ·¥ÉÓ §´ Î¥´¨¥ ¨´¢ ·¨ ´É  ¶·¥μ¡· §μ¢ ´¨Ö (55),
  ¨³¥´´μ J = (a+f)2−4d2 ¤²Ö M2 (¨²¨ ¨´¢ ·¨ ´É  AK1 : J̃ = (c+f)2−4e2

¤²Ö M̃2).
1. �Ê¸ÉÓ J̃ = (c + f)2 − 4e2 > 0, Éμ£¤  c + f �= 0, ¨ £¨¶¥·¡μ²¨Î¥¸±¨³

¢· Ð¥´¨¥³ (54) ¸ tanh 2a1 = −2e/(c + f) ³μ¦´μ μ¡´Ê²¨ÉÓ e ¢ M̃2.
…¸²¨ f = 0, ¶μ²ÊÎ ¥³ μ¶¥· Éμ·

SEQ = K2
2 . (67)

…¸²¨ f �= 0, Éμ, ¤¥²Ö ´  f , ¶μ²ÊÎ ¥³ Ëμ·³Ê⎛⎝ 0 0 0
0 c 0
0 0 1

⎞⎠∣∣∣∣∣∣
˜J=(c+1)2>0, c �=−1

. (68)

�·¨ c = 0 ¢ (68) ¨³¥¥³ μ¶¥· Éμ·

SSPH = L2. (69)

�·¨ c �= 0 ¨§ ¸μμÉ´μÏ¥´¨Ö J̃ = (c + 1)2 > 0 ¶μ²ÊÎ ¥³ c ∈ (−∞,−1) ∪
(−1, 0) ∪ (0,∞).

a) …¸²¨ c > 0 ¢ (68), Éμ, ¶μ² £ Ö c = sinh2 β, β �= 0, ¶μ²ÊÎ ¥³ μ¶¥· Éμ·

SE = L2 + sinh2 βK2
2 , β �= 0. (70)

¡) …¸²¨ c < −1, Éμ, ¶μ² £ Ö c2 = −1/ sin2 α, sin2 α �= 0, 1 ¨ Ê³´μ¦ Ö ´ 
− sin2 α, ¶μ²ÊÎ ¥³ μ¶¥· Éμ·

SH = K2
2 − sin2 α L2, sin2 α �= 0, 1. (71)

¢) �±μ´Î É¥²Ó´μ ¤²Ö §´ Î¥´¨° −1 < c < 0 ³μ¦¥³ ¢§ÖÉÓ c = − tanh2 γ,
γ �= 0, ¨ ¢· Ð¥´¨¥³ (56) ¸ a3 = π/2 ¶μ²ÊÎ ¥³⎛⎝ − tanh2 γ 0 0

0 0 0
0 0 1

⎞⎠ . (72)

�·¨³¥´ÖÖ (57) ± (72) ¸ α1 = cosh2 γ, α2 = sinh2 γ, ¸¢μ¤¨³ ¶·¥¤Ò¤ÊÐÊÕ
Ëμ·³Ê ± ¸²ÊÎ Õ SE. ˆ ´¥ ¶μ²ÊÎ ¥³ ´μ¢μ£μ μ¶¥· Éμ· .

�·¨³¥´ÖÖ £¨¶¥·¡μ²¨Î¥¸±μ¥ ¢· Ð¥´¨¥ (55) ¸ a2 = β ± μ¶¥· Éμ·Ê SE ¨
¨¸¶μ²Ó§ÊÖ (57) ¸ α1 = 1, α2 = sinh2 β, ¶μ²ÊÎ ¥³ ¶μ¢¥·´ÊÉÒ° μ¶¥· Éμ·

SẼ = cosh 2βL2 +
1
2

sinh 2β{K1, L}, β �= 0. (73)
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2. J = 0, Éμ£¤  (a + f)2 = 4d2, d �= 0 (¥¸²¨ d = 0, Éμ a = −f ¨ ¨³¥¥³
μ¶¥· Éμ· SH ¸ sin2 α = 1, ´μ ¢ ÔÉμ³ ¸²ÊÎ ¥ SH −Δ = K2

2 −L2 − (K2
1 + K2

2 −
L2) = −K2

1 ∼ K2
2 = SEQ). ’ ± ÎÉμ |a + f | = 2|d| ¨²¨ ¶·¨ ¤¥²¥´¨¨ ´  d

|a + f | = 2.
a) …¸²¨ I1 = 0, É. ¥. a = f ¨ a = f = ±1, Éμ, ¨¸¶μ²Ó§ÊÖ μÉ· ¦¥´¨Ö, ¨³¥¥³

SHO = (K1 + L)2. (74)

¡) …¸²¨ I1 �= 0, É. ¥. a �= f , Éμ ³μ¦´μ ¶μ²μ¦¨ÉÓ f = 2 − a. …¸²¨ ÔÉμ ´¥
É ±, Éμ ¸ ¶μ³μÐÓÕ μÉ· ¦¥´¨Ö ÔÉμ ³μ¦´μ ¸¤¥² ÉÓ, ¶μÔÉμ³Ê ¶·¨Ìμ¤¨³ ±⎛⎝ a 0 1

0 0 0
1 0 2 − a

⎞⎠∣∣∣∣∣∣
a�=1

. (75)

„ ²¥¥, ¶·¨³¥´ÖÖ (57) ¸ α2 = 1 − a, α1 = 1, ³μ¦´μ ¸¢¥¸É¨ (75) ± Ëμ·³¥⎛⎝ 1 0 1
0 γ 0
1 0 1

⎞⎠ , (76)

£¤¥ γ = 1 − a �= 0, ±μÉμ· Ö ¸μμÉ¢¥É¸É¢Ê¥É μ¶¥· Éμ·Ê γK2
2 + (K1 + L)2 ¨

Ô±¢¨¢ ²¥´É´  Ëμ·³¥ M4 ¸ b = 0.
3. J = (a + f)2 − 4d2 < 0, d �= 0, Éμ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ (55) ³μ¦´μ

¶μ²ÊÎ¨ÉÓ a = −f , Éμ£¤ , ¶·¨³¥´ÖÖ (57) ¸ α1 = 1/d, α2 = −a/d, ¨³¥¥³⎛⎝ 0 0 1
0 c 0
1 0 0

⎞⎠ ,

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É μ¶¥· Éμ·Ê SSH, ¥¸²¨ ¶μ²μ¦¨ÉÓ c = sinh 2β:

SSH = sinh 2βK2
2 + {K1, L}. (77)

’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ¨²¨ ¤¥¢ÖÉÓ μ¶¥· Éμ·μ¢ ¢Éμ·μ£μ ¶μ·Ö¤±  S
(2)
α ,

¶·¨´ ¤²¥¦ Ð¨Ì μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥ ¤²Ö  ²£¥¡·Ò so(2, 1). Š ¦¤Ò° ¨§
´¨Ì ¶·¥¤¸É ¢²Ö¥É ´¥¶μ¤μ¡´Ò° ±² ¸¸ μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò ¢´¥Ï´¨Ì  ¢Éμ³μ·-
Ë¨§³μ¢ A3.

1.3. ‘¨³³¥É·¨¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ¨ ´¥¶μ¤£·Ê¶¶μ¢Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É
´  ¤¢ÊÌ³¥·´ÒÌ £¨¶¥·¡μ²μ¨¤ Ì. ‚ ÔÉμ³ ¶Ê´±É¥ ¤ ¤¨³ ±· É±μ¥ μ¶¨¸ ´¨¥ ³¥-
Éμ¤  μ¤´μ¢·¥³¥´´μ° ¤¨ £μ´ ²¨§ Í¨¨ ¤¢ÊÌ μ¶¥· Éμ·μ¢ ¢Éμ·μ£μ ¶μ·Ö¤± : ΔLB ¨

S
(2)
α (¸³. É ±¦¥ μ¡§μ· [38]). „²Ö Ê¶·μÐ¥´¨Ö ¨§²μ¦¥´¨Ö ¢μ¸¶μ²Ó§Ê¥³¸Ö  ´ ²μ-

£¨¥° ¸ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±μ°. Š ± ¨§¢¥¸É´μ, ´  ¶·μ¸É· ´¸É¢ Ì ¶μ¸ÉμÖ´´μ°
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±·¨¢¨§´Ò Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ μ¤´μ¢·¥³¥´´μ ¤μ¶Ê¸-
± ÕÉ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ μ¤´¨Ì ¨ É¥Ì ¦¥ ¸¨¸É¥³ Ì ±μμ·¤¨´ É. ‚Ò¡¥·¥³
¢ £¨¶¥·¡μ²¨Î¥¸±μ³ ¶·μ¸É· ´¸É¢¥ (1) ´¥±μÉμ·ÊÕ ²μ± ²Ó´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É
ξ = (ξ1, ξ2) ¸ § ¤ ´´μ° ³¥É·¨±μ° (6). ‚ ÔÉμ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ±² ¸¸¨Î¥¸±¨°
£ ³¨²ÓÉμ´¨ ´, μ¶¨¸Ò¢ ÕÐ¨° ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥, ¨³¥¥É ¢¨¤

H(ξ, p) = gikpipk, i, k = 1, 2, (78)

£¤¥ pi Å ³μ³¥´ÉÒ, ±² ¸¸¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò¥ ±μμ·¤¨´ É ³ ξi. �·¥¤¶μ²μ¦¨³,
ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¤μ¶μ²´¨É¥²Ó´Ò° ±¢ ¤· É¨Î´Ò° ¨´É¥£· ² ¤¢¨¦¥´¨Ö S(ξ, p),
´ Ìμ¤ÖÐ¨°¸Ö ¢ ¨´¢μ²ÕÍ¨¨ ¸ £ ³¨²ÓÉμ´¨ ´μ³ (78):

S(ξ, p) = aik(ξ)pipk, aik = aki. (79)

�´ ²μ£¨Î´μ ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ μ¶¨¸Ò¢ ¥É¸Ö ¤¢Ê³Ö
±μ³³ÊÉ¨·ÊÕÐ¨³¨ μ¶¥· Éμ· ³¨,   ¨³¥´´μ £ ³¨²ÓÉμ´¨ ´μ³ ¨ ±¢ ¤· É¨Î´Ò³
¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö:

H = ΔLB =
1
√

g

∂

∂ξi

√
g gik ∂

∂ξk
, S =

1
√

g

∂

∂ξi

√
g aik ∂

∂ξk
, i, k = 1, 2.

(80)
�μ¸É ¢¨³ § ¤ ÎÊ μÉÒ¸± ´¨Ö ¢¸¥Ì μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É (λ1, λ2),
¤μ¶Ê¸± ÕÐ¨Ì ¢ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥  ¤¤¨É¨¢´μ¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ,
¸¢Ö§ ´´μ¥ ¸ Ê· ¢´¥´¨Ö³¨ H(ξ, p) = E ¨ S(ξ, p) = μ. ‘μμÉ¢¥É¸É¢¥´´μ, ¢ ¸²Ê-
Î ¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¤²Ö Ê· ¢´¥´¨° HΨ = EΨ ¨ SΨ = μΨ, £¤¥ μ Å
´¥± Ö ¶μ¸ÉμÖ´´ Ö · §¤¥²¥´¨Ö, ¨³¥¥É ³¥¸Éμ ³Ê²ÓÉ¨¶²¨± É¨¢´μ¥ · §¤¥²¥´¨¥
¶¥·¥³¥´´ÒÌ.

‚μμ¡Ð¥ £μ¢μ·Ö, É ± Ö ¸¨¸É¥³  ±μμ·¤¨´ É ³μ¦¥É ¡ÒÉÓ ²¥£±μ μ¶·¥¤¥²¥´ 
¨§ Ê¸²μ¢¨Ö μ¤´μ¢·¥³¥´´μ£μ ¸¢¥¤¥´¨Ö ¤¢ÊÌ ±¢ ¤· É¨Î´ÒÌ Ëμ·³ H ¨ S ± ± -
´μ´¨Î¥¸±μ³Ê ¢¨¤Ê, ¢ ±μÉμ·μ³ ³ É·¨ÍÒ gik ¨ aik ¤¨ £μ´ ²Ó´Ò¥. „²Ö ÔÉμ£μ, ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡Ð¥° É¥μ·¨¥°, ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ Ì · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢-
´¥´¨¥

det (aik − λgik) = 0, i, k = 1, 2. (81)

‚ ¸²ÊÎ ¥, ±μ£¤  μ¤´  ¨§ Ëμ·³, ´ ¶·¨³¥· H(ξ, p), Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ
μ¶·¥¤¥²¥´´μ°, ¢ ¸¨²Ê ¨§¢¥¸É´μ° É¥μ·¥³Ò ¨§  ²£¥¡·Ò ±μ·´¨ λ1 ¨ λ2 Ö¢²Ö-
ÕÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨ ¨ · §²¨Î´Ò³¨. Š·μ³¥ Éμ£μ, Ëμ·³  H(ξ, p) ¸¢μ¤¨É¸Ö
± ´μ·³ ²Ó´μ³Ê ¢¨¤Ê (¢¸¥ ±μÔËË¨Í¨¥´ÉÒ · ¢´Ò ¥¤¨´¨Í¥),   Ëμ·³  S(ξ, p) Å
± ¤¨ £μ´ ²Ó´μ³Ê (¨²¨ ± ´μ´¨Î¥¸±μ³Ê, ¸³. [78, c. 219]). ’ ±¨³ μ¡· §μ³, ´μ¢Ò¥
μ·Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ± ± ËÊ´±Í¨¨ ±μ·´¥° λ1 ¨ λ2:
u = u(λ1) ¨ v = v(λ2). …¸²¨ ´¨ μ¤´  ¨§ ±¢ ¤· É¨Î´ÒÌ Ëμ·³ ´¥ Ö¢²Ö¥É¸Ö
¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ°, Éμ Ê¸²μ¢¨¥ (81) ´¥ £ · ´É¨·Ê¥É ¸ÊÐ¥¸É¢μ¢ ´¨Ö
¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ · §²¨Î´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. Œμ¦¥É ¸²ÊÎ¨ÉÓ¸Ö, ÎÉμ
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λ1 = λ2 ¨²¨ λ1 ¨ λ2 ¤¥°¸É¢¨É¥²Ó´Ò Éμ²Ó±μ ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¶·μ¸É· ´-
¸É¢  ¨ ´¥ ¶ · ³¥É·¨§ÊÕÉ ¢¥¸Ó £¨¶¥·¡μ²μ¨¤ (1). ŒÒ Ê¢¨¤¨³, ÎÉμ É ± Ö ¸¨ÉÊ-
 Í¨Ö ¸±² ¤Ò¢ ¥É¸Ö ¶·¨ ±² ¸¸¨Ë¨± Í¨¨ ¸¨¸É¥³ ±μμ·¤¨´ É ´  μ¤´μ¶μ²μ¸É´μ³
£¨¶¥·¡μ²μ¨¤¥.

‚Ò¡¥·¥³ ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ (1) ¢ ± Î¥¸É¢¥ ²μ± ²Ó´ÒÌ ±μ-
μ·¤¨´ É ξ = (ξ1, ξ2) ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (τ, ϕ) ¸μ£² ¸´μ (29).
Šμ³¶μ´¥´ÉÒ ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gik ¢ ÔÉμ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¥¸ÉÓ

gik = R2 diag (1, sinh2 τ),

gik = R−2 diag (1, 1/ sinh2 τ), (82)

sinh2 τ = R−2(u2
1 + u2

2).

’μ£¤  ±² ¸¸¨Î¥¸±¨° £ ³¨²ÓÉμ´¨ ´ (78) ¶·¨´¨³ ¥É ¢¨¤

H = gikpipk =
1

R2

(
p2

τ +
1

sinh2 τ
p2

ϕ

)
=

1
R2

(
p2

τ +
R2

u2
1 + u2

2

p2
ϕ

)
, (83)

  ¸¨³³¥É·¨¨ K1, K2, L ¢ ±μμ·¤¨´ É Ì μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢  ¢Ò· ¦ -
ÕÉ¸Ö ± ±

K1 = − u2√
u2

1 + u2
2

pτ − u0u1

u2
1 + u2

2

pϕ,

(84)
K2 = − u1√

u2
1 + u2

2

pτ +
u0u2

u2
1 + u2

2

pϕ, L = pϕ,

£¤¥ ¨³¶Ê²Ó¸Ò pτ , pϕ ±² ¸¸¨Î¥¸±¨ ¸μ¶·Ö¦¥´Ò ±μμ·¤¨´ É ³ (τ, ϕ).
‚ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  u2

0 − u2
1 − u2

2 = −R2 ¨¸¶μ²Ó§Ê¥³
¶¸¥¢¤μ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ, μ¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê² ³¨ (31). Šμ³¶μ´¥´ÉÒ
³¥É·¨Î¥¸±μ£μ É¥´§μ·  μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

gik = R2 diag (1,− cosh2 τ), gik = R−2 diag (1,−1/ cosh2 τ). (85)

�¶¥· Éμ·Ò K1, K2, L Ëμ·³ ²Ó´μ μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (84), μ¤´ ±μ ±² ¸-
¸¨Î¥¸±¨° £ ³¨²ÓÉμ´¨ ´ (78) ¶·¨μ¡·¥É ¥É ¤·Ê£μ° ¢¨¤:

H = gikpipk =
1

R2

(
p2

τ − 1
cosh2 τ

p2
ϕ

)
=

1
R2

(
p2

τ − R2

u2
1 + u2

2

p2
ϕ

)
. (86)

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (84), § ¶¨Ï¥³ ¶μ²¨´μ³ S
(2)
α ¢ ¢¨¤¥ ±¢ ¤· É¨Î´μ° Ëμ·³Ò

μÉ´μ¸¨É¥²Ó´μ ¨³¶Ê²Ó¸μ¢ (pτ , pϕ):

S(2)
α = Ap2

τ + 2Bpτpϕ + Cp2
ϕ, (87)
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¢ ±μÉμ·μ³ ±μÔËË¨Í¨¥´ÉÒ A, B, C Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¶¥·¥³¥´´ÒÌ (τ, ϕ)
¨²¨ ¶¥·¥³¥´´ÒÌ μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢  (u0, u1, u2). „ ²¥¥ ¡Ê¤¥³ · ¡μ-
É ÉÓ ¢ ±μμ·¤¨´ É´μ° ¸¨¸É¥³¥ ¶·μ¸É· ´¸É¢  (u0, u1, u2) ± ± ´ ¨¡μ²¥¥ Ê´¨¢¥·-
¸ ²Ó´μ°.

’ ±¨³ μ¡· §μ³, ´¥μ¡Ìμ¤¨³μ ¤¨ £μ´ ²¨§μ¢ ÉÓ ³ É·¨ÍÊ, ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ
±¢ ¤· É¨Î´μ° Ëμ·³¥ (87), μ¶·¥¤¥²ÖÖ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨§ Ê· ¢´¥´¨Ö (81)

det (aik − λgik) =

∣∣∣∣∣∣∣
A − λ

g11
B

B C − λ

g22

∣∣∣∣∣∣∣ = 0, (88)

±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ¸¨¸É¥³¥ ¤¢ÊÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°

λ1 + λ2 = Ag11 + Cg22, λ1λ2 = (AC − B2) g11g22 (89)

¨ ¨³¥¥É ¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ · §²¨Î´ÒÌ ±μ·´Ö ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö

(Ag11 − Cg22)2 + 4B2g11g22 > 0. (90)

�¥Ï Ö ¸¨¸É¥³Ê (89) ¸ ÊÎ¥Éμ³ ¸μμÉ´μÏ¥´¨Ö u2
0−u2

1−u2
2 = εR2, ε = ±1, ³μ¦´μ

´ °É¨ μ·Éμ£μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É, ¤μ¶Ê¸± ÕÐÊÕ · §¤¥²¥´¨¥ ¶¥·¥³¥´-
´ÒÌ ¢ Ê· ¢´¥´¨¨ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¨²¨ ƒ¥²Ó³£μ²ÓÍ  ´  £¨¶¥·¡μ²μ¨¤ Ì ¨
¸μμÉ¢¥É¸É¢ÊÕÐÊÕ μ¤´μ³Ê ¨§ μ¶¥· Éμ·μ¢, μ¶·¥¤¥²¥´´μ³Ê ¢ ¶. 1.2. �É³¥É¨³,
ÎÉμ ¤²Ö ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¨³¥¥³ g11g22 > 0 ¨ ´¥· ¢¥´¸É¢μ (90)
¢Ò¶μ²´Ö¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨. ’ ±¨³ μ¡· §μ³, ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ
· §²¨Î´ÒÌ ±μ·´Ö: λ1 ¨ λ2. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¶·μ¡²¥³  ¤²Ö μ¤´μ¶μ²μ¸É´μ£μ
£¨¶¥·¡μ²μ¨¤  ¡μ²¥¥ ¸²μ¦´ Ö. Œμ¦¥É ¸²ÊÎ¨ÉÓ¸Ö, ÎÉμ λ1 ¨ λ2 ´¥ ¡Ê¤ÊÉ Ö¢²ÖÉÓ¸Ö
¤¥°¸É¢¨É¥²Ó´Ò³¨ ´  ¢¸¥³ £¨¶¥·¡μ²μ¨¤¥ H̃2, ¶μÔÉμ³Ê ±μμ·¤¨´ É´ Ö ¸¥É±  ´¥
¡Ê¤¥É ¶μ±·Ò¢ ÉÓ ¢¸¥ ¶·μ¸É· ´¸É¢μ. �¨¦¥ ¶μ¤·μ¡´μ μ¶¨Ï¥³ ¢¸¥ ¢μ§³μ¦´Ò¥

¸¨¸É¥³Ò ±μμ·¤¨´ É, ¨´¤ÊÍ¨·Ê¥³Ò¥ μ¶¥· Éμ· ³¨ ¢Éμ·μ£μ ¶μ·Ö¤±  S
(2)
α . „²Ö

± ¦¤μ£μ μÉ¤¥²Ó´μ£μ μ¶¥· Éμ·  S
(2)
α ¡Ê¤¥³ ¸²¥¤μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö³, ¶·¨´ÖÉÒ³

¢ · ¡μÉ¥ [65]: Ô±¢¨¤¨¸É ´É´Ò³ ±μμ·¤¨´ É ³ SEQ = K2
2 , ¸Ë¥·¨Î¥¸±¨³ SSPH =

L2, μ·¨Í¨±²¨Î¥¸±¨³ SHO = (K1 + L)2, ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±¨³
SSCP, Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±¨³ SEP, £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±¨³ SHP, Ô²-
²¨¶É¨Î¥¸±¨³ SE (SẼ ¤²Ö ¶μ¢¥·´ÊÉÒÌ Ô²²¨¶É¨Î¥¸±¨Ì ±μμ·¤¨´ É), £¨¶¥·¡μ²¨-
Î¥¸±¨³ SH ¨ SSH ¤²Ö ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É. ’·¨ μ¶¥· Éμ·  (SEQ,
SSPH ¨ SHO) Ö¢²ÖÕÉ¸Ö ±¢ ¤· É ³¨ μ¶¥· Éμ·μ¢ ¶¥·¢μ£μ ¶μ·Ö¤±  ¨ μ¶·¥¤¥²ÖÕÉ
¶μ¤£·Ê¶¶μ¢Ò¥ ¸¨¸É¥³Ò. �¸É ²Ó´Ò¥ Ï¥¸ÉÓ μ¶¥· Éμ·μ¢ ¸μμÉ¢¥É¸É¢ÊÕÉ ´¥¶μ¤-
£·Ê¶¶μ¢Ò³ ¸¨¸É¥³ ³ ±μμ·¤¨´ É.

�ÖÉÓ μ¶¥· Éμ·μ¢ (SEP, SHP, SE (SẼ), SH ¨ SSH) ¸μ¤¥·¦ É ´¥±¨° ¶ -
· ³¥É·, ¢Ìμ¤ÖÐ¨° ¢ μ¶·¥¤¥²¥´¨¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É, ±μÉμ·Ò° μ¡μ§´ Î¨³

± ± γ. ‚ ¶·¥¤¥²¥ γ → 0 ¨²¨ γ → ∞ μ¶¥· Éμ· S
(2)
α ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É¸Ö
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¨ ¸¨¸É¥³  ±μμ·¤¨´ É μ¡ÒÎ´μ ¢Ò·μ¦¤ ¥É¸Ö ¢ ¡μ²¥¥ ¶·μ¸ÉÊÕ ¶μ¤£·Ê¶¶μ¢ÊÕ
¸¨¸É¥³Ê∗. ˆ¸±²ÕÎ¥´¨¥³ Ö¢²Ö¥É¸Ö ¸¨¸É¥³  ±μμ·¤¨´ É, ¸¢Ö§ ´´ Ö ¸ μ¶¥· Éμ-
·μ³ SSCP.

1.4. �μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (SH)
1. ‚´ Î ²¥ · ¸¸³μÉ·¨³ ¤¢ÊÌ¶μ²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤. ‡ ¶¨Ï¥³ μ¶¥· Éμ·

SSH = sinh 2βK2
2 +{K1, L} ¢ ¢¨¤¥ (87). ˆ¸¶μ²Ó§ÊÖ (82), ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê (89)

λ1 + λ2 = 2u0u1 + c(u2
1 − u2

0), λ1λ2 = −R2(u2
2 + 2cu0u1) (91)

¸ c = sinh 2β. �¥Ï¥´¨¥ (91) ¤ ¥É  ²£¥¡· ¨Î¥¸±ÊÕ Ëμ·³Ê ¶μ²Ê£¨¶¥·¡μ²¨Î¥-
¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ¢ É¥·³¨´ Ì ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ λ1, λ2:

u2
0 =

R2

2(c2 + 1)

{√
(c2 + 1)

(
1 +

λ2
1

R4

)(
1 +

λ2
2

R4

)
+

+ 1 − λ1

R2

λ2

R2
− c

(
λ1

R2
+

λ2

R2

)}
,

u2
1 =

R2

2(c2 + 1)

{√
(c2 + 1)

(
1 +

λ2
1

R4

)(
1 +

λ2
2

R4

)
− (92)

− 1 +
λ1

R2

λ2

R2
+ c

(
λ1

R2
+

λ2

R2

)}
,

u2
2 = − R2

c2 + 1

(
λ1

R2
+ c

)(
λ2

R2
+ c

)
,

£¤¥ ¶μ² £ ¥³ λ2/R2 < −c < λ1/R2. ˆ§ (92) μÎ¥¢¨¤´μ, ÎÉμ ¸¢Ö§Ó ³¥¦¤Ê
±μμ·¤¨´ É ³¨ (λ1, λ2) ¨ ¤¥± ·Éμ¢Ò³¨ ±μμ·¤¨´ É ³¨ (u0, u1, u2) ´¥ Ö¢²Ö¥É¸Ö
¢§ ¨³´μ-μ¤´μ§´ Î´μ°. Š ¦¤μ³Ê §´ Î¥´¨Õ λ1, λ2 ¸μμÉ¢¥É¸É¢Ê¥É ¢μ¸¥³Ó ÉμÎ¥±
(±u0,±u1,±u2) ¢ μ¡Ñ¥³²ÕÐ¥³ ¶·μ¸É· ´¸É¢¥ E2,1.

ƒ¥μ³¥É·¨Î¥¸±¨ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  (92) ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ¸¥-
³¥°¸É¢ ¸μËμ±Ê¸´ÒÌ ¶μ²Ê£¨¶¥·¡μ² (´ §¢ ´¨Ö ±μμ·¤¨´ É´ÒÌ ±·¨¢ÒÌ ¢§ÖÉÒ ¨§
±´¨£¨ [79]). � ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ëμ±Ê¸ ³¨ ¨ ¡ §¨¸μ³ ¨Ì Ô±¢¨¤¨¸É ´É · ¢´μ 2βR.
	¥§· §³¥·´Ò° ¶ · ³¥É· c = sinh 2β μ¶·¥¤¥²Ö¥É ¶μ²μ¦¥´¨¥ Ëμ±Ê¸  ¶μ²Ê£¨-
¶¥·¡μ² ´  ¢¥·Ì´¥° ¶μ²μ¸É¨ £¨¶¥·¡μ²μ¨¤  (¸³. ·¨¸. 14). Œμ¦´μ ¶μ²ÊÎ¨ÉÓ ¥£μ
±μμ·¤¨´ ÉÒ, ¶μ² £ Ö λ1/R2 → −c ¨ λ2/R2 → −c, Éμ£¤  F (u0, u1, u2) ≡

F

(
R

√√
c2 + 1 + 1√

2
, −R

√√
c2 + 1 − 1√

2
, 0

)
.

∗’ ±μ£μ ·μ¤  ¶·¥¤¥²Ó´Ò¥ ¶¥·¥Ìμ¤Ò ¶μ ¸ÊÉ¨ ´¥ Ö¢²ÖÕÉ¸Ö ±μ´É· ±Í¨¥°, É ± ± ± μ¶¨¸Ò¢ ÕÉ
¶¥·¥Ìμ¤Ò ¢´ÊÉ·¨ ¸ ³μ£μ ´ ¡μ·  ¸¨¸É¥³ ±μμ·¤¨´ É ¨²¨, ÎÉμ Éμ ¦¥ ¸ ³μ¥, ¸μμÉ¢¥É¸É¢ÊÕÉ ¶·¥-

¤¥²Ó´Ò³ ¶¥·¥Ìμ¤ ³ ¢ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥ so(2, 1) (¶·¨ μ¶¥· Éμ· Ì ¸¨³³¥É·¨¨ S
(2)
α ) ¨ ´¥

§ É· £¨¢ ÕÉ μ¶¥· Éμ· Š §¨³¨·  £·Ê¶¶Ò SO(2, 1).
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‘ÊÐ¥¸É¢ÊÕÉ ¤¢  ¶·μ¸ÉÒÌ Î ¸É´ÒÌ ¸²ÊÎ Ö ¸¨¸É¥³Ò SSH: c = 0 ¨ c = 1.
‚ ¶¥·¢μ³ ¸²ÊÎ ¥ Ëμ±Ê¸ ¨³¥¥É ±μμ·¤¨´ ÉÒ F (R, 0, 0) ¨ μ¶¥· Éμ· ¸¨³³¥É·¨¨
¶·¨´¨³ ¥É ¶·μ¸Éμ° ¢¨¤: SSH = {K1, L}. ’ ± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (92) ³μ¦¥É
¡ÒÉÓ § ¶¨¸ ´  ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ λ1/R2 = μ1 ¨ λ2/R2 = −μ2:

u2
0 =

R2

2

{√
(1 + μ2

1)(1 + μ2
2) + μ1μ2 + 1

}
=

=
R2

4

{√
(1 − iμ1)(1 + iμ2) +

√
(1 + iμ1)(1 − iμ2)

}2

,

u2
1 =

R2

2

{√
(1 + μ2

1)(1 + μ2
2) − μ1μ2 − 1

}
= (93)

= −R2

4

{√
(1 − iμ1)(1 + iμ2) −

√
(1 + iμ1)(1 − iμ2)

}2

,

u2
2 = R2μ1μ2,

£¤¥ μ1, μ2 � 0. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ c = 1 ¨ SSH = K2
2 + {K1, L}. ‚¢μ¤Ö ¡¥§-

· §³¥·´Ò¥ ¶¥·¥³¥´´Ò¥ λ1/R2 = sinh τ1 ¨ λ2/R2 = sinh τ2 (sinh τ2 < −1 <
sinh τ1), ¶μ²ÊÎ ¥³ É·¨£μ´μ³¥É·¨Î¥¸±ÊÕ Ëμ·³Ê § ¶¨¸¨ ¤²Ö ¸¨¸É¥³Ò ±μμ·¤¨-
´ É SSH:

u2
0 =

R2

4

[√
2 cosh τ1 cosh τ2 − (sinh τ1 + 1)(sinh τ2 + 1) + 2

]
,

u2
1 =

R2

4

[√
2 cosh τ1 cosh τ2 + (sinh τ1 + 1)(sinh τ2 + 1) − 2

]
, (94)

u2
2 = −R2

2
(sinh τ1 + 1)(sinh τ2 + 1).

…¸²¨ ¶μ²μ¦¨ÉÓ c = (a − γ)/δ, £¤¥ α, δ, γ Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥, ¨ ¢¢¥-
¸É¨ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ λ1 = R2 ((a − ρ1)/δ − c) ¨ λ2 = R2 ((a − ρ2)/δ − c),
¶μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (92) ¶·¨³¥É ¨§¢¥¸É´ÊÕ Ëμ·³Ê, Ê± -
§ ´´ÊÕ, ´ ¶·¨³¥·, ¢ · ¡μÉ Ì [48,65].

2. ‚ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¢³¥¸Éμ Ê· ¢´¥´¨° (91) ¨³¥¥³
¸¨¸É¥³Ê Ê· ¢´¥´¨°

λ1 + λ2 = 2u0u1 + c(u2
1 − u2

0), λ1λ2 = R2(u2
2 + 2cu0u1). (95)

�  ¸ ³μ³ ¤¥²¥, Ê· ¢´¥´¨Ö (91) ¨ (95) ¸¢Ö§ ´Ò ¶·¥μ¡· §μ¢ ´¨¥³ R → iR.
�μÔÉμ³Ê ±μ·´¨ λ1, λ2 ¤¥°¸É¢¨É¥²Ó´Ò ¨ · §²¨Î´Ò, ¥¸²¨ ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´-
¸É¢μ (90)

|2u0u1 + c(u2
1 − u2

0)| > 2R
√

u2
2 + 2cu0u1, (96)
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¨ ±μ³¶²¥±¸´Ò¥ ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥. ˆ¸¶μ²Ó§ÊÖ ¶μ¤¸É ´μ¢±Ê λ1/R2 = sinh τ1

¨ λ2/R2 = sinh τ2, ¶μ²ÊÎ¨³  ´ ²μ£ É·¨£μ´μ³¥É·¨Î¥¸±μ° Ëμ·³Ò ¶μ²Ê£¨¶¥·¡μ-
²¨Î¥¸±¨Ì ±μμ·¤¨´ É (¸³. ·¨¸. 37):

u2
0 =

R2

2(c2+1)

{√
c2+1 cosh τ1 cosh τ2 + (sinh τ1 − c)(sinh τ2 − c) − c2−1

}
,

u2
1 =

R2

2(c2+1)

{√
c2+1 cosh τ1 cosh τ2 − (sinh τ1 − c)(sinh τ2 − c) + c2+1

}
,

(97)

u2
2 =

R2

c2 + 1
(sinh τ1 − c)(sinh τ2 − c),

£¤¥ sinh τ1, sinh τ2 � c (SH-¸¨¸É¥³  É¨¶  I) ¨²¨ sinh τ1, sinh τ2 � c (SH-¸¨-
¸É¥³  É¨¶  II). Šμμ·¤¨´ É´ Ö ¸¥É±  ¨³¥¥É ¤¢¥ ¶ ·Ò μ£¨¡ ÕÐ¨Ì, § ¤ ´´ÒÌ

· ¢¥´¸É¢ ³¨ |2u0u1 + c(u2
1 − u2

0)| = 2R
√

u2
2 + 2cu0u1. ’μÎ±¨ ¨Ì ¶¥·¥¸¥Î¥-

´¨Ö ¨³¥ÕÉ ±μμ·¤¨´ ÉÒ

(
±R

√√
c2 + 1 − 1√

2
, ∓R

√√
c2 + 1 + 1√

2
, 0

)
. „ ´-

´Ò¥ μ£¨¡ ÕÐ¨¥ μ¶·¥¤¥²ÖÕÉ ¨´É¥·¢ ²Ò ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢ ¤²Ö ±μμ·¤¨´ É-
´ÒÌ ²¨´¨° τi = const. � ¶·¨³¥·, ¥¸²¨ ¢§ÖÉÓ ÉμÎ±¨ μ£¨¡ ÕÐ¥° §  ´ Î ²Ó´Ò¥
§´ Î¥´¨Ö ¤²Ö ¸¥³¥°¸É¢  τ1 = const, Éμ μ´¨ ¡Ê¤ÊÉ ±μ´¥Î´Ò³¨ §´ Î¥´¨Ö³¨ ¤²Ö
¤·Ê£μ£μ ¸¥³¥°¸É¢ : τ2 = const.

�É³¥É¨³, ÎÉμ ¸¨¸É¥³  (94) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¨§ (97) ¶·μ¸Éμ° § ³¥´μ°
R → iR, τ1 → τ1 − iπ ¨ τ2 → −τ2.

‚ ¸²ÊÎ ¥ c = 0 ´¥· ¢¥´¸É¢μ (96) Ô±¢¨¢ ²¥´É´μ |u1| � R. ‡ ³¥´  ¶¥·¥-
³¥´´ÒÌ μ1 = sinh τ1, μ2 = sinh τ2 ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥° ¶ · ³¥É·¨§ Í¨¨:

u2
0 =

R2

2

{√
(1 + μ2

1)(1 + μ2
2) + μ1μ2 − 1

}
,

u2
1 =

R2

2

{√
(1 + μ2

1)(1 + μ2
2) − μ1μ2 + 1

}
, (98)

u2
2 = R2μ1μ2,

£¤¥ μ1, μ2 � 0.
3. �·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·  c → ∞ (β → ∞) Ëμ±Ê¸ ¸É·¥³¨É¸Ö

¢ ¡¥¸±μ´¥Î´μ¸ÉÓ ¨ SH-¸¨¸É¥³  ¢Ò·μ¦¤ ¥É¸Ö ¢ Ô±¢¨¤¨¸É ´É´ÊÕ. „²Ö μ¶¥· Éμ· 
¸¨³³¥É·¨¨ SSH ¨³¥¥³ SSH/ sinh 2β = K2

2 +{K1, L}/ sinh2β → K2
2 . ’ ±, ¶·¨

β → ∞ ¶¥·¥³¥´´ Ö λ2 → −∞ ¨ ¢ Éμ ¦¥ ¢·¥³Ö ¨´É¥·¢ ² ¤²Ö λ1 · ¸Ï¨·Ö¥É¸Ö
¤μ λ1 ∈ (−∞,∞). �μ² £ Ö −λ2/ sinh 2β = R2 cosh2 τ1, λ1 = R2 sinh 2τ2

¢ (92) ¨ Ê¸É·¥³²ÖÖ β → ∞, ¶·¨Ìμ¤¨³ ± Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É
¢ ¢¨¤¥ (37).
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1.5. �μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (SCP)
1. ‘¨¸É¥³  Ê· ¢´¥´¨° (89) ¤²Ö SSCP = {K1, K2} + {K2, L} ´  ¤¢ÊÌ¶μ-

²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ ¨³¥¥É ¢¨¤

λ1 + λ2 = 2u2(u1 − u0), λ1λ2 = −R2(u1 − u0)2. (99)

�¥Ï Ö Ê· ¢´¥´¨Ö (99) ¨ ¶μ² £ Ö λ1 = −R2/ξ2, λ2 = R2/η2, ¶·¨Ìμ¤¨³ ±
¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É (¸³. ·¨¸. 20):

u0 = R

(
η2 + ξ2

)2 + 4
8ξη

, u1 = R

(
η2 + ξ2

)2 − 4
8ξη

, u2 = R
η2 − ξ2

2ξη
, (100)

£¤¥ ξ, η > 0.
2. „²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¨³¥¥³

λ1 + λ2 = 2u2(u1 − u0), λ1λ2 = R2(u1 − u0)2. (101)

‚ ÔÉμ³ ¸²ÊÎ ¥ ±μμ·¤¨´ É´ Ö ¸¥É±  ¶μ±·Ò¢ ¥É Éμ²Ó±μ Î ¸ÉÓ £¨¶¥·¡μ²μ¨¤ 
|u2| > R (¸³. ·¨¸. 45) ¨ § ¤ ¥É¸Ö ¸¨¸É¥³μ°

u0 = R

(
η2 − ξ2

)2 + 4
8ξη

, u1 = R

(
η2 − ξ2

)2 − 4
8ξη

, u2 = ±R
η2 + ξ2

2ξη
, (102)

£¤¥ ¢¢¥¤¥´Ò ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥: λ1 = R2/ξ2, λ2 = R2/η2; ξ > 0, η ∈ R \ {0}.
‡´ ± ®±¯ ¶¥·¥¤ u2 ¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ λ1, λ2 < 0. �É³¥É¨³, ÎÉμ ¶·Ö³Ò¥
u0 ± u1 = 0, |u2| = R Ö¢²ÖÕÉ¸Ö μ£¨¡ ÕÐ¨³¨ ¸¥³¥°¸É¢ ±μμ·¤¨´ É´ÒÌ ²¨´¨°
ξ = const (¨²¨ η = const). „²Ö μ¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ É ´¥μ¡Ìμ¤¨³μ § ¤ ÉÓ
¶μ¤Ìμ¤ÖÐ¨° ¨´É¥·¢ ². ’ ±, ÉμÎ±¨ μ£¨¡ ÕÐ¥° ³μ£ÊÉ ¡ÒÉÓ ¢§ÖÉÒ §  ´ Î ²Ó´Ò¥.
’μ£¤ , ´ ¶·¨³¥·, Ë¨±¸¨·ÊÖ ±·¨¢ÊÕ ξ = ξ0, ¨´É¥·¢ ² ¤²Ö η ¡Ê¤¥É (−∞,−ξ0)∪
(ξ0, +∞).

1.6. 	²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (EP)
1. � ¸¸³μÉ·¨³ μ¶¥· Éμ· SEP = γK2

2 + (K1 + L)2, γ > 0, ¤²Ö ±μÉμ·μ£μ
¸¨¸É¥³  (89) ¤²Ö ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¶·¨´¨³ ¥É ¢¨¤

λ1 + λ2 = (u0 − u1)2 + γ(u2
0 − u2

1), λ1λ2 = γR2(u0 − u1)2 (103)

¨ £¤¥ ¶·¥¤¢ ·¨É¥²Ó´μ ¶μ³¥´Ö²¨ §´ ±¨ λi: λi → −λi. ‚μ§Ó³¥³ ·¥Ï¥´¨¥
Ê· ¢´¥´¨° (103) ¢ ¢¨¤¥

u0 =
1

2
√

γ3λ1λ2

(
γ − 1

R
λ1λ2 + γR(λ1 + λ2)

)
,

u1 =
1

2
√

γ3λ1λ2

(
−γ + 1

R
λ1λ2 + γR(λ1 + λ2)

)
, (104)

u2
2 =

R2

γ2

(
λ1

R2
− γ

)(
γ − λ2

R2

)
,
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£¤¥ 0 < λ2/R2 � γ � λ1/R2. �μ² £ Ö λ1 = R2γ/ cos2 θ ¨ λ2 = R2γ/ cosh2 a,
a � 0, θ ∈ (−π/2, π/2), ¶μ²ÊÎ ¥³ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·-
¤¨´ É ¢ É·¨£μ´μ³¥É·¨Î¥¸±μ° Ëμ·³¥ (¸³. ·¨¸. 16):

u0 =
R
√

γ

cosh2 a − sin2 θ + γ

2 cos θ cosh a
,

u1 =
R
√

γ

cosh2 a − sin2 θ − γ

2 cos θ cosh a
, (105)

u2 = R tan θ tanh a.

ƒ¥μ³¥É·¨Î¥¸±¨ ¡¥§· §³¥·´Ò° ¶ · ³¥É· γ μ¶·¥¤¥²Ö¥É ¶μ²μ¦¥´¨¥ Ëμ±Ê¸  Ô²-
²¨¶É¨Î¥¸±¨Ì ¶ · ¡μ² ´  H2. Œμ¦´μ ¶μ²ÊÎ¨ÉÓ ¥£μ ±μμ·¤¨´ ÉÒ, ¢Ò¡¨· Ö
¶·¥¤¥² cos θ → 1, cosha → 1. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ¨³

F (u0, u1, u2) ≡ F

(
R

γ + 1
2
√

γ
, R

γ − 1
2
√

γ
, 0

)
. (106)

2. ‚ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¢³¥¸Éμ (103) ¨³¥¥³

λ1 + λ2 = (u0 − u1)2 + γ(u2
0 − u2

1), λ1λ2 = −γR2(u0 − u1)2, (107)

  ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¥° ¸¨¸É¥³  ±μμ·¤¨´ É ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤
(¸³. ·¨¸. 39):

u0 = ± 1

2
√
−γ3λ1λ2

(
1 − γ

R
λ1λ2 + γR(λ1 + λ2)

)
,

u1 = ± 1
2
√
−γ3λ1λ2

(
1 + γ

R
λ1λ2 + γR(λ1 + λ2)

)
, (108)

u2
2 =

R2

γ2

(
λ1

R2
+ γ

)(
λ2

R2
+ γ

)
,

£¤¥ −γ � λ2/R2 < 0 < λ1/R2 (¨²¨ −γ � λ1/R2 < 0 < λ2/R2). �μ² £ Ö
λ2/(R2γ) = −1/ cosh2 τ1 ¨ λ1/(R2γ) = 1/ sinh2 τ2, ¶μ²ÊÎ ¥³ Ô²²¨¶É¨±μ-
¶ · ¡μ²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¢ ¢¨¤¥

u0,1 =
R
√

γ

cosh2 τ1 − cosh2 τ2 ± γ

2 cosh τ1 sinh τ2
, u2 = R tanh τ1 coth τ2, (109)

£¤¥ τ1 ∈ R, τ2 ∈ R \ {0}. �É³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥ H̃2 ¶ · ³¥É· γ Ö¢²Ö¥É¸Ö
³ ¸ÏÉ ¡´Ò³.
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3. �²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É, Ö¢²ÖÕÐ Ö¸Ö μ¤´μ¶ · -
³¥É·¨Î¥¸±μ°, ¢±²ÕÎ ¥É ¤¢  ¶·μ¸ÉÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ Ö: ³ ²μ¥ ¨ ¡μ²ÓÏμ¥
§´ Î¥´¨Ö ¶ · ³¥É·  γ, ±μ£¤  ±μμ·¤¨´ ÉÒ Ëμ±Ê¸  (106) ´  H2 ¸É·¥³ÖÉ¸Ö ¢
¡¥¸±μ´¥Î´μ¸ÉÓ. �·¨ γ ∼ 0 ¨³¥¥³ SEP ∼ (K1 + L)2, ¢ Éμ ¢·¥³Ö ± ± ¶·¨
¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ γ Å SEP/γ ∼ K2

2 . �μÔÉμ³Ê EP-±μμ·¤¨´ ÉÒ ¢Ò·μ¦¤ ÕÉ¸Ö
¢ μ·¨Í¨±²¨Î¥¸±¨¥ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ Ô±¢¨¤¨¸É ´É´Ò¥. ’ ±, ¨§ (103) ¨³¥¥³

λ1,2 =
(u0 − u1)2

2
×

×
[
1 + γ

u0 + u1

u0 − u1
±

√
1 + 2γ

u2
2 − R2

(u0 − u1)2
+ γ2

(u0 + u1)2

(u0 − u1)2

]
(110)

¨ ¢ ¸²ÊÎ ¥ γ ∼ 0 ¶μ²ÊÎ ¥³ cosha ∼ 1 + γx̃2/2, cos θ ∼ √
γỹ,   ¤²Ö ¡μ²ÓÏ¨Ì

§´ Î¥´¨° γ ∼ ∞ Å cosha ∼ √
γ eτ2 , sin θ ∼ tanh τ1. �μ¤¸É ¢²ÖÖ ¶μ²Ê-

Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ (105), ²¥£±μ ¶μ²ÊÎ¨ÉÓ ¶·¥¤¥²Ó´ÊÕ μ·¨Í¨±²¨Î¥¸±ÊÕ (48)
¨ Ô±¢¨¤¨¸É ´É´ÊÕ (37) ¸¨¸É¥³Ò ±μμ·¤¨´ É. �μ  ´ ²μ£¨¨ ³μ¦´μ ¶μ± § ÉÓ,
ÎÉμ EP-±μμ·¤¨´ ÉÒ ´  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ É¥ ¦¥
¸¨¸É¥³Ò ±μμ·¤¨´ É.

‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ EP-±μμ·¤¨´ ÉÒ, § ¤ ´´Ò¥ ¸ ¶μ³μÐÓÕ Ëμ·³Ê² (105)
¨ (109), ¶μ²´μ¸ÉÓÕ ¶μ±·Ò¢ ÕÉ £¨¶¥·¡μ²μ¨¤Ò.

1.7. ƒ¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (HP)
1. „²Ö μ¶¥· Éμ·  SHP = −γK2

2+(K1+L)2, γ > 0 (¸ ÉμÎ´μ¸ÉÓÕ ¤μ § ³¥´Ò
γ → −γ), ¶μ²ÊÎ¨³ É¥ ¦¥ Ê· ¢´¥´¨Ö, ÎÉμ ¨ ¢ (103). �¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

u0 =
−1

2
√
−γ3λ1λ2

(
1 + γ

R
λ1λ2 + γR(λ1 + λ2)

)
,

u1 =
−1

2
√
−γ3λ1λ2

(
1 − γ

R
λ1λ2 + γR(λ1 + λ2)

)
, (111)

u2
2 = −R2

γ2

(
λ1

R2
+ γ

)(
λ2

R2
+ γ

)
,

£¤¥ λ2/R2 � −γ < 0 < λ1/R2. �μ² £ Ö λ1/R2 = γ/ sinh2 b, λ2/R2 =
−γ/ sin2 θ, ³μ¦´μ § ¶¨¸ ÉÓ £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ¢ É·¨£μ´μ³¥-
É·¨Î¥¸±μ³ ¢¨¤¥:

u0 =
R
√

γ

cosh2 b − sin2 θ + γ

2 sin θ sinh b
,

u1 =
R
√

γ

cosh2 b − sin2 θ − γ

2 sin θ sinh b
, (112)

u2 = R cot θ coth b

¸ b > 0, θ ∈ (0, π).
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ƒ¥μ³¥É·¨Î¥¸±¨ ±μμ·¤¨´ É´ Ö ¸¥É±  ¤²Ö HP-¸¨¸É¥³Ò ±μμ·¤¨´ É μ¡· §μ-
¢ ´  ¸μËμ± ²Ó´Ò³¨ £¨¶¥·¡μ²¨Î¥¸±¨³¨ ¶ · ¡μ² ³¨ (¸³. ·¨¸. 18). �¤´ ±μ ¢
μÉ²¨Î¨¥ μÉ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É Ëμ±Ê¸ £¨¶¥·¡μ²¨-
Î¥¸±¨Ì ¶ · ¡μ² ¤²Ö HP ³´¨³Ò°. ”μ·³ ²Ó´μ ÔÉμ ³μ¦´μ Ê¢¨¤¥ÉÓ, ¸¤¥² ¢ ¢
Ëμ·³Ê²¥ (106) ¶·μ¸ÉÊÕ § ³¥´Ê: γ → −γ. ’ ±¨³ μ¡· §μ³, ¤²Ö HP-¸¨¸É¥³Ò
±μμ·¤¨´ É ¶ · ³¥É· γ Ö¢²Ö¥É¸Ö ³ ¸ÏÉ ¡´Ò³.

2. ‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ¢ ¸²ÊÎ ¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  HP-¸¨¸-
É¥³  ±μμ·¤¨´ É ´¥ ¶μ±·Ò¢ ¥É ¶μ²´μ¸ÉÓÕ H̃2,   Éμ²Ó±μ Î ¸ÉÓ, § ¤ ¢ ¥³ÊÕ
´¥· ¢¥´¸É¢μ³ (90):

|u0(1 − γ) − u1(1 + γ)| > 2R
√

γ. (113)

�¥Ï¥´¨¥ Ê· ¢´¥´¨°

λ1 + λ2 = (u0 − u1)2 − γ(u2
0 − u2

1), λ1λ2 = γR2(u0 − u1)2 (114)

¶·¨¢μ¤¨É ± £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É

u0 = ± 1
2
√

γ

(
1 + γ

γR

√
λ1λ2 − R

λ1 + λ2√
λ1λ2

)
,

u1 = ± 1
2
√

γ

(
1 − γ

γR

√
λ1λ2 − R

λ1 + λ2√
λ1λ2

)
, (115)

u2
2 =

R2

γ2

(
λ1

R2
− γ

)(
λ2

R2
− γ

)
.

‘¨¸É¥³  (115) ¤¥²¨É ¶μ±·ÒÉÊÕ Î ¸ÉÓ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  (113)
´  É·¨ ´¥¶¥·¥¸¥± ÕÐ¨¥¸Ö μ¡² ¸É¨: a) 0 < γR2 � λi; ¡) 0 < λi � γR2;
¢) λi < 0 (i = 1, 2). ‚ § ¢¨¸¨³μ¸É¨ μÉ μ¡² ¸É¨ ¨§³¥´¥´¨Ö §´ Î¥´¨° λi

HP-¸¨¸É¥³  ±μμ·¤¨´ É ³μ¦¥É ¡ÒÉÓ ¶ · ³¥É·¨§μ¢ ´  É·¥³Ö · §²¨Î´Ò³¨ ¸¶μ-
¸μ¡ ³¨.

 ) 0 < γR2 � λi. �¥·¥Ìμ¤Ö ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ λ1 = γR2/ sin2 θ,
λ2 = γR2/ sin2 φ, ¶μ²ÊÎ ¥³

u0 =
R

2
√

γ

cos2 θ − sin2 φ + γ

sin θ sin φ
,

u1 =
R

2
√

γ

cos2 θ − sin2 φ − γ

sin θ sin φ
, (116)

u2 = R cot θ cotφ,

£¤¥ θ ∈ [−π/2, 0) ∪ (0, π/2], φ ∈ (0, π). � §μ¢¥³ ÔÉÊ ¸¨¸É¥³Ê HP-¸¨¸É¥³μ°
É¨¶  I.
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¡) 0 < λi � γR2. �μ² £ Ö λ1 = γR2 sin2 θ, λ2 = γR2 sin2 φ, ¶μ²ÊÎ ¥³
¸¨¸É¥³Ê É¨¶  II:

u0 =
R

2
√

γ

cos2 θ cos2 φ − 1 + γ sin2 θ sin2 φ

sin θ sin φ
,

u1 =
R

2
√

γ

cos2 θ cos2 φ − 1 − γ sin2 θ sin2 φ

sin θ sin φ
, (117)

u2 = R cos θ cosφ,

£¤¥ θ ∈ [−π/2, 0) ∪ (0, π/2], φ ∈ (0, π).
¢) λi < 0. �μ¸²¥¤´ÖÖ ¸¨¸É¥³  Å HP-¸¨¸É¥³  É¨¶  III Å ¨³¥¥É ¢¨¤

u0 =
R

2
√

γ

cosh2 θ cosh2 φ − 1 + γ sinh2 θ sinh2 φ

sinh θ sinh φ
,

u1 =
R

2
√

γ

cosh2 θ cosh2 φ − 1 − γ sinh2 θ sinh2 φ

sinh θ sinh φ
, (118)

u2 = ±R cosh θ coshφ,

¥¸²¨ ¢Ò¡· ÉÓ λ1 = −γR2 sinh2 θ, λ2 = −γR2 sinh2 φ ¨ θ ∈ R \ {0}, φ > 0.
‡ ³¥É¨³, ÎÉμ ¥¸²¨ (1 + γ)u1 < u0(1 − γ) − 2R

√
γ, Éμ ¸¨¸É¥³  É¨¶  I

μ¶·¥¤¥²¥´  ¢ μ¡² ¸É¨ u0 > −R(1 − γ)/(2
√

γ),   ±μμ·¤¨´ ÉÒ ¸¨¸É¥³ É¨¶  II
¨ III μ¶¨¸Ò¢ ÕÉ μ¡² ¸ÉÓ u0 < −R(1 − γ)/(2

√
γ). �·¨ (1 + γ)u1 >

u0(1 − γ) + 2R
√

γ ¤²Ö ¸¨¸É¥³Ò É¨¶  I ¨³¥¥³ u0 < R(1 − γ)/(2
√

γ),   ¤²Ö
¸¨¸É¥³ É¨¶  II, III ¢Ò¶μ²´Ö¥É¸Ö u0 > R(1 − γ)/(2

√
γ). „²Ö ¨§¡¥¦ ´¨Ö ¶¥·¥-

¸¥Î¥´¨Ö ±μμ·¤¨´ É´ÒÌ ²¨´¨° μ¤´μ£μ ¸¥³¥°¸É¢  (θ = const ¨²¨ φ = const)
´¥μ¡Ìμ¤¨³μ ¶· ¢¨²Ó´μ μ¶·¥¤¥²¨ÉÓ ¨´É¥·¢ ²Ò ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢. � ¶·¨-
³¥·, ³μ¦´μ ¢§ÖÉÓ ÉμÎ±¨ ¶·¥¤¥²Ó´μ° ²¨´¨¨

|u0(1 − γ) − u1(1 + γ)| = 2R
√

γ (119)

± ± ´ Î ²Ó´Ò¥ ¤²Ö φ ¨ ± ± ±μ´¥Î´Ò¥ ¤²Ö θ (¸³. ·¨¸. 41).
�·μÍ¥¸¸ ¢Ò·μ¦¤¥´¨Ö HP-±μμ·¤¨´ É ¶·¨ γ ∼ 0 ¨²¨ γ ∼ ∞ ¶μ¤μ¡¥´

EP-¸¨¸É¥³¥. ‚ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ ¶μ²ÊÎ ¥³ μ·¨Í¨±²¨Î¥¸±ÊÕ ¨ Ô±¢¨¤¨¸É ´É-
´ÊÕ ¸¨¸É¥³Ò.

1.8. 	²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (E)
1. „²Ö μ¶¥· Éμ·  SE = L2 + sinh2 βK2

2  ²£¥¡· ¨Î¥¸± Ö ¸¨¸É¥³  (89) ¶·¨-
´¨³ ¥É ¢¨¤

λ1 + λ2 = −u2
1 − u2

2 cosh2 β − R2 sinh2 β, λ1λ2 = R2u2
1 sinh2 β. (120)
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…¥ ·¥Ï¥´¨¥ ¶·¨¢μ¤¨É ± Ô²²¨¶É¨Î¥¸±¨³ ±μμ·¤¨´ É ³

u2
0 =

(λ1 − R2)(λ2 − R2)
R2 cosh2 β

,

u2
1 =

λ1λ2

R2 sinh2 β
, (121)

u2
2 = − (λ1 + R2 sinh2 β)(λ2 + R2 sinh2 β)

R2 sinh2 β cosh2 β
,

£¤¥ λ1�−R2 sinh2 β � λ2 � 0. „²Ö § ¶¨¸¨ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
¢ ¶·¨¢ÒÎ´μ³ ¢¨¤¥ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ § ³¥´Ê λ1/R2 = (a2 − ρ1)/(a2 − a3),
λ2/R2 = (a2 − ρ2)/(a2 − a3) ¨ sinh2 β = (a1 − a2)/(a2 − a3), £¤¥ ai (i =
1, 2, 3) Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö a3 < a2 < a1.
‚ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É μ¶·¥¤¥²Ö¥É¸Ö ± ±
(a3 < a2 � ρ2 < a1 � ρ1):

u2
0 = R2 (ρ1 − a3)(ρ2 − a3)

(a1 − a3)(a2 − a3)
,

u2
1 = R2 (ρ1 − a2)(ρ2 − a2)

(a1 − a2)(a2 − a3)
, (122)

u2
2 = R2 (ρ1 − a1)(a1 − ρ2)

(a1 − a2)(a1 − a3)

¨ ¸μ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´μ° ¢ ²¨É¥· ÉÊ·¥  ²£¥¡· ¨Î¥¸±μ° Ëμ·³μ° Ô²²¨¶É¨Î¥-
¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  H2 [38, 80]. � · ³¥É·Ò ai Ë¨±¸¨·ÊÕÉ μ¡² -
¸É¨ ¨§³¥´¥´¨Ö Ô²²¨¶É¨Î¥¸±¨Ì ±μμ·¤¨´ É ρ1 ¨ ρ2 ¨ μ¶·¥¤¥²ÖÕÉ ¶μ²μ¦¥´¨¥
Ëμ±Ê¸μ¢ ¤²Ö ¸μËμ± ²Ó´ÒÌ Ô²²¨¶¸μ¢ ¨ £¨¶¥·¡μ² (¸³. ·¨¸. 8). Šμμ·¤¨´ ÉÒ
Ëμ±Ê¸μ¢ ³μ¦´μ ²¥£±μ ¶μ²ÊÎ¨ÉÓ, Ê¸É·¥³²ÖÖ ρ1 → a1 ¨ ρ2 → a1. ’μ£¤ 
F1,2(u0,±u1, u2) ≡ F1,2 (R(1/k),±R(k′/k), 0), £¤¥

k′2 =
a1 − a2

a1 − a3
, k2 =

a2 − a3

a1 − a3
, sinh2 β =

k′2

k2
, (123)

  · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ëμ±Ê¸ ³¨ · ¢´μ 2βR.
� ·Ö¤Ê ¸  ²£¥¡· ¨Î¥¸±μ° Ëμ·³μ° (122) ¢μ§³μ¦´μ É ±¦¥ μ¶·¥¤¥²¨ÉÓ Ô²-

²¨¶É¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¢ É¥·³¨´ Ì ËÊ´±Í¨° Ÿ±μ¡¨. ’ ±μ¥ μ¶·¥¤¥-
²¥´¨¥ μ¸¢μ¡μ¦¤ ¥É ´ ¸ μÉ ¤¢Ê§´ Î´μ¸É¨ ¶·¨ μ¶¨¸ ´¨¨ ¶μ²μ¦¥´¨Ö ÉμÎ±¨ ´ 
£¨¶¥·¡μ²μ¨¤¥ H2, μ¡Ê¸²μ¢²¥´´μ° ´ ²¨Î¨¥³ ±¢ ¤· Éμ¢ ¢ (122).

�μ¤¸É ¢²ÖÖ [38,80]

ρ1 = a1 − (a1 − a3) dn2(a, k), ρ2 = a1 − (a1 − a2) sn2(b, k′) (124)

¢ (122), £¤¥ ËÊ´±Í¨¨ sn (a, k), cn (a, k) ¨ dn (a, k) Å Ô²²¨¶É¨Î¥¸±¨¥ ËÊ´±Í¨¨
Ÿ±μ¡¨, ¸¢Ö§ ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö³¨ sn2(a, k) + cn2(a, k) = 1 ¨ k2 sn2(a, k) +
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dn2(a, k) = 1, k ¨ k′ Å ³μ¤Ê²¨ Ô²²¨¶É¨Î¥¸±μ° ËÊ´±Í¨¨, ¶·¨Î¥³ k2 +k′2 = 1
(¸³. [81]), ¶·¨Ìμ¤¨³ ± Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¢ Ëμ·³¥ Ÿ±μ¡¨:

u0 = R sn (a, k) dn (b, k′),
u1 = iR cn (a, k) cn (b, k′), (125)

u2 = iR dn (a, k) sn (b, k′),

£¤¥ a ∈ (iK ′, iK ′ + 2K), b ∈ [0, 4K ′), K = K(k), K ′ = K(k′) Å ¶μ²´Ò¥
Ô²²¨¶É¨Î¥¸±¨¥ ¨´É¥£· ²Ò ¸ k ¨ k′ ¸μμÉ¢¥É¸É¢¥´´μ. �²²¨¶É¨Î¥¸±¨¥ ËÊ´±Í¨¨
Ÿ±μ¡¨ ± ± ¤¢μÖ±μ¶¥·¨μ¤¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ É·¨£μ´μ³¥É·¨Î¥-
¸±¨¥ ¨²¨ £¨¶¥·¡μ²¨Î¥¸±¨¥ ËÊ´±Í¨¨, ¥¸²¨ μ¤¨´ ¨§ ¶¥·¨μ¤μ¢ ¡¥¸±μ´¥Î¥´, É. ¥.
³μ¤Ê²Ó k2 · ¢¥´ ´Ê²Õ ¨²¨ ¥¤¨´¨Í¥ [81]. ‚ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥ k2 → 1, k′2 → 0
¨³¥¥³ K ∼ ∞, K ′ ∼ π/2 ¨

sn (μ, k) → tanhμ, dn (μ, k) → 1
coshμ

, (126)

¢ Éμ ¢·¥³Ö ± ± ¢ ¶·¥¤¥²¥ k2 → 0, k′2 → 1 ¶μ²ÊÎ ¥³ K ∼ π/2, K ′ ∼ ∞ ¨

sn (μ, k) → sin μ, dn (μ, k) → 1. (127)

2. „²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ´¥· ¢¥´¸É¢μ (90) ¢Ò¶μ²´Ö¥É¸Ö ´ 
¢¸¥³ ¶·μ¸É· ´¸É¢¥. ’ ±¨³ μ¡· §μ³, ¶μ  ´ ²μ£¨¨ ³μ¦´μ ¶μ¸É·μ¨ÉÓ Ô²²¨¶É¨-
Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (¸³. ·¨¸. 31):

u2
0 = R2 (ρ1 − a3)(a3 − ρ2)

(a1 − a3)(a2 − a3)
,

u2
1 = R2 (ρ1 − a2)(a2 − ρ2)

(a1 − a2)(a2 − a3)
, (128)

u2
2 = R2 (a1 − ρ1)(a1 − ρ2)

(a1 − a2)(a1 − a3)
,

£¤¥ ρ2 < a3 < a2 < ρ1 < a1. ‚¢μ¤Ö ËÊ´±Í¨¨ Ÿ±μ¡¨, ± ± ¢ (124), ³μ¦´μ
¶¥·¥¶¨¸ ÉÓ (128) ¢ ¢¨¤¥

u0 = iR sn (a, k) dn (b, k′),
u1 = −R cn (a, k) cn (b, k′), (129)

u2 = −R dn (a, k) sn (b, k′),

£¤¥ a ∈ [K, K + i4K ′) ¨ b ∈ (iK, iK + 2K ′).
3. ‚ ¶·¥¤¥²¥ k → 0 (¨²¨ k → 1) ¢μ§´¨± ÕÉ ¶μ¤£·Ê¶¶μ¢Ò¥ ±μμ·¤¨´ ÉÒ.

„¥°¸É¢¨É¥²Ó´μ, ¢ ¸²ÊÎ ¥ β → 0 (¨²¨ k → 1) SE ∼ L2, ¨ ¶μ²ÊÎ ¥³ ¸Ë¥·¨Î¥-
¸±ÊÕ ¸¨¸É¥³Ê. ‚ ¸²ÊÎ ¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° β ∼ ∞ (k → 0) SE/ sinh2 β ∼ K2

2 ,
¨ ¶·¨Ìμ¤¨³ ± Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³¥. —Éμ¡Ò μÉ¸²¥¤¨ÉÓ ÔÉ¨ ¶¥·¥Ìμ¤Ò ´ 
Ê·μ¢´¥ ±μμ·¤¨´ É, ¨¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢  ËÊ´±Í¨° Ÿ±μ¡¨ ¨ ¶μ²´ÒÌ
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Ô²²¨¶É¨Î¥¸±¨Ì ¨´É¥£· ²μ¢ ¢ (126) ¨ (127). ‘´ Î ²  · ¸¸³μÉ·¨³ ¤¢ÊÌ¶μ²μ¸É-
´Ò° £¨¶¥·¡μ²μ¨¤. ‚ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥ k → 1, É. ¥. k′ → 0, ¶μ²ÊÎ¨³

sn (a, k) → tanh(iπ/2 + μ) = cothμ ≡ cosh τ,

dn (a, k) → 1
cosh (iπ/2 + μ)

= − i

sinhμ
≡ sinh τ,

(130)
sn (b, k′) → sin b ≡ sin ϕ,

dn (b, k′) → 1,

£¤¥ τ ∈ (0,∞) ¨ ϕ ∈ [0, 2π). �μÔÉμ³Ê Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (125)
´  H2 ¶·¥μ¡· §Ê¥É¸Ö ¢ ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (29).

„²Ö μ¶·¥¤¥²¥´¨Ö ¢Éμ·μ£μ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  ¶·¨ k′ → 1, k → 0
¢μ¸¶μ²Ó§Ê¥³¸Ö ´μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ (ν, μ), ¸¤¥² ¢ ¶·¥¤¢ ·¨É¥²Ó´μ § ³¥´Ê
a = ν + iK ′ ¨ b = μ + K ′, £¤¥ ν ∈ (0, 2K) ¨ μ ∈ [−K ′, 3K ′). ˆ¸¶μ²Ó-
§ÊÖ Ëμ·³Ê²Ò [81]

sn (ν + iK ′, k) =
1

k sn (ν, k)
,

cn (ν + iK ′, k) = − i

k

dn (ν, k)
sn (ν, k)

,

dn (ν + iK ′, k) = −i
cn (ν, k)
sn (ν, k)

,

(131)

sn (μ + K ′, k′) =
cn (μ, k′)
dn (μ, k′)

,

cn (μ + K ′, k′) = −k
sn (μ, k′)
dn (μ, k′)

,

dn (μ + K ′, k′) =
k

dn (μ, k)
,

¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (126) ¨ (127),   É ±¦¥ μ¡μ§´ Î Ö τ2 = μ ¨ cosh τ1 =
1/ sin ν, ²¥£±μ ¢μ¸¸É ´μ¢¨ÉÓ ¨§ (125) Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê (37).

…¸ÉÓ Ô±¢¨¢ ²¥´É´Ò° ¸¶μ¸μ¡ ¶μ²ÊÎ¨ÉÓ ÉμÉ ¦¥ ·¥§Ê²ÓÉ É. � ¸¸³μÉ·¨³ ¨´-
É¥·¢ ²Ò a ∈ [K − 2iK ′, K + 2iK ′), b ∈ (−iK, iK) (¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ·Ö¤±Ê
a3 < a2 � ρ1 < a1 � ρ2). �·μ¨§¢¥¤Ö § ³¥´Ê ¶¥·¥³¥´´ÒÌ a = π/2 + iτ2,
b = −i arctan(sinh τ1), ¨§ (125) ¶·¨ k′ → 1, k → 0 ¶μ²ÊÎ¨³ Ô±¢¨¤¨¸É ´É´Ò¥
±μμ·¤¨´ ÉÒ (37).

„²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ , ¢Ò¡¨· Ö ¨´É¥·¢ ²Ò a ∈ (−iK ′, iK ′),
b ∈ [0, 4K ′) (¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ρ1 < a3 < a2 < ρ2 < a1) ¨ ¢¢μ¤Ö ´μ¢Ò¥
¶¥·¥³¥´´Ò¥ a = tanh−1(−i sinh τ), b = ϕ, ¶μ²ÊÎ ¥³ ¶¥·¥Ìμ¤ ¸¨¸É¥³Ò (129) ±
¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° (31) ¶·¨ k → 1, k′ → 0.

‚ ¸²ÊÎ ¥ k → 0, k′ → 1, ¢¢μ¤Ö a = π/2 + iτ2, b = arcoth (cosh τ1) + iπ/2
¨ · ¸¸³ É·¨¢ Ö ¨´É¥·¢ ²Ò a ∈ [K, K + i4K ′) ¨ b ∈ (iK, iK + 2K ′), ¨§ (129)
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¶μ²ÊÎ ¥³ Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê É¨¶  I (39) ¸ u2 � −R, τ1 ∈ R, τ2 ∈ R
+.

„²Ö μ¶·¥¤¥²¥´¨Ö ¢Éμ·μ° Î ¸É¨ SEQ ¸¨¸É¥³Ò ±μμ·¤¨´ É ¶·¨ u2 � R ³μ¦´μ
· ¸¸³μÉ·¥ÉÓ  ²ÓÉ¥·´ É¨¢´Ò° ¨´É¥·¢ ² b ∈ (iK − 2K ′, iK) ¨ ¶μ²μ¦¨ÉÓ b =
arcoth (− cosh τ1) + iπ/2.

� ±μ´¥Í, ¶μ² £ Ö a ∈ (−iK ′, iK ′), b ∈ [0, 4K ′) ¨ a = iτ , b =
arccosh (−1/ sinϕ), ¨§ (129) ¢μ¸¸É ´ ¢²¨¢ ¥³ Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê É¨-
¶  Ib (42) ¸ ϕ ∈ [π, 2π), ±μÉμ· Ö ¸μμÉ¢¥É¸É¢Ê¥É μ¡² ¸É¨ u1 � 0.

1.9. �μ¢¥·´ÊÉ Ö Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (Ẽ). �μ¢¥·´ÊÉ Ö Ô²-
²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É ¸μμÉ¢¥É¸É¢Ê¥É μ¶¥· Éμ·Ê SẼ = cosh 2βL2 +
1/2 sinh2β{K1, L} (¸³. (73) ¨ (16)) ¨ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¨§ (125) £¨¶¥·¡μ-
²¨Î¥¸±¨³ ¢· Ð¥´¨¥³ ´  Ê£μ² β μÉ´μ¸¨É¥²Ó´μ μ¸¨ u2:⎛⎝u′

0

u′
1

u′
2

⎞⎠ =

⎛⎝coshβ sinh β 0
sinh β coshβ 0

0 0 1

⎞⎠⎛⎝u0

u1

u2

⎞⎠ =

⎛⎝u0 coshβ + u1 sinh β
u0 sinh β + u1 cosh β

u2

⎞⎠ . (132)

�μ¤¸É ¢²ÖÖ ¸μμÉ´μÏ¥´¨Ö (125) ¢ (132), ¶μ²ÊÎ ¥³

u′
0 =

R

k
{sn (a, k) dn (b, k′) + ik′ cn (a, k) cn (b, k′)} ,

u′
1 =

R

k
{k′ sn (a, k) dn (b, k′) + i cn (a, k) cn (b, k′)} , (133)

u′
2 = iR dn (a, k) sn (b, k′),

£¤¥ ¨´É¥·¢ ²Ò ¤²Ö a, b É¥ ¦¥ ¸ ³Ò¥, ÎÉμ ¨ ¢ (125). �μ¢¥·´ÊÉ Ö Ô²²¨¶É¨Î¥¸± Ö
¸¨¸É¥³  ±μμ·¤¨´ É ¡Ò²  ¨¸¶μ²Ó§μ¢ ´  ¢ ¸É ÉÓ¥ [80] ¶·¨ · §¤¥²¥´¨¨ ¶¥·¥³¥´-
´ÒÌ ¢ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ´  ¤¢ÊÌ³¥·´μ³
£¨¶¥·¡μ²μ¨¤¥ H2.

„²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ³Ò ´¥ ¢¢μ¤¨³  ´ ²μ£ ÔÉμ° ¸¨¸É¥³Ò,
É ± ± ± ÔÉμ ´¥ ¶·¨¢μ¤¨É ± ´μ¢Ò³ ¸¨¸É¥³ ³ ±μμ·¤¨´ É ¶·¨ ±μ´É· ±Í¨¨ Ô²²¨¶-
É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  ¶¸¥¢¤μ¥¢±²¨¤μ¢ÊÕ ¶²μ¸±μ¸ÉÓ E1,1.

1.10. ƒ¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (H)
1. „²Ö μ¶¥· Éμ·  SH = K2

2 − sin2 αL2, sin2 α �= 0, 1 ¸¨¸É¥³  (89) ¨³¥-
¥É ¢¨¤

λ1 + λ2 = u2
1 sin2 α − u2

2 cos2 α − R2, λ1λ2 = −R2u2
1 sin2 α (134)

¨ ¥¥ ·¥Ï¥´¨¥

u2
0 = −

(
λ1 + R2 sin2 α

) (
λ2 + R2 sin2 α

)
R2 sin2 α cos2 α

,

u2
1 = − λ1λ2

R2 sin2 α
, (135)

u2
2 = −

(
λ1 + R2

) (
λ2 + R2

)
R2 cos2 α

,
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£¤¥ λ1 � −R2 < 0 � λ2. �¥·¥Ìμ¤Ö ± ´μ¢Ò³ ¶μ¸ÉμÖ´´Ò³ a3 < a2 < a1,
É ± ÎÉμ sin2 α = (a2 − a3)/(a1 − a3), ¨ ¢¢μ¤Ö ¶¥·¥³¥´´Ò¥ λ2/R2 = (a3 −
ρ2)/(a1 − a3), λ1/R2 = (a3 − ρ1)/(a1 − a3), ¶μ²ÊÎ ¥³  ²£¥¡· ¨Î¥¸±ÊÕ Ëμ·³Ê
£¨¶¥·¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É (¸³. ·¨¸. 12)

u2
0 = R2 (ρ1 − a2) (a2 − ρ2)

(a1 − a2) (a2 − a3)
,

u2
1 = R2 (ρ1 − a3) (a3 − ρ2)

(a1 − a3) (a2 − a3)
, (136)

u2
2 = R2 (ρ1 − a1) (a1 − ρ2)

(a1 − a2) (a1 − a3)

¸ ρ2 < a3 < a2 < a1 < ρ1.
�μ¤¸É ¢²ÖÖ (124) ¢ (136), £¤¥ ³μ¤Ê²¨ k ¨ k′ μ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨-

Ö³¨ (123), ¶μ²ÊÎ ¥³

u0 = −R cn (a, k) cn (b, k′),

u1 = iR sn (a, k) dn (b, k′), (137)

u2 = iR dn (a, k) sn (b, k′),

£¤¥ a ∈ (iK, iK + 2K), b ∈ (iK, iK + 2K ′).
2. ‘²ÊÎ ° μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¡μ²¥¥ ¸²μ¦¥´. ˆ§ ¸μμÉ´μÏ¥-

´¨Ö (90) ¶μ²ÊÎ¨³, ÎÉμ £¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É ¶μ±·Ò¢ ¥É μ¡² ¸É¨
£¨¶¥·¡μ²μ¨¤ , μ¶·¥¤¥²¥´´Ò¥ ´¥· ¢¥´¸É¢μ³

|u2
1 sin2 α − u2

2 cos2 α + R2| > 2R|u1 sin α|. (138)

�´ ²μ£¨Î´ Ö ¶·¥¤Ò¤ÊÐ¥³Ê ¸²ÊÎ Õ ¶·μÍ¥¤Ê·  ¶·¨¢μ¤¨É ± £¨¶¥·¡μ²¨Î¥¸±μ°
¸¨¸É¥³¥ ¢¨¤  (¸³. ·¨¸. 33)

u2
0 = R2 (ρ1 − a2)(ρ2 − a2)

(a1 − a2)(a2 − a3)
,

u2
1 = R2 (ρ1 − a3)(ρ2 − a3)

(a1 − a3)(a2 − a3)
, (139)

u2
2 = R2 (ρ1 − a1)(ρ2 − a1)

(a1 − a2)(a1 − a3)
,

£¤¥ ´¥μ¡Ìμ¤¨³μ ¢Ò¤¥²¨ÉÓ ¤¢  ¸²ÊÎ Ö, É ±¨¥ ± ±:
• £¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É É¨¶  I HA

I : ρ1, ρ2 < a3 < a2 < a1

(HB
I : a3 < a2 < a1 < ρ1, ρ2);
• £¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É É¨¶  II HA

II: a3 < ρ1, ρ2 < a2 < a1

(HB
II : a3 < a2 < ρ1, ρ2 < a1).
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�Éμ μ§´ Î ¥É, ÎÉμ ¶μ±·ÒÉ Ö Î ¸ÉÓ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  (138) · ¸-
Ð¥¶²Ö¥É¸Ö ´  ´¥¸±μ²Ó±μ μ¡² ¸É¥°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ± ¦¤μ³Ê É¨¶Ê H-¸¨¸É¥³Ò,
¶μ± § ´´μ³Ê ´  ·¨¸. 33.

	μ²¥¥ Ê¤μ¡´μ § ¶¨¸ ÉÓ ¸¨¸É¥³Ê (139), ¨¸¶μ²Ó§ÊÖ ËÊ´±Í¨¨ Ÿ±μ¡¨ (124)
¸ É¥³¨ ¦¥ ¸ ³Ò³¨ ³μ¤Ê²Ö³¨ k ¨ k′, § ¤ ´´Ò³¨ Ëμ·³Ê²μ° (123). ‚ ¨Éμ£¥
¶·¨Ìμ¤¨³ ± ¸¨¸É¥³¥

u0 = −iR cn (a, k) cn (b, k′),

u1 = −R sn (a, k) dn (b, k′), (140)

u2 = −R dn (a, k) sn (b, k′).

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ Ê£²Ò a, b ¤²Ö ¸¨¸É¥³Ò H ¶·μ¡¥£ ÕÉ ¨´É¥·¢ ²Ò

IA : a ∈ (−iK ′, iK ′), b ∈ (iK, iK + 2K ′),

IB : a ∈ (iK ′, iK ′ + 2K), b ∈ (−iK, iK);
(141)

IIA : a ∈ [0, 4K) , b ∈ [K ′, K ′ + i4K),

IIB : a ∈ [K, K + i4K ′), b ∈ [0, 4K ′).

�É³¥É¨³, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ (§  ¨¸±²ÕÎ¥´¨¥³, ±μ£¤  k = k′) ¸¨¸É¥³Ò É¨¶  B
´¥ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò É·¨£μ´μ³¥É·¨Î¥¸±¨³ ¢· Ð¥´¨¥³ ´  Ê£μ² π/2 μÉ´μ¸¨-
É¥²Ó´μ u0 ¨§ ¸¨¸É¥³ É¨¶  A. ’ ±¦¥ μÉ³¥É¨³, ÎÉμ ¸¨¸É¥³  IA £¥μ³¥É·¨Î¥¸±¨
· §¤¥²Ö¥É¸Ö ´  Î¥ÉÒ·¥ Î ¸É¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  u0 ¨ u2, ¶μÔÉμ³Ê ´¥μ¡Ìμ-
¤¨³μ μÉ¸²¥¦¨¢ ÉÓ §´ ± ÔÉ¨Ì ±μμ·¤¨´ É. ’μ ¦¥ ¸ ³μ¥ ¢¥·´μ ¨ ¤²Ö ¸¨¸É¥³Ò IB .
—Éμ ± ¸ ¥É¸Ö ¸¨¸É¥³Ò IIA, Éμ §¤¥¸Ó ¨³¥¥³ ¤¢¥ Î ¸É¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  u2,
  ¤²Ö IIB ´¥μ¡Ìμ¤¨³μ ¢Ò¡¨· ÉÓ §´ ± ¤²Ö u1. ‘¥³¥°¸É¢μ ±μμ·¤¨´ É´ÒÌ ±·¨¢ÒÌ
ρi = const ¨³¥¥É ¢ ± Î¥¸É¢¥ μ£¨¡ ÕÐ¨Ì ¶·Ö³Ò¥, § ¤ ´´Ò¥ · ¢¥´¸É¢ ³¨

|ku1 ± R| = k′|u2|, (142)

ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö ±μÉμ·ÒÌ ¨³¥ÕÉ ±μμ·¤¨´ ÉÒ (0,±kR,±k′R), (±Rk/k′,
0,±R/k′), (±Rk′/k ± R/k, 0). „²Ö ¨§¡¥¦ ´¨Ö ¶¥·¥¸¥Î¥´¨Ö ±μμ·¤¨´ É´ÒÌ
±·¨¢ÒÌ μ¤´μ£μ ¸¥³¥°¸É¢  ´¥μ¡Ìμ¤¨³μ ¢Ò¡¨· ÉÓ ÉμÎ±¨ μ£¨¡ ÕÐ¨Ì ± ± ´ -
Î ²Ó´Ò¥ ÉμÎ±¨ ¤²Ö μ¤´μ£μ ¸¥³¥°¸É¢  ¨ ± ± ±μ´¥Î´Ò¥ ÉμÎ±¨ ¤²Ö ¤·Ê£μ£μ. � -
¶·¨³¥·, ¤²Ö ¸¨¸É¥³Ò IA ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ ρ1 = ρ10 = const ¶ · ³¥É·
ρ2 ¤μ²¦¥´ ¶·¨´ ¤²¥¦ ÉÓ ¨´É¥·¢ ²Ê ρ2 ∈ (−∞, ρ10),   ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ
ρ2 = ρ20 = const ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥·¢ ² ¤²Ö ρ1 ¡Ê¤¥É ρ1 ∈ (ρ20, a3).

3. ‚ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥ k = sin α → 0 (k′ → 1) μ¶¥· Éμ· SH = K2
2 −

sin2 αL2 ¶¥·¥Ìμ¤¨É ¢ Ô±¢¨¤¨¸É ´É´Ò° K2
2 . …¸²¨ k′ → 0, Éμ, · ¸¸³ É·¨¢ Ö

SSH−C = −K2
1+L2k′2, ¶μ²ÊÎ ¥³ ¶μ¢¥·´ÊÉÒ° Ô±¢¨¤¨¸É ´É´Ò° μ¶¥· Éμ· −K2

1 .
„²Ö ¸¨¸É¥³Ò (137) ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥, ¶μ² £ Ö a ∈ (2K −

iK ′, 2K + iK ′), b ∈ (−iK, iK) ¨ ¢¢μ¤Ö ¶¥·¥³¥´´Ò¥ α = π + iτ2, β =
−i arctan (sinh τ1), ¢ ¶·¥¤¥²¥ k → 0 ¶μ²ÊÎ ¥³ Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê (37).
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸¨¸É¥³Ê IA (140) ¸ a ∈ (2K − iK ′, 2K + iK ′), b ∈
(iK, iK + 2K ′). ‚¢μ¤Ö α = π + iτ2, β = arcth (cosh τ1) + iπ/2, ¶μ²ÊÎ ¥³
¶·¨ k → 0 Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É É¨¶  Ia (39). ˆ§ IIB ¸ α =
π/2 − iτ , β = tanh−1(cosϕ) ¶·¨Ìμ¤¨³ ± Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³¥ (42) ¤²Ö
a ∈ [K − 2iK ′, K + 2iK ′), b ∈ [−2K ′, 2K ′) ¢ Éμ³ ¦¥ ¸ ³μ³ ¶·¥¤¥²¥: k → 0.
�μ  ´ ²μ£¨¨ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¶·¥¤¥²Ò ¤²Ö μ¸É ¢Ï¨Ì¸Ö ¸¨¸É¥³ (141) ±
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ Ô±¢¨¤¨¸É ´É´Ò³ ¸¨¸É¥³ ³ ±μμ·¤¨´ É ´  H̃2.

1.11. �μ¢¥·´ÊÉ Ö £¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (H̃). Š ± ¨ ¢
¸²ÊÎ ¥ ¶μ¢¥·´ÊÉμ° Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨-
¶¥·¡μ²μ¨¤¥, ¤²Ö £¨¶¥·¡μ²μ¨¤  H̃2 ¢¢¥¤¥³ ¶μ¢¥·´ÊÉÊÕ £¨¶¥·¡μ²¨Î¥¸±ÊÕ ¸¨-
¸É¥³Ê ±μμ·¤¨´ É. � ¸¸³μÉ·¨³ £¨¶¥·¡μ²¨Î¥¸±μ¥ ¢· Ð¥´¨¥ (54) ´  Ê£μ² a1 =
arccosh (1/ cosα) μÉ´μ¸¨É¥²Ó´μ μ¸¨ u1 (¸³. (16)):

⎛⎜⎝u′
0

u′
1

u′
2

⎞⎟⎠ =

⎛⎜⎜⎜⎝
1

cosα
0 − sin α

cosα
0 1 0

− sin α

cosα
0

1
cosα

⎞⎟⎟⎟⎠
⎛⎜⎝u0

u1

u2

⎞⎟⎠ =

⎛⎜⎜⎜⎝
u0 − u2 sin α

cosα
u1

−u0 sin α + u2

cosα

⎞⎟⎟⎟⎠ , (143)

Éμ£¤ 

K2 =
K ′

2 + sin αL′

cosα
, L =

sin αK ′
2 + L′

cosα
(144)

¨, ¸μμÉ¢¥É¸É¢¥´´μ, μ¶¥· Éμ· SH ¶·¥μ¡· §Ê¥É¸Ö ¢ μ¶¥· Éμ·

SH̃ = cK2
2 + {K2, L}, c = sin α +

1
sinα

, sin2 α �= 0, 1. (145)

„²Ö ¶μ¢¥·´ÊÉμ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ¨§ (140) ¨ (143) (¸³. ·¨¸. 35) ¶μ²ÊÎ ¥³

u′
0 =

R

k′
[
k dn (a, k) sn (b, k′) − i cn (a, k) cn (b, k′)

]
,

u′
1 = −R sn (a, k) dn (b, k′), (146)

u′
2 =

R

k′
[
ik cn (a, k) cn (b, k′) − dn (a, k) sn (b, k′)

]
.

ˆ´É¥·¢ ²Ò ¤²Ö ¶¥·¥³¥´´ÒÌ a ¨ b Ê± § ´Ò ¢ (141).

2. Š��’��Š–ˆˆ �� „‚“•��‹�‘’��Œ ƒˆ�…���‹�ˆ„…

‚¢¥¤¥³ ¶ · ³¥É· ±μ´É· ±Í¨¨ κ = R−1 ¢ μ¶·¥¤¥²¥´¨¥ ¸¨¸É¥³ ±μμ·¤¨-
´ É ´  ¤¢ÊÌ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H2. „²Ö ÔÉμ£μ ¶¥·¥°¤¥³ μÉ ±μμ·¤¨´ É
μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢  (u0, u1, u2) ± ´¥μ¤´μ·μ¤´Ò³ ±μμ·¤¨´ É ³ 	¥²Ó-
É· ³¨ (¢ ²¨É¥· ÉÊ·¥ ¨¸¶μ²Ó§Ê¥É¸Ö É ±¦¥ É¥·³¨´ ®£¥μ¤¥§¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ¯)
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¸μ£² ¸´μ Ëμ·³Ê² ³

xμ(R) = R
uμ

u0
=

Ruμ√
R2 + u2

1 + u2
2

, μ = 1, 2. (147)

ƒ¥μ³¥É·¨Î¥¸±¨ ±·¨¢μ²¨´¥°´Ò¥ ±μμ·¤¨´ ÉÒ (x1, x2) Ö¢²ÖÕÉ¸Ö μÉμ¡· ¦¥´¨¥³
¶μ¢¥·Ì´μ¸É¨ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  H2 ´  ¤¨¸± D2 (x2

1 + x2
2 � R2),

²¥¦ Ð¨° ¢ ± ¸ É¥²Ó´μ° ¶²μ¸±μ¸É¨ u0 = R, ¸ ¶μ³μÐÓÕ ¶·Ö³ÒÌ, ¶·μ¢¥¤¥´´ÒÌ
¨§ ÉμÎ±¨ (0, 0, 0), ± ± ¶μ± § ´μ ´  ·¨¸. 1. ‚ ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2, μ£· -
´¨Î¥´´μ° ¤¨¸±μ³ D2, ±μμ·¤¨´ ÉÒ (147) μ¡· §ÊÕÉ ´¥μ·Éμ£μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê
±μμ·¤¨´ É. Œ¥É·¨±  ´  ¤¨¸±¥ D2, ¨´¤ÊÍ¨·μ¢ ´´ Ö ³¥É·¨±μ° ´  £¨¶¥·¡μ²μ-
¨¤¥, ¨³¥¥É ¶·μ¸Éμ° ¢¨¤:

ds2 =
(

1 − x2
1 + x2

2

R2

)−2

×

×
[(

1 − x2
2

R2

)
dx2

1 + 2
x1x2

R2
dx1dx2 +

(
1 − x2

1

R2

)
dx2

2

]
. (148)

�¨¸. 1. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2 (x2
1 +

x2
2 � R2), ± ¸ É¥²Ó´ Ö ± ¢¥·Ì´¥° ¶μ²μ¸É¨

£¨¶¥·¡μ²μ¨¤  ¢ ÉμÎ±¥ u0 = R. ‘ ¶μ³μÐÓÕ
¶·Ö³ÒÌ OF1 ·¥ ²¨§Ê¥É¸Ö μÉμ¡· ¦¥´¨¥ Éμ-
Î¥± ¢¥·Ì´¥° ¶μ²μ¸É¨ £¨¶¥·¡μ²μ¨¤  F1 ¢
ÉμÎ±¥ ¤¨¸±  F ∈ D2

‡ Ë¨±¸¨·Ê¥³ ¶μ²μ¦¥´¨¥ ÉμÎ±¨ F1
(¨ É¥³ ¸ ³Ò³ ÉμÎ±¨ F ´  ¤¨¸±¥ D2),
± ± ¶μ± § ´μ ´  ·¨¸. 1. ‚ ¶·¥¤¥-
²¥ κ→ 0 (R→∞) ¤¨¸± D2 · ¸Ï¨-
·Ö¥É¸Ö ¤μ ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2.
Š·¨¢μ²¨´¥°´Ò¥ ±μμ·¤¨´ ÉÒ (x1, x2)
´  ¤¨¸±¥ D2, ± ± ¸²¥¤Ê¥É ¨§ ¸ ³μ£μ
μ¶·¥¤¥²¥´¨Ö, μ¸É ÕÉ¸Ö ±μ´¥Î´Ò³¨ ¨
¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥ ¶·Ö³μ²¨´¥°-
´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ (x, y).
Œ¥É·¨±  (148) ¶·¨ ÔÉμ³ ¶·¥μ¡· -
§Ê¥É¸Ö ¢ ³¥É·¨±Ê, ±μÉμ· Ö μ¶¨¸Ò-
¢ ¥É ¥¢±²¨¤μ¢Ê ¶²μ¸±μ¸ÉÓ E2: ds2 =
dx2 + dy2. ’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó-
§μ¢ ´¨¥ ¡¥²ÓÉ· ³¨¥¢ÒÌ ±μμ·¤¨´ É
(x1, x2) ¶μ§¢μ²Ö¥É ¢ Ö¢´μ³ ¢¨¤¥
¶·μ¸²¥¤¨ÉÓ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤
R→∞ μÉ ¤¥± ·Éμ¢μ° ¸¨¸É¥³Ò ±μ-
μ·¤¨´ É, μ¶¨¸Ò¢ ÕÐ¥° ¶μ²μ¦¥´¨¥
ÉμÎ±¨ ´  £¨¶¥·¡μ²μ¨¤¥ H2 ¢ μ¡Ñ¥³-
²ÕÐ¥³ ¶·μ¸É· ´¸É¢¥ (u0, u1, u2),
± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ´ 
¶²μ¸±μ¸É¨ E2.

„²Ö μ¶¨¸ ´¨Ö ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  ¢ ¸¨¸É¥³ Ì ±μμ·¤¨´ É, § ¤ ´´ÒÌ ´ 
£¨¶¥·¡μ²μ¨¤¥ H2, Ê¤μ¡´μ ¶¥·¢μ´ Î ²Ó´μ μ¶·¥¤¥²¨ÉÓ ¸¨¸É¥³Ê ±μμ·¤¨´ É, ¢ ±μ-
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�¨¸. 2. �¸¥¢¤μ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É, μ¶·¥¤¥²¥´´ Ö ´  ¢¥·Ì´¥° ¶μ²μ¸É¨
£¨¶¥·¡μ²μ¨¤ 

�¨¸. 3. �·μ¥±Í¨Ö ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ°
¸¨¸É¥³Ò ±μμ·¤¨´ É ´  ¤¨¸± D2

Éμ·μ° Éμ²Ó±μ μ¤´  ¨§ ¶¥·¥³¥´´ÒÌ ¸μ¤¥·¦¨É ¢ Ö¢´μ³ ¢¨¤¥ ¶ · ³¥É· ±μ´-
É· ±Í¨¨. ’ ±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥μ¤¥§¨Î¥¸±μ°. ‹¥£±μ § -
³¥É¨ÉÓ, ÎÉμ ¢ ± Î¥¸É¢¥ £¥μ¤¥§¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  H2 ¢Ò¸ÉÊ¶ ¥É
¶¸¥¢¤μ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (29) (·¨¸. 2). „¥°¸É¢¨É¥²Ó´μ, ¨§ ·¨¸. 3
¢¨¤´μ, ÎÉμ ¶·μ¥±Í¨Ö ±μμ·¤¨´ É´ÒÌ ²¨´¨° ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò ±μ-
μ·¤¨´ É ´  ¤¨¸± D2 μ¡· §μ¢ ´  ±μ´Í¥´É·¨Î¥¸±¨³¨ ±·Ê£ ³¨ ¨ · ¤¨ ²Ó´Ò³¨
¶·Ö³Ò³¨, ¶·μÌμ¤ÖÐ¨³¨ Î¥·¥§ ´ Î ²μ ±μμ·¤¨´ É, ¨ ²μ± ²Ó´μ ¶μ¢Éμ·Ö¥É ±μ-
μ·¤¨´ É´ÊÕ ¸¥É±Ê, ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¶μ²Ö·´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¢ ¤¢ÊÌ³¥·-
´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ E2. ’ ±¨³ μ¡· §μ³, Éμ²Ó±μ £¨¶¥·¡μ²¨Î¥¸±¨°
Ê£μ² τ ¸μ¤¥·¦¨É ¶ · ³¥É· ±μ´É· ±Í¨¨ κ = 1/R. ‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö ¢Ò-
Î¨¸²¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ´¥§ ¢¨¸¨³ÒÌ ±μμ·¤¨´ É, μ¶·¥¤¥²ÖÕ-
Ð¨Ì · §²¨Î´Ò¥ ±·¨¢μ²¨´¥°´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  H2 ¶·¨ ±μ´É· ±Í¨¨
R → ∞, ¨¸¶μ²Ó§Ê¥³ ¨Ì ¸¢Ö§Ó ¸ Ê£² ³¨ ¢ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨-
´ É. „ ´´Ò¥ μ ¸¨¸É¥³ Ì ±μμ·¤¨´ É ¢ ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2 ¶·¥¤¸É ¢²¥´Ò
¢ É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨.

ˆ¸¶μ²Ó§ÊÖ ´¥μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (147), É ±¦¥ ³μ¦´μ ¶·μ-
¸²¥¤¨ÉÓ §  ±μ´É· ±Í¨¥°  ²£¥¡·Ò so(2, 1) ¶·¨ R → ∞. ‚¢¥¤¥³ ´μ¢Ò¥ μ¶¥· -
Éμ·Ò (π1, π2, L) ¸μ£² ¸´μ

−K1

R
≡ π2 = ∂x2 −

x2

R2
(x1∂x1 + x2∂x2),

−K2

R
≡ π1 = ∂x1 −

x1

R2
(x1∂x1 + x2∂x2), (149)

L ≡ M = x1∂x2 − x2∂x1 = x1π2 − x2π1
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¨ ¶·¥¤¸É ¢¨³ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (3) ¢ ¢¨¤¥

[π1, π2] =
L

R2
, [π1, L] = π2, [L, π2] = π1. (150)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¶·¨ R → ∞  ²£¥¡·  so(2, 1) ±μ´É· ±É¨·Ê¥É ± ´¥±μÉμ·μ°
 ²£¥¡·¥, ±μÉμ· Ö ¨§μ³μ·Ë´   ²¥£¡·¥ e(2),   ³μ³¥´ÉÒ πi (i = 1, 2) ¶¥·¥Ìμ¤ÖÉ ¢
pi = ∂xi (x1 = x, x2 = y). �¶¥· Éμ· ‹ ¶² ¸ Ä	¥²ÓÉ· ³¨ ´  £¨¶¥·¡μ²μ¨¤¥ H2

¶·¥μ¡· §Ê¥É¸Ö ¢ μ¡ÒÎ´Ò° μ¶¥· Éμ· ‹ ¶² ¸  ´  ¶²μ¸±μ¸É¨ E2:

ΔLB =
1

R2
(K2

1 + K2
2 − L2) = π2

1 + π2
2 − M2

R2
→ Δ = p2

1 + p2
2. (151)

2.1. �¥·¥Ìμ¤ μÉ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¶μ²Ö·´μ°.
�¡μ§´ Î¨³ £¥μ¤¥§¨Î¥¸±μ¥ ®· ¸¸ÉμÖ´¨¥¯ ´  ¤¨¸±¥ D2 ± ± r =

√
x2

1 + x2
2 =

R tanh τ . „ ²¥¥ ¢Ò¶¨Ï¥³ ´¥μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (x1, x2), ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É (29):

x1 = R
u1

u0
= R tanh τ cosϕ = r cosϕ,

(152)
x2 = R

u2

u0
= R tanh τ sin ϕ = r sinϕ.

Šμμ·¤¨´ ÉÒ (152) ¶μ Ëμ·³¥ ´ ¶μ³¨´ ÕÉ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ ´  ¶²μ¸±μ-
¸É¨ E2. �¸É ¢²ÖÖ ¢¥²¨Î¨´Ê r = R tanh τ ¶μ¸ÉμÖ´´μ°, ¶μ²ÊÎ ¥³ ¢ ¶·¥¤¥²¥
R → ∞, ÎÉμ τ = arctanh r/R ∼ r/R ∼ 0. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, μÎ¥¢¨¤´μ,
ÎÉμ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ±μμ·¤¨´ É  r =

√
x2

1 + x2
2 ∼

√
x2 + y2 μ¶·¥-

¤¥²Ö¥É · ¤¨ ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ r =
√

x2 + y2 ¢ ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2.
‚ ·¥§Ê²ÓÉ É¥ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (τ, ϕ) ´  £¨¶¥·¡μ²μ¨¤¥
H2 ±μ´É· ±É¨·Ê¥É ± ¶μ²Ö·´Ò³ ±μμ·¤¨´ É ³ (r, ϕ) ´  ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨
E2 (¸³. É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨). „²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¶¥· Éμ·  ¸¨³³¥É·¨¨

¶μ²ÊÎ ¥³ S
(2)
SPH = L2 → M2 = X2

S .
2.2. �¥·¥Ìμ¤ μÉ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°. ‚Ò-

¶¨Ï¥³ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (147), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ô±¢¨¤¨¸É ´É´μ° ¸¨-
¸É¥³¥ ±μμ·¤¨´ É (37) (·¨¸. 4 ¨ 5):

x1 = R tanh τ2, x2 =
R tanh τ1

cosh τ2
.

‡ ¢¨¸¨³μ¸ÉÓ £¨¶¥·¡μ²¨Î¥¸±¨Ì Ê£²μ¢ τ1, τ2 μÉ ¶ · ³¥É·  ±μ´É· ±Í¨¨ κ = 1/R
²¥£±μ μ¶·¥¤¥²¨ÉÓ, ¥¸²¨ ¸· ¢´¨ÉÓ Ô±¢¨¤¨¸É ´É´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (37)
¸ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° (29). ‚ ·¥§Ê²ÓÉ É¥, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö sinh τ1 =
sinh τ sin ϕ ¨ tanh τ2 = tanh τ cosh ϕ, ¶μ²ÊÎ ¥³, ÎÉμ ¶·¨ ±μ´É· ±Í¨¨ R →
∞ £¨¶¥·¡μ²¨Î¥¸±¨¥ Ê£²Ò τ1, τ2 ¢¥¤ÊÉ ¸¥¡Ö ± ± τ1 → 0 ¨ τ2 → 0. �μ² £ Ö É¥-
¶¥·Ó sinh τ1 
 r/R sin ϕ = y/R ¨ tanh τ2 
 r/R cos ϕ = x/R, μ±μ´Î É¥²Ó´μ
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�¨¸. 4. �±¢¨¤¨¸É ´É´ Ö ¸¨¸É¥³  �¨¸. 5. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö
Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò, μ¡· §μ¢ ´´μ°
Ô±¢¨¤¨¸É ´É ³¨ ¨ ¶ · ²²¥²Ó´Ò³¨ ¶·Ö-
³Ò³¨

¶μ²ÊÎ ¥³ x1 → x, x2 → y ¨

S
(2)
EQ

R2
=

K2
2

R2
→ p2

1 = X2
C ,

£¤¥ (x, y) Å μ¡ÒÎ´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ´  ¶²μ¸±μ¸É¨ E2 (¸³. É ¡². 3
¢ ¶·¨²μ¦¥´¨¨).

2.3. �¥·¥Ìμ¤ μÉ μ·¨Í¨±²¨Î¥¸±¨Ì ±μμ·¤¨´ É ± ¤¥± ·Éμ¢Ò³. ‚Ò¶¨Ï¥³ ¸μ-
μÉ´μÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ μ·¨Í¨±²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (x̃, ỹ) ¢ Ëμ·³Ê²¥ (48)
¸ ±μμ·¤¨´ É ³¨ μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢  ui, i = 0, 1, 2:

x̃ =
u2

u0 − u1
=

tanh τ sin ϕ

1 − tanh τ cosϕ
, ỹ =

R

u0 − u1
=

1
cosh τ

1
1 − tanh τ cosϕ

.

‚ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ ¥³

x̃ ∼ r sin ϕ

R
→ y

R
, ỹ ∼

(
1 − r

R
cosϕ

)
→ 1 +

x

R
,

  ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶·¥μ¡· §ÊÕÉ¸Ö ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ (x, y):

x1 = R
x̃2 + ỹ2 − 1
x̃2 + ỹ2 + 1

→ x, x2 = R
2x̃

x̃2 + ỹ2 + 1
→ y.

„²Ö μ¶¥· Éμ·  S
(2)
HO ¶μ²ÊÎ ¥³ ¶·μ¸Éμ¥ ¢Ò· ¦¥´¨¥

S
(2)
HO

R2
=

(K1 + L)2

R2
= π2

2 +
L2

R2
− 1

R
{π2, L} → p2

2 
 X2
C .
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�¨¸. 6. �·¨Í¨±²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É

�¨¸. 7. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö μ·¨-
Í¨±²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É, μ¡· -
§μ¢ ´´μ° ¶·Ö³Ò³¨, ¶·μÌμ¤ÖÐ¨³¨ Î¥·¥§
£· ´¨Î´ÊÕ ÉμÎ±Ê, ¨ μ·¨Í¨±² ³¨

’¥³ ¸ ³Ò³ ¤μ± § ´ ¶¥·¥Ìμ¤ μÉ μ·¨Í¨±²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  H2

(·¨¸. 6 ¨ 7) ± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ´  E2.
2.4. Šμ´É· ±Í¨¨ ¢ ´¥μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±μμ·¤¨´ É
1. � ¸¸³μÉ·¨³ ±μ´É· ±Í¨¨ ´¥μ·Éμ£μ´ ²Ó´μ° ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò

±μμ·¤¨´ É, § ¤ ´´μ° Ê· ¢´¥´¨¥³ (30). Š ± ¨ ¢ ¸²ÊÎ ¥ μ·Éμ£μ´ ²Ó´μ° ¸¨¸É¥³Ò
±μμ·¤¨´ É, ¶·¨ ±μ´É· ±Í¨¨ R → ∞ ¶μ²ÊÎ¨³ τ ∼ r/R. Šμμ·¤¨´ ÉÒ 	¥²Ó-
É· ³¨ ¶·¨ ÔÉμ³ ¢¥¤ÊÉ ¸¥¡Ö É ±:

x1 = R
u1

u0
= R tanh τ cos

(
ϕ +

Rτ

α

)
→ r cos

(
ϕ +

r

α

)
,

x2 = R
u2

u0
= R tanh τ sin

(
ϕ +

Rτ

α

)
→ r sin

(
ϕ +

r

α

)
.

‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ± ´¥μ·Éμ£μ´ ²Ó´μ° ¶μ²Ö·´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ´ 
¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2 (¸³. É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨). „²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³ SSPH = L → M = x∂y − y∂x = XS .

2. „²Ö ´¥μ·Éμ£μ´ ²Ó´μ° Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò (38) ¢ ¶·¥¤¥²¥ R → ∞,
¢Ò¡¨· Ö α ∼ R ¨ τ1 ∼ y′/R, τ2 ∼ x′/R, ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

x1 = R
u1

u0
= R tanh (Rτ1/α + τ2) → x′ + y′,

x2 = R
u2

u0
= R

tanh (Rτ1/α)
cosh τ2

→ y′,

£¤¥ (x′, y′) Å ´¥μ·Éμ£μ´ ²Ó´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ´  E2 (¸³. É ¡². 3 ¢
¶·¨²μ¦¥´¨¨). „²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³ −SEQ/R=−K2/R→ p1=XC .
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3. � ¸¸³μÉ·¨³ ´¥μ·Éμ£μ´ ²Ó´ÊÕ μ·¨Í¨±²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (49).
�¥·¥¸É ¢²ÖÖ § · ´¥¥ ±μμ·¤¨´ ÉÒ u1 ↔ u2 ¨ ¢Ò¡¨· Ö ¢ ¶·¥¤¥²¥ R → ∞
x̃ ∼ y′/R, ỹ ∼ 1 + x′/R, ¶·¨Ìμ¤¨³ ± ´¥μ·Éμ£μ´ ²Ó´Ò³ ¤¥± ·Éμ¢Ò³ ±μμ·¤¨-
´ É ³ (x′, y′). „²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É 	¥²ÓÉ· ³¨ ¨³¥¥³

x1 → x′ + y′, x2 → x′

¨ −SHO/R = (−K2 + L)/R = π1 + L/R → p1 = XC .
2.5. Šμ´É· ±Í¨¨ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. �  ¶·μ¥±É¨¢-

´μ° ¶²μ¸±μ¸É¨ D2, ± ± ¨ ´  £¨¶¥·¡μ²μ¨¤¥, Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É (122) ¸μ¸Éμ¨É ¨§ ¸μËμ±Ê¸´ÒÌ Ô²²¨¶¸μ¢ ¨ £¨¶¥·¡μ² (·¨¸. 8 ¨ 9). ”μ-
±Ê¸Ò Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ¨³¥ÕÉ ±μμ·¤¨´ ÉÒ F (±R tan α, 0), £¤¥ tan2 α =
(a1 − a2)/(a1 − a3),   α Å Ê£μ² AOF (¸³. ·¨¸. 1). ‘ÊÐ¥¸É¢ÊÕÉ É·¨ · §´ÒÌ
¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤  ¶·¨ R → ∞,   ¨³¥´´μ: ±μ£¤  ¤²¨´  AF Ë¨±¸¨·μ¢ ´  ¨
α → 0; ±μ£¤  AF ¨ α μ¤´μ¢·¥³¥´´μ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ; ±μ£¤  α Ë¨±¸¨·μ¢ ´μ,
  AF → ∞. �μ¸²¥¤´¨° ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ ¢±²ÕÎ ¥É ¤¢  ¤μ¶μ²´¨É¥²Ó´ÒÌ
¸²ÊÎ Ö, ±μ£¤  μ¤¨´ ¨²¨ μ¡  Ëμ±Ê¸  ¸É·¥³ÖÉ¸Ö ¢ ¡¥¸±μ´¥Î´μ¸ÉÓ ¢³¥¸É¥ ¸ R.
� ¸¸³μÉ·¨³ ± ¦¤Ò° ¨§ ¶·¥¤¥²μ¢ ¢ μÉ¤¥²Ó´μ¸É¨.

�¨¸. 8. �²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨-
´ É, § ¤ ´´ Ö ´  ¢¥·Ì´¥° ¶μ²μ¸É¨ £¨¶¥·-
¡μ²μ¨¤ 

�¨¸. 9. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2

¤²Ö Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É,
μ¡· §μ¢ ´´μ° ¸μËμ±Ê¸´Ò³¨ Ô²²¨¶¸ ³¨
¨ ¢Ò¶Ê±²Ò³¨ £¨¶¥·¡μ² ³¨

2.5.1. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± Ô²²¨¶É¨Î¥¸±μ°.
‚¢¥¤¥³ ¶ · ³¥É· D =

√
a1 − a2, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É ³¥¦Ëμ±Ê¸´μ¥ · ¸-

¸ÉμÖ´¨¥ ¤²Ö Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  ¶²μ¸±μ¸É¨ E2. ‡´ Î¥-
´¨¥ D Ö¢²Ö¥É¸Ö ¶·¨ R → ∞ ¶·¥¤¥²Ó´Ò³ ± ± ¤²Ö ¤²¨´Ò ¤Ê£¨ AF1, É ± ¨
¤²Ö μÉ·¥§±  AF (¸³. ·¨¸. 1). �μÔÉμ³Ê, Ë¨±¸¨·ÊÖ · ¸¸ÉμÖ´¨¥ D ¨ ¶μ² £ Ö
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−a3 
 R2 → ∞, ¶μ²ÊÎ ¥³

sinh2 β =
a1 − a2

a2 − a3

 D2

R2
→ 0 (153)

¨
SE = L2 + sinh2 βK2

2 = L2 + R2 sinh2 βπ2
1 → M2 + D2p2

1 = XE.

�¥·¥Ìμ¤Ö ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ (ξ, η) ¸μ£² ¸´μ ¸μμÉ´μÏ¥´¨Ö³

sinh2 ξ =
ρ1 − a1

a1 − a2
, cos2 η =

ρ2 − a2

a1 − a2
, ξ ∈ [0,∞), η ∈ [0, 2π),

³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Ô²²¨¶É¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (122) ¢ ¢¨¤¥

u2
0 = R2

[
1 +

a1 − a2

a1 − a3
sinh2 ξ

] [
1 +

a1 − a2

a2 − a3
cos2 η

]
,

u2
1 =

R2D2

a2 − a3
cos2 η cosh2 ξ, (154)

u2
2 =

R2D2

a1 − a3
sin2 η sinh2 ξ.

‚Ò¡¨· Ö ¢ (154) ¶·¥¤¥² −a3 
 R2 → ∞ ¨ ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (153), ²¥£±μ
§ ³¥É¨ÉÓ, ÎÉμ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨

x1 = R
u1

u0
→ D cos η cosh ξ, x2 = R

u2

u0
→ D sin η sinh ξ

¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥ Ô²²¨¶É¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ´  ¶²μ¸±μ¸É¨ E2

(¸³. É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨).
2.5.2. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¶μ²Ö·´μ°. �Ê¸ÉÓ

É¥¶¥·Ó a1 − a2 
 1/R2, a2 − a3 
 R2, Éμ£¤ 

sinh2 β =
a1 − a2

a2 − a3

 1

R4
.

ƒ¥μ³¥É·¨Î¥¸±¨ ÔÉμ §´ Î¨É, ÎÉμ Ëμ±Ê¸Ò Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
¸²¨¢ ÕÉ¸Ö ¶·¨ R → ∞. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ SE ¶μ²ÊÎ ¥³

SE 
 L2 +
1

R2
π2

1 → M2 = X2
S .

�¥·¥°¤¥³ É¥¶¥·Ó ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ ¸μ£² ¸´μ

r2 = ρ1 − a2, cos2 ϕ =
ρ2 − a2

a1 − a2
.
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�μ¸²¥¤´¨¥ Ëμ·³Ê²Ò ¶μ§¢μ²ÖÕÉ ¶¥·¥¶¨¸ ÉÓ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¢ ¢¨¤¥

x2
1 =

(a1 − a3)
R2

r2 cos2 ϕ

(1 + r2/R2)(1 + cos2 ϕ/R4)
,

x2
2 =

(a2 − a3)
R2

sin2 ϕ(r2 − 1/R2)
(1 + r2/R2)(1 + cos2 ϕ/R4)

,

μÉ±Ê¤  ¢ ¶·¥¤¥²¥ (a2 − a3) 
 (a1 − a3) 
 R2 → ∞ ¶·¨Ìμ¤¨³ ± ±μμ·¤¨´ É ³

x1 → r cosϕ, x2 → r sin ϕ,

±μÉμ·Ò¥ ¸μ¢¶ ¤ ÕÉ ¸ ¶μ²Ö·´μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É ´  ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨
E2 (¸³. É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨).

2.5.3. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°. ‡ -
Ë¨±¸¨·Ê¥³ Ê£μ² α (É ± ÎÉμ¡Ò ¤²¨´  AF ¸É·¥³¨² ¸Ó ± ¡¥¸±μ´¥Î´μ¸É¨ ¶·¨
R → ∞) ¨ ¶μ²μ¦¨³ a1 − a2 = a2 − a3 (¨²¨ k2 = k′2 = 1/2). ’μ£¤  ¶μ²ÊÎ¨³

SE

R2
=

1
R2

(L2 + K2
2 ) =

L2

R2
+ π2

1 → p2
1 = X2

C .

„ ²¥¥, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ Ê· ¢´¥´¨¥ (125), ¶μ²ÊÎ ¥³

−cn2a =
1
2

⎧⎨⎩u2
0 + u2

2

R2
+

√(
u2

0 + u2
2

R2

)2

− 4u2
1

R2

⎫⎬⎭ ,

cn2b =
1
2

⎧⎨⎩u2
0 + u2

2

R2
−

√(
u2

0 + u2
2

R2

)2

− 4u2
1

R2

⎫⎬⎭ ,

μÉ±Ê¤  ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¶·¨Ìμ¤¨³ ± ¶·μ¸ÉÒ³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ Ëμ·-
³Ê² ³ ¤²Ö Ô²²¨¶É¨Î¥¸±¨Ì ËÊ´±Í¨° Ÿ±μ¡¨:

dn a → −i
y

R
, cn a → −i

(
1 +

y2

R2

)
, sn a →

√
2
(

1 +
y2

4R2

)
;

cn b → x

R
, dn b → 1√

2

(
1 +

x2

2R2

)
, sn b → 1 − x2

2R2
.

ˆ§ ¶μ¸²¥¤´¨Ì ¸μμÉ´μÏ¥´¨° ¸²¥¤Ê¥É, ÎÉμ ¢ ¶·¥¤¥²¥ R → ∞ ±μμ·¤¨´ ÉÒ 	¥²Ó-
É· ³¨ (147)

x1 = R
i cna cn b

sn a dn b
, x2 = R

i dn a sn b

sn a dn b

¸É·¥³ÖÉ¸Ö ± ¤¥± ·Éμ¢Ò³ ±μμ·¤¨´ É ³ (x, y) ´  ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E2.
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2.5.4. �¥·¥Ìμ¤ μÉ ¶μ¢¥·´ÊÉμ° Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¶ -
· ¡μ²¨Î¥¸±μ°. ƒ¥μ³¥É·¨Î¥¸±μ¥ · §²¨Î¨¥ Ô²²¨¶É¨Î¥¸±μ° ¨ ¶μ¢¥·´ÊÉμ° Ô²²¨¶-
É¨Î¥¸±μ° ¸¨¸É¥³ § ±²ÕÎ ¥É¸Ö ¢ · §´μ³ · ¸¶μ²μ¦¥´¨¨ Ëμ±Ê¸μ¢ ´  £¨¶¥·¡μ-
²μ¨¤¥ H2. „²Ö ¶μ¢¥·´ÊÉμ° Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É (·¨¸. 10 ¨ 11)
μ¤¨´ ¨§ Ëμ±Ê¸μ¢ · ¸¶μ²μ¦¥´ ¢ ÉμÎ±¥ (R, 0, 0). ‡ Ë¨±¸¨·Ê¥³ ¶μ¸ÉμÖ´´Ò¥ ai

É ±, ÎÉμ¡Ò ¢Ò¶μ²´Ö²¨¸Ó ¸μμÉ´μÏ¥´¨Ö a1 − a2 = a2 − a3. ’μ£¤  ¶μ¢¥·´ÊÉ Ö
Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (133) ¶·¨³¥É ¢¨¤

u′
0 = R

{√
2 sn a dn b + i cna cn b

}
,

u′
1 = R

{
sn a dn b + i

√
2 cna cn b

}
,

u′
2 = i R dn a sn b,

£¤¥ ¤²Ö ¢¸¥Ì ËÊ´±Í¨° Ÿ±μ¡¨ k = k′ = 1/
√

2. �·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R
¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨° Ÿ±μ¡¨:

i cna =
1
2

√(
1 +

√
2
u′

1

R
− u′

0

R

)2

+ 2
u′

2
2

R2
−

− 1
2

√(
1 −

√
2
u′

1

R
+

u′
0

R

)2

+ 2
u′

2
2

R2

 −1 +

√
2

2
u2

R
,

(155)

cn b =
1
2

√(
1 +

√
2
u′

1

R
− u′

0

R

)2

+ 2
u′

2
2

R2
+

+
1
2

√(
1 −

√
2
u′

1

R
+

u′
0

R

)2

+ 2
u′

2
2

R2

 1 +

√
2

2
v2

R
,

�¨¸. 10. �μ¢¥·´ÊÉ Ö Ô²²¨¶É¨Î¥¸± Ö ¸¨-
¸É¥³  ±μμ·¤¨´ É

�¨¸. 11. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶μ-
¢¥·´ÊÉμ° Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·-
¤¨´ É
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£¤¥ (v, u) ¨³¥ÕÉ ¸³Ò¸² ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É. ’¥³ ¸ ³Ò³ ¢ ¶·¥¤¥²¥
R → ∞ ¶μ²ÊÎ ¥³

x1 → u2 − v2

2
, x2 → uv.

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ ¶μ²ÊÎ ¥³ ¶·μ¸Éμ¥ ¢Ò· ¦¥´¨¥

SẼ√
2R

=
1√
2R

[
cosh 2βL2 +

1
2

sinh 2β{K1, L}
]

=

=
3√
2R

L2 − {π2, L} → {p2, M} = XP ,

¸μ¢¶ ¤ ÕÐ¥¥ ¸ μ¶¥· Éμ·μ³ ¸¨³³¥É·¨¨ ¤²Ö ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨-
´ É ´  E2 (¸³. É ¡². 3 ¢ ¶·¨²μ¦¥´¨¨).

2.6. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°. ƒ¨-
¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (136) μ¶·¥¤¥²Ö¥É¸Ö É·¥³Ö ¶ · ³¥É· ³¨ (a1,
a2, a3), ±μÉμ·Ò¥ § ¤ ÕÉ ¶μ²μ¦¥´¨¥ Ëμ±Ê¸  £¨¶¥·¡μ² ´  £¨¶¥·¡μ²μ¨¤¥ H2.
� ¸¸³ É·¨¢ Ö μ·Éμ£μ´ ²Ó´ÊÕ ¶·μ¥±Í¨Õ ´  ¶²μ¸±μ¸ÉÓ D2 (u0 = R), ¶μ²ÊÎ ¥³
¸¥³¥°¸É¢μ £¨¶¥·¡μ² (·¨¸. 12 ¨ 13). ”¨±¸¨·ÊÖ ρ2 ¤²Ö ¶¥·¢μ£μ ¸¥³¥°¸É¢  £¨-
¶¥·¡μ², ¶μ²ÊÎ ¥³, ÎÉμ ³¨´¨³ ²Ó´μ¥ ³¥¦Ëμ± ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ · ¢´μ 2d1, £¤¥
d1 = R

√
(a1 − a3)/(a2 − a3) = R/k. Œ¨´¨³ ²Ó´μ¥ ³¥¦Ëμ± ²Ó´μ¥ · ¸¸Éμ-

Ö´¨¥ ¤²Ö ¢Éμ·μ£μ ¸¥³¥°¸É¢  £¨¶¥·¡μ² (±μ£¤  ρ1 ¶μ¸ÉμÖ´´μ¥) · ¢´μ 2d2, £¤¥
d2 = R

√
(a1 − a3)/(a1 − a2) = R/k′.

…¸²¨ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨Ö F1(R, d1, 0), F21(R, 0, d2) ¨ F22(R, 0,−d2), Éμ
¶ · ³¥É· 2α § ¤ ¸É Ê£μ² F21F1F22 ¨ sin2 α = (a2 − a3)/(a1 − a3) = k2.

�¨¸. 12. ƒ¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É, μ¶·¥¤¥²¥´´ Ö ´  ¢¥·Ì´¥° ¶μ²μ¸É¨
£¨¶¥·¡μ²μ¨¤ . � · ³¥É·Ò a1, a2, a3 § -
¤ ÕÉ ¶μ²μ¦¥´¨¥ Ëμ±Ê¸μ¢

�¨¸. 13. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2

¤²Ö £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨-
´ É, μ¡· §μ¢ ´´μ° ¢μ£´ÊÉÒ³¨ £¨¶¥·¡μ-
² ³¨
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�É³¥É¨³, ÎÉμ sin2 α �= 0, 1, ¨ ³μ¦´μ ¸± § ÉÓ, ÎÉμ ÔÉμÉ ¶ · ³¥É· Ö¢²Ö¥É¸Ö
³ ¸ÏÉ ¡´Ò³ ¤²Ö ¶·μ¥±É¨¢´ÒÌ ±μμ·¤¨´ É.

„²Ö ¶·μ¸ÉμÉÒ ¶μ²μ¦¨³ a1 − a2 = a2 − a3. ’μ£¤  k2 = k′2 = sin2 α = 1/2
¨ μ¶¥· Éμ· ¸¨³³¥É·¨¨ ±μ´É· ±É¨·Ê¥É ¸μ£² ¸´μ

SH

R2
=

1
R2

(
K2

2 − 1
2
L2

)
= π2

1 − L2

2R2
→ p2

1 = X2
C .

ˆ§ Ëμ·³Ê² (137) ¨³¥¥³

cn2a =
1
2

⎧⎨⎩u2
1 − u2

2

R2
−

√(
u2

1 − u2
2

R2

)2

+
4u2

0

R2

⎫⎬⎭ ,

−cn2b =
1
2

⎧⎨⎩u2
1 − u2

2

R2
+

√(
u2

1 − u2
2

R2

)2

+
4u2

0

R2

⎫⎬⎭ ,

μÉ±Ê¤  ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¶μ²ÊÎ ¥³

dn a → − iy

R
√

2
, cn a → −i

(
1 +

y2

2R2

)
, sn a →

√
2
(

1 +
y2

4R2

)
,

dn b → − ix

R
√

2
, cn b → −i

(
1 +

x2

2R2

)
, sn b →

√
2
(

1 +
x2

4R2

)
.

ˆ¸¶μ²Ó§ÊÖ ¶μ¸²¥¤´¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö, ²¥£±μ ¶·μ¸²¥¤¨ÉÓ, ± ±
±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¢ ¶·¥¤¥²¥ R → ∞

x1 = −iR
sna dn b

cna cn b
, x2 = −iR

dna sn b

cna cn b
(156)

¸É·¥³ÖÉ¸Ö ± ¤¥± ·Éμ¢Ò³ ±μμ·¤¨´ É ³ x1 → x, x2 → y ´  E2.
2.7. Šμ´É· ±Í¨¨ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. 2.7.1. �¥·¥-

Ìμ¤ μÉ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ± ¤¥± ·Éμ¢μ°. � ¸¸³μÉ·¨³ ¶μ²Ê£¨¶¥·-
¡μ²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê (94) ¸ Ë¨±¸¨·μ¢ ´´Ò³ ¶ · ³¥É·μ³ c = 1. Šμμ·¤¨´ ÉÒ
Ëμ±Ê¸  (·¨¸. 14 ¨ 15) ÊÌμ¤ÖÉ ¢ ¡¥¸±μ´¥Î´μ¸ÉÓ ¶·¨ R → ∞,   ¶μ²Ê£¨¶¥·¡μ-
²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É SH ¶·¥μ¡· §Ê¥É¸Ö ¢ ¤¥± ·Éμ¢Ê. ‚ ¸ ³μ³ ¤¥²¥,
§ ¶¨¸Ò¢ Ö ±μμ·¤¨´ ÉÒ (τ1, τ2) ¨§ Ëμ·³Ê²Ò (94) ¢ ¢¨¤¥

sinh τ1,2 = −u0u1

R2
− 1

2

(
u2

2

R2
+ 1

)
±

±

√(
u0u1

R2
+

1
2

(
u2

2

R2
+ 1

))2

+
u2

2

R2
− 2

u0u1

R2
, (157)
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�¨¸. 14. �μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³ 
±μμ·¤¨´ É ´  ¢¥·Ì´¥° ¶μ²μ¸É¨ £¨¶¥·¡μ-
²μ¨¤ 

�¨¸. 15. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2 ¤²Ö
¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨-
´ É, ¸μ¸ÉμÖÐ¥° ¨§ ¶μ²Ê£¨¶¥·¡μ² ¸ ±μμ·-

¤¨´ É ³¨ Ëμ±Ê¸ 

(
−R

√√
c2+1−1√
c2+1+1

, 0

)

¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¨³¥¥³

sinh τ1 → −2
x

R
, sinh τ2 → −1 − 2

y2

R2
. (158)

�É¸Õ¤  ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ¶·¥¤¥²¥ R → ∞ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶¥·¥Ìμ¤ÖÉ
¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ: x1 → x, x2 → y. „²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¶¥· Éμ· 
¸¨³³¥É·¨¨ ¶μ²ÊÎ¨³

SSH

R2
=

1
R2

(
K2

2 + {K1, L}
)

 π2

1 − 1
R
{π2, L} → p2

1 = X2
C .

2.7.2. �¥·¥Ìμ¤ μÉ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¶ · ¡μ-
²¨Î¥¸±μ°. ‚ ¸²ÊÎ ¥ c = 0 ±μμ·¤¨´ ÉÒ Ëμ±Ê¸  F ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨
Ë¨±¸¨·μ¢ ´Ò (¸³. ·¨¸. 15) ¨ ¢ ¶·¥¤¥²¥ R → ∞ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±¨¥ ±μ-
μ·¤¨´ ÉÒ ¸É·¥³ÖÉ¸Ö ± ¶ · ¡μ²¨Î¥¸±¨³. „¥°¸É¢¨É¥²Ó´μ, ¤²Ö ¶¥·¥³¥´´ÒÌ μ1,2

¨§ (93) ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¨³¥¥³

μ1 =

√
u2

0u
2
1

R4
+

u2
2

R2
+

u0u1

R2
→ u2

R
,

(159)

μ2 =

√
u2

0u
2
1

R4
+

u2
2

R2
− u0u1

R2
→ v2

R
.

�μÔÉμ³Ê ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¢ ¶·¥¤¥²¥ ¸É·¥³ÖÉ¸Ö ± ¶ · ¡μ²¨Î¥¸±¨³:

x1 → u2 − v2

2
, x2 → uv. (160)
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„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ SSH ¶μ²ÊÎ¨³

SSH

R
=

1
R
{K1, L} → {p2, M} = XP .

2.8. Šμ´É· ±Í¨¨ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É.
2.8.1. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·-
Éμ¢μ°. � ¸¸³μÉ·¨³ ¸´ Î ²  ¸²ÊÎ °, ±μ£¤  ¶ · ³¥É· γ �= 1. ’μ£¤  Ëμ±Ê¸ ´ 
¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ D2 (·¨¸. 16 ¨ 17) ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨ ¶·¨
R → ∞. „²Ö ±μμ·¤¨´ É ξ1 = cos2 θ ¨ ξ2 = cosh2 a ¨§ Ëμ·³Ê²Ò (105) ¨³¥¥³

ξ2
1,2 =

u0(γ + 1) + u1(γ − 1) ∓
√

[u0(γ + 1) + u1(γ − 1)]2 − 4R2γ

2(u0 − u1)
. (161)

�·¨  ´ ²¨§¥  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μμ·¤¨´ É ξ1,2 ¶·¨ ¡μ²ÓÏ¨Ì §´ -
Î¥´¨ÖÌ R ´¥μ¡Ìμ¤¨³μ · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨° ¶ · -
³¥É·  γ > 0. �·¨ γ ∈ (0, 1) ¨³¥¥³

cos θ → √
γ
(
1 +

x

R

)
, sinh a →

√
γ

1 − γ

y

R
, (162)

¢ Éμ ¢·¥³Ö ± ± ¤²Ö γ > 1 ¶μ²ÊÎ¨³

sin θ →
√

γ

γ − 1
y

R
, cosha → √

γ
(
1 +

x

R

)
. (163)

�¨¸. 16. �²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨-
¸É¥³  ±μμ·¤¨´ É, μ¶·¥¤¥²¥´´ Ö ´  ¢¥·Ì-
´¥° ¶μ²μ¸É¨ £¨¶¥·¡μ²μ¨¤ 

�¨¸. 17. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2 Ô²-
²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò, μ¡· -
§μ¢ ´´μ° Ô²²¨¶É¨Î¥¸±¨³¨ ¨ ¢Ò¶Ê±²Ò³¨
£¨¶¥·¡μ²¨Î¥¸±¨³¨ ¶ · ¡μ² ³¨. Šμμ·¤¨-
´ ÉÒ Ëμ±Ê¸  (R(γ − 1)/(γ + 1), 0)
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‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶·¨ R → ∞ ¸É·¥-
³ÖÉ¸Ö ± ¤¥± ·Éμ¢Ò³: x1 → x, x2 → y. �¶¥· Éμ· ¸¨³³¥É·¨¨ SEP ¶·¥μ¡· §Ê-
¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

1
(γ − 1)R2

[
SEP − R2ΔLB

]
= π2

1 − 1
(γ − 1)R2

[
R{π2, L} − 2L2

]
→ p2

1 = X2
C .

2.8.2. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É ± ¶ · ¡μ²¨Î¥-
¸±¨³. �·¨ §´ Î¥´¨¨ ¶ · ³¥É·  γ = 1 ±μμ·¤¨´ ÉÒ Ëμ±Ê¸  ´  ¶·μ¥±É¨¢´μ°
¶²μ¸±μ¸É¨ Ë¨±¸¨·μ¢ ´Ò ¢ (0, 0). „²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¨³¥¥³

sin2 θ =
−u1 +

√
u2

0 − R2

u0 − u1
→ v2

R
,

(164)

sinh2 a =
u1 +

√
u2

0 − R2

u0 − u1
→ u2

R
,

¶μÔÉμ³Ê ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ±μ´É· ±É¨·ÊÕÉ ± ¶ · ¡μ²¨Î¥¸±¨³:

x1 → u2 − v2

2
, x2 → uv. (165)

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ SEP ¶μ²ÊÎ ¥³

SEP

R
− RΔLB = −{π2, L} + 2

L2

R
→ {p2, M} = XP .

2.9. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥-
± ·Éμ¢μ°. �¥·¥¶¨Ï¥³ ±μμ·¤¨´ ÉÒ ξ1 = sin θ, ξ2 = sinh b ¨§ Ëμ·³Ê²Ò (112)
¢ É¥·³¨´ Ì ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É (u0, u1, u2):

ξ2
1,2 =

±u0(1 − γ) ∓ u1(γ + 1) +
√

[u0(γ − 1) + u1(γ + 1)]2 + 4R2γ

2(u0 − u1)
. (166)

‘· ¢´¨¢ Ö ¸ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É, ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ R ²¥£±μ ¶μ²ÊÎ¨ÉÓ

cos θ →
√

γ

γ + 1
y

R
, sinh b → √

γ
(
1 +

x

R

)
, (167)

£¤¥ (x, y) ¨³¥ÕÉ ¸³Ò¸² ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É ´  ¶²μ¸±μ¸É¨ E2. ˆ§ ¶μ-
¸²¥¤´¨Ì Ëμ·³Ê² ¢¨¤´μ, ÎÉμ ¶ · ³¥É· γ > 0 ´¥ ¢²¨Ö¥É ´   ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶μ¢¥¤¥´¨¥ ±μμ·¤¨´ É (b, θ) (¢ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ°
¸¨¸É¥³Ò ±μμ·¤¨´ É, ±μ£¤  (a, θ) ¨³¥ÕÉ μ¸μ¡¥´´μ¸É¨ ¢ ÉμÎ±¥ γ = 1, ± ± ¸²¥-
¤Ê¥É ¨§ Ëμ·³Ê² (162) ¨ (163)) ¨ ¢Ò¶μ²´Ö¥É ·μ²Ó ³ ¸ÏÉ ¡´μ£μ ³´μ¦¨É¥²Ö.
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�¨¸. 18. ƒ¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨-
¸É¥³  ±μμ·¤¨´ É ´  ¢¥·Ì´¥° ¶μ²μ¸É¨ £¨-
¶¥·¡μ²μ¨¤ 

�¨¸. 19. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ D2 ¤²Ö
£¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μ-
μ·¤¨´ É, μ¡· §μ¢ ´´μ° ¢μ£´ÊÉÒ³¨ £¨-
¶¥·¡μ²¨Î¥¸±¨³¨ ¶ · ¡μ² ³¨ ¸ ¤¢Ê³Ö
¢¥É± ³¨ ¨ μ¤´μ° ¢¥É±μ°

ˆ§ Ëμ·³Ê²Ò (112) ²¥£±μ ¶·μ¸²¥¤¨ÉÓ, ÎÉμ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨, μ¶·¥¤¥²¥´-
´Ò¥ ´  ¤¨¸±¥ D2 (·¨¸. 18 ¨ 19), ¢ ¶·¥¤¥²¥ R → ∞ ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò
±μμ·¤¨´ ÉÒ: x1 → x, x2 → y. ’ ±¨³ μ¡· §μ³, £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸± Ö
¸¨¸É¥³  ±μμ·¤¨´ É ±μ´É· ±É¨·Ê¥É Éμ²Ó±μ ± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É.

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨, ¸²¥¤μ¢ É¥²Ó´μ, ¶μ²ÊÎ ¥³

− 1
(γ + 1)R2

[
SHP − R2ΔLB

]
= π2

1 +
1

γ + 1
[
{π2, L/R} − 2L2

]
→ p2

1 = X2
C .

2.10. Šμ´É· ±Í¨Ö ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
± ¤¥± ·Éμ¢μ°. �¥·¥¶¨Ï¥³ ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ η ¨
ξ ¨§ Ëμ·³Ê²Ò (100) ¢ ¢¨¤¥

η2 =

√
R2 + u2

2 + u2

u0 − u1
, ξ2 =

√
R2 + u2

2 − u2

u0 − u1
. (168)

’μ£¤  ¢ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ¨³

η2 → 1 +
x + y

R
, ξ2 → 1 +

x − y

R
, (169)

£¤¥ (x, y) ¨³¥ÕÉ ¸³Ò¸² ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É ´  E2. ˆ§ ¶μ¸²¥¤´¥£μ Ê· ¢´¥-
´¨Ö (169) ¢¨¤´μ, ÎÉμ ¢ ¶·¥¤¥²¥ R → ∞, ±μμ·¤¨´ ÉÒ η ¨ ξ ¤²Ö ¸¨¸É¥³Ò SCP
®¸³¥Ï ´´Ò³¯ μ¡· §μ³ ¸μ¤¥·¦ É ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ (x, y), É. ¥. ± ¦¤ Ö ¨§
¶¥·¥³¥´´ÒÌ η ¨ ξ § ¢¨¸¨É Ö¢´μ ¸· §Ê μÉ μ¡¥¨Ì ±μμ·¤¨´ É: x, y. ‚ ¸¨²Ê ´ Ï¥£μ
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μ¶·¥¤¥²¥´¨Ö ±μ´É· ±Í¨° ¸¨¸É¥³ ±μμ·¤¨´ É  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ (169)
´¥ Ö¢²Ö¥É¸Ö ±μ´É· ±Í¨¥°. �¥¸³μÉ·Ö ´  ÔÉμ, ²¥£±μ ¶μ´ÖÉÓ, ÎÉμ ±μ´É· ±Í¨Õ
¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¥¸²¨
¶·¥¤¢ ·¨É¥²Ó´μ ¶μ¢¥·´ÊÉÓ ´ ÏÊ ¸¨¸É¥³Ê (100) μÉ´μ¸¨É¥²Ó´μ μ¸¨ u0 ´  Ê£μ²
a3 = −π/4 (¸³. (16)). ’μ£¤  ¸¨¸É¥³Ê SCP § ¶¨Ï¥³ ¢ ¢¨¤¥

u′
0 = u0 = R

(
η2 + ξ2

)2 + 4
8ξη

,

u′
1 =

u1 + u2√
2

=
R√
2

((
η2 + ξ2

)2 − 4
8ξη

+
η2 − ξ2

2ξη

)
, (170)

u′
2 =

−u1 + u2√
2

=
R√
2

(
−

(
η2 + ξ2

)2 − 4
8ξη

+
η2 − ξ2

2ξη

)
.

‘μμÉ¢¥É¸É¢¥´´μ, ¶μ¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ¢μ·μÉ  £¥´¥· Éμ·Ò £·Ê¶¶Ò SO(2, 1)
¶·¥μ¡· §ÊÕÉ¸Ö ± ±

K1 =
K ′

2 + K ′
1√

2
, K2 =

K ′
2 − K ′

1√
2

, L = L′, (171)

  μ¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¨³¥É ¢¨¤

S′
SCP = K ′

2
2 − K ′

1
2 − 1√

2
{K ′

1, L
′} +

1√
2
{K ′

2, L
′}. (172)

’¥¶¥·Ó ¨§ ¸μμÉ´μÏ¥´¨° (170) ¶μ²ÊÎ ¥³

η2 =

√
2R2 + (u′

1 + u′
2)2 + u′

1 + u′
2√

2u′
0 − u′

1 + u′
2

,

(173)

ξ2 =

√
2R2 + (u′

1 + u′
2)2 − u′

1 − u′
2√

2u′
0 − u′

1 + u′
2

.

‚ ¶·¥¤¥²¥ R → ∞ ¨³¥¥³

η2 → 1 +
√

2
x

R
, ξ2 → 1 −

√
2

y

R
, (174)

  ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ: x1 → x, x2 → y.
„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¶μ²ÊÎ ¥³

S′
SCP

R2
+ ΔLB =

1
R2

×

×
[
K ′

2
2 − K ′

1
2 − 1√

2
{K ′

1, L
′} +

1√
2
{K ′

2, L
′} + ΔLB

]
→ 2p2

1 ∼ X2
C . (175)
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�¨¸. 20. �μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸± Ö
¸¨¸É¥³  ±μμ·¤¨´ É ´  ¢¥·Ì´¥° ¶μ²μ¸É¨
£¨¶¥·¡μ²μ¨¤ 

�¨¸. 21. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶μ-
²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò,
μ¡· §μ¢ ´´μ° ¸μ¶·¨± ¸ ÕÐ¨³¨¸Ö ¶ · -
¡μ² ³¨

’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ± ± ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É ³μ¦¥É ±μ´É· ±É¨·μ¢ ÉÓ ± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É (·¨¸. 20 ¨ 21).

3. Š��’��Š–ˆˆ �� �„����‹�‘’��Œ ƒˆ�…���‹�ˆ„…

3.1. Šμ´É· ±Í¨Ö  ²£¥¡·Ò ‹¨ so(2, 1) ±  ²£¥¡·¥ e(1, 1). Š ± ¨ ¢ ¸²Ê-
Î ¥ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ , ¢¢¥¤¥³ ´  H̃2 ´¥μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ
	¥²ÓÉ· ³¨ ¸μ£² ¸´μ Ëμ·³Ê² ³

yμ = R
uμ

u2
= R

uμ√
R2 + u2

0 − u2
1

, μ = 0, 1. (176)

’μ£¤  ¢ ¶¥·¥³¥´´ÒÌ (176) £¥´¥· Éμ·Ò £·Ê¶¶Ò SO(2, 1) (2) ¶·¥μ¡·¥ÉÊÉ ¢¨¤

−K1

R
≡ π0 = ∂y0 −

y0

R2
(y0∂y0 + y1∂y1),

−K2 = y1π0 + y0π1 = y0∂y1 + y1∂y0 , (177)

−L

R
≡ π1 = ∂y1 +

y1

R2
(y0∂y0 + y1∂y1),

  ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (3) § ¶¨Ï¥³ ± ±

[π0, π1] = −K2

R2
, [π0, K2] = −π1, [K2, π1] = π0. (178)
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‚Ò¡¥·¥³ É¥¶¥·Ó ¡ §¨¸  ²£¥¡·Ò e(1, 1)

p0 = ∂y0 , p1 = ∂y1 , N = y0∂y1 + y1∂y0 , (179)

¤²Ö ±μÉμ·μ£μ ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö:

[p0, p1] = 0, [p0, N ] = p1, [N, p1] = −p0. (180)

‚ ¶·¥¤¥²¥ R → ∞ ¨§ Ëμ·³Ê²Ò (177) ¶μ²ÊÎ ¥³

π0 → p0, π1 → p1, K2 → −N. (181)

‚ ·¥§Ê²ÓÉ É¥ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (178) ¶¥·¥Ìμ¤ÖÉ ¢ (180),    ²£¥-
¡·  so(2, 1) ±μ´É· ±É¨·Ê¥É ± ¨§μ³μ·Ë´μ°  ²£¥¡·¥ e(1, 1). �·¨ ÔÉμ³ μ¶¥· Éμ·
‹ ¶² ¸ Ä	¥²ÓÉ· ³¨, § ¤ ´´Ò° ´  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H̃2, ¶·¥μ¡· -
§Ê¥É¸Ö ¢ μ¶¥· Éμ· ‹ ¶² ¸  ¢ ¶·μ¸É· ´¸É¢¥ E1,1:

ΔLB =
1

R2
(K2

1 + K2
2 − L2) = π2

0 +
N2

R2
− π2

1 → Δ = p2
0 − p2

1. (182)

3.2. Šμ´É· ±Í¨¨ ¸¨¸É¥³ ±μμ·¤¨´ É. ‚ £¥μ³¥É·¨Î¥¸±μ³ ¸³Ò¸²¥ ´¥μ¤´μ-
·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (y0, y1), μ¶·¥¤¥²¥´´Ò¥, ± ± ¢ Ê· ¢´¥´¨¨ (176),
μ¶¨¸Ò¢ ÕÉ μÉμ¡· ¦¥´¨¥ ÉμÎ¥± μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  H̃2 ´  ¶·μ¥±-

�¨¸. 22. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ L2 (y2
0−

y2
1 � R2) ¤²Ö μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ-

²μ¨¤ 

É¨¢´ÊÕ ¶²μ¸±μ¸ÉÓ L2 (u2 = R) ¶μ¸·¥¤-
¸É¢μ³ ¶·Ö³ÒÌ, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ ´ -
Î ²μ ±μμ·¤¨´ É (·¨¸. 22). �É³¥É¨³,
ÎÉμ ¤¨ ³¥É· ²Ó´μ ¶·μÉ¨¢μ¶μ²μ¦´Ò¥
ÉμÎ±¨ ´  £¨¶¥·¡μ²μ¨¤¥ H̃2 ¶¥·¥Ìμ¤ÖÉ
¢ μ¤´Ê ¨ ÉÊ ¦¥ ÉμÎ±Ê ´  ¶·μ¥±É¨¢´μ°
¶²μ¸±μ¸É¨.

’μÎ±¨ £¨¶¥·¡μ²μ¨¤  μÉμ¡· ¦ -
ÕÉ¸Ö ´  μ¡² ¸ÉÓ ¶·μ¥±É¨¢´μ° ¶²μ¸±μ-
¸É¨ L2, μ£· ´¨Î¥´´ÊÕ ¤¢Ê³Ö £¨¶¥·¡μ-
² ³¨ y0 = ±

√
y2
1 + R2, ± ± ¶μ± § ´μ

´  ·¨¸. 23 ¨ 24. �¸¨³¶ÉμÉÒ |y1| = |y0|
£¨¶¥·¡μ²Ò y2

0 − y2
1 = R2 ¤¥²ÖÉ ¶²μ¸-

±μ¸ÉÓ L2 ´  Î¥ÉÒ·¥ μ¡² ¸É¨: |y1| > |y0|
¨ |y0| > |y1|. — ¸É¨ £¨¶¥·¡μ²μ¨¤ 
0 < u2 � R ¨ u2 � R μÉμ¡· ¦ ÕÉ¸Ö
´  μ¡² ¸ÉÖÌ |y1| � |y0| ¨ |y0| � |y1| ¸μ-
μÉ¢¥É¸É¢¥´´μ. ‚ ±μ´É· ±Í¨μ´´μ³ ¶·¥-
¤¥²¥ ¶·¨ R → ∞ ±μμ·¤¨´ ÉÒ (y0, y1)
´  ¶²μ¸±μ¸É¨ L2 ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ t, x (|t| > |x|) ´  ¶¸¥¢-
¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E1,1 (¨²¨ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ t̃, x̃, |x̃| > |t̃|).
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�¨¸. 23. �±¢¨¤¨¸É ´É´Ò¥ ¸¨¸É¥³Ò ±μμ·-
¤¨´ É É¨¶  Ib (|u2| � R) ¨ Ib (|u2| � R)

�¨¸. 24. �±¢¨¤¨¸É ´É´Ò¥ ¸¨¸É¥³Ò ±μμ·-
¤¨´ É É¨¶  Ia ¨ Ib ´  ¶·μ¥±É¨¢´μ° ¶²μ¸-
±μ¸É¨ L2

„²Ö μ¶¨¸ ´¨Ö ¢ Ö¢´μ³ ¢¨¤¥ ±μ´É· ±Í¨° ¸¨¸É¥³ ±μμ·¤¨´ É ´  μ¤´μ¶μ²μ¸É-
´μ³ £¨¶¥·¡μ²μ¨¤¥ H̃2 ´¥μ¡Ìμ¤¨³μ, ± ± ¨ ¢ ¸²ÊÎ ¥ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ-
¨¤ , μ¶·¥¤¥²¨ÉÓ ¸´ Î ²  £¥μ¤¥§¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É. ‹¥£±μ § ³¥É¨ÉÓ,
ÎÉμ É ±μ¢μ° Ö¢²Ö¥É¸Ö Ô±¢¨¤¨¸É ´É´ Ö ¸¨¸É¥³ . „¥°¸É¢¨É¥²Ó´μ, ±μμ·¤¨´ É´ Ö
¸¥É±  ÔÉμ° ¸¨¸É¥³Ò ´  ¶²μ¸±μ¸É¨ L2 μ¡· §μ¢ ´  £¨¶¥·¡μ² ³¨ ¨ ¶·Ö³Ò³¨,
¶·μÌμ¤ÖÐ¨³¨ Î¥·¥§ ´ Î ²μ ±μμ·¤¨´ É (¸³. ·¨¸. 24). �Î¥¢¨¤´μ, ÎÉμ ÔÉ¨ ¶·Ö-
³Ò¥ Ö¢²ÖÕÉ¸Ö £¥μ¤¥§¨Î¥¸±¨³¨ ¨ ¶·¨ ±μ´É· ±Í¨¨ ¶·¥μ¡· §ÊÕÉ¸Ö ¢ £¥μ¤¥§¨Î¥-
¸±¨¥ ²¨´¨¨ ´  ¶²μ¸±μ¸É¨ E1,1. �¨¦¥ ¨¸¶μ²Ó§Ê¥³ ÔÉμÉ Ë ±É ¤²Ö μ¶·¥¤¥²¥´¨Ö
 ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ´¥§ ¢¨¸¨³ÒÌ ±·¨¢μ²¨´¥°´ÒÌ ±μμ·¤¨´ É ´  H̃2

¶·¨ R → ∞.

�É³¥É¨³ ¨´É¥·¥¸´ÊÕ μ¸μ¡¥´´μ¸ÉÓ ±μ´É· ±Í¨° ´  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·-
¡μ²μ¨¤¥ Å ´ ·ÊÏ¥´¨¥ ®¸¨³³¥É·¨¨¯ ¤²Ö Ô±¢¨¢ ²¥´É´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É
¶·¨ R → ∞, ±μÉμ·μ¥ ³μ¦´μ ´ ¡²Õ¤ ÉÓ Ê¦¥ ¶·¨ ±μ´É· ±Í¨¨ μ¶¥· Éμ·μ¢ K1

¨ K2 ± (177). �·¨Î¨´  ÔÉμ£μ Ö¢²¥´¨Ö ¸±·Ò¢ ¥É¸Ö ¢ ´¥μ¤´μ§´ Î´μ³ ¢Ò¡μ·¥
¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ L2, ±μÉμ· Ö ³μ¦¥É ± ¸ ÉÓ¸Ö ¨²¨ ¶¥·¥¸¥± ÉÓ μ¤´μ¶μ-
²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤ ± ± ¢ ÉμÎ±¥ u2 = R, É ± ¨ ¢ u1 = R (¢ μÉ²¨Î¨¥ μÉ
¸²ÊÎ Ö ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  ¸ μ¤´μ° ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸ÉÓÕ, ± -
¸ É¥²Ó´μ° ¢ ÉμÎ±¥ u0 = R). ’¥³ ¸ ³Ò³ ¶·¨ ±μ´É· ±Í¨¨ μ¤´μ° ¨ Éμ° ¦¥
¸¨¸É¥³Ò ±μμ·¤¨´ É ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡μ·  ¶²μ¸±μ¸É¨ L2 ³μ¦´μ ¶·¨°É¨
± · §²¨Î´Ò³ ·¥§Ê²ÓÉ É ³. —Éμ¡Ò ¨§¡¥¦ ÉÓ É ±μ° ´¥μ¤´μ§´ Î´μ¸É¨, ¸ μ¤´μ°
¸Éμ·μ´Ò,   ¸ ¤·Ê£μ° Å ´¥ ³¥´ÖÉÓ ¶·μ¥±É¨¢´ÊÕ ¶²μ¸±μ¸ÉÓ L2, μÉ¤¥²Ó´μ (¥¸²¨
ÔÉμ ¶·¨¢¥¤¥É ± μÉ²¨Î´μ³Ê ·¥§Ê²ÓÉ ÉÊ) ¨¸¸²¥¤Ê¥³ É ±¦¥ ±μ´É· ±Í¨¨ ¤²Ö ®¶¥-
·¥¸É ¢²¥´´μ°¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É (¸³. § ³¥Î ´¨¥ ¶μ¸²¥ (16)). �μ¸²¥¤´ÖÖ
¶μ²ÊÎ ¥É¸Ö μÉ ¨¸Ìμ¤´μ° ¶·μ¸Éμ° ¶¥·¥¸É ´μ¢±μ° ±μμ·¤¨´ É u1 ↔ u2 ¨, ¸μμÉ-
¢¥É¸É¢¥´´μ, μ¶¥· Éμ·μ¢ K1 ↔ K2, L → −L.
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� ±μ´¥Í, μÉ³¥É¨³, ÎÉμ ³¥É·¨±  ¤²Ö ´¥μ¤´μ·μ¤´ÒÌ ±μμ·¤¨´ É (176) ´ 
¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ L2 (y0, y1) ¨³¥¥É ¢¨¤

ds2 =
(

1 +
y2
1 − y2

0

R2

)−2

×

×
[(

1 +
y2
1

R2

)
dy2

0 − 2
y0y1

R2
dy0dy1 +

(
y2
0

R2
− 1

)
dy2

1

]
(183)

¨ ¢ ¶·¥¤¥²¥ ¶¥·¥Ìμ¤¨É ¢ ³¥É·¨±Ê ´  ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E1,1 ds2 =
dy2

0 − dy2
1 ∼ dt2 − dx2.

3.3. �¥·¥Ìμ¤ μÉ Ô±¢¨¤¨¸É ´É´ÒÌ ±μμ·¤¨´ É É¨¶  Ia ¨ Ib ± ¶¸¥¢¤μ¶μ-
²Ö·´Ò³. ‚ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³¥ É¨¶  Ia (¸³. Ëμ·³Ê²Ê (39)) § Ë¨±¸¨·Ê¥³
£¥μ¤¥§¨Î¥¸±¨° ¶ · ³¥É· r = τ1R. ’μ£¤  ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R Ê£μ² τ1

¸É·¥³¨É¸Ö ± ´Ê²Õ ¨ tanh τ1 
 τ1 
 r/R. �·¨ ¶·¥¤¥²¥ ±μ´É· ±Í¨¨ R → ∞
±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (176) ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

y0 = R
u0

u2
= R tanh τ1 cosh τ2 → t = r cosh τ2,

y1 = R
u1

u2
= R tanh τ1 sinh τ2 → x = r sinh τ2,

£¤¥ ¶¥·¥³¥´´Ò¥ (r, τ2) ¶·¥¤¸É ¢²ÖÕÉ ¶¸¥¢¤μ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ, ¶ · ³¥É·¨-
§ÊÕÐ¨¥ Î ¸ÉÓ |t| > |x| ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E1,1 (¸³. ·¨¸. 24).

‚ ¸²ÊÎ ¥ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò É¨¶  Ib (¸³. Ëμ·³Ê²Ê (42)) ¤²Ö Ë¨±-
¸¨·μ¢ ´´μ£μ £¥μ¤¥§¨Î¥¸±μ£μ ¶ · ³¥É·  r = ϕR ¶·¨ R−1 → 0 ¶μ²ÊÎ ¥³
tan ϕ 
 r/R. �·¨ ÔÉμ³ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¸É·¥³ÖÉ¸Ö ± ¶¸¥¢¤μ¶μ²Ö·´Ò³

y0 = R
u0

u2
= R tan ϕ sinh τ → t̃ = r sinh τ,

y1 = R
u1

u2
= R tan ϕ cosh τ → x̃ = r cosh τ

¨ ¶μ±·Ò¢ ÕÉ μ¸É ¢ÏÊÕ¸Ö Î ¸ÉÓ |x̃| > |t̃| ¶²μ¸±μ¸É¨ E1,1 (¸³. ·¨¸. 24). „²Ö

μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¶μ²ÊÎ ¥³ S
(2)
EQ = K2

2 → N2 = X2
S (¸³. É ¡². 4 ¢ ¶·¨²μ-

¦¥´¨¨).
3.4. Šμ´É· ±Í¨¨ ´¥μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³
1. a) Šμμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¤²Ö ´¥μ·Éμ£μ´ ²Ó´μ° Ô±¢¨¤¨¸É ´É´μ° ¸¨-

¸É¥³Ò É¨¶  Ia (¸³. Ëμ·³Ê²Ê (40)) ¢ ±μ´É· ±Í¨μ´´μ³ ¶·¥¤¥²¥ τ1 ∼ r/R, τ2 ∼ τ
¶·¥μ¡· §ÊÕÉ¸Ö É ±:

y0 ∼ 1
2
(
α eτ + r2 e−τ/α

)
, y1 ∼ 1

2
(
α eτ − r2 e−τ/α

)
, (184)

£¤¥ (r, τ) Å ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±¨¥ ´¥μ·Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ (|t| > |x|) ´ 
¶²μ¸±μ¸É¨ E1,1 (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨).
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¡) „²Ö ´¥μ·Éμ£μ´ ²Ó´μ° Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò Ib (43) ¨³¥¥³ ϕ ∼ r/R
¨ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ±μ´É· ±É¨·ÊÕÉ ¸μ£² ¸´μ Ëμ·³Ê² ³

y0 ∼ 1
2
(
α eτ − r2 e−τ/α

)
, y1 ∼ 1

2
(
α eτ + r2 e−τ/α

)
, (185)

£¤¥ (r, τ) Å ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±¨¥ ´¥μ·Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ (|t| < |x|).
�¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¥μ¡· §Ê¥É¸Ö É ±:

−K2 → N = XS. (186)

¢) „²Ö ´¥μ·Éμ£μ´ ²Ó´μ° EQ-¸¨¸É¥³Ò É¨¶  IIb (44) ¢ ±μ´É· ±Í¨μ´´μ³
¶·¥¤¥²¥ ¨³¥¥³ ϕ ∼ t′/(2R), τ ∼ x′/R, α ∼ R ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μμ·¤¨´ ÉÒ
	¥²ÓÉ· ³¨ ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

y0 = R tanh (τ +Rϕ/α) ∼ x′+
t′

2
, y1 = −R

tan ϕ

cosh (τ + Rϕ/α)
∼ − t′

2
, (187)

£¤¥ (t′, x′) Å ®¶¥·¥¸É ¢²¥´´Ò¥¯ ´¥μ·Éμ£μ´ ²Ó´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ É¨-
¶  III. „²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³ −K1/R → p0 ∼ X III

C .
�É³¥É¨³, ÎÉμ ¤²Ö ´¥μ·Éμ£μ´ ²Ó´μ° EQ-¸¨¸É¥³Ò É¨¶  IIa (|u1| > R) ¨³¥¥³

|y0| = R|u0/u2| = R| coth (τ2−g(τ1, R))| > R ¤²Ö ²Õ¡μ° ËÊ´±Í¨¨ g. �μÔÉμ³Ê
ÔÉ  ¸¨¸É¥³  ´¥ ±μ´É· ±É¨·Ê¥É ± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ III ´  E1,1 ¶·¨ R → ∞.

2. „²Ö ´¥μ·Éμ£μ´ ²Ó´μ° ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò (32) ¶·¨ R → ∞
¨³¥¥³ τ ∼ −t′/(2R), ϕ ∼ −x′/R, α ∼ R ¨ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶·¥μ¡· -
§ÊÕÉ¸Ö É ±:

y0 = R
tanh τ

cos (ϕ + Rτ/α)
∼ − t′

2
, y1 = −R tan (ϕ + Rτ/α) ∼ t′

2
+ x′, (188)

£¤¥ (t′, x′) Å ´¥μ·Éμ£μ´ ²Ó´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ É¨¶  III (¸³. É ¡². 4 ¢
¶·¨²μ¦¥´¨¨). �¶¥· Éμ· ¸¨³³¥É·¨¨ SSPH = L ¶·¨´¨³ ¥É ¢¨¤

−L

R
= π1 → p1 = X III

C . (189)

3. � ¸¸³μÉ·¨³ ´¥μ·Éμ£μ´ ²Ó´ÊÕ μ·¨Í¨±²¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (51).
“Î¨ÉÒ¢ Ö, ÎÉμ ξ ∼ t′/R, η ∼ −x′/R, ¤²Ö ±μμ·¤¨´ É 	¥²ÓÉ· ³¨ ¶μ²ÊÎ¨³

y0 → x′ + t′/4, y1 → x′ − t′/4,

£¤¥ (x′, t′) Å ´¥μ·Éμ£μ´ ²Ó´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ É¨¶  II (¸³. É ¡². 4
¢ ¶·¨²μ¦¥´¨¨). �¶¥· Éμ· ±μ´É· ±É¨·Ê¥É É ±: −SEQ/R = −(K1 + L)/R =
π0 + π1 → p0 + p1 = X II

C .
3.5. �¥·¥Ìμ¤ μÉ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É É¨¶  IIb ± ¤¥± ·-

Éμ¢μ°. ˆ¸¶μ²Ó§Ê¥³ Ô±¢¨¢ ²¥´É´Ò° ¢¨¤ μ¶¥· Éμ·  S̄
(2)
EQ = K2

1 , Ö¢²ÖÕÐ¨°¸Ö
μ¸´μ¢μ° ¤²Ö ¤¢ÊÌ Ô±¢¨¤¨¸É ´É´ÒÌ ¸¨¸É¥³ (¶·¨ |u1| � R ¨ ¶·¨ |u1| � R), ±μ-
Éμ·Ò¥ ´ §μ¢¥³ ¸¨¸É¥³μ° É¨¶  IIa ¨ ¸¨¸É¥³μ° É¨¶  IIb ¸μμÉ¢¥É¸É¢¥´´μ (·¨¸. 25).
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�¨¸. 25. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ®¶¥·¥-
¸É ¢²¥´´ÒÌ¯ Ô±¢¨¤¨¸É ´É´ÒÌ ¸¨¸É¥³ EQ∗

É¨¶  IIa ¨ IIb

�±¢¨¤¨¸É ´É´ Ö ¸¨¸É¥³  É¨¶  IIb ³μ-
¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¨§ (42) ¶¥·¥¸É -
´μ¢±μ° u1 ↔ u2 ¨ ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

u0 = R sin ϕ sinh τ,

u1 = R cosϕ, (190)

u2 = R sin ϕ cosh τ.

’μ£¤  ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¶μ-
²ÊÎ¨³ ¢Ò· ¦¥´¨Ö

cotϕ =
u1√

u2
2 − u2

0


 x

R
,

(191)

tanh τ =
u0

u2

 t

R
,

μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉμ ¶·¨ R → ∞ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¸É·¥³ÖÉ¸Ö ± ¤¥± ·-
Éμ¢Ò³:

y0 = R tanh τ → t, y1 = R
cotϕ

cosh τ
→ x. (192)

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ´ °¤¥³

S̄
(2)
EQ

R2
= π2

0 → p2
0 = X I

C .

„²Ö Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³Ò É¨¶  IIa

u0 = R sinh τ1 cosh τ2, u1 = R cosh τ1, u2 = R sinh τ1 sinh τ2 (193)

¶μ²ÊÎ ¥³ |y0| = R|u0/u2| = R| coth τ2| > R, ÎÉμ μ§´ Î ¥É μÉ¸ÊÉ¸É¢¨¥ ±μ´-
É· ±Í¨μ´´μ£μ ¶·¥¤¥²  ¶·¨ R → ∞ ¤²Ö ÔÉμ° ¸¨¸É¥³Ò ±μμ·¤¨´ É.

3.6. �¥·¥Ìμ¤ μÉ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°.
„²Ö ¶¸¥¢¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò (31) ¨³¥¥³ (·¨¸. 26 ¨ 27)

y0 =
u0

u2
= R

tanh τ

sinϕ
, y1 =

u1

u2
= R cotϕ.

‚ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ ¥³ tanh τ 
 t/R ¨ cotϕ 
 x/R, ¶μÔÉμ³Ê ±μμ·¤¨-
´ ÉÒ 	¥²ÓÉ· ³¨ (y0, y1) ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ y0 → t, y1 → x,
  μ¶¥· Éμ· ¸¨³³¥É·¨¨ ¨³¥¥É ¶·μ¸Éμ° ¢¨¤:

S
(2)
SPH

R2
=

L2

R2
= π2

1 → p2
1 = X I

C .
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�¨¸. 26. �¸¥¢¤μ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³  �¨¸. 27. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶¸¥¢-
¤μ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò

3.7. �¥·¥Ìμ¤ μÉ μ·¨Í¨±²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°.
‚μ§Ó³¥³ ¸¨¸É¥³Ê (50) ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ±μμ·¤¨´ É ³¨ u1 ↔ u2 (·¨¸. 28Ä
30), É. ¥.

u0 = R
x̃2 − ỹ2 + 1

2ỹ
, u1 = R

x̃

ỹ
, u2 = R

x̃2 − ỹ2 − 1
2ỹ

. (194)

‘μμÉ¢¥É¸É¢ÊÕÐ¨° μ¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¨´¨³ ¥É ¢¨¤

S̄
(2)
HO = K2

2 − {K2, L} + L2. (195)

„²Ö ¶¥·¥³¥´´ÒÌ x̃, ỹ ¶μ²ÊÎ ¥³

x̃ =
u1

u0 − u2
, ỹ =

R

u0 − u2
, (196)

�¨¸. 28. �·¨Í¨±²¨Î¥¸± Ö ¸¨¸É¥³  �¨¸. 29. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö μ·¨-
Í¨±²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
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�¨¸. 30. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ®¶¥-
·¥¸É ¢²¥´´μ°¯ μ·¨Í¨±²¨Î¥¸±μ° ¸¨¸É¥³Ò
±μμ·¤¨´ É

μÉ±Ê¤  ¢ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ ¥³
x̃ → −x/R ¨ ỹ → −(1 + t/R), ¸²¥¤μ-
¢ É¥²Ó´μ, ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶¥-
·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ:

y0 = R
x̃2 − ỹ2 + 1
x̃2 − ỹ2 − 1

→ t,

(197)

y1 = 2R
x̃

x̃2 − ỹ2 − 1
→ x.

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³

S̄
(2)
HO

R2
=

K2
2

R2
+

1
R
{K2, π1}+

+ π2
1 → p2

1 = X I
C .

�É³¥É¨³, ÎÉμ ±μ´É· ±Í¨Ö ±μμ·¤¨´ É (194) ¡μ²¥¥ ¶·μ¸É Ö ¶μ ¸· ¢´¥´¨Õ ¸ ±μ´-
É· ±Í¨¥° ¸¨¸É¥³Ò (50), É ± ± ± ´¥É ®¶¥·¥³¥Ï¨¢ ´¨Ö¯ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É
¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R.

3.8. Šμ´É· ±Í¨¨ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. ’·¨ ¶ · ³¥É· 
(a1, a2 ¨ a3) Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò (128) μ¶·¥¤¥²ÖÕÉ ¶μ²μ¦¥´¨¥ Ëμ±Ê¸μ¢
´  £¨¶¥·¡μ²μ¨¤¥. �  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ Ëμ±Ê¸Ò £¨¶¥·¡μ² ¨³¥ÕÉ ±μμ·-

¤¨´ ÉÒ F

(
0, R

√
2ρ1 − a2 − a3

a1 − ρ1

)
. Œ¨´¨³ ²Ó´μ¥ Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥ ¤²Ö

¶·μ¥±É¨¢´ÒÌ £¨¶¥·¡μ² · ¢´μ |FP | = R
√

(a2 − a3)/(a1 − a2) = R/sinhβ,
¨²¨ sinh β = R/|FP | = cotα, £¤¥ α Å Ê£μ² FOP , |OP | = R (¸³. ·¨¸. 22,
31 ¨ 32). ‘ ÉμÎ±¨ §·¥´¨Ö ±μ´É· ±Í¨° ³μ¦´μ ¢Ò¤¥²¨ÉÓ ¤¢  ¸²ÊÎ Ö. �¥·-

�¨¸. 31. �²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·-
¤¨´ É

�¨¸. 32. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö Ô²²¨¶-
É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
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¢Ò° Å ±μ£¤  ³¨´¨³ ²Ó´μ¥ Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥ |FP | Ë¨±¸¨·μ¢ ´μ, É ± ÎÉμ
sinh β ∼ R,   ¢Éμ·μ° Å ±μ£¤  sinh β Ë¨±¸¨·μ¢ ´, ¶μÔÉμ³Ê |FP | ∼ R.

3.8.1. �¥·¥Ìμ¤ ³¥¦¤Ê Ô²²¨¶É¨Î¥¸±¨³¨ ¸¨¸É¥³ ³¨ ±μμ·¤¨´ É. ‚¢¥¤¥³ ¶ -
· ³¥É· D =

√
a2 − a3, Ö¢²ÖÕÐ¨°¸Ö ¶·¥¤¥²μ³ ¤²Ö |FP | ¶·¨ R→∞, a1 
R2

¨ ¶·¥¤¸É ¢²ÖÕÐ¨° ¸μ¡μ° ³¨´¨³ ²Ó´μ¥ Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥ ¤²Ö μ¡μ¨Ì ¸¥-
³¥°¸É¢ £¨¶¥·¡μ² ´  ¶²μ¸±μ¸É¨ E1,1.

ˆ¸¶μ²Ó§ÊÖ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ξ, η:

sinh2 η =
ρ1 − a2

a2 − a3
, cosh2 ξ =

a2 − ρ2

a2 − a3
,

§ ¶¨Ï¥³ Ô²²¨¶É¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (128) ¢ ¢¨¤¥

u0 =
RD√

a1 − a3
cosh η sinh ξ,

u1 =
RD√

a1 − a2
sinh η cosh ξ, (198)

u2
2 = R2

[
1 − a2 − a3

a1 − a2
sinh2 η

] [
1 +

a2 − a3

a1 − a3
sinh2 ξ

]
.

‚ ±μ´É· ±Í¨μ´´μ³ ¶·¥¤¥²¥ a1 
 R2 → ∞ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¸É·¥³ÖÉ¸Ö
± Ô²²¨¶É¨Î¥¸±¨³ É¨¶  I (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨) ´  ¶²μ¸±μ¸É¨ E1,1:

y0 → t = D cosh η sinh ξ, y1 → x = D sinh η cosh ξ.

�¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¨ a1 
 R2 → ∞ ¶·¥μ¡· §Ê¥É¸Ö É ±:

D2

R2
SE =

D2

R2

[
L2 + sinh2 βK2

2

]
= D2π2

1 +
a1 − a2

R2
K2

2 → N2 + D2p2
1 = X I

E.

3.8.2. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°. ‡ -
Ë¨±¸¨·Ê¥³ Ê£μ² α (¨²¨, ÎÉμ Éμ ¦¥, sinh β) ¨ ¢Ò¡¥·¥³ ¤²Ö ¶·μ¸ÉμÉÒ a1 − a2 =
a2 − a3. ’μ£¤  k2 = k′2 = 1/2, sinh β = cotα = 1 ¨ ¶μ²ÊÎ ¥³ SE = L2 + K2

2 .
ˆ§ ¸μμÉ´μÏ¥´¨° (129) ¨³¥¥³

−cn2a =

√(
u2

0 + u2
2

2R2

)2

+
u2

1

R2
− u2

0 + u2
2

2R2
,

(199)

−cn2b =

√(
u2

0 + u2
2

2R2

)2

+
u2

1

R2
+

u2
0 + u2

2

2R2
.

‚ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ¨³

cn a → ix

R
, dn b → − it

R
, (200)
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¶μÔÉμ³Ê ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (176) ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò: y0 → t ¨ y1 →x.
�¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¥μ¡· §Ê¥É¸Ö ¸μ£² ¸´μ Ëμ·³Ê²¥

SE

R2
= π2

1 +
K2

2

R2
→ p2

1 = X I
C .

3.9. Šμ´É· ±Í¨¨ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. ƒ¨¶¥·¡μ²¨Î¥-
¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (139) ¢  ²£¥¡· ¨Î¥¸±μ° Ëμ·³¥ μ¶·¥¤¥²Ö¥É¸Ö É·¥³Ö
¶ · ³¥É· ³¨ (a1, a2 ¨ a3), ±μÉμ·Ò¥ § ¤ ÕÉ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö μ£¨¡ ÕÐ¨Ì
¤²Ö ¸¥³¥°¸É¢ ±μμ·¤¨´ É´ÒÌ ²¨´¨°. �  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ ÔÉ¨ ÉμÎ±¨ · ¸-
¶μ²μ¦¥´Ò ¢ F1,2(±R sin α, 0) ¨ G1,2(0,±R tanα). � ¸¸ÉμÖ´¨¥ |F1F2| · ¢´μ
2f = 2R

√
(a2 − a3)/(a1 − a3) = 2R sin α (·¨¸. 33 ¨ 34). ‚ ±μ´É· ±Í¨μ´´μ³

¶·¥¤¥²¥ R → ∞ ´¥μ¡Ìμ¤¨³μ · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö: ±μ£¤  Ë¨±¸¨·Ê¥É¸Ö f ¨²¨
±μ£¤  Ë¨±¸¨·Ê¥É¸Ö Ê£μ² α.

�¨¸. 33. ƒ¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μ-
μ·¤¨´ É

�¨¸. 34. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö £¨¶¥·-
¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É

3.9.1. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± Ô²²¨¶É¨Î¥¸±μ°.
� Î´¥³ ¸μ ¸²ÊÎ Ö, ±μ£¤  f ∼ R/

√
a1 Ë¨±¸¨·μ¢ ´μ. � ¸¸³μÉ·¨³ ¢´ Î ²¥ £¨-

¶¥·¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ HA
I (¶·¨ ρ1, ρ2 < a3 < a2 < a1). ‚¢¥¤¥³ ´μ¢Ò¥

¶¥·¥³¥´´Ò¥ ξ ¨ η

cosh2 η =
a2 − ρ1

a2 − a3
, cosh2 ξ =

a2 − ρ2

a2 − a3

¨ ¢ ¶·¥¤¥²¥ a1 
 R2 → ∞ ¶μ²ÊÎ¨³ ¤²Ö ±μμ·¤¨´ É 	¥²ÓÉ· ³¨ (176)

y0 → t = d cosh η cosh ξ, y1 → x = d sinh η sinh ξ.

‡¤¥¸Ó (ξ, η) Å Ô²²¨¶É¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ É¨¶  II(i) (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥-
´¨¨),   d =

√
a2 − a3 Å ³¨´¨³ ²Ó´μ¥ Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥ ¤²Ö £¨¶¥·¡μ² ´ 

¶²μ¸±μ¸É¨ E1,1.
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�´ ²μ£¨Î´μ ¢ ¸²ÊÎ ¥ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò HA
II (¶·¨ a3 < ρ1, ρ2 <

a2 < a1). ˆ¸¶μ²Ó§ÊÖ ¶¥·¥³¥´´Ò¥

cos2 η =
a2 − ρ1

a2 − a3
, cos2 ξ =

a2 − ρ2

a2 − a3
,

²¥£±μ ¶μ± § ÉÓ, ÎÉμ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (176) ¶¥·¥Ìμ¤ÖÉ ± Ô²²¨¶É¨Î¥¸±¨³
É¨¶  II(ii) (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨) ´  ¶²μ¸±μ¸É¨ E1,1:

y0 → t = d cos η cos ξ, y1 → x = d sin η sin ξ.

Šμ´¸É ´É  d É¥¶¥·Ó μ¡μ§´ Î ¥É ³ ±¸¨³ ²Ó´μ¥ Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥ ¤²Ö Ô²²¨¶-
¸μ¢. „²Ö μ¶¥· Éμ·  ¶μ²ÊÎ¨³

SH = K2
2 − sin2 αL2 = K2

2 − R2 sin2 α π2
1 → N2 − d2p2

1 = X II
E . (201)

�É³¥É¨³, ´ ±μ´¥Í, ÎÉμ Ô²²¨¶É¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ É¨¶  II(i) ¨ II(ii) ´¥ ¶μ±·Ò-
¢ ÕÉ ¶μ²´μ¸ÉÓÕ ¶¸¥¢¤μ¥¢±²¨¤μ¢Ê ¶²μ¸±μ¸ÉÓ E1,1 (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨
¨ [49]).

3.9.2. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ¢μ°.
‡ Ë¨±¸¨·Ê¥³ Ê£μ² α ¨ ¢Ò¡¥·¥³ ¤²Ö ¶·μ¸ÉμÉÒ a1 − a2 = a2 − a3, Éμ£¤ 
sin α = 1/

√
2 ¨ f = R/

√
2 → ∞ ¶·¨ R → ∞. Š ± ³μ¦´μ § ³¥É¨ÉÓ ¨§ ·¨¸. 33

¨ 34, Éμ²Ó±μ ¸¨¸É¥³  HA
II ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ ¶μ±·Ò¢ ¥É ´ Î ²μ ±μμ·-

¤¨´ É. �·μ ´ ²¨§¨·Ê¥³ ±μ´É· ±Í¨Õ ÔÉμ° ¸¨¸É¥³Ò ¸ u2 = R dn a sn b � R.
ˆ§ ¸μμÉ´μÏ¥´¨° (140) ¶μ²ÊÎ¨³ (· ¸¸³ É·¨¢ Ö −cn2b � cn2a):

cn2a =
u2

2 − u2
1

2R2
−

√(
u2

2 − u2
1

2R2

)2

− u2
0

R2
,

(202)

−cn2b =
u2

2 − u2
1

2R2
+

√(
u2

2 − u2
1

2R2

)2

− u2
0

R2
.

�·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¨³¥¥³

cn a → t

R
, dn b → x

R
, (203)

  ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶¥·¥Ìμ¤ÖÉ ± ¤¥± ·Éμ¢Ò³ ±μμ·¤¨´ É ³: y0 → t ¨
y1 → x. �¶¥· Éμ· ¸¨³³¥É·¨¨ ¶¥·¥Ìμ¤¨É É ±:

− 2
R2

SH = − 2
R2

(
K2

2 − sin2 αL2
)

= π2
1 − 2K2

2

R2
→ p2

1 = X I
C .

3.9.3. �¥·¥Ìμ¤ μÉ ¶μ¢¥·´ÊÉÒÌ £¨¶¥·¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É ± ¶ · ¡μ²¨-
Î¥¸±¨³ É¨¶  I. �¸´μ¢´μ¥ μÉ²¨Î¨¥ ³¥¦¤Ê £¨¶¥·¡μ²¨Î¥¸±μ° ¨ ¶μ¢¥·´ÊÉμ° £¨-
¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³ ³¨ § ±²ÕÎ ¥É¸Ö ¢ · ¸¶μ²μ¦¥´¨¨ ®¶·¥¤¥²Ó´ÒÌ¯ ÉμÎ¥±
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�¨¸. 35. �μ¢¥·´ÊÉ Ö £¨¶¥·¡μ²¨Î¥¸± Ö
¸¨¸É¥³  ±μμ·¤¨´ É

�¨¸. 36. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶μ-
¢¥·´ÊÉμ° £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·-
¤¨´ É

(ÉμÎ¥± ¶¥·¥¸¥Î¥´¨Ö μ£¨¡ ÕÐ¨Ì). „²Ö ¶μ¢¥·´ÊÉμ° ¸¨¸É¥³Ò H ¶·¥¤¥²Ó´Ò¥ ÉμÎ-
±¨ ¨³¥ÕÉ ±μμ·¤¨´ ÉÒ (0, 0, R) (·¨¸. 35 ¨ 36) ¨ ´¥ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·  α,
ÎÉμ ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ¶·¨ ±μ´É· ±Í¨¨.

‡ Ë¨±¸¨·Ê¥³ ¶ · ³¥É· k (¨²¨ k′) ¨ ¨¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

2R2k2 sn2(a, k) = (u′
1)

2k2 − (ku′
0 + u′

2)
2+

+ R2

√
[(u′

1)2k2 − (ku′
0 + u′

2)2 + R2]2 − 4R2k2(u′
1)2,

2R2 dn2(b, k′) = (u′
1)

2k2 − (ku′
0 + u′

2)
2+

+ R2 −
√

[(u′
1)2k2 − (ku′

0 + u′
2)2 + R2]2 − 4R2k2(u′

1)2.

’μ£¤  ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R

sn (a, k) → iv√
kR

, dn (b, k′) → iu

√
k

R
, (204)

£¤¥ v, u Å ¶ · ¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ´  ¶²μ¸±μ¸É¨ (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥-
´¨¨). ˆ¸¶μ²Ó§Ê¥³ É¥¶¥·Ó ¸¨¸É¥³Ê HA

I (¸ u2 � R, u0 > 0):

u0 = R cn (a, k) i cn (b, k′),

u1 = R i sn (a, k) i dn (b, k′), (205)

u2 = R dn (a, k) sn (b, k′),
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±μÉμ· Ö ¶μ¸²¥ £¨¶¥·¡μ²¨Î¥¸±μ£μ ¢· Ð¥´¨Ö (143) ¶·¨´¨³ ¥É ¢¨¤

u′
0 =

R

k′ [−k dn (a, k) sn (b, k′) + i cn (a, k) cn (b, k′)] ,

u′
1 = R i sn (a, k) i dn (b, k′), (206)

u′
2 =

R

k′ [−k cn (a, k) i cn (b, k′) + dn (a, k) sn (b, k′)] .

� ±μ´¥Í, ¢ ¶·¥¤¥²¥ R → ∞ ¶μ¢¥·´ÊÉ Ö £¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  (206) ¶¥·¥-
Ìμ¤¨É ¢ ¸²¥¤ÊÕÐÊÕ:

y0 → t =
u2 + v2

2
, y1 → x = uv, (207)

±μÉμ· Ö ¸μ¢¶ ¤ ¥É ¸ ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³μ° É¨¶  I (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥-
´¨¨). „²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³ (c = k + 1/k)

SH̃

R
=

1
R

(
cK2

2 + {K2, L}
)
→ {N, p1} = X I

P .

�É³¥É¨³, ÎÉμ ¶ · ¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (207) ¶μ±·Ò¢ ÕÉ Éμ²Ó±μ Î ¸ÉÓ:
t > 0 ¨ |t| > |x|. „²Ö ¶μ±·ÒÉ¨Ö μ¸É ¢Ï¥°¸Ö Î ¸É¨ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ-
¸É¨ t < 0 ¤μ¸É ÉμÎ´μ ¶μ³¥´ÖÉÓ u0 → −u0 ¢ ¶μ¢¥·´ÊÉμ° ¸¨¸É¥³¥ (206).

3.9.4. �¥·¥Ìμ¤ μÉ ¶μ¢¥·´ÊÉμ° £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ± ¶¸¥¢¤μ¶μ²Ö·-
´μ°. �μ²μ¦¨³ k ∼ R−2, Éμ£¤  k′ ∼ 1 ¨ c ∼ R2. ˆ¸¶μ²Ó§ÊÖ ¸¨¸É¥³Ê ±μμ·¤¨-
´ É (206), ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¢³¥¸Éμ (204) ¶μ²ÊÎ¨³

sn (a, k) → i sinh τ2, cn (b, k′) → −i
r

R
, (208)

  ¶μ¢¥·´ÊÉÒ¥ £¨¶¥·¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ¶¥·¥°¤ÊÉ ¢ ¶¸¥¢¤μ¶μ²Ö·´Ò¥:

y0 → t = r cosh τ2, y1 → x = r sinh τ2. (209)

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³

SH̃

R2
=

c

R2
K2

2 +
1

R2
{K2, L} → N2 = X2

S .

�É³¥É¨³, ÎÉμ ¶¥·¥¸É ´μ¢±  ¶¥·¥³¥´´ÒÌ u1 ↔ u2 ´¥ ¶·¨¢μ¤¨É ± ´μ¢Ò³ ±μ´-
É· ±Í¨Ö³ £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò.

3.10. Šμ´É· ±Í¨¨ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. Š ± ¡Ò²μ
¶μ± § ´μ ¢ ¶. 1.4, ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É (97) ¸μ¤¥·¦¨É
¡¥§· §³¥·´Ò° ¶ · ³¥É· c = sinh 2β ¨ ´¥ ¶μ±·Ò¢ ¥É ¢¸Õ ¶μ¢¥·Ì´μ¸ÉÓ μ¤-
´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  (¸³. (96)). � · ³¥É· c, ± ± ¢¨¤´μ ´  ·¨¸. 37,
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�¨¸. 37. �μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³ 
±μμ·¤¨´ É

¤¥²¨É ±μμ·¤¨´ É´ÊÕ ¸¥É±Ê ´  ¤¢¥ Î ¸É¨:
sinh τ1, sinh τ2 � c (´ §μ¢¥³ ¥¥ SHI) ¨
sinh τ1, sinh τ2 � c (SHII).

3.10.1. �¥·¥Ìμ¤ μÉ ¶μ²Ê£¨¶¥·¡μ²¨-
Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± £¨¶¥·-
¡μ²¨Î¥¸±μ°. „²Ö ¶¥·¥³¥´´ÒÌ ξ1,2 =
sinh τ1,2 ¨³¥¥³ (¶·¥¤¶μ² £ Ö sinh τ1 >
sinh τ2):

ξ1,2 =
u0u1

R2
+

c

2
u2

1 − u2
0

R2
±

±

√{
u0u1

R2
+

c

2
u2

1−u2
0

R2

}2

−u2
2+2cu0u1

R2
.

(210)

�μ²μ¦¨³ c = 2R2/l2 (l Å ´¥±μÉμ· Ö
¶μ¸ÉμÖ´´ Ö) ¨ · ¸¸³μÉ·¨³ Éμ²Ó±μ ¸¨¸É¥³Ê SHI (¤²Ö SHII Ê£²Ò τ1,2 → ∞). ‘μ-
μÉ´μÏ¥´¨Ö (210) μ¶·¥¤¥²ÖÕÉ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤,   ¨³¥´´μ ξ1,2 → sinh ζ1,2.
‚ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ ¥³ ¤²Ö ±μμ·¤¨´ É 	¥²ÓÉ· ³¨

y0 → t =
l

2

[
cosh

ζ1 − ζ2

2
− sinh

ζ1 + ζ2

2

]
,

(211)

y1 → x =
l

2

[
cosh

ζ1 − ζ2

2
+ sinh

ζ1 + ζ2

2

]
.

�¨¸. 38. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶μ²Ê-
£¨¶¥·¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É

’¥³ ¸ ³Ò³ ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨-
¸É¥³  ±μμ·¤¨´ É ±μ´É· ±É¨·Ê¥É ± £¨-
¶¥·¡μ²¨Î¥¸±μ° É¨¶  I (¸³. É ¡². 4).
‘μμÉ¢¥É¸É¢ÊÕÐ¨° μ¶¥· Éμ· ¸¨³³¥É-
·¨¨ ¶·¥μ¡· §Ê¥É¸Ö É ±:

l2

2R2
SSH = K2

2 +
l2

2
{π0, π1} →

→ N2 + l2p0p1 = X I
H.

3.10.2. �¥·¥Ìμ¤ ¶μ²Ê£¨¶¥·¡μ²¨Î¥-
¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥± ·Éμ-
¢μ° ¨ ¶ · ¡μ²¨Î¥¸±μ° É¨¶  I. ‡ Ë¨±-
¸¨·Ê¥³ §´ Î¥´¨¥ sinh 2β. ’μ£¤  μ¶¥-
· Éμ· SSH ¶¥·¥Ìμ¤¨É ± ¤¥± ·Éμ¢Ê μ¶¥-
· Éμ·Ê

SSH

2R2
=

sinh 2β

2R2
K2

2 +
1
2
{π0, π1} → p0p1 = X I

C .
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‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ´ Î ²μ ±μμ·¤¨´ É ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ (·¨¸. 38) ´¥
¶μ±·Ò¢ ¥É¸Ö ¸¨¸É¥³μ° SH. �É¸Õ¤  ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¢Ò· ¦¥´¨¥
¶μ¤ ±μ·´¥³ ¢ (210) ¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´Ò³ (¢¢¨¤Ê Éμ£μ, ÎÉμ u2 ∼ R).
’ ±¨³ μ¡· §μ³, ¶μ²Ê£¨¶¥·¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ¢ ¢¨¤¥ (97) ´¥ ±μ´É· ±É¨·Ê¥É
± ¤¥± ·Éμ¢μ° ´  ¶²μ¸±μ¸É¨ E1,1.

1. � ¸¸³μÉ·¨³ É¥¶¥·Ó ®¶¥·¥¸É ¢²¥´´ÊÕ¯ ¸¨¸É¥³Ê (97), ¢ ±μÉμ·μ° u1↔u2.
‚¨¤μ¨§³¥´¥´´Ò° μ¶¥· Éμ· ¸¨³³¥É·¨¨ S̄SH = sinh 2βK2

1 − {K2, L} ¢ ¶·¥¤¶μ-
²μ¦¥´¨¨, ÎÉμ sinh 2β > 0, ¶·¨ R → ∞ ¸É·¥³¨É¸Ö ± ¶·¥¤¥²Ê

S̄SH

sinh 2βR2
→ p2

0 
 X I
C .

„ ²¥¥, ¨§ (210), ÊÎ¨ÉÒ¢ Ö, ÎÉμ u1 ↔ u2, ¤²Ö ¶¥·¥³¥´´ÒÌ ξ1,2 = sinh τ1,2

¶μ²ÊÎ¨³

ξ1,2 =
u0u2

R2
+

c

2
u2

2 − u2
0

R2
±

√{
u0u2

R2
+

c

2
u2

2 − u2
0

R2

}2

− u2
1 + 2cu0u2

R2
. (212)

’μ£¤  ¢ ¶·¥¤¥²¥ R → ∞ ¨§ (212) ´ Ìμ¤¨³

ξ1 → c − c2 + 1
c

x2

R2
, ξ2 → 2

t

R
, (213)

μÉ±Ê¤  y0 → t ¨ y1 → x. ‘²¥¤μ¢ É¥²Ó´μ, ®¶¥·¥¸É ¢²¥´´ Ö¯ ¶μ²Ê£¨¶¥·¡μ²¨Î¥-
¸± Ö ¸¨¸É¥³  ±μμ·¤¨´ É SH ±μ´É· ±É¨·Ê¥É ± ¤¥± ·Éμ¢μ°. ’ ±¦¥ μÉ³¥É¨³, ÎÉμ
¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ¶μ¸ÉμÖ´´μ° c ¶·¨ ±μ´É· ±Í¨¨ ´¥μ¡Ìμ¤¨³μ ¢Ò¡¨· ÉÓ
¸¨¸É¥³Ê SHI ¨²¨ SHII.

2. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  sinh 2β = 0. ‚ ¶·¥¤¥²¥ R → ∞ μ¶¥· Éμ·
¸¨³³¥É·¨¨ S̄SH ±μ´É· ±É¨·Ê¥É ± μ¶¥· Éμ·Ê ¸¨³³¥É·¨¨ ¤²Ö ¶ · ¡μ²¨Î¥¸±μ°
¸¨¸É¥³Ò ±μμ·¤¨´ É É¨¶  I ´  ¶²μ¸±μ¸É¨ E1,1:

− S̄SH

R
= −{K2, π1} → {N, p1} = X I

P .

„ ²¥¥, ¨§ ¸μμÉ´μÏ¥´¨° (212) ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¶μ²ÊÎ¨³

ξ1 → u2

R
, ξ2 → v2

R
. (214)

�É¸Õ¤  ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (176) ¢ ¶·¥¤¥²¥ R → ∞
¸μμÉ¢¥É¸É¢ÊÕÉ ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É É¨¶  I (¸³. É ¡². 4 ¢ ¶·¨-
²μ¦¥´¨¨):

y0 → t =
u2 + v2

2
, y1 → x = uv.
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3.11. Šμ´É· ±Í¨¨ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. �²-
²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨¸É¥³  ¸μ¤¥·¦¨É ³ ¸ÏÉ ¡´Ò° ¶ · ³¥É· γ > 0. �·¨
±μ´É· ±Í¨¨ R → ∞ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö ¶ · ³¥É·  γ > 0 ¢μ¸¶·μ¨§¢μ-
¤ÖÉ¸Ö · §²¨Î´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É (·¨¸. 39 ¨ 40).

�¨¸. 39. �²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö
¸¨¸É¥³  ±μμ·¤¨´ É

�¨¸. 40. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö Ô²²¨¶-
É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É

3.11.1. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± £¨-
¶¥·¡μ²¨Î¥¸±μ° É¨¶  II. � ¸¸³μÉ·¨³ EP-¸¨¸É¥³Ê (109) ¸ ¶ · ³¥É·μ³ γ ∼ R2/l2

(l > 0 Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö) ¨ ¶μ²μ¦¨³ ξ1 = −γ/ sinh2 τ2 ¨ ξ2 =
γ/ cosh2 τ1. ˆ§ (109) ¨³¥¥³ (ξ1 < 0 < ξ2 � γ):

− 2R2ξ1,2 = (u0 − u1)2 + γ(u2
0 − u2

1)±

±
√

[(u0 − u1)2 + γ(u2
0 − u2

1)]
2 + 4R2γ(u0 − u1)2. (215)

‚ ±μ´É· ±Í¨μ´´μ³ ¶·¥¤¥²¥ ¶μ²ÊÎ ¥³ ¶·μ¸ÉÊÕ Ëμ·³Ê²Ê:

ξ1,2 → ∓2 e2ζ1,2 . (216)

„²Ö ±μμ·¤¨´ É 	¥²ÓÉ· ³¨ ¨³¥¥³ (t > x):

y0 → t = l
[
sinh (ζ2 − ζ1) + eζ1+ζ2

]
,

(217)
y1 → x = l

[
sinh (ζ2 − ζ1) − eζ1+ζ2

]
,

£¤¥ ζ1, ζ2 Å £¨¶¥·¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ É¨¶  II (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨).
�¶¥· Éμ· ¸¨³³¥É·¨¨ ¢ Éμ³ ¦¥ ¸ ³μ³ ¶·¥¤¥²¥ ¶¥·¥Ìμ¤¨É ± ±

l2

R2
SEP =

l2

R2

[
γK2

2 + (K1 + L)2
]

=

= K2
2 + l2(π0 + π1)2 → N2 + l2(p0 + p1)2 = X II

H .
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3.11.2. �¥·¥Ìμ¤ μÉ Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥-
± ·Éμ¢μ°. � ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö (109) ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ±μμ·¤¨´ É ³¨
u1 ↔ u2. „²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¶μ²ÊÎ¨³

S̄EP = γK2
1 + (K2 − L)2. (218)

‡ Ë¨±¸¨·Ê¥³ ¶ · ³¥É· γ > 0. ’μ£¤  ¤²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ S̄EP ¢ ¶·¥¤¥²¥
¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R ¨³¥¥³

S̄EP

R2
= γπ2

0 +
(

K2

R
+ π1

)2

→ γp2
0 + p2

1 
 X I
C .

�·¨ ¶¥·¥Ìμ¤¥ Ê· ¢´¥´¨° (109) ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ±μμ·¤¨´ É ³¨ u1 ↔ u2

± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ ξ1 = cosh τ1, ξ2 = sinh τ2 ²¥£±μ ¶μ²ÊÎ¨ÉÓ (¢ ¸²ÊÎ ¥
u2 > u0, τ2 < 0, ÎÉμ¡Ò ¶μ±·ÒÉÓ ´ Î ²μ ±μμ·¤¨´ É):

ξ2
1,2 =

±u0(γ + 1) ± u2(γ − 1) −
√

[u0(γ + 1) + u2(γ − 1)]2 + 4R2γ

2(u0 − u2)
. (219)

ˆ§ Ëμ·³Ê²Ò (219) ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° R

sinh τ1 →
√

γ

γ + 1
x

R
, sinh τ2 → −√

γ

(
1 +

t

R

)
, (220)

  ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ ¶¥·¥Ìμ¤ÖÉ ± ¤¥± ·Éμ¢Ò³: y0 → t ¨ y1 → −x.
‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ EP-¸¨¸É¥³Ò ¢ ¨¸Ìμ¤-

´μ° Ëμ·³¥ (109) ¶¥·¥³¥´´Ò¥ t ¨ x ¶·¨ ±μ´É· ±Í¨¨ ®¶¥·¥¶ÊÉÒ¢ ÕÉ¸Ö¯.
3.12. Šμ´É· ±Í¨¨ £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. ‚

μ¶·¥¤¥²¥´¨¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É HP ¢Ìμ¤¨É ¡¥§· §³¥·´Ò° ¶ · ³¥É· γ > 0,

�¨¸. 41. ƒ¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸± Ö ¸¨-
¸É¥³  ±μμ·¤¨´ É

±μÉμ·Ò° § ¤ ¥É ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö μ£¨-
¡ ÕÐ¨Ì (119) ´  £¨¶¥·¡μ²μ¨¤¥ ¸ ±μ-

μ·¤¨´ É ³¨

(
±R

1 − γ

2
√

γ
,±R

1 + γ

2
√

γ
, 0

)
(·¨¸. 41). Š ± ¨ ¢ ¸²ÊÎ ¥ ¸ EP-¸¨¸É¥-
³μ° ±μμ·¤¨´ É, ¶·¨ · §²¨Î´μ³ ¢Ò¡μ·¥
¶ · ³¥É·  γ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ±μ´É· ±-
Í¨¨ ± · §²¨Î´Ò³ ¸¨¸É¥³ ³ ±μμ·¤¨-
´ É ´  E1,1.

3.12.1. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²μ-¶ -
· ¡μ²¨Î¥¸±μ° ± £¨¶¥·¡μ²¨Î¥¸±μ° ¸¨-
¸É¥³¥ ±μμ·¤¨´ É É¨¶  III. �·¥¤¶μ-
²μ¦¨³, ÎÉμ γ = R2/l2 (l Å ´¥±μ-
Éμ· Ö ¶μ¸ÉμÖ´´ Ö). ‚¢¥¤¥³ μ¡μ§´ Î¥-
´¨Ö ξ1 = sin θ ¨ ξ2 = sinφ. ’μ£¤ 
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¨§ Ëμ·³Ê² (116) ¨ (117) ¶μ²ÊÎ ¥³

ξ2
1,2 =

u0(1 − γ) − u1(γ + 1) ∓
√

(u0(1 − γ) − u1(1 + γ))2 − 4l2

2(u0 − u1)
(221)

¨, ¸μμÉ¢¥É¸É¢¥´´μ,

ξ2
1,2 =

u0 − u1

2R2γ

{
u0(1 − γ) − u1(γ + 1)±

±
√

[u0(1 − γ) − u1(1 + γ)]2 − 4l2
}

. (222)

�¨¸. 42. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö
£¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μ-
μ·¤¨´ É

�μ²μ¦¨³ ξ−1
1,2=(

√
2l/R) eζ2,1 ¤²Ö HP-

±μμ·¤¨´ É É¨¶  I ¨ ξ1,2= (
√

2l/R) eζ2,1

¤²Ö HPII. ’μ£¤  ¢ ¶·¥¤¥²¥ R→∞ ±μ-
μ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ y0, y1 ¸¨¸É¥³
É¨¶  I ¨ II ±μ´É· ±É¨·ÊÕÉ ± £¨¶¥·-
¡μ²¨Î¥¸±¨³ ±μμ·¤¨´ É ³ É¨¶  III ¢
¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥, ±μÉμ·Ò¥ ¶μ-
±·Ò¢ ÕÉ μ¡² ¸ÉÓ x > t ´  ¶¸¥¢¤μ¥¢-
±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ E1,1 (¸³. É ¡². 4
¢ ¶·¨²μ¦¥´¨¨):

y0 → t = l
[
cosh (ζ1 − ζ2) − eζ1+ζ2

]
,

(223)

y1 → x = l
[
cosh (ζ1 − ζ2) + eζ1+ζ2

]
.

ˆ¸¶μ²Ó§ÊÖ É¥¶¥·Ó μ¡μ§´ Î¥´¨Ö ξ1 = sinh θ ¨ ξ2 = sinh φ, ¨§ Ê· ¢´¥´¨° (118)
¶μ²ÊÎ ¥³

ξ2
1,2 =

u0 − u1

2R2γ

{
u0(γ − 1) + u1(γ + 1)±

±
√

[u0(γ − 1) + u1(1 + γ)]2 − 4R2γ

}
. (224)

�μ² £ Ö ξ1,2 = (
√

2l/R) eζ1,2 , ¢ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ¨³, ÎÉμ HPIII ¶¥·¥Ìμ¤¨É
¢ £¨¶¥·¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ É¨¶  III, ¶μ±·Ò¢ ÕÐ¨¥ Î ¸ÉÓ t > x ¶²μ¸±μ¸É¨
E1,1 (¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨):

y0 → t = l
[
cosh (ζ1 − ζ2) + eζ1+ζ2

]
,

(225)
y1 → x = l

[
cosh (ζ1 − ζ2) − eζ1+ζ2

]
.

„²Ö μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³

− l2

R2
SHP = K2

2 − l2

R2
(K1 + L)2 → N2 − l2(p0 + p1)2 = X III

H .
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�É³¥É¨³ ¶·¨¸ÊÉ¸É¢¨¥ ´¥¶μ±·ÒÉμ° μ¡² ¸É¨ |t + x| < 2|l| ´  ¶¸¥¢¤μ¥¢±²¨¤μ¢μ°
¶²μ¸±μ¸É¨, ÎÉμ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³ · ¸Ð¥¶²¥´¨Ö £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±¨Ì
±μμ·¤¨´ É, ± ± ¶μ± § ´μ ´  ·¨¸. 42.

3.12.2. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¤¥-
± ·Éμ¢μ°. � ¸¸³μÉ·¨³ ¢¸¥ É·¨ ¢¨¤  HP-¸¨¸É¥³ ±μμ·¤¨´ É, ¢ ±μÉμ·ÒÌ ¶·¥¤¢ -
·¨É¥²Ó´μ ¸¤¥² ´  § ³¥´  u1 ↔ u2. ‚ ´μ¢ÒÌ ±μμ·¤¨´ É Ì μ¶¥· Éμ· ¸¨³³¥É·¨¨
SHP § ¶¨Ï¥³ ¢ Ô±¢¨¢ ²¥´É´μ³ ¢¨¤¥,   ¨³¥´´μ S̄HP = −γK2

1 + (K2 −L)2, £¤¥
γ > 0 ¨ γ �= 1 (¸²ÊÎ ° γ = 1 · ¸¸³μÉ·¨³ ¶μ§¦¥). ‚ ¶·¥¤¥²¥ R → ∞ ¤²Ö
Ô±¢¨¢ ²¥´É´μ£μ μ¶¥· Éμ·  S̄HP ¶μ²ÊÎ ¥³

S̄HP

R2
= −γπ2

0 +
(

K2

R
+ π1

)2

→ −γp2
0 + p2

1 
 X I
C .

‘´ Î ²  μÉ³¥É¨³, ÎÉμ μ£¨¡ ÕÐ¨¥ ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ ¸¨¸É¥³Ò
±μμ·¤¨´ É S̄HP · ¸¶μ²μ¦¥´Ò ¢ ÉμÎ± Ì ((1 − γ)/(1 + γ), 0). �μÔÉμ³Ê ´ Î ²μ
±μμ·¤¨´ É ¶μ±·Ò¢ ¥É¸Ö · §²¨Î´Ò³¨ HP-¸¨¸É¥³ ³¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö
¶ · ³¥É·  γ.

ˆ§ ¸μμÉ´μÏ¥´¨° (221) ¤²Ö HPI ¶μ¸²¥ § ³¥´Ò u1 ↔ u2 ¶μ²ÊÎ¨³

ξ2
1,2 =

u0(1 − γ) − u2(γ + 1) ∓
√

[u0(1 − γ) − u2(γ + 1)]2 − 4R2γ

2(u0 − u2)
, (226)

¶μÔÉμ³Ê ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¨³¥¥³

cos θ →
√

γ

1 − γ

x

R
, sin φ → √

γ

(
1 +

t

R

)
. (227)

‡¤¥¸Ó 0 < γ < 1, É ± ± ± Éμ²Ó±μ ¤²Ö ÔÉμ£μ ¨´É¥·¢ ²  ¸¨¸É¥³  HPI ´  ¶·μ-
¥±É¨¢´μ° ¶²μ¸±μ¸É¨ ¶μ±·Ò¢ ¥É (0, 0) ¨ ¶¥·¥Ìμ¤¨É ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ
(·¨¸. 43, γ = 1/2).

�´ ²μ£¨Î´μ ¤²Ö ¶¥·¥¸É ¢²¥´´μ° ¸¨¸É¥³Ò HPII. ˆ§ (222) ¸²¥¤Ê¥É, ÎÉμ

ξ2
1,2 =

u0 − u2

2γR2

{
u0(1 − γ) − u2(γ + 1)±

±
√

[u0(1 − γ) − u2(γ + 1)]2 − 4γR2

}
, (228)

μÉ±Ê¤  ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¨³¥¥³

sin θ → 1
√

γ

(
1 − t

R

)
, cosφ →

√
γ

γ − 1
x

R
, (229)

£¤¥ É¥¶¥·Ó γ > 1, É ± ± ± Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  HPII ´  ¶·μ¥±É¨¢´μ°
¶²μ¸±μ¸É¨ ¶μ±·Ò¢ ¥É ´ Î ²μ ±μμ·¤¨´ É (0, 0) ¨ ±μ´É· ±É¨·Ê¥É ± ¤¥± ·Éμ¢μ°
¸¨¸É¥³¥ (·¨¸. 44, γ = 2).
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�¨¸. 43. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶¥-
·¥¸É ¢²¥´´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É S̄HP,
0 < γ < 1

�¨¸. 44. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶¥-
·¥¸É ¢²¥´´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É S̄HP,
γ > 1

�¥·¥¸É ¢²¥´´ Ö ¸¨¸É¥³  HPIII ´¥ ¶μ±·Ò¢ ¥É (0, 0) ´¨ ¶·¨ ± ±μ³ §´ Î¥´¨¨
γ ¨ ´¥ ±μ´É· ±É¨·Ê¥É ± ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥.

3.12.3. �¥·¥Ìμ¤ μÉ £¨¶¥·¡μ²μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ± ¶ -
· ¡μ²¨Î¥¸±μ° É¨¶  I. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  γ = 1. ’μÎ±  ¶¥·¥¸¥Î¥´¨Ö
μ£¨¡ ÕÐ¨Ì ´ Ìμ¤¨É¸Ö ¢ ÉμÎ±¥ (0, 0) ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨. ’μ£¤  ¤²Ö μ¶¥-
· Éμ·  ¸¨³³¥É·¨¨ ¨³¥¥³ ¢Ò· ¦¥´¨¥

S̄HP = −K2
1 + (K2 − L)2 = 2K2

2 − {K2, L} − R2ΔLB

¨ ¢ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ ¥³

− S̄HP

R
− RΔLB = −2

K2
2

R
− {K2, π1} → {N, p1} = X I

P .

„²Ö ±μμ·¤¨´ É ξ2
1,2 =

(
−u2 ∓

√
u2

2 − R2
)

/(u0 − u2) É¨¶  I (226) ¨³¥¥³

ξ2
1 → 1 − u2

R
, ξ2

2 → 1 − v2

R
; (230)

¤²Ö ±μμ·¤¨´ É ξ2
1,2 = (u0 − u2)

(
−u2 ±

√
u2

2 − R2
)

/R2 É¨¶  II (228) ¢Ò¶μ²-
´Ö¥É¸Ö

ξ2
1 → 1 − v2

R
, ξ2

2 → 1 − u2

R
; (231)

¤²Ö ±μμ·¤¨´ É ξ2
1,2 = (u0 − u2)

(
u2 ±

√
u2

2 − R2
)

/R2 É¨¶  III (§¤¥¸Ó ξ1 =
sinh θ, ξ2 = sinh φ) ¶μ²ÊÎ ¥³

ξ2
1 → 1 +

v2

R
, ξ2

2 → 1 +
u2

R
. (232)
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‚ ¶·¥¤¥²¥ R → ∞ ¨³¥¥³

y0 → t =
1
2
(
u2 + v2

)
, y1 → x = uv,

ÎÉμ ¸μ¢¶ ¤ ¥É ¸ ¶ · ¡μ²¨Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨ É¨¶  I ´  ¶²μ¸±μ¸É¨ E1,1

(¸³. É ¡². 4 ¢ ¶·¨²μ¦¥´¨¨).
3.13. �¥·¥Ìμ¤ μÉ ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É

± ¤¥± ·Éμ¢μ°. ‚ ±μ´É· ±Í¨μ´´μ³ ¶·¥¤¥²¥ μ¶¥· Éμ· SSCP ¶¥·¥Ìμ¤¨É
¢ μ¶¥· Éμ·

SSCP

R
=

1
R
{K1, K2} +

1
R
{K2, L} → {p0, N} + {p1, N} , (233)

±μÉμ·Ò°, ± ± Ìμ·μÏμ ¨§¢¥¸É´μ, ´¥ £¥´¥·¨·Ê¥É ¸¨¸É¥³Ê ±μμ·¤¨´ É, ¤μ¶Ê¸± -
ÕÐÊÕ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ´  E1,1 (¸³. [49]). ’¥³ ´¥ ³¥´¥¥ ¢μ§³μ¦´μ
¶μ¸É·μ¨ÉÓ Ô±¢¨¢ ²¥´É´ÊÕ Ëμ·³Ê SCP-¸¨¸É¥³Ò ±μμ·¤¨´ É, ±μÉμ· Ö ¡Ê¤¥É ±μ´-
É· ±É¨·μ¢ ÉÓ ± ¤¥± ·Éμ¢μ° (·¨¸. 45 ¨ 46).

�·¨³¥´¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¤¢  £¨¶¥·¡μ²¨Î¥¸±¨Ì ¢· Ð¥´¨Ö: ¸´ Î ²  ´ 
Ê£μ² a1 �= 0 μÉ´μ¸¨É¥²Ó´μ μ¸¨ u1,   § É¥³ ´  Ê£μ² a2 �= 0 μÉ´μ¸¨É¥²Ó´μ μ¸¨ u2.
‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ ¶·¥μ¡· §μ¢ ´¨¥:⎛⎝ u′

0

u′
1

u′
2

⎞⎠ =

⎛⎝ cosha2 cosha1 sinh a2 cosha2 sinh a1

sinh a2 cosha1 cosha2 sinh a2 sinh a1

sinh a1 0 cosha1

⎞⎠⎛⎝ u0

u1

u2

⎞⎠ . (234)

„²Ö Ê¶·μÐ¥´¨Ö Ëμ·³Ê² ¶μ²μ¦¨³ a1 = ln 1/
√

2 ¨ a2 = − tanh−1(cosh a1 +
sinh a1) = − tanh−1 1/

√
2. ’μ£¤  μ¶¥· Éμ· ¸¨³³¥É·¨¨ ¶·¥μ¡· §Ê¥É¸Ö É ±:

S̃SCP =
1
4
K2

1 +
1
4
{K1, K2} −

3
4
K2

2 +
1√
2
{K2, L} −

1
2
L2. (235)

�¨¸. 45. �μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸-
± Ö ¸¨¸É¥³  ±μμ·¤¨´ É

�¨¸. 46. �·μ¥±É¨¢´ Ö ¶²μ¸±μ¸ÉÓ ¤²Ö ¶μ-
²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò
±μμ·¤¨´ É
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‚ ¶·¥¤¥²¥ R → ∞ ¶μ²ÊÎ¨³

4
R2

(
R2

2
ΔLB − S̃SCP

)
→ p2

0 = X I
C . (236)

„²Ö ±μμ·¤¨´ É ξ ¨ η ¶μ¸²¥ É·Ê¤μ¥³±¨Ì ¢ÒÎ¨¸²¥´¨° ¨³¥¥³

ξ → 2
(
1 +

x

R

)
, η →

√
2 − 2t

R
, (237)

  ±μμ·¤¨´ ÉÒ 	¥²ÓÉ· ³¨ (176) ¶¥·¥Ìμ¤ÖÉ ¢ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ: y0 → t,
y1 → x.

4. ��‘“†„…�ˆ… ˆ ‡�Š‹
—…�ˆ…

‚ · ³± Ì  ²£¥¡· ¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ¨§²μ¦¥´ ³¥Éμ¤ ±² ¸¸¨Ë¨± Í¨¨ μ¶¥-
· Éμ·μ¢ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶μ·Ö¤± , μÉ¢¥É¸É¢¥´´ÒÌ §  · §¤¥²¥´¨¥ ¶¥·¥³¥´-
´ÒÌ ¢ Ê· ¢´¥´¨¨ ƒ¥²Ó³£μ²ÓÍ  ´  ¤¢ÊÌ³¥·´ÒÌ £¨¶¥·¡μ²μ¨¤ Ì. �É¨ μ¶¥· -
Éμ·Ò ´¥ ±μ³³ÊÉ¨·ÊÕÉ ³¥¦¤Ê ¸μ¡μ°, ´μ ±μ³³ÊÉ¨·ÊÕÉ ¸ μ¶¥· Éμ·μ³ ‹ ¶² ¸ Ä
	¥²ÓÉ· ³¨. �¥§Ê²ÓÉ É ±² ¸¸¨Ë¨± Í¨¨ μ¶¥· Éμ·μ¢ ¢Éμ·μ£μ ¶μ·Ö¤±  ´ Ìμ¤¨É¸Ö
¢ ¸μ£² ¸¨¨ ¸ ¶μ²ÊÎ¥´´Ò³ ¢ [65] ¤ ´´Ò³¨. Š ± ¡Ò²μ Ê¶μ³Ö´ÊÉμ ¢ · ¡μÉ¥ [49],
¶·μÍ¥¤Ê·  ¶μ¸É·μ¥´¨Ö · §¤¥²ÖÕÐ¨Ì ¸¨¸É¥³ ±μμ·¤¨´ É, μ¸´μ¢ ´´ Ö ´  μ¶¥-
· Éμ· Ì ¶¥·¢μ£μ ¶μ·Ö¤± , ´¥ Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´μ° ¨ ´¥ Éμ²Ó±μ ¶·¨¢μ¤¨É
± μ·Éμ£μ´ ²Ó´Ò³ ¶μ¤£·Ê¶¶μ¢Ò³ ¸¨¸É¥³ ³ ±μμ·¤¨´ É, ´μ ¨ μ¶¨¸Ò¢ ¥É ´¥μ·-
Éμ£μ´ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ. ‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤¸É ¢²¥´Ò ¸¨¸É¥³Ò ±μμ·¤¨´ É
É ±μ£μ É¨¶ .

„¥É ²Ó´μ μ¶¨¸ ´Ò ¢¸¥ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ μ¶¥· Éμ· ³ ¸¨³³¥É·¨¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ± ± ¤²Ö ¤¢ÊÌ¶μ²μ¸É´μ£μ (¢¥·Ì´ÖÖ
¶μ²μ¸ÉÓ) H2, É ± ¨ μ¤´μ¶μ²μ¸É´μ£μ H̃2 £¨¶¥·¡μ²μ¨¤ . ‡ ³¥Î¥´μ, ÎÉμ ¢ μÉ²¨-
Î¨¥ μÉ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  H2 Éμ²Ó±μ ¶ÖÉÓ ¸¨¸É¥³ ±μμ·¤¨´ É,  
¨³¥´´μ ¶¸¥¢¤μ¸Ë¥·¨Î¥¸± Ö, Ô±¢¨¤¨¸É ´É´ Ö (μ¡  ¥¥ ¢¨¤ ), μ·¨Í¨±²¨Î¥¸± Ö,
Ô²²¨¶É¨±μ-¶ · ¡μ²¨Î¥¸± Ö ¨ Ô²²¨¶É¨Î¥¸± Ö, ¶μ²´μ¸ÉÓÕ ¶μ±·Ò¢ ÕÉ μ¤´μ¶μ-
²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤. �·μ¸²¥¦¥´Ò ¶·¥¤¥²Ó´Ò¥ ¶¥·¥Ìμ¤Ò μÉ ¡μ²¥¥ ¸²μ¦´ÒÌ
(¸μ¤¥·¦ Ð¨Ì ¡¥§· §³¥·´Ò° ¶ · ³¥É·) ¸¨¸É¥³ ±μμ·¤¨´ É ± ¡μ²¥¥ ¶·μ¸ÉÒ³ Å
¶μ¤£·Ê¶¶μ¢Ò³.

�μ± § ´μ, ± ± ¢¸¥ Î¥ÉÒ·¥ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  E2 ³μ£ÊÉ
¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¢ ·¥§Ê²ÓÉ É¥ ±μ´É· ±Í¨° ¸¨¸É¥³ ±μμ·¤¨´ É ´  H2 ¶·¨ R → ∞.
‚ ¤μ¶μ²´¥´¨¥ ± Ê¦¥ ¨§¢¥¸É´Ò³ ±μ´É· ±Í¨Ö³ ¨§ ¸É É¥° [33,38] ¶·¥¤¸É ¢²¥´Ò
´¥±μÉμ·Ò¥ ´μ¢Ò¥, ¢±²ÕÎ Ö ±μ´É· ±Í¨¨ ¢ ´¥μ·Éμ£ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±μμ·¤¨´ É.
„μ± § ´μ, ÎÉμ ¸ÊÐ¥¸É¢μ¢ ´¨¥ Ìμ·μÏμ μ¶·¥¤¥²¥´´μ£μ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤ 
R → ∞ ¶·¨ ±μ´É· ±Í¨¨ μ¶¥· Éμ·  ¸¨³³¥É·¨¨ ´¥ £ · ´É¨·Ê¥É ¸ÊÐ¥¸É¢μ¢ ´¨Ö
É ±μ£μ ¦¥ ¶·¥¤¥²  ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò ±μμ·¤¨´ É. �Éμ ¶·μ¨¸Ìμ¤¨É,
´ ¶·¨³¥·, ¢ ¸²ÊÎ ¥ ¸¨¸É¥³ ±μμ·¤¨´ É É¨¶  SCP, SH ¨ H ´  μ¤´μ¶μ²μ¸É´μ³
£¨¶¥·¡μ²μ¨¤¥ H̃2. ’¥³ ´¥ ³¥´¥¥ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¶·¥¤¥² R → ∞ ¤²Ö
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ÔÉ¨Ì ±μμ·¤¨´ É, ¨¸¶μ²Ó§ÊÖ ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥. � ¶·¨³¥·, · ¸¸³μÉ·¨³
μ¶¥· Éμ· ¸¨³³¥É·¨¨ S̄SCP:

S̄SCP = {K1, K2} − {K1, L},

¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μ²ÊÍ¨·±Ê²Ö·´μ-¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³¥ (102) ¶μ¸²¥ ¶¥-
·¥¸É ´μ¢±¨ u1 ↔ u2. ‚ ¶·¥¤¥²¥ R → ∞ ÔÉμÉ μ¶¥· Éμ· ±μ´É· ±É¨·Ê¥É ±
¤¥± ·Éμ¢μ³Ê ´  E1,1:

− S̄SCP

2R2
= − 1

2R
{π0, N} +

1
2
{π0, π1} → p0p1 = X I

C .

’¥¶¥·Ó · ¸¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ SCP-¸¨¸É¥³μ° ±μμ·¤¨´ É. �·¨ § ³¥´¥
u1 ↔ u2 ¢ (101) ¶μ²ÊÎ ¥³

λ1 + λ2 = 2u1(u2 − u0), λ1λ2 = R2(u2 − u0)2. (238)

ˆ§ (238) ¸²¥¤Ê¥É, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ É·¨ ¢μ§³μ¦´Ò¥ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ¤²Ö
±μμ·¤¨´ É λi: 1) λi � 0; 2) λi � 0; 3) λ1 = a + ib, λ2 = a − ib, a, b ∈ R. ‚
¶¥·¢μ³ ¨ ¢Éμ·μ³ ¸²ÊÎ ÖÌ ¸¨¸É¥³  ±μμ·¤¨´ É (λ1, λ2) ¢¢¨¤Ê ¸μμÉ´μÏ¥´¨Ö

u2
1 = R2 (λ1 + λ2)

2

4λ1λ2
� R2 (239)

¶μ±·Ò¢ ¥É Éμ²Ó±μ Î ¸ÉÓ £¨¶¥·¡μ²μ¨¤  |u1| � R. �·¨ £¥μ³¥É·¨Î¥¸±μ³ · ¸¸³μ-
É·¥´¨¨ ¢¨¤´μ, ÎÉμ ¢ ¶·¥¤¥²¥ R → ∞ ±μμ·¤¨´ É´ Ö ¸¥É±  ¤²Ö SCP-¸¨¸É¥³Ò
±μμ·¤¨´ É ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ ¶Ê¸É . —Éμ¡Ò μ¡μ°É¨ ÔÉÊ ¶·μ¡²¥³Ê,
· ¸¸³μÉ·¨³ Ëμ·³ ²Ó´μ É·¥É¨° ¸²ÊÎ °. �μ²μ¦¨³ a = A · R2, b = B · R2,
A ∈ R, B > 0. ’μ£¤  ¸¨¸É¥³  ±μμ·¤¨´ É (´¥· §¤¥²ÖÕÐ Ö ¨ ´¥μ·Éμ£μ´ ²Ó´ Ö)
¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ (A, B) ¢Ò£²Ö¤¨É É ± (|u1| < R):

u0 =
R

2

(√
A2 + B2 − B2

(A2 + B2)3/2

)
,

u1 = R
A√

A2 + B2
, (240)

u2 =
R

2

(√
A2 + B2 +

B2

(A2 + B2)3/2

)
.

�·¨ ±μ´É· ±Í¨¨ ¸¨¸É¥³Ò ±μμ·¤¨´ É (240) ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ R ¨³¥¥³

A =
u1(u0 + u2)

R2
→ − x

R
, B =

u0 + u2

R

√
1 − u2

1

R2
→ 1 +

t

R
. (241)

‚ ·¥§Ê²ÓÉ É¥ ¸¨¸É¥³  ±μμ·¤¨´ É (240) ¢ ¶·¥¤¥²¥ R → ∞ ¶·¥μ¡· §Ê¥É¸Ö ±
¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É: y0 → t, y1 → x ´  E1,1.
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‚ ¤ ´´μ³ μ¡§μ·¥ ³Ò μ£· ´¨Î¨²¨¸Ó μ¶¨¸ ´¨¥³ Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´ÒÌ
 ´ ²¨É¨Î¥¸±¨Ì ±μ´É· ±Í¨° ´  μ¤´μ¶μ²μ¸É´μ³ £¨¶¥·¡μ²μ¨¤¥ H̃2. ŒÒ ¨¸¶μ²Ó-
§μ¢ ²¨ Ô±¢¨¢ ²¥´É´Ò¥ Ëμ·³Ò ¸¨¸É¥³ ±μμ·¤¨´ É ´  H̃2, ±μÉμ·Ò¥, ± ± ¢ ¸²ÊÎ ¥
¸ Ô±¢¨¤¨¸É ´É´μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É, ¶·¨¢μ¤ÖÉ ± · §²¨Î´Ò³ ¶·¥¤¥²Ó´Ò³
±μμ·¤¨´ É ³ ´  E1,1. � ·Ö¤Ê ¸ μ·Éμ£μ´ ²Ó´Ò³¨ ¸¨¸É¥³ ³¨ ¶·¥¤¸É ¢²¥´Ò
±μ´É· ±Í¨¨ ´¥μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É ´  μ¡μ¨Ì £¨¶¥·¡μ²μ¨¤ Ì H̃2,
±μÉμ·Ò¥ ¶·¥μ¡· §ÊÕÉ¸Ö ± ´¥μ·Éμ£μ´ ²Ó´Ò³ ´  E1,1, ±² ¸¸¨Ë¨± Í¨Ö ±μÉμ·ÒÌ
· ´¥¥ ¡Ò²  ¤ ´  Š ²´¨´¸μ³ ¢ Ìμ·μÏμ ¨§¢¥¸É´μ° · ¡μÉ¥ [49].

‚¸¥ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  E1,1, §  ¨¸±²ÕÎ¥´¨¥³ μ¤´μ°,
  ¨³¥´´μ ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò É¨¶  II, ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¶¥·¥Ìμ-
¤μ³ R → ∞ ¶·¨ ±μ´É· ±Í¨¨ ¨§ ´¥±μÉμ·μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É ´  £¨¶¥·-
¡μ²μ¨¤¥ H̃2. „²Ö μ¶·¥¤¥²¥´¨Ö ®¶·μμ¡· § ¯ ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³Ò É¨¶  II
´  H̃2, ±μÉμ·Ò° ³Ò ´¥ μ¶·¥¤¥²¨²¨ ¸·¥¤¨ ¤¥¢ÖÉ¨ μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³, ³μ¦´μ
¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¥¥. � ¸¸³μÉ·¨³ Ëμ·³Ê²Ê (52), μ¶¨¸Ò¢ ÕÐÊÕ μ¡Ð¨° ¢¨¤ μ¶¥-
· Éμ·  S(2), ¶μ² £ Ö ¢ (52) b = e = 1, c = 0 ¨ a = f = −d = α/R, £¤¥ α Å
´¥±μÉμ· Ö ±μ´¸É ´É . �μ²ÊÎ¨³ ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ®³¨´¨³ ²Ó´Ò°¯ μ¶¥· Éμ·

S(2) = {K1, K2} + {L, K2} +
α

R
(L − K1)2, (242)

±μÉμ·Ò° ±μ´É· ±É¨·Ê¥É ± X II
P :

S(2)

R
→ {p0, N} + {p1, N} + α(p0 − p1)2 = X II

P . (243)

• · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ (89), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ÔÉμ³Ê μ¶¥· Éμ·Ê (242),
¤ ¥É

λ1 + λ2

R
=

α

R2
(u0 + u1)2 + 2

u2

R
(u0 − u1),

(244)
λ1λ2

R2
= (u0 − u1)2 −

4α

R
u2(u0 + u1).

’ ± ± ± ´ ¸ ¨´É¥·¥¸Ê¥É Éμ²Ó±μ ¢μ¶·μ¸ ±μ´É· ±Í¨°, Éμ · ¸¸³μÉ·¨³ ¶·¥¤¥²Ó´Ò°
¶¥·¥Ìμ¤ R → ∞ ¶·Ö³μ ¢ ¸¨¸É¥³¥ (244). ˆ§ (244) ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

λ1 + λ2

R

 2(t − x),

λ1λ2

R2

 (t − x)2 − 4α(t + x), (245)

£¤¥ (t, x) Å ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ´  E1,1. ‚¢μ¤Ö ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ξ =
−λ1/(4R), η = −λ2/(4R) ¨ ¢Ò· ¦ Ö t, x ¨§ ¶·¥¤Ò¤ÊÐ¥° ¸¨¸É¥³Ò, ¶μ²ÊÎ¨³
¶ · ¡μ²¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ É¨¶  II:

t =
1
2α

(η − ξ)2 − (η + ξ), x =
1
2α

(η − ξ)2 + (η + ξ). (246)

’ ±, ±μ´É· ±Í¨Ö ± ¶ · ¡μ²¨Î¥¸±¨³ ±μμ·¤¨´ É ³ É¨¶  II ³μ¦¥É ¡ÒÉÓ ´ °-
¤¥´  ¶μ¸·¥¤¸É¢μ³ ´¥±μÉμ·μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É, § ¤ ´´μ° ¢ ´¥Ö¢´μ³ ¢¨¤¥ ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¥° μ¶¥· Éμ·Ê ¸¨³³¥É·¨¨ (242).
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