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Œ É¥³ É¨Î¥¸±¨° ¨´¸É¨ÉÊÉ ¨³. ‚. �. ‘É¥±²μ¢  ���, Œμ¸±¢ 

�¶¨¸ ´μ ¢μ§´¨±´μ¢¥´¨¥ ¸¢μ¡μ¤´μ° (¨²¨ ±¢ ´Éμ¢μ° ¡μ²ÓÍ³ ´μ¢¸±μ°) ¸É É¨¸É¨±¨
¤²Ö ³μ¤¥²¨ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éμ¢Ò³ ¶μ²¥³, ¢ ¸ÉμÌ ¸É¨-
Î¥¸±μ³ ¶·¥¤¥²¥ ¢´¥ ¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö. �·¨ ÔÉμ³ ±¢ ´Éμ¢μ¥ ¶μ²¥ ´ Ìμ¤¨É¸Ö
¢ £ Ê¸¸μ¢¸±μ³ (´ ¶·¨³¥·, É¥³¶¥· ÉÊ·´μ³) ¸μ¸ÉμÖ´¨¨. ‡ ¶ÊÉ ´´Ò¥ μ¶¥· Éμ·Ò, μ¶¨¸Ò-
¢ ÕÐ¨¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¶μ²Ö ¸ Î ¸É¨Í¥°, Ê¤μ¢²¥É¢μ·ÖÕÉ q-¤¥Ëμ·³¨·μ¢ ´´Ò³ ¸μμÉ´μ-
Ï¥´¨Ö³, ±μÉμ·Ò¥ ¢ ¸ÉμÌ ¸É¨Î¥¸±μ³ ¶·¥¤¥²¥ ¶μ·μ¦¤ ÕÉ ¸¢μ¡μ¤´ÊÕ ¸É É¨¸É¨±Ê.

Emerging of free (or quantum Boltzmann) statistics for a model of quantum particle
interacting with quantum ˇeld is described in the stochastic limit without dipole approx-
imation. The quantum ˇeld is considered in the Gaussian (for example, temperature)
state. Entangled operators which describe interaction of a ˇeld and a particle satisfy the
q-deformed relations which in the stochastic limit generate free statistics.

PACS: 03.67.Bg; 02.50.Fz
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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ μ¡¸Ê¦¤ ¥É¸Ö ¸ÉμÌ ¸É¨Î¥¸±¨° ¶·¥¤¥² ¤²Ö ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éμ¢Ò³ ¡μ§μ´´Ò³ ¶μ²¥³ ¢´¥ · ³μ± ¤¨¶μ²Ó-
´μ£μ ¶·¨¡²¨¦¥´¨Ö. �μ± §Ò¢ ¥É¸Ö, ÎÉμ ¶·¨ ÔÉμ³ ±μ²²¥±É¨¢´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö
¶μ²Ö ¨ Î ¸É¨ÍÒ (§ ¶ÊÉ ´´Ò¥ μ¶¥· Éμ·Ò, μ¶·¥¤¥²Ö¥³Ò¥ ± ± ¸¢μ¡μ¤´ Ö Ô¢μ²Õ-
Í¨Ö μÉ ¢±² ¤μ¢ ¢ £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²Ö ¸ Î ¸É¨Í¥°) ¶·¨μ¡·¥É ÕÉ
¸¢μ¡μ¤´ÊÕ (¨²¨ ±¢ ´Éμ¢ÊÕ ¡μ²ÓÍ³ ´μ¢¸±ÊÕ) ¸É É¨¸É¨±Ê. �²£¥¡·  ¸¢μ¡μ¤´ÒÌ
μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

bib
†
j = δij ,

¶·¨ ÔÉμ³ μ¶¥· Éμ·Ò Ê´¨ÎÉμ¦¥´¨Ö bi ´¥ ±μ³³ÊÉ¨·ÊÕÉ ¨ μ¡· §ÊÕÉ ¸¢μ¡μ¤´ÊÕ
 ²£¥¡·Ê. ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ° Ë¨§¨Î¥¸±μ° ³μ¤¥²¨ ¢μ§´¨-
± ¥É ´¥±μÉμ· Ö ¤¥Ëμ·³ Í¨Ö É ±μ°  ²£¥¡·Ò. ‘¢μ¡μ¤´Ò¥ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö ¨§ÊÎ ²¨¸Ó ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥°, ¸³. [1], ¨ É ±¨¥
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μ¶¥· Éμ·Ò ¸¢Ö§ ´Ò ¸ É¥μ·¨¥° ¸²ÊÎ °´ÒÌ ³ É·¨Í ¨ ¶μ²Ê±·Ê£²Ò³ ¶·¥¤¥²Ó´Ò³
§ ±μ´μ³ ‚¨£´¥· .

‘ ¶μ³μÐÓÕ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¶·¥¤¥²  ¨§ÊÎ ¥É¸Ö ¤¨´ ³¨±  ¢§ ¨³μ¤¥°¸É¢Ê-
ÕÐ¥° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ±μ´¸É ´Éμ° ¸¢Ö§¨ λ ¶·¨ ¶¥·¥· ¸ÉÖ¦±¥ ¢ ´ •μ¢  Ä
	μ£μ²Õ¡μ¢  t �→ t/λ2 ¢ ¶·¥¤¥²¥ λ → 0, É. ¥. ¨§ÊÎ ¥É¸Ö ÔËË¥±É ¸² ¡ÒÌ ¢§ ¨-
³μ¤¥°¸É¢¨° ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì ¢·¥³¥´ [2].

„μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¶·¥¤¥²  § ¶ÊÉ ´´Ò¥ μ¶¥· Éμ·Ò μ¡· §ÊÕÉ ´¥±μÉμ·ÊÕ
 ²£¥¡·Ê ¸ ®¤¨´ ³¨Î¥¸±¨¯ q-¤¥Ëμ·³¨·μ¢ ´´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨ (¸³. Ëμ·-
³Ê²Ò (3)Ä(5) ´¨¦¥), ¸¢μ¡μ¤´Ò¥ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¢μ§´¨-
± ÕÉ ± ± ¸ÉμÌ ¸É¨Î¥¸±¨° ¶·¥¤¥² q-¤¥Ëμ·³¨·μ¢ ´´ÒÌ. �·¨ ÔÉμ³ ±¢ ´Éμ¢μ¥
¶μ²¥ ´ Ìμ¤¨É¸Ö ¢ ´¥±μÉμ·μ³ £ Ê¸¸μ¢¸±μ³ (´ ¶·¨³¥·, É¥³¶¥· ÉÊ·´μ³) ¸μ¸ÉμÖ-
´¨¨. „²Ö ¸²ÊÎ Ö, ±μ£¤  ¶μ²¥ ´ Ìμ¤¨É¸Ö ¢ Ëμ±μ¢¸±μ³ ¸μ¸ÉμÖ´¨¨ (É. ¥. ¸μ¸ÉμÖ´¨¥
μ¶·¥¤¥²Ö¥É¸Ö ¢ ±ÊÊ³´Ò³ ¸·¥¤´¨³), ¶μ¤μ¡´ Ö ³μ¤¥²Ó ¡Ò²  · ¸¸³μÉ·¥´  ¢ · -
¡μÉ¥ [3], ¸³. É ±¦¥ [2,4]. „·Ê£¨¥ ³μ¤¥²¨ ¸ ´¥²¨´¥°´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³, £¤¥
¢ ¸ÉμÌ ¸É¨Î¥¸±μ³ ¶·¥¤¥²¥ ¢μ§´¨± ²  ¸¢μ¡μ¤´ Ö ¸É É¨¸É¨± , ¨§ÊÎ ²¨¸Ó ¢ [5,6].
‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò μ¡μ¡Ð ¥³ ¶μ¤Ìμ¤ [3] ´  ¸²ÊÎ ° μ¡Ð¥£μ £ Ê¸¸μ¢¸±μ£μ
¸μ¸ÉμÖ´¨Ö (¢ Î ¸É´μ¸É¨, É¥³¶¥· ÉÊ·´μ£μ). „²Ö · ¸¸³μÉ·¥´¨Ö É¥³¶¥· ÉÊ·´μ£μ
¸μ¸ÉμÖ´¨Ö ³Ò ¶·¨³¥´Ö¥³ ¸¢μ¡μ¤´Ò°  ´ ²μ£ ±μ´¸É·Ê±Í¨¨ É¥³¶¥· ÉÊ·´μ£μ ¤Ê¡-
²Ö, É. ¥. ¢ ·¨ ´É  ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢ , ¶μ§¢μ²ÖÕÐ¥£μ ¶·¥¤¸É ¢¨ÉÓ ¶·μ-
¨§¢μ²Ó´μ¥ £ Ê¸¸μ¢¸±μ¥ ¸μ¸ÉμÖ´¨¥ ¶μ²Ö Î¥·¥§ Ëμ±μ¢¸±¨¥ ¸μ¸ÉμÖ´¨Ö ¤²Ö ¶ ·Ò
¢¸¶μ³μ£ É¥²Ó´ÒÌ ¶μ²¥° (¸³. · §¤. 3).

� ¸ÉμÖÐ Ö · ¡μÉ  Ê¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 ¶·¥¤¸É ¢²¥´ 
³μ¤¥²Ó ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²Ö ¸ Î ¸É¨Í¥° ¢´¥ · ³μ± ¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö,
¢¢μ¤ÖÉ¸Ö § ¶ÊÉ ´´Ò¥ μ¶¥· Éμ·Ò, μ¶¨¸Ò¢ ÕÐ¨¥ ±μ²²¥±É¨¢´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö
¶μ²Ö ¨ Î ¸É¨ÍÒ, μ¶¨¸Ò¢ ÕÉ¸Ö q-¤¥Ëμ·³¨·μ¢ ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö É ±¨Ì
μ¶¥· Éμ·μ¢, ¨ ¶μ± §Ò¢ ¥É¸Ö ´  ¶·¨³¥·¥ 4-ÉμÎ¥Î´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±-
Í¨¨, ÎÉμ ¢ ¸ÉμÌ ¸É¨Î¥¸±μ³ ¶·¥¤¥²¥ ¢μ§´¨± ¥É ¸¢μ¡μ¤´ Ö ¸É É¨¸É¨± . ‚ · §¤. 2
¢ÒÎ¨¸²ÖÕÉ¸Ö ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¤²Ö  ²£¥¡·Ò q-¤¥Ëμ·³¨·μ¢ ´´ÒÌ ¸μ-
μÉ´μÏ¥´¨° ¤²Ö § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ·μ¢ ¢ ¶·μ¨§¢μ²Ó´μ³ (´¥¸¦ Éμ³ ¸ ´Ê²¥¢Ò³
¸·¥¤´¨³) £ Ê¸¸μ¢¸±μ³ ¸μ¸ÉμÖ´¨¨ ¨ ´ Ìμ¤¨É¸Ö ¸ÉμÌ ¸É¨Î¥¸±¨° ¶·¥¤¥² ¤²Ö É -
±¨Ì ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°. ‚ · §¤. 3 ¶μ± §Ò¢ ¥É¸Ö, ÎÉμ ¸ÉμÌ ¸É¨Î¥¸±¨°
¶·¥¤¥² ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¨§ · §¤. 2 · ¢¥´ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨
¤²Ö ´¥±μÉμ·μ°  ²£¥¡·Ò ¸¢μ¡μ¤´ÒÌ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö, ¸É·μ-
ÖÐ¥°¸Ö ¶μ  ´ ²μ£¨¨ ¸ ±μ´¸É·Ê±Í¨¥° É¥³¶¥· ÉÊ·´μ£μ ¤Ê¡²Ö.

1. „ˆ��Œˆ—…‘Š�Ÿ q-„…”��Œ�–ˆŸ

1.1. ”μ·³Ê²¨·μ¢±  ³μ¤¥²¨. � ¸¸³μÉ·¨³ £ ³¨²ÓÉμ´¨ ´ ±¢ ´Éμ¢μ° Î -
¸É¨ÍÒ, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éμ¢Ò³ ¡μ§¥-¶μ²¥³ ¢´¥ · ³μ± ¤¨¶μ²Ó´μ£μ
¶·¨¡²¨¦¥´¨Ö:

H = H0 + λHI =
∫

ω(k) a†(k) a(k) dk +
1
2

p2 + λHI ,
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HI = p · A(q) + A(q) · p =

=
∫

d3k
(
g(k)p · eikqa†(k) + g(k)p · e−ikq a(k)

)
+ h.c.,

q = (q1, q2, q3), p = (p1, p2, p3), [qh, pk] = iδhk,

a(k) = (a1(k), a2(k), a3(k)), a†(k) = (a†
1(k), . . . , a†

3(k)),

[aj(k), a†
h(k′)] = δjhδ(k − k′).

‡¤¥¸Ó q ¨ p ¸ÊÉÓ ±μμ·¤¨´ É  ¨ ¨³¶Ê²Ó¸ Î ¸É¨ÍÒ, ¶μ²¥ a(k) ¨³¥¥É ¤¨¸¶¥·-
¸¨Õ ω(k), ËÊ´±Í¨Ö g(k) ¥¸ÉÓ Ëμ·³Ë ±Éμ· ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²Ö ¸ Î ¸É¨Í¥°.

‚ ¶·μÍ¥¤Ê·¥ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¶·¥¤¥²  ¢ÒÎ¨¸²Ö¥É¸Ö ¶·¨¡²¨¦¥´¨¥ ¤²Ö ·Ö¤ 
É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤²Ö μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö. �·¨ ÔÉμ³ ¨§ÊÎ ¥É¸Ö ¸¢μ¡μ¤´ Ö Ô¢μ²ÕÍ¨Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°-
¸É¢¨Ö HI(t) = eitH0HI e−itH0 ¨ ¥¥ ¶¥·¥· ¸ÉÖ¦±  ¢ ´ •μ¢  Ä	μ£μ²Õ¡μ¢  ´ 
±¢ ¤· É ±μ´¸É ´ÉÒ ¸¢Ö§¨ λ, ¶μ¸²¥ Î¥£μ ¡¥·¥É¸Ö ¶·¥¤¥² ¸² ¡μ° ¸¢Ö§¨ λ → 0:

1
λ

HI

(
t

λ2

)
=

1
λ

A(t/λ2) + h.c. =

=
∫

d3k p(g(k) aλ(t, k) + g(k) a†
λ(t, k)) + h.c.

�·¨ ÔÉμ³ ¢μ§´¨± ÕÉ ¢¥²¨Î¨´Ò, μ¶¨¸Ò¢ ÕÐ¨¥ ¸μ¢³¥¸É´ÊÕ ¸¢μ¡μ¤´ÊÕ Ô¢μ-
²ÕÍ¨Õ ¶μ²Ö ¨ ¸¨¸É¥³Ò (§ ¶ÊÉ ´´Ò¥ μ¶¥· Éμ·Ò):

aλ(t, k) =
1
λ

exp
(

i
t

λ2
H0

)
exp (−ikq) a(k) exp

(
−i

t

λ2
H0

)
=

=
1
λ

exp
{
−i

t

λ2

[
ω(k) +

1
2

k2 + kp

]}
exp (−ikq) a(k), (1)

a†
λ(t, k) =

1
λ

exp
(

i
t

λ2

[
ω(k) − 1

2
k2 + kp

])
exp (ikq) a†(k). (2)

1.2. „¨´ ³¨Î¥¸± Ö q-¤¥Ëμ·³ Í¨Ö. ˆ³¥¥É ³¥¸Éμ ¢ ¦´μ¥ ´ ¡²Õ¤¥´¨¥, ÎÉμ
É ±¨¥ μ¶¥· Éμ·Ò μ¡· §ÊÕÉ  ²£¥¡·Ê ¤¨´ ³¨Î¥¸±¨ q-¤¥Ëμ·³¨·μ¢ ´´ÒÌ ¸μμÉ´μ-
Ï¥´¨°

aλ(t, k)a†
λ(t′, k′) = a†

λ(t′, k′)aλ(t, k)qλ(t − t′, kk′)+

+
1
λ2

qλ

(
t − t′, ω(k) +

1
2

k2 + kp

)
δ(k − k′), (3)

aλ(t, k)p = (p + k)aλ(t, k), (4)

aλ(t, k)aλ(t′, k′) = aλ(t′, k′)aλ(t, k)q−1
λ (t − t′, kk′), (5)
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£¤¥ ËÊ´±Í¨Ö q ¥¸ÉÓ μ¸Í¨²²¨·ÊÕÐ Ö Ô±¸¶μ´¥´É 

qλ(t − t′, x) = exp
(
−i

t − t′

λ2
x

)
.

� §μ¢¥³ t−t′ ¢·¥³¥´´Ò³  ·£Ê³¥´Éμ³ μ¸Í¨²²¨·ÊÕÐ¥° Ô±¸¶μ´¥´ÉÒ,   x Å
Ô´¥·£¥É¨Î¥¸±¨³. � ¸¸³μÉ·¨³ § ¤ ÎÊ ¶μ¸É·μ¥´¨Ö ³ ¸É¥·-¶μ²Ö, É. ¥. ¸ÉμÌ ¸É¨Î¥-
¸±μ£μ ¶·¥¤¥²  § ¶ÊÉ ´´μ£μ μ¶¥· Éμ· 

b(t, k) = lim
λ→0

aλ(t, k),

¨ ´ Ìμ¦¤¥´¨Ö ¤²Ö ´¥£μ ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¸μμÉ´μÏ¥´¨°.

�·¨ ÔÉμ³ ³Ò ÌμÉ¨³ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¥¤¥²μ³ ¤²Ö μ¸Í¨²²¨·ÊÕÐ¥° Ô±¸-
¶μ´¥´ÉÒ (¢ ¶·μ¸É· ´¸É¢¥ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ³¥¤²¥´´μ£μ ·μ¸É )

lim
λ→0

qλ(t, x) = 0, lim
λ→0

1
λ2

qλ(t, x) = 2πδ(t) δ(x). (6)

…¸É¥¸É¢¥´´μ μ¦¨¤ ÉÓ, ÎÉμ ¶¥·¥¸É ´μ¢μÎ´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ³ ¸É¥·-¶μ²Ö
Ö¢²ÖÕÉ¸Ö ¶·¥¤¥²μ³ ¤¨´ ³¨Î¥¸±¨ q-¤¥Ëμ·³¨·μ¢ ´´ÒÌ ¸μμÉ´μÏ¥´¨° (3), (4)

b(t, k) b†(t′, k′) = 2πδ(t − t′)δ
(

ω(k) +
1
2

k2 + kp

)
δ(k − k′), (7)

b(t, k)p = (p + k) b(t, k), (8)

  É·¥ÉÓ¥ Ê· ¢´¥´¨¥ (5) ¢¥¤¥É ± ¢μ§´¨±´μ¢¥´¨Õ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±¨, ¤²Ö
±μÉμ·μ° μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ´¥ ¶¥·¥¸É ´μ¢μÎ´Ò (¢ μÉ²¨Î¨¥ μÉ ¸É É¨¸É¨±¨
	μ§¥) ¨ μ¡· §ÊÕÉ ¸¢μ¡μ¤´ÊÕ  ²£¥¡·Ê. ŒÒ ¶·μ¢¥·¨³, ÎÉμ ³ ¸É¥·-¶μ²¥ ¨³¥¥É
¸¢μ¡μ¤´ÊÕ ¸É É¨¸É¨±Ê ¨ Ê¤μ¢²¥É¢μ·Ö¥É (7), (8) ¢ ¸²ÊÎ ¥, ±μ£¤  ¶μ²¥ a(k) ´ Ìμ-
¤¨É¸Ö ¢ Ëμ±μ¢¸±μ³ ¸μ¸ÉμÖ´¨¨. „²Ö ¡μ²¥¥ μ¡Ð¨Ì £ Ê¸¸μ¢¸±¨Ì ¸μ¸ÉμÖ´¨° ¶μ²Ö
(¢ Î ¸É´μ¸É¨, É¥³¶¥· ÉÊ·´μ£μ) ³Ò ¶μ²ÊÎ¨³ μ¡μ¡Ð¥´¨¥ (7), (8) Å ±¢ ´Éμ¢ÊÕ
 ²£¥¡·Ê ¸μ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±μ° ¨ ¸μμÉ´μÏ¥´¨Ö³¨, § ¢¨¸ÖÐ¨³¨ μÉ É¥³¶¥· -
ÉÊ·Ò. ‡¤¥¸Ó ³ ¸É¥·-¶μ²¥ ¨³¥¥É ¤¥²ÓÉ -±μ··¥²ÖÉμ· ¶μ ¢·¥³¥´¨, É. ¥. Ö¢²Ö¥É¸Ö
±¢ ´Éμ¢Ò³ ¡¥²Ò³ ÏÊ³μ³ (¸μ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±μ°).

1.3. ‘¢μ¡μ¤´ Ö ¸É É¨¸É¨±  ´  ¶·¨³¥·¥ 4-ÉμÎ¥Î´μ£μ ±μ··¥²ÖÉμ· . �¡-
¸Ê¤¨³ ¢μ§´¨±´μ¢¥´¨¥ ¢ ¶·¥¤¥²¥ λ → 0 ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±¨. �¶¥· Éμ·Ò
aλ(t, k) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Õ (5). Š § ²μ¸Ó ¡Ò, ¢ ¶·¥¤¥²¥ λ → 0
É ±¨¥ ¸μμÉ´μÏ¥´¨Ö ¤μ²¦´Ò ¤ ¢ ÉÓ b(t1, k1) b(t2, k2) = 0. �μ ÔÉμ ´¥ É ±.
�  ¸ ³μ³ ¤¥²¥ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¶·¨¢μ¤¨É ± ¢μ§´¨±´μ¢¥´¨Õ ¸¢μ¡μ¤´μ° ¸É -
É¨¸É¨±¨ (É. ¥. μ¶¥· Éμ·Ò Ê´¨ÎÉμ¦¥´¨Ö ¢ ¶·¥¤¥²¥ ¶¥·¥¸É ÕÉ ±μ³³ÊÉ¨·μ¢ ÉÓ).
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„²Ö ¶·μ¢¥·±¨ · ¸¸³μÉ·¨³ 4-ÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· (¢ Ëμ±μ¢¸±μ³ ¸μ¸ÉμÖ´¨¨)

〈aλ(t1, k1) aλ(t2, k2) a†
λ(t′2, k

′
2) a†

λ(t′1, k
′
1)〉 =

=
1
λ2

qλ

(
t2 − t′2, ω(k2) +

1
2
k2
2 + k2(p + k1)

)
δ(k2 − k′

2)×

× 1
λ2

qλ

(
t1 − t′1, ω(k1) +

1
2
k2
1 + k1p

)
δ(k1 − k′

1) qλ(t2 − t′2, k2k
′
2)+

+
1
λ2

qλ

(
t1 − t′2, ω(k1) +

1
2
k2
1 + k1p

)
δ(k1 − k′

2)×

× 1
λ2

qλ

(
t2 − t′1, ω(k2) +

1
2
k2
2 + k2p

)
δ(k2 − k′

1) qλ(t2 − t′2, k2k
′
2). (9)

�¥·¢Ò° Î²¥´ ¸μ¤¥·¦¨É ¶·μ¨§¢¥¤¥´¨¥ ¢±² ¤μ¢ (1/λ2)qλ(t1 − t′1, ·),
(1/λ2) qλ(t2−t′2, ·) (¸É·¥³ÖÐ¨Ì¸Ö ± δ-ËÊ´±Í¨Ö³) ¨ qλ(t2−t′2, ·) (¸É·¥³ÖÐ¥£μ¸Ö
± ´Ê²Õ), ´μ ¸É·¥³ÖÐ¨°¸Ö ± ´Ê²Õ ¢±² ¤ ¨³¥¥É ¢·¥³¥´´μ°  ·£Ê³¥´É, ¸μ¢¶ ¤ -
ÕÐ¨° ¸  ·£Ê³¥´Éμ³ μ¤´μ° ¨§ ´¥´Ê²¥¢ÒÌ ¢ ¶·¥¤¥²¥ λ → 0 μ¸Í¨²²¨·ÊÕÐ¨Ì
Ô±¸¶μ´¥´É. �μÔÉμ³Ê ¶·μ¨§¢¥¤¥´¨¥ ÔÉ¨Ì ¤¢ÊÌ ¢±² ¤μ¢ ¢Ò¦¨¢ ¥É ¢ ¶·¥¤¥²¥
(¶·¥¤¥² ¶·μ¨§¢¥¤¥´¨Ö ´¥ · ¢¥´ ¶·μ¨§¢¥¤¥´¨Õ ¶·¥¤¥²μ¢).

‚μ ¢Éμ·μ³ Î²¥´¥ ¢¸¥ μ¸Í¨²²¨·ÊÕÐ¨¥ Ô±¸¶μ´¥´ÉÒ ¨³¥ÕÉ · §´Ò¥ ¢·¥³¥´-
´Ò¥  ·£Ê³¥´ÉÒ, ¶μÔÉμ³Ê ¸É·¥³ÖÐ Ö¸Ö ± ´Ê²Õ μ¸Í¨²²¨·ÊÕÐ Ö Ô±¸¶μ´¥´É  ´¥
³μ¦¥É ¸μ±· É¨ÉÓ¸Ö ¨ ¶·¥¤¥² λ → 0 ¢Éμ·μ£μ Î²¥´  · ¢¥´ ´Ê²Õ. �¥·¢Ò° Î²¥´
μÉ¢¥Î ¥É ´¥¶¥·¥¸¥± ÕÐ¥°¸Ö ¤¨ £· ³³¥ (non-crossing ¨²¨ rainbow diagram),
¢Éμ·μ° μÉ¢¥Î ¥É ¶¥·¥¸¥± ÕÐ¥°¸Ö ¤¨ £· ³³¥ (crossing diagram). ‚¨¤´μ, ÎÉμ
¢ ¸ÉμÌ ¸É¨Î¥¸±μ³ ¶·¥¤¥²¥ ¢Ò¦¨¢ ÕÉ Éμ²Ó±μ ´¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¤¨ £· ³³Ò.

� ¸¸³μÉ·¨³ É¥¶¥·Ó 4-ÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ¤¢Ê³Ö ¶¥·-
¢Ò³¨ Î²¥´ ³¨ (¢μ¸¶μ²Ó§Ê¥³¸Ö ¶¥·¥¸É ´μ¢μÎ´Ò³ ¸μμÉ´μÏ¥´¨¥³ (5)):

〈aλ(t2, k2)aλ(t1, k1) a†
λ(t′2, k

′
2) a†

λ(t′1, k
′
1)〉q−1

λ (t1 − t2, k1k2) =

= q−1
λ (t1 − t2, k1k2)

(
1
λ2

qλ

(
t1 − t′2, ω(k1) +

1
2
k2
1 + k1(p + k1)

)
δ(k1 − k′

2)×

× 1
λ2

qλ

(
t2 − t′1, ω(k2) +

1
2
k2
2 + k2p

)
δ(k2 − k′

1) qλ(t1 − t′2, k1k
′
2)+

+
1
λ2

qλ

(
t2 − t′2, ω(k2) +

1
2
k2
2 + k2p

)
δ(k2 − k′

2)×

× 1
λ2

qλ

(
t1 − t′1, ω(k1) +

1
2
k2
1 + k1p

)
δ(k1 − k′

1) qλ(t1 − t′2, k1k
′
2)

)
. (10)
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’¥¶¥·Ó, ¡² £μ¤ ·Ö ´ ²¨Î¨Õ μ¸Í¨²²¨·ÊÕÐ¥° Ô±¸¶μ´¥´ÉÒ q−1
λ (t1−t2, k1k2),

¶¥·¢Ò° Î²¥´ ¸É ´μ¢¨É¸Ö ¸É·¥³ÖÐ¨³¸Ö ± ´Ê²Õ. ‚μ ¢Éμ·μ³ Î²¥´¥ ¤¢¥ μ¸Í¨²-
²¨·ÊÕÐ¨¥ Ô±¸¶μ´¥´ÉÒ (¸É·¥³ÖÐ¨¥¸Ö ± ´Ê²Õ) ¸μ±· Ð ÕÉ¸Ö ¸ μ¡· §μ¢ ´¨¥³
qλ(t2 − t′2, k1k2), ¢·¥³¥´´μ°  ·£Ê³¥´É ¢ ÔÉμ³ Î²¥´¥ ¸μ¢¶ ¤ ¥É ¸  ·£Ê³¥´Éμ³
¢ μ¤´μ° ¨§ ´¥ ¸É·¥³ÖÐ¨Ì¸Ö ± ´Ê²Õ μ¸Í¨²²¨·ÊÕÐ¨Ì Ô±¸¶μ´¥´É. ’μ ¥¸ÉÓ
¶·¨ ¶·¨³¥´¥´¨¨ ¸μμÉ´μÏ¥´¨Ö (5) ³Ò ¶μ²ÊÎ¨²¨, ÎÉμ ¢ ¶·¥¤¥²¥ 4-ÉμÎ¥Î´μ£μ
±μ··¥²ÖÉμ·  ¢Ò¦¨¢ ¥É ¶¥·¥¸¥± ÕÐ Ö¸Ö ¤¨ £· ³³ ,   μ¡´Ê²Ö¥É¸Ö ´¥¶¥·¥¸¥-
± ÕÐ Ö¸Ö. �μ ÔÉμ É¥ ¦¥ ¤¨ £· ³³Ò, ÎÉμ ¡Ò²¨ · ´¥¥ (¤²Ö (9) ¨ (10) ¶¥·¥¸¥± -
ÕÐ¨¥¸Ö ¨ ´¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¤¨ £· ³³Ò ³¥´ÖÕÉ¸Ö ·μ²Ö³¨, É. ¥. ¶·¨ ¶μ¶ÒÉ±¥
¶μ³¥´ÖÉÓ ³¥¸É ³¨ μ¶¥· Éμ·Ò Ê´¨ÎÉμ¦¥´¨Ö, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó Ê¸²μ¢¨¥³ (5),
μ¶¥· Éμ·Ò ¸´μ¢  ³¥´ÖÕÉ¸Ö ³¥¸É ³¨, ¢μ¸¸É ´ ¢²¨¢ Ö ¨¸Ìμ¤´Ò° ¶μ·Ö¤μ±). ’ -
±¨³ μ¡· §μ³, ¶¥·¥¸É ´μ¢μÎ´μ¥ ¸μμÉ´μÏ¥´¨¥ (5) ¢ ¶·¥¤¥²¥ § ³¥´Ö¥É¸Ö ´  Ê¸²μ-
¢¨¥ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±¨.

2. ‚›—ˆ‘‹…�ˆ… N -’�—…—��ƒ� Š���…‹Ÿ’���

‚ ÔÉμ³ · §¤¥²¥ ³Ò ¢ÒÎ¨¸²¨³ ¢¨¤ ³´μ£μÉμÎ¥Î´μ£μ ±μ··¥²ÖÉμ·  ¤²Ö  ²£¥-
¡·Ò § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ·μ¢ (3)Ä(5)

〈aε1
λ (t1, k1) . . . aεN

λ (tN , kN )〉.

‡¤¥¸Ó aε μ¡μ§´ Î ¥É a ¨²¨ a† (ε = −1 ¤²Ö a ¨ ε = 1 ¤²Ö a†), ¸±μ¡±¨ 〈·〉
μ¡μ§´ Î ÕÉ £ Ê¸¸μ¢¸±μ¥ (¢ Î ¸É´μ¸É¨, É¥³¶¥· ÉÊ·´μ¥) ¸μ¸ÉμÖ´¨¥.

ƒ Ê¸¸μ¢¸±μ¥ ¸μ¸ÉμÖ´¨¥ (´¥¸¦ Éμ¥ ¸ ´Ê²¥¢Ò³ ¸·¥¤´¨³) ¤²Ö  ²£¥¡·Ò ± ´μ-
´¨Î¥¸±¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° μ¶¨¸Ò¢ ¥É¸Ö É¥μ·¥³μ° ‚¨±  (²¨¡μ
	²μÌ  Ä ¤¥ „μ³¨´¨Î¨¸ ). „²Ö É ±μ£μ ¸μ¸ÉμÖ´¨Ö ¸·¥¤´¥¥ μÉ ³μ´μ³  ¶μ μ¶¥· Éμ-
· ³ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ³μ¦¥É μÉ²¨Î ÉÓ¸Ö μÉ ´Ê²Ö, Éμ²Ó±μ ¥¸²¨ Î¨¸²μ n
μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö · ¢´μ Î¨¸²Ê μ¶¥· Éμ·μ¢ Ê´¨ÎÉμ¦¥´¨Ö, ´¥´Ê²¥¢Ò¥ ¸¶ -
·¨¢ ´¨Ö μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö (¸·¥¤´¨¥ μÉ ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ
μ¶¥· Éμ·μ¢) · ¢´Ò

〈a†(k)a(k′)〉 = N(k)δ(k − k′),

〈a(k)a†(k′)〉 = (N(k) + 1)δ(k − k′).

‚ Î ¸É´μ¸É¨, ¤²Ö É¥³¶¥· ÉÊ·´μ£μ ¸μ¸ÉμÖ´¨Ö

N(k) =
1

eβω(k) − 1
,

£¤¥ β ¥¸ÉÓ μ¡· É´ Ö É¥³¶¥· ÉÊ·  ¨ ω(k) ¥¸ÉÓ ¤¨¸¶¥·¸¨Ö ¶μ²Ö ¸ ¢μ²´μ¢Ò³
¢¥±Éμ·μ³ k (¶μ¸ÉμÖ´´ Ö �² ´±  ¶μ²μ¦¥´  · ¢´μ° ¥¤¨´¨Í¥).

„²Ö ³μ´μ³  ¤²¨´μ° N = 2n ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö

〈aε1 (k1) . . . aεN (kN )〉, N = 2n,
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· ¢´  ¸Ê³³¥ ¶μ ¢¸¥¢μ§³μ¦´Ò³ · §¡¨¥´¨Ö³ ³μ´μ³  ´  ¶ ·Ò μ¶¥· Éμ·μ¢ ·μ¦¤¥-
´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö μÉ ¶·μ¨§¢¥¤¥´¨° ¸¶ ·¨¢ ´¨° ¨ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³
μ¡· §μ³.

�Ê¸ÉÓ ε = (ε1, . . . , ε2n) μ¶¨¸Ò¢ ¥É · ¸¸É ´μ¢±Ê μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö ¢ ³μ´μ³¥, σ(ε) = {(mj , m

′
j)}, j = 1, . . . , n, ¥¸ÉÓ · §¡¨¥-

´¨¥ ³μ´μ³  ´  ¶ ·Ò μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö (mj ¥¸ÉÓ ´μ³¥·
μ¶¥· Éμ·  ·μ¦¤¥´¨Ö, m′

j ¥¸ÉÓ ´μ³¥· μ¶¥· Éμ·  Ê´¨ÎÉμ¦¥´¨Ö ¢ ¶ ·¥, ¢¸¥
´μ³¥·  ¢ · §¡¨¥´¨¨ · §²¨Î´Ò). ’ ±¦¥ ¢¢¥¤¥³ ¸¨³¢μ² Ê¶μ·Ö¤μÎ¥´¨Ö ¶ ·Ò
δj = sign

(
mj − m′

j

)
(É. ¥. δj = 1, ¥¸²¨ a† · ¸¶μ²μ¦¥´ ¶· ¢¥¥ a ¢ j-° ¶ ·¥,

¨ δj = −1 ¶·¨ μ¡· É´μ³ · ¸¶μ²μ¦¥´¨¨). Š ¦¤μ³Ê · §¡¨¥´¨Õ ³μ´μ³  ³μ¦´μ
¸μ¶μ¸É ¢¨ÉÓ ¤¨ £· ³³Ê, ¢ ±μÉμ·μ° μ¶¥· Éμ·Ò ¨§μ¡· ¦ ÕÉ¸Ö ÉμÎ± ³¨ ´  μÉ-
·¥§±¥, Ê¶μ·Ö¤μÎ¥´´Ò³¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨Ì ¶μ²μ¦¥´¨¥³ ¢ ³μ´μ³¥ (²¥¢¥¥ ¢
³μ´μ³¥ Å ²¥¢¥¥ ´  μÉ·¥§±¥),   ¶ ·Ò ¨§μ¡· ¦ ÕÉ¸Ö ¤Ê£ ³¨, ¸μ¥¤¨´ÖÕÐ¨³¨
ÉμÎ±¨, μÉ·¥§μ± ¶Ê¸ÉÓ ²¥¦¨É ´  μ¸¨  ¡¸Í¨¸¸ ¢ ±μμ·¤¨´ É´μ° ¶²μ¸±μ¸É¨,  
¤Ê£¨ Å ¢ ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨. „¨ £· ³³  ´ §Ò¢ ¥É¸Ö ´¥¶¥·¥¸¥± ÕÐ¥°¸Ö,
¥¸²¨ ¤Ê£¨ ³μ¦´μ ¶·¨ ÔÉμ³ ¨§μ¡· §¨ÉÓ ¡¥§ ¶¥·¥¸¥Î¥´¨°. �·¨ ÔÉμ³ ± ¦¤ Ö
¢¥·Ï¨´  ¶·¨´ ¤²¥¦¨É ·μ¢´μ μ¤´μ° ¨§ ¤Ê£ (mj , m

′
j). „Ê£¨ ¢ ¤¨ £· ³³¥ § -

´Ê³¥·Ê¥³, Ê¶μ·Ö¤μÎ¨¢ ¨Ì ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨Ì ²¥¢Ò³¨ ±μ´Í ³¨ (É. ¥. ¤Ê£ , Ê
±μÉμ·μ° ²¥¢Ò° ±μ´¥Í · ¸¶μ²μ¦¥´ ²¥¢¥¥, ¡Ê¤¥É ¨³¥ÉÓ ³¥´ÓÏ¨° ´μ³¥· ¢ ´Ê³¥-
· Í¨¨).

Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö · ¢´  ¸Ê³³¥ ¶μ · §¡¨¥´¨Ö³ σ (É. ¥. ¶μ ¤¨ £· ³-
³ ³)

〈aε1(k1) . . . aεN (kN )〉 =
∑
σ(ε)

n∏
j=1

M(kmj )δ(kmj − km′
j
),

M(kmj ) = N(kmj ) +
1
2
(δj + 1), δj = sign

(
mj − m′

j

)
.

(11)

‚ Î ¸É´μ¸É¨, ¤²Ö Ëμ±μ¢¸±μ£μ ¸μ¸ÉμÖ´¨Ö N(k) = 0, ¨ mj > m′
j ¤²Ö ¢¸¥Ì

´¥´Ê²¥¢ÒÌ ¢±² ¤μ¢ ¢ ±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±Í¨Õ. 	² £μ¤ ·Ö ´ ²¨Î¨Õ ¤¥²ÓÉ -
ËÊ´±Í¨¨ ¢μ²´μ¢Ò¥ ¢¥±Éμ·Ò kmj , km′

j
μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¢

¶ ·¥ ¸μ¢¶ ¤ ÕÉ.
N -ÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· ¤²Ö § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ·μ¢ (1), (2) ¨³¥¥É

¢¨¤

〈aε1
λ (t1, k1) . . . aεN

λ (tN , kN )〉 =

=
1

λ2n

2n∏
s=1

[
exp

{
−i

ts
λ2

[
ω(ks) +

1
2

k2
s + ksp

]}
exp (−iksq)

]−εs

×

×
∑
σ(ε)

n∏
j=1

M(kmj )δ(kmj − km′
j
),



478 Š�‡›�…‚ ‘.‚.

¸μ¤¥·¦ Ð¨° ¶·μ¨§¢¥¤¥´¨¥ ¤¥²ÓÉ -ËÊ´±Í¨°, μÉ¢¥Î ÕÐ¨Ì ¤Ê£ ³ ¤¨ £· ³³Ò (¶ -
· ³ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¨§ · §¡¨¥´¨Ö ³μ´μ³ ),   É ±¦¥
¶·μ¨§¢¥¤¥´¨¥ ³´μ¦¨É¥²¥° (¶·μ¨§¢¥¤¥´¨¥ Ô±¸¶μ´¥´É), μÉ¢¥Î ÕÐ¨Ì ¢¥·Ï¨´ ³
¤¨ £· ³³Ò. �¥·¢μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¸μ¤¥·¦¨É ´¥±μ³³ÊÉ¨·ÊÕÐ¨¥ μ¶¥· Éμ·Ò,
μ´μ Ê¶μ·Ö¤μÎ¥´μ ¸²¥¢  ´ ¶· ¢μ.

‡ ´Ê³¥·Ê¥³ É ±¦¥ ¢·¥³¥´´Ò¥  ·£Ê³¥´ÉÒ ¤²Ö § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ·μ¢ ± ±
tmj , tm′

j
. �´ ²μ£¨Î´μ § ´Ê³¥·Ê¥³ ¨´¤¥±¸Ò εmj , εm′

j
. �¡¥ ±¢ ¤· É¨Î´Ò¥

±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ (¨²¨ ¸¶ ·¨¢ ´¨Ö ¢¥·Ï¨´ ¤¨ £· ³³Ò) 〈aλ(tm′
j
, km′

j
)

a†
λ(tmj , kmj )〉, 〈a†

λ(tmj , kmj ) aλ(tm′
j
, km′

j
)〉, μÉ¢¥Î ÕÐ¨¥ ¤Ê£ ³ ¤¨ £· ³³Ò,

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

1
λ2

exp

{
i
(tmj − tm′

j
)

λ2

[
ω(kmj ) + δj

1
2
k2

mj
+ pkmj

]}
×

× M(kmj )δ(kmj − km′
j
). (12)

ŒÒ ÌμÉ¨³ ¢Ò· §¨ÉÓ N -ÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· Î¥·¥§ É ±¨¥ ±μ··¥²ÖÍ¨μ´´Ò¥
ËÊ´±Í¨¨.

Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö ¥¸ÉÓ ¸Ê³³  ¶μ ¤¨ £· ³³ ³ (¶μ · §¡¨¥´¨Ö³ ³μ-
´μ³ ). ŒÒ ÌμÉ¨³ ¶·¥¤¸É ¢¨ÉÓ ¢±² ¤ ¢ ±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±Í¨Õ, μÉ¢¥Î ÕÐ¨°
¤¨ £· ³³¥, ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ¶μ ¤Ê£ ³ μÉ ¸¶ ·¨¢ ´¨° ¢¥·Ï¨´, É ±¦¥ ¶·μ-
¨§¢¥¤¥´¨¥ ¤μ²¦´μ ¸μ¤¥·¦ ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò¥ ³´μ¦¨É¥²¨, ¢μ§´¨± ÕÐ¨¥ ¶·¨
¶¥·¥¸É ´μ¢±¥ Î²¥´μ¢ ¢ ¶¥·¢μ³ ¶·μ¨§¢¥¤¥´¨¨ ¢ Ëμ·³Ê²¥ ¢ÒÏ¥. „²Ö ¶·¨¤ ´¨Ö
¢±² ¤Ê É ±μ£μ ¢¨¤  ´ ¤μ ¶·μÉ ¸±¨¢ ÉÓ ³´μ¦¨É¥²¨ eiδlklq ¢ ¶·μ¨§¢¥¤¥´¨¨, μÉ-
¢¥Î ÕÐ¨¥ ¸μ¥¤¨´¥´´Ò³ ¤Ê£μ° ¢¥·Ï¨´ ³, ¸¶· ¢  ´ ²¥¢μ (¶·μÉ ¸±¨¢ ÉÓ ¶· ¢Ò°
±μ´¥Í ¤Ê£¨ ± ²¥¢μ³Ê). �μ¸±μ²Ó±Ê ¤Ê£  ¸μ¤¥·¦¨É ¤¥²ÓÉ -ËÊ´±Í¨Õ ¶μ ¢μ²´μ-
¢Ò³ ¢¥±Éμ· ³, μÉ¢¥Î ÕÐ¨¥ · §´Ò³ ±μ´Í ³ ¤Ê£¨ ³´μ¦¨É¥²¨ e±ikq ¶·¨ ÔÉμ³
¸μ±· ÉÖÉ¸Ö. �μ¸²¥ ÔÉμ£μ μ¸É ´¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥ ±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢
(±μÉμ·Ò¥ ¡Ê¤ÊÉ ¸μ¤¥·¦ ÉÓ Éμ²Ó±μ ËÊ´±Í¨¨ μÉ ¨³¶Ê²Ó¸  p).

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö a(l) = min (ml, m
′
l), b(l) = max (ml, m

′
l). �·μ-

¤¥² ¥³ μ¶¨¸ ´´ÊÕ ¢ÒÏ¥ ¶·μÍ¥¤Ê·Ê ¶·μÉ ¸±¨¢ ´¨Ö ³´μ¦¨É¥²¥° ¤²Ö ¶¥·¢μ°
¶ ·Ò (m1, m

′
1). �·¨ ÔÉμ³ ¢μ§´¨±´¥É ¸¶ ·¨¢ ´¨¥ (12) ¤²Ö ¶¥·¢μ° ¶ ·Ò ¨ ¶·¨

±μ³³ÊÉ Í¨¨ ¢μ§´¨±´¥É ¶·μ¨§¢¥¤¥´¨¥ (¤²Ö l = 1)

b(l)−1∏
s=a(l)+1

[
exp

{
−i

ts
λ2

[δlkskml
]
}]−εs

=
b(l)−1∏

s=a(l)+1

exp
(

i
ts
λ2

εsδlkskml

)
.
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�μ¢Éμ·ÖÖ ÔÉÊ ¶·μÍ¥¤Ê·Ê ¤²Ö ¢¸¥Ì ¤Ê£ ¤¨ £· ³³Ò, ¶μ²ÊÎ¨³ ¤²Ö ¢±² ¤  ¢
±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±Í¨Õ μÉ ¤¨ £· ³³Ò ¢Ò· ¦¥´¨¥

n∏
j=1

1
λ2

exp

⎧⎨
⎩i

(
tmj − tm′

j

)
λ2

[
ω(kmj ) + δj

1
2
k2

mj
+ pkmj

]⎫⎬
⎭×

× M(kmj )δ(kmj − km′
j
)

b(j)−1∏
s=a(j)+1

exp
(

i
ts
λ2

εsδjkskmj

)
.

�·¨ ÔÉμ³, ¥¸²¨ ´¥±μÉμ· Ö l-Ö ¤Ê£  ¤¨ £· ³³Ò ´ Ìμ¤¨É¸Ö Í¥²¨±μ³ ¢´ÊÉ·¨
j-° ¤Ê£¨, Éμ ¶·μ¨§¢¥¤¥´¨¥ ¶μ s ¸μ¤¥·¦¨É ¤¢  ¢±² ¤  μÉ l-° ¤Ê£¨ (μÉ¢¥Î ÕÐ¨¥
¥¥ ±μ´Í ³), ¶·¨Î¥³ ¢μ²´μ¢Ò¥ ¢¥±Éμ·Ò ¤²Ö ±μ´Íμ¢ ¤Ê£¨ ¸μ¢¶ ¤ ÕÉ. �μÔÉμ³Ê
¶·μ¨§¢¥¤¥´¨¥ ÔÉ¨Ì ¢±² ¤μ¢ · ¢´μ

exp
{

i
tal

− tbl

λ2
εal

δjkml
kmj

}
= exp

{
i
tml

− tm′
l

λ2
δjkml

kmj

}
,

¶μÔÉμ³Ê É ±μ° ¢±² ¤ ¡Ê¤¥É § ¢¨¸¥ÉÓ μÉ ¢·¥³¥´´μ£μ  ·£Ê³¥´É , ¸μ¢¶ ¤ ÕÐ¥£μ
¸ ¢·¥³¥´´Ò³  ·£Ê³¥´Éμ³, μÉ¢¥Î ÕÐ¨³ ´¥±μÉμ·μ° ¤Ê£¥ ¤¨ £· ³³Ò. …¸²¨ ¦¥
± ±¨¥-Éμ ¤Ê£¨ ¶¥·¥¸¥± ÕÉ¸Ö, Éμ ¢μ§´¨±´ÊÉ ¢·¥³¥´´Ò¥  ·£Ê³¥´ÉÒ, ´¥ μÉ¢¥Î -
ÕÐ¨¥ ¤Ê£ ³ ¤¨ £· ³³Ò. ‚ ¸ÉμÌ ¸É¨Î¥¸±μ³ ¶·¥¤¥²¥ λ → 0 ¢±² ¤Ò μÉ É ±¨Ì
¤¨ £· ³³ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ. �·μ¨§¢¥¤¥´¨¥ ¢±² ¤μ¢ μÉ ¶¥·¥¸¥Î¥´¨° ¤Ê£ ¢
¤¨ £· ³³¥, ¶¥·¥¸¥± ÕÐ¨Ì j-Õ ¤Ê£Ê, ¶·¨´¨³ ¥É ¢¨¤

⎡
⎣ ∏

l:a(l)<a(j)<b(l)<b(j)

exp
(

i
tbl

λ2
εbl

δjkbl
kmj

)⎤
⎦×

×

⎡
⎣ ∏

l:a(j)<a(l)<b(j)<b(l)

exp
(

i
tal

λ2
εal

δjkal
kmj

)⎤
⎦ .

�¡μ¡Ð Ö ¶·¨¢¥¤¥´´ÊÕ ¢ÒÏ¥ ¤¨¸±Ê¸¸¨Õ ¨ ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (6), ³Ò
¶μ²ÊÎ ¥³:
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’¥μ·¥³  1. N -ÉμÎ¥Î´ Ö ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ-
·μ¢ ¨³¥¥É ¢¨¤

〈aε1
λ (t1, k1) . . . aεN

λ (tN , kN )〉 =
∑
σ(ε)

n∏
j=1

1
λ2

exp

{
i
(tmj − tm′

j
)

λ2
×

×

⎡
⎣ω(kmj ) + δj

1
2
k2

mj
+ pkmj +

∑
l:a(l)<a(j)<b(j)<b(l)

δlkml
kmj

⎤
⎦
⎫⎬
⎭×

×

⎡
⎣ ∏

l:a(l)<a(j)<b(l)<b(j)

exp
(

i
tbl

λ2
εbl

δjkbl
kmj

)⎤
⎦×

×

⎡
⎣ ∏

l:a(j)<a(l)<b(j)<b(l)

exp
(

i
tal

λ2
εal

δjkal
kmj

)⎤
⎦M(kmj )δ(kmj − km′

j
). (13)

‡¤¥¸Ó a(l) = min (ml, m
′
l), b(l) = max (ml, m

′
l), M(kmj ) § ¤ ´μ (11).

‘ÉμÌ ¸É¨Î¥¸±¨° ¶·¥¤¥² ±μ··¥²ÖÉμ·  ¶·¨³¥É ¢¨¤

lim
λ→0

〈aε1
λ (t1, k1) . . . aεN

λ (tN , kN )〉 =
∑
σ′(ε)

n∏
j=1

2πδ
(
tmj − tm′

j

)
×

× δ

⎡
⎣ω(kmj ) + δj

1
2
k2

mj
+ pkmj +

∑
l:a(l)<a(j)<b(j)<b(l)

δlkml
kmj

⎤
⎦×

× M(kmj )δ(kmj − km′
j
), (14)

£¤¥ μ¡μ§´ Î¥´¨¥ σ′(ε) μ§´ Î ¥É, ÎÉμ ¸Ê³³¨·μ¢ ´¨¥ ¸Ê¦¥´μ ´  ´¥¶¥·¥¸¥± Õ-
Ð¨¥¸Ö ¤¨ £· ³³Ò.

3. �‹ƒ…��� Œ�‘’…�-��‹Ÿ

Šμ´¸É·Ê±Í¨Ö É¥³¶¥· ÉÊ·´μ£μ ¤Ê¡²Ö (¢ ·¨ ´É ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ-
¡μ¢ ) ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ £ Ê¸¸μ¢¸±μ¥ ¸μ¸ÉμÖ´¨¥ Î¥·¥§ Ëμ±μ¢¸±μ¥. � ¸¸³μÉ·¨³
¤²Ö ¡μ§μ´´μ°  ²£¥¡·Ò ¶·¥μ¡· §μ¢ ´¨¥, ¶·¥¤¸É ¢²ÖÕÐ¥¥ μ¶¥· Éμ· Ê´¨ÎÉμ¦¥-
´¨Ö a(k) ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ a1(k) ¨ a†

2(k) Å μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¡μ§μ´´ÒÌ ¶μ²¥° (§¤¥¸Ó u, v ¸ÊÉÓ Î¨¸²μ¢Ò¥
¶ · ³¥É·Ò):

a(k) �→ ua1(k) + va†
2(k),

a†(k) �→ u∗a†
1(k) + v∗a2(k).
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“¸²μ¢¨¥ ¸μÌ· ´¥´¨Ö ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°

[ua1(k) + va†
2(k), u∗a†

1(k) + v∗a2(k)] = |u|2 − |v|2 = 1.

�Ê¸ÉÓ ¶μ²Ö a1(k), a2(k) ´ Ìμ¤ÖÉ¸Ö ¢ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨ÖÌ. ’μ£¤ 

〈a†(k)a(k′)〉 = |v|2δ(k − k′),

〈a(k)a(k′)〉 = 〈a†(k)a†(k′)〉 = 0.

’ ±¨³ μ¡· §μ³, ¶·¨ É ±μ³ ¶·¥μ¡· §μ¢ ´¨¨ Ëμ±μ¢¸±μ¥ ¸μ¸ÉμÖ´¨¥ ¶·¥¢· -
Ð ¥É¸Ö ¢ £ Ê¸¸μ¢¸±μ¥ ´¥Ëμ±μ¢¸±μ¥ (´¥¸¦ Éμ¥ ¸ ´Ê²¥¢Ò³ ¸·¥¤´¨³). „²Ö ¤μ-
± § É¥²Ó¸É¢  ÔÉμ£μ Ë ±É  ¤μ¸É ÉμÎ´μ ¶μ± § ÉÓ, ÎÉμ ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö
¤²Ö ¶μ²Ö a(k) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ É¥μ·¥³¥ ‚¨± , ÔÉμ ¸²¥¤Ê¥É ¨§ É¥μ·¥³ ‚¨±  ¤²Ö
¶μ²¥° a1(k), a2(k).

‘²¥¤ÊÕÐ Ö É¥μ·¥³  ¶μ§¢μ²Ö¥É ¢μ¸¶·μ¨§¢¥¸É¨ ¸ÉμÌ ¸É¨Î¥¸±¨¥ ¶·¥¤¥²Ò
±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°, ¢ÒÎ¨¸²¥´´ÒÌ ¢ É¥μ·¥³¥ 1 ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥² ,
¶·¨ ¶μ³μÐ¨  ´ ²μ£  ±μ´¸É·Ê±Í¨¨ É¥³¶¥· ÉÊ·´μ£μ ¤Ê¡²Ö ¤²Ö  ²£¥¡·Ò ³ ¸É¥·-
¶μ²Ö (±¢ ´Éμ¢μ£μ ÏÊ³ ) ¸μ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±μ°. ‚ μÉ²¨Î¨¥ μÉ ¡μ§μ´´μ£μ
¸²ÊÎ Ö, ¶·¨ É¥³¶¥· ÉÊ·´μ³ ¤Ê¡²¥ ³¥´Ö¥É¸Ö ´¥ Éμ²Ó±μ ¸μ¸ÉμÖ´¨¥, ´μ ¨ ¶¥·¥-
¸É ´μ¢μÎ´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ³ ¸É¥·-¶μ²Ö.

’¥μ·¥³  2. CÉμÌ ¸É¨Î¥¸±¨° ¶·¥¤¥² N -ÉμÎ¥Î´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±-
Í¨¨ ¤²Ö § ¶ÊÉ ´´ÒÌ μ¶¥· Éμ·μ¢ · ¢¥´ ±μ··¥²ÖÉμ·Ê ¤²Ö  ²£¥¡·Ò ÏÊ³μ¢

lim
λ→0

〈aε1
λ (t1, k1) . . . aεN

λ (tN , kN )〉 = 〈bε1(t1, k1) . . . bεN (tN , kN )〉,

£¤¥  ²£¥¡·  ÏÊ³μ¢ μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ ¸μ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨-
±μ° Å ³ ¸É¥·-¶μ²¥ ¥¸ÉÓ ¸Ê³³  ¤¢ÊÌ ¢±² ¤μ¢:

b(t, k) = b1(t, k) + b†2(t, k), (15)

´¥§ ¢¨¸¨³ÒÌ ¢ ¸¢μ¡μ¤´μ³ ¸³Ò¸²¥ b1b
†
2 = b2b

†
1 = 0, ¸ ¸μμÉ´μÏ¥´¨Ö³¨

b1(t, k)b†1(t
′, k′) = 2πδ(t − t′)δ

(
ω(k) +

1
2

k2 + kp

)
(N(k) + 1)δ(k − k′), (16)

b2(t, k)b†2(t
′, k′) = 2πδ(t − t′)δ

(
ω(k) − 1

2
k2 + kp

)
N(k)δ(k − k′). (17)

b1(t, k)p = (p + k)b1(t, k), (18)

b2(t, k)p = (p − k)b2(t, k). (19)

Šμ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¶·¨ ÔÉμ³ ¡¥·ÊÉ¸Ö ¤²Ö Ëμ±μ¢¸±μ£μ ¸μ¸ÉμÖ´¨Ö
¤²Ö  ²£¥¡·Ò ¸¢μ¡μ¤´ÒÌ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¸ μ¡· §ÊÕÐ¨³¨
b1, b†1, b2, b†2.
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ŒÒ ¤μ²¦´Ò ¤μ± § ÉÓ ¤¥Ëμ·³¨·μ¢ ´´Ò° ¢ ·¨ ´É É¥μ·¥³Ò ‚¨±  ¤²Ö ¸²ÊÎ Ö
¸¢μ¡μ¤´μ° ¸É É¨¸É¨±¨. Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö 〈bε1(t1, k1) . . . bεN (tN , kN )〉,
N = 2n, ¶·¨´¨³ ¥É ¢¨¤ ¸Ê³³Ò ¶μ ¢¸¥¢μ§³μ¦´Ò³ ´¥¶¥·¥¸¥± ÕÐ¨³¸Ö ¤¨ £· ³-
³ ³ (ÔÉμ ¸²¥¤Ê¥É ¨§ ¸¢μ¡μ¤´μ° ¸É É¨¸É¨±¨). „Ê£¨ ¢ ÔÉ¨Ì ¤¨ £· ³³ Ì μÉ¢¥Î ÕÉ
¸¶ ·¨¢ ´¨Ö³ b1b

†
1, b2b

†
2 (± ¦¤μ° ¤Ê£¥ ¢¨¤  bb† μÉ¢¥Î ¥É ¸¶ ·¨¢ ´¨¥ b1b

†
1,   ¤Ê£¥

b†b Å ¸¶ ·¨¢ ´¨¥ b2b
†
2). ˆ§ (16), (17) ¸²¥¤Ê¥É, ÎÉμ ± ¦¤μ¥ É ±μ¥ ¸¶ ·¨¢ ´¨¥

¶μ·μ¦¤ ¥É Î²¥´, ¶·¥¤¸É ¢²¥´´Ò° ¢ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ (14) (¡¥§ ¢±² ¤ 
¸Ê³³¨·μ¢ ´¨Ö ¶μ l). ‚±² ¤ ¶μ¤ ¤¥²ÓÉ -ËÊ´±Í¨¥°, ¸μ¤¥·¦ Ð¨° ¸Ê³³¨·μ¢ ´¨¥
¶μ l, ¢μ§´¨± ¥É ¶·¨ ¶·μÉ ¸±¨¢ ´¨¨ ¸¶ ·¨¢ ´¨Ö Î¥·¥§ ¤Ê£Ê ¶·¨ Ê¶μ·Ö¤μÎ¥´¨¨
μ¶¥· Éμ·´ÒÌ ¤¥²ÓÉ -ËÊ´±Í¨° ¸ ÊÎ¥Éμ³ ¸μμÉ´μÏ¥´¨° (18), (19) (¶μ É¥³ ¦¥  ·-
£Ê³¥´É ³, ±μÉμ·Ò¥ μ¡¸Ê¦¤ ²¨¸Ó ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò 1 ¨ ¶μ·μ¦¤ ²¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢±² ¤Ò ¢ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ (14)).

�² £μ¤ ·´μ¸É¨. ˆ¸¸²¥¤μ¢ ´¨¥ ¢Ò¶μ²´¥´μ §  ¸Î¥É £· ´É  �μ¸¸¨°¸±μ£μ ´ -
ÊÎ´μ£μ Ëμ´¤  (¶·μ¥±É º19-11-00320).
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