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� ¸¸³μÉ·¥´  § ¤ Î  ³ ±¸¨³¨§ Í¨¨ ±·¨É¥·¨Ö “²Ó³ ´ Ä‰μ¦¨, ¶μ± §Ò¢ ÕÐ¥£μ ¸É¥-
¶¥´Ó ¸μ¢¶ ¤¥´¨Ö § ¤ ´´μ° Í¥²¥¢μ° ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ¨ Ë¨´ ²Ó´μ° ³ É·¨ÍÒ ¶²μÉ-
´μ¸É¨ ¤¢ÊÌÊ·μ¢´¥¢μ° μÉ±·ÒÉμ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, ´ Ìμ¤ÖÐ¥°¸Ö ¶μ¤ μ¤´μ¢·¥³¥´´Ò³
¢μ§¤¥°¸É¢¨¥³ ±μ£¥·¥´É´μ£μ ¨ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨°. „²Ö ´¥±μÉμ·ÒÌ ´ Î ²Ó´ÒÌ ¨
Í¥²¥¢ÒÌ ³ É·¨Í ¶²μÉ´μ¸É¨  ´ ²¨É¨Î¥¸±¨ ¶μ± § ´μ, ÎÉμ ´Ê²¥¢Ò¥ ±μ£¥·¥´É´μ¥ ¨ ´¥±μ£¥-
·¥´É´μ¥ Ê¶· ¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö μ¸μ¡Ò³¨ Ê¶· ¢²¥´¨Ö³¨ ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥μ¡Ìμ¤¨³Ò³
Ê¸²μ¢¨Ö³ μ¶É¨³ ²Ó´μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤± . „²Ö μ¡Ð¥£μ ¸²ÊÎ Ö · ¸¸³μÉ·¥´ ³¥Éμ¤ Î¨-
¸²¥´´μ£μ ·¥Ï¥´¨Ö ¸ ¶μ³μÐÓÕ ·¥¤Ê±Í¨¨ ± ±μ´¥Î´μ³¥·´μ° μ¶É¨³¨§ Í¨¨. �μ²ÊÎ¥´Ò ¨
μ¶¨¸ ´Ò Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

The article considers the problem of maximization of the UhlmannÄJozsa ˇdelity
which shows the coincidence degree between the given target density matrix and the ˇnal
density matrix of a two-level open quantum system evolving under simultaneous action
of coherent and incoherent controls. For some initial and target density matrices, it is
analytically shown that zero coherent and incoherent controls are singular controls which
satisfy the second-order necessary optimality conditions. For the general case, a numerical
method with reduction to ˇnite-dimensional optimization is considered. The numerical
results were obtained and presented.

PACS: 03.65.-w; 03.65.Yz

‚‚…„…�ˆ…

‚ ¸μ¢·¥³¥´´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ μ¤´μ° ¨§ ¢ ¦´ÒÌ μ¡² ¸É¥° Ö¢²Ö¥É¸Ö
É¥μ·¨Ö Ê¶· ¢²¥´¨Ö ±¢ ´Éμ¢Ò³¨ ¸¨¸É¥³ ³¨ [1Ä5]. ‚ ·¥ ²Ó´ÒÌ ¸¨ÉÊ Í¨ÖÌ ±¢ ´-
Éμ¢Ò¥ ¸¨¸É¥³Ò, ± ± ¶· ¢¨²μ, ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¸ μ±·Ê¦¥´¨¥³, É. ¥. Ö¢²ÖÕÉ¸Ö
μÉ±·ÒÉÒ³¨. „ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ μ¶·¥¤¥²Ö¥É ¢ ¦´μ¸ÉÓ ·¥Ï¥´¨Ö § ¤ Î Ê¶· -
¢²¥´¨Ö μÉ±·ÒÉÒ³¨ ±¢ ´Éμ¢Ò³¨ ¸¨¸É¥³ ³¨. ‚ · ¡μÉ¥ [6] ¡Ò² ¶·¥¤²μ¦¥´ μ¡-
Ð¨° ³¥Éμ¤ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨Ö μÉ±·ÒÉÒ³¨ ±¢ ´Éμ¢Ò³¨ ¸¨¸É¥³ ³¨,
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¢ ±μÉμ·μ³ Ê¶· ¢²¥´¨¥³ Ö¢²Ö¥É¸Ö ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Î¨¸²  Î ¸É¨Í ·¥-
§¥·¢Ê · . ‚ · ¡μÉ¥ [7] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ±μ³¡¨´ Í¨Ö ´¥±μ£¥·¥´É´μ£μ ¨ ±μ-
£¥·¥´É´μ£μ Ê¶· ¢²¥´¨° ¤²Ö n-Ê·μ¢´¥¢ÒÌ μÉ±·ÒÉÒÌ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¶μ§¢μ-
²Ö¥É ¢ ¸²ÊÎ ¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ·¥ ²¨§μ¢ ÉÓ ¶·¨¡²¨¦¥´´ÊÕ Ê¶· ¢²Ö¥³μ¸ÉÓ
´  ³´μ¦¥¸É¢¥ ¢¸¥Ì ³ É·¨Í ¶²μÉ´μ¸É¨, É. ¥. ¶·¨¡²¨¦¥´´μ ·¥ ²¨§μ¢ ÉÓ ´ ¨¡μ-
²¥¥ ¸¨²Ó´ÊÕ ¸É¥¶¥´Ó Ê¶· ¢²Ö¥³μ¸É¨ ¸μ¸ÉμÖ´¨Ö³¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. „·Ê£¨³
¸¶μ¸μ¡μ³ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨Ö Ö¢²Ö¥É¸Ö Ê¶· ¢²¥´¨¥ ¸ ¶μ³μÐÓÕ ´¥¸¥-
²¥±É¨¢´ÒÌ ±¢ ´Éμ¢ÒÌ ¨§³¥·¥´¨° [8,9]. �´ ²¨§ ² ´¤Ï ËÉμ¢ § ¤ Î Ê¶· ¢²¥´¨Ö
μÉ±·ÒÉÒ³¨ ±¢ ´Éμ¢Ò³¨ ¸¨¸É¥³ ³¨ [10] ¡Ò² ¶·¨³¥´¥´ ± ¨§ÊÎ¥´¨Õ μ¶É¨³¨-
§ Í¨¨ Ì¨³¨Î¥¸±¨Ì ¸¢μ°¸É¢ ¨ ¶·μÍ¥¸¸μ¢ [11] ¨  ´ ²¨§Ê Ë¨É´¥¸-ËÊ´±Í¨¨ ¡¨μ-
²μ£¨Î¥¸±¨Ì ¸¨¸É¥³ [12]. „²Ö ±μ´¥Î´μ³¥·´ÒÌ ¨ ¡¥¸±μ´¥Î´μ³¥·´ÒÌ μÉ±·ÒÉÒÌ
±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¶μ¸É·μ¥´Ò μ¶¥· Éμ·´Ò¥ £· ËÒ ¨  ´É¨±²¨±¨, ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¶μ¤¶·μ¸É· ´¸É¢ ³, ¨¸¶· ¢²ÖÕÐ¨³ μÏ¨¡±¨ [13,14].

‚ ¤ ´´μ° ¸É ÉÓ¥ ´  μ¸´μ¢¥ ³¥Éμ¤  [7], ¨¸¶μ²Ó§ÊÕÐ¥£μ ±μ£¥·¥´É´μ¥ ¨
´¥±μ£¥·¥´É´μ¥ Ê¶· ¢²¥´¨Ö, ¨ É¥μ·¨¨ μ¶É¨³ ²Ó´μ£μ Ê¶· ¢²¥´¨Ö · ¸¸³μÉ·¥´
±² ¸¸ § ¤ Î μ¶É¨³ ²Ó´μ£μ Ê¶· ¢²¥´¨Ö (‡�“) μÉ±·ÒÉμ° ¤¢ÊÌÊ·μ¢´¥¢μ° ±¢ ´Éμ-
¢μ° ¸¨¸É¥³μ°. � ´¥¥ ¢ · ¡μÉ Ì [15,16] ¤²Ö É ±¨Ì ¸¨¸É¥³ ¡Ò²¨ · ¸¸³μÉ·¥´Ò ¤¢ 
±² ¸¸  ‡�“ c · §²¨Î´Ò³¨ Í¥²¥¢Ò³¨ ËÊ´±Í¨μ´ ² ³¨, ¤²Ö ·¥Ï¥´¨Ö ±μÉμ·ÒÌ
¡Ò²¨ ¶·¨³¥´¥´Ò Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò μ¶É¨³¨§ Í¨¨, ¢ Éμ³ Î¨¸²¥ ¨¸¶μ²Ó§ÊÕÐ¨¥
·¥¤Ê±Í¨Õ ± ±μ´¥Î´μ³¥·´μ° μ¶É¨³¨§ Í¨¨. ‚ ¤ ´´μ° ¸É ÉÓ¥ ¤²Ö É ±¨Ì ¸¨¸É¥³
¨¸¸²¥¤μ¢ ´  § ¤ Î  ³ ±¸¨³¨§ Í¨¨ ±·¨É¥·¨Ö “²Ó³ ´ Ä‰μ¦¨ (UhlmannÄJozsa),
§ ¤ ÕÐ¥£μ ¸É¥¶¥´Ó μÉ±²μ´¥´¨Ö Ë¨´ ²Ó´μ° ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ¸¨¸É¥³Ò μÉ § -
¤ ´´μ° Í¥²¥¢μ° ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ (¶·μ ÔÉμÉ ±·¨É¥·¨° ¸³. [17,18]). „²Ö ´¥-
±μÉμ·ÒÌ ´ Î ²Ó´ÒÌ ¨ Í¥²¥¢ÒÌ ³ É·¨Í ¶²μÉ´μ¸É¨  ´ ²¨É¨Î¥¸±¨ ¶μ± § ´μ, ÎÉμ
´Ê²¥¢Ò¥ ±μ£¥·¥´É´μ¥ ¨ ´¥±μ£¥·¥´É´μ¥ Ê¶· ¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö μ¸μ¡Ò³¨ Ê¶· -
¢²¥´¨Ö³¨ ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨Ö³ μ¶É¨³ ²Ó´μ¸É¨ ¢Éμ·μ£μ
¶μ·Ö¤±  (· §¤. 3). ‘ ¶μ³μÐÓÕ μ¶É¨³¨§ Í¨μ´´μ£μ ³¥Éμ¤  ´  μ¸´μ¢¥ ·¥¤Ê±Í¨¨
‡�“ ± ±μ´¥Î´μ³¥·´μ° μ¶É¨³¨§ Í¨¨ (· §¤. 4) ¶μ²ÊÎ¥´Ò ¨ μ¶¨¸ ´Ò Î¨¸²¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ (· §¤. 5).

1. ��‘’���‚Š� ‡�„�—ˆ

‚ · ¡μÉ¥ [6] ¶·¥¤²μ¦¥´ μ¡Ð¨° ³¥Éμ¤ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨Ö μÉ-
±·ÒÉÒ³¨ ±¢ ´Éμ¢Ò³¨ ¸¨¸É¥³ ³¨. � ¸¸³ É·¨¢ ¥É¸Ö ³ ¸É¥·-Ê· ¢´¥´¨¥ É¨¶  ƒμ-
·¨´¨ÄŠμ¸¸ ±μ¢¸±μ£μÄ‘Ê¤ ·Ï ´ Ä‹¨´¤¡² ¤  ¤²Ö ³ É·¨ÍÒ ¶²μÉ´μ¸É¨, £¤¥ £ -
³¨²ÓÉμ´¨ ´ § ¢¨¸¨É μÉ ±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¥£μ ² §¥·´μ¥ ¨§-
²ÊÎ¥´¨¥,   ¸Ê¶¥·μ¶¥· Éμ· ¤¨¸¸¨¶ Í¨¨ § ¢¨¸¨É μÉ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨Ö.

‚ · ¡μÉ Ì [15,16] ¡Ò² · ¸¸³μÉ·¥´ ¸²ÊÎ ° ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ(t), ¨³¥-
ÕÐ¥° · §³¥·´μ¸ÉÓ 2 × 2, É. ¥. ρ(t) ∈ C

2×2 Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢μ° ¶μ²μ¦¨É¥²Ó´μ
¶μ²Êμ¶·¥¤¥²¥´´μ° ³ É·¨Í¥° (ρ(t) = ρ†(t) � 0), ¨³¥ÕÐ¥° ¥¤¨´¨Î´Ò° ¸²¥¤
(Tr ρ(t) = 1). �  μ¸´μ¢¥ ¸É É¥° [6,7] ¤²Ö μ¶¨¸ ´¨Ö ¤¨´ ³¨±¨ ³ É·¨ÍÒ ¶²μÉ-
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´μ¸É¨ ρ(t) ¢ · ¡μÉ Ì [15,16] ¡Ò²μ · ¸¸³μÉ·¥´μ ¸²¥¤ÊÕÐ¥¥ ³ ¸É¥·-Ê· ¢´¥´¨¥:

dρ(t)
dt

= − i

�

[
Ĥ0+Ĥ1v(t), ρ(t)

]
+Ln(t)(ρ(t)), ρ(t) ∈ C

2×2, ρ(0) = ρ0, (1)

£¤¥ ¸Ê¶¥·μ¶¥· Éμ· L ¤¥°¸É¢Ê¥É ´  ρ(t) ± ±

Ln(t)(ρ(t)) = γn(t)
(

σ−ρ(t)σ+ + σ+ρ(t)σ− − 1
2

{
σ+σ− + σ−σ+, ρ(t)

})
+

+ γ

(
σ−ρ(t)σ+ − 1

2
{
σ+σ−, ρ(t)

})
. (2)

‡¤¥¸Ó σ+ =
(

0 0
1 0

)
, σ− =

(
0 1
0 0

)
, � Å ¶μ¸ÉμÖ´´ Ö �² ´± , γ > 0, [A, B] =

AB − BA (±μ³³ÊÉ Éμ·) ¨ {A, B} = AB + BA ( ´É¨±μ³³ÊÉ Éμ· μ¶¥· Éμ·μ¢
A, B). ‚ ´¥É·¨¢¨ ²Ó´μ³ ¸²ÊÎ ¥ ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³μ¦´μ ¶μ²μ¦¨ÉÓ [15]:

Ĥ0 = �ω

(
0 0
0 1

)
¨ Ĥ1 = μ

(
0 1
1 0

)
, £¤¥ ω > 0, μ ∈ R ¨ μ �= 0. Œ É·¨Í  ρ0

§ ¤ ´ .
Œ ¸É¥·-Ê· ¢´¥´¨¥ (1) ²¨´¥°´μ § ¢¨¸¨É μÉ ¸± ²Ö·´μ£μ Ê¶· ¢²¥´¨Ö v, ±μ-

Éμ·μ¥ ¢³¥¸É¥ ¸ μ¶¥· Éμ·μ³ Ĥ1 ∈ C2×2 μ¶¨¸Ò¢ ¥É ±μ£¥·¥´É´Ò¥ ¢μ§¤¥°¸É¢¨Ö
´  ±¢ ´Éμ¢ÊÕ ¸¨¸É¥³Ê. ‘Ê¶¥·μ¶¥· Éμ· Ln(t) ²¨´¥°´μ § ¢¨¸¨É μÉ ¸± ²Ö·´μ£μ
Ê¶· ¢²¥´¨Ö n, μ¶¨¸Ò¢ ÕÐ¥£μ ´¥±μ£¥·¥´É´Ò¥ ¢μ§¤¥°¸É¢¨Ö. � ¸¸³ É·¨¢ ¥³
±Ê¸μÎ´μ-´¥¶·¥·Ò¢´Ò¥ Ê¶· ¢²¥´¨Ö v ¨ n:

u = (v, n) ∈ U(R+, Q) := PCont
(
R+; Q

)
, Q :=

[
vmin, vmax

]
×

[
0, nmax

]
(3)

(®PCont¯ μÉ ®piecewise continuous¯). „μ¶μ²´¨É¥²Ó´μ ³μ£ÊÉ ¡ÒÉÓ § ¤ ´Ò μ£· -
´¨Î¥´¨Ö ´  ¢ ·¨ Í¨¨ Ê¶· ¢²¥´¨° v, n.

„²Ö ¸¨¸É¥³Ò (1), (2) ¢ ¸É ÉÓ¥ [15] ¡Ò²  · ¸¸³μÉ·¥´  § ¤ Î  ¡Ò¸É·μ¤¥°-
¸É¢¨Ö

J1(u, T ) = T → min
(u,T )

, ρ(T ) = ρtarget (4)

´  ³´μ¦¥¸É¢¥ ¤μ¶Ê¸É¨³ÒÌ ¶ · {(u, T )} (ρtarget Å § ¤ ´´ Ö Í¥²¥¢ Ö ³ É·¨Í 
¶²μÉ´μ¸É¨),   ¢ ¸É ÉÓ¥ [16] ¡Ò²  ¨¸¸²¥¤μ¢ ´  μ¶É¨³¨§ Í¨μ´´ Ö § ¤ Î 

J2(u, T ) = 1 − 〈ρ(T ), ρtarget〉HS → inf
(u,T )

, (5)

J1(û, T̂ ) = T̂ → inf
(û,̂T )

, (6)

£¤¥ 〈ρ(T ), ρtarget〉HS = Tr (ρ(T )ρtarget) Å ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ƒ¨²Ó¡¥·É Ä
˜³¨¤É . “¸²μ¢¨¥ (5) μ§´ Î ¥É ³ ±¸¨³¨§ Í¨Õ ¸·¥¤´¥£μ 〈ρ(T ), ρtarget〉, ¶μ-
± §Ò¢ ÕÐ¥£μ ¸É¥¶¥´Ó ¸μ¢¶ ¤¥´¨Ö Ë¨´ ²Ó´μ° ¨ Í¥²¥¢μ° ³ É·¨Í ¶²μÉ´μ¸É¨.
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“¸²μ¢¨¥ (6) · ¸¸³ É·¨¢ ¥É¸Ö ´  ³´μ¦¥¸É¢¥ {(û, T̂ )} É ±¨Ì ¶ ·, ´  ±μÉμ·ÒÌ
¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ (5). ‚ É¥μ·¨¨ ±¢ ´Éμ¢μ° ¨´Ëμ·³ Í¨¨ [17],   É ±¦¥
¢ ±¢ ´Éμ¢μ³ Ê¶· ¢²¥´¨¨ [18] ¨§¢¥¸É¥´ ±·¨É¥·¨° “²Ó³ ´ Ä‰μ¦¨ F(ρ1, ρ2) =(
Tr

√√
ρ1ρ2

√
ρ1

)2
, É ±¦¥ ¨§³¥·ÖÕÐ¨° ¸É¥¶¥´Ó ¸μ¢¶ ¤¥´¨Ö ¤¢ÊÌ ³ É·¨Í ¶²μÉ-

´μ¸É¨. ‚ ¤ ´´μ° ¸É ÉÓ¥ · ¸¸³ É·¨¢ ¥É¸Ö ‡�“ ¤²Ö ¸¨¸É¥³Ò (1), (2) ¸ Ê¸²μ¢¨¥³

J3(u, T ) = 1 −
(

Tr
√√

ρ(T )ρtarget

√
ρ(T )

)2

→ inf
(u,T )

(7)

¸μ¢³¥¸É´μ ¸ Ê¸²μ¢¨¥³ (6), μ¶·¥¤¥²¥´´Ò³ ´  ³´μ¦¥¸É¢¥ ¶ · {(û, T̂ )}, ´  ±μ-
Éμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö (7). ‚ μÉ²¨Î¨¥ μÉ μ£· ´¨Î¥´¨Ö-· ¢¥´¸É¢  ¢ (4), Ê¸²μ¢¨¥
(7) ´¥ É·¥¡Ê¥É ´ °É¨ ³ É·¨ÍÊ ρ(T ), · ¢´ÊÕ ρtarget. ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´μ¥ [17]
¶·¥¤¸É ¢²¥´¨¥ ¤²Ö F(ρ1, ρ2), ¢¥·´μ¥ ¢ ¸²ÊÎ ¥ ³ É·¨Í ¶²μÉ´μ¸É¨ · §³¥·´μ¸É¨
2 × 2, ¨³¥¥³

F(ρ(T ), ρtarget) = 〈ρ(T ), ρtarget〉HS + 2
√

det (ρ(T ))
√

det (ρtarget). (8)

2. ”��Œ“‹ˆ��‚Š� ‘ ��Œ�™œ� ����Œ…’�ˆ‡�–ˆˆ �‹�•�

Š ± ¨ ¢ ¸É ÉÓÖÌ [15, 16], ¨¸¶μ²Ó§Ê¥³ Ìμ·μÏμ ¨§¢¥¸É´ÊÕ ¶ · ³¥É·¨§ Í¨Õ
	²μÌ :

ρ =
1
2

(
1 + x3 x1 − ix2

x1 + ix2 1 − x3

)
, (9)

£¤¥ ¢¥±Éμ· 	²μÌ  x = (x1, x2, x3) ∈ B; B = {x ∈ R3 : ‖x‖2
2 � 1} ´ §Ò¢ ¥É¸Ö

Ï ·μ³ 	²μÌ ; xj = Tr (ρσj), j = 1, 2, 3. � · ³¥É·¨§ Í¨Ö (9) ¶·¥¤¸É ¢²Ö¥É ¸μ-
¡μ° ¡¨¥±Í¨Õ ³¥¦¤Ê ³ É·¨Í ³¨ ¶²μÉ´μ¸É¨ ¨ ¢¥±Éμ· ³¨ 	²μÌ . ‚ ÔÉμ³ ¸²ÊÎ ¥
Ê· ¢´¥´¨¥ (1) ¶·¨´¨³ ¥É ¢¨¤

dx(t)
dt

= (A + Bvv(t) + Bnn(t))x(t) + d, x(0) = x0 ∈ B, (10)

A =

⎛
⎝−γ/2 ω 0

−ω −γ/2 0
0 0 −γ

⎞
⎠ , Bv = κ

⎛
⎝0 0 0

0 0 −2
0 2 0

⎞
⎠ ,

Bn = γ

⎛
⎝−1 0 0

0 −1 0
0 0 −2

⎞
⎠ , d = γ

⎛
⎝0

0
1

⎞
⎠ ,

(11)

£¤¥ ¶ · ³¥É· κ := μ/�. ‘ ÊÎ¥Éμ³ (8) ¨ (9) Ê¸²μ¢¨¥ (7) ¶·¨´¨³ ¥É ¢¨¤

J3(u, T ) = g(x(T ), xtarget) → inf
(u,T )

, (12)
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£¤¥

g(x, xtarget) := 1 − 1
2

(1 + 〈x, xtarget〉) −
1
2

√
1 − ‖x‖2

√
1 − ‖xtarget‖2 (13)

¤²Ö x = x(T ), § ¢¨¸ÖÐ¥£μ μÉ v, n. ‚ ¸²ÊÎ ¥ xtarget ∈ ∂B (É. ¥. ²¥¦¨É ´  ¸Ë¥·¥
	²μÌ ) ËÊ´±Í¨μ´ ² J3 ¸É ´μ¢¨É¸Ö ²¨´¥°´Ò³ ¶μ x(T ). ”Ê´±Í¨Ö g(x, xtarget):
1) ¶·¨ x = xtarget · ¢´  ´Ê²Õ; 2) ¶·¨ ‖xtarget‖ = 1 ¸¢μ¤¨É¸Ö ± ¨¸¸²¥¤μ¢ ´´μ°
¢ [16, � 2.1] ËÊ´±Í¨¨; 3) ¢ ¸²ÊÎ ¥ ‖xtarget‖ < 1 ¨³¥¥É ¸É Í¨μ´ ·´ÊÕ ÉμÎ±Ê
x∗ = xtarget.

3. ‘‹“—�‰ �‘���ƒ� “���‚‹…�ˆŸ

‡¤¥¸Ó ¶·¥¤¸É ¢²¥´Ò ´¥±μÉμ·Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ´ 
μ¸´μ¢¥ ´¥μ¡Ìμ¤¨³ÒÌ Ê¸²μ¢¨° μ¶É¨³ ²Ó´μ¸É¨ Ê¶· ¢²¥´¨°. � ¸¸³ É·¨¢ ¥É¸Ö § -
¤ Î  (10)Ä(12) ¸ Ë¨±¸¨·μ¢ ´´Ò³ T ¨ ±Ê¸μÎ´μ-´¥¶·¥·Ò¢´Ò³¨ Ê¶· ¢²¥´¨Ö³¨
v, n, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ (3), £¤¥ ¢³¥¸Éμ R+ ¡¥·¥³ [0, T ]. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ-
·¨¥° ¶·¨´Í¨¶  ³ ±¸¨³Ê³  �μ´É·Ö£¨´  [19] · ¸¸³ É·¨¢ ¥É¸Ö ËÊ´±Í¨Ö �μ´É·Ö-
£¨´  H(p, x, v, n) = 〈p, f(x, v, n)〉, £¤¥ f(x, v, n) := (A + Bvv + Bnn)x + d,
p ∈ R3. �Ê¸ÉÓ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ x0 = (0, 0, a), a ∈ (0, 1), Í¥²¥¢μ¥ ¸μ-
¸ÉμÖ´¨¥ xtarget = (0, 0, b), b ∈ (a, 1), É. ¥. μ¡  ¸μ¸ÉμÖ´¨Ö ´ Ìμ¤ÖÉ¸Ö ¢´ÊÉ·¨
Ï ·  	²μÌ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ¶·Ö¦¥´´ Ö ¸¨¸É¥³  ´  ´¥±μÉμ·μ³ ¤μ¶Ê¸É¨³μ³
¶·μÍ¥¸¸¥ (T̃ , ṽ, ñ, x̃) ¨³¥¥É ¢¨¤ (¨´É¥£·¨·Ê¥É¸Ö ®¸¶· ¢  ´ ²¥¢μ¯)

dp̃(t)
dt

= −
(
AT + (Bv)Tṽ(t) + (Bn)Tñ(t)

)
p̃(t), (14)

p̃j(T̃ ) =
xtarget,j

2
−

√
1 − ‖xtarget‖2

2
√

1 − ‖x̃(T )‖2
x̃j(T̃ ), j = 1, 2, 3. (15)

�Ê¸ÉÓ ũ = (ṽ, ñ) = (0, 0). ’μ£¤  ¸¨¸É¥³  (10), (11) ¨³¥¥É ·¥Ï¥´¨¥ x̃ =
(0, 0, (a − 1)e−γt+ 1). �μ²μ¦¨³ T̃ = (1/γ) log ((1−a)/(1−b)). ’μ£¤  x̃(T̃ ) =
(0, 0, b),   Ê¸²μ¢¨¥ É· ´¸¢¥·¸ ²Ó´μ¸É¨ (15) ¶·¨´¨³ ¥É ¢¨¤ p̃j(T̃ ) = 0, j =
1, 2, 3. ‘μ¶·Ö¦¥´´ Ö ¸¨¸É¥³  (14), (15) ¨³¥¥É ·¥Ï¥´¨¥ p̃ = (0, 0, 0). �·¨· -
Ð¥´¨¥ H(p̃(t), x̃(t), v(t), n(t)) − H(p̃(t), x̃(t), ṽ(t), ñ(t)) ≡ 0 ¤²Ö ²Õ¡ÒÌ Ê¶· -
¢²¥´¨° v, n, É. ¥. ũ = (0, 0) Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ Ê¶· ¢²¥´¨¥³. ‘ ÉμÎ±¨ §·¥´¨Ö
¶·¨´Í¨¶  ³ ±¸¨³Ê³  �μ´É·Ö£¨´  §¤¥¸Ó ¢Ò·μ¦¤¥´´ Ö ¸¨ÉÊ Í¨Ö. ˆ§¢¥¸É´  É¥μ-
·¥³  μ ´¥μ¡Ìμ¤¨³ÒÌ Ê¸²μ¢¨ÖÌ μ¶É¨³ ²Ó´μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ([20, 21, £². IV,
� 3]), ¨¸¶μ²Ó§ÊÕÐ Ö ·¥Ï¥´¨¥ ³ É·¨Î´μ° ¸μ¶·Ö¦¥´´μ° ¸¨¸É¥³Ò, ±μÉμ·ÊÕ ¤²Ö
±· É±μ¸É¨ § ¶¨¸Ò¢ ¥³ ¸· §Ê ´  ¶·μÍ¥¸¸¥ (T̃ , ṽ = 0, ñ = 0, x̃):

dΦ̃(t)
dt

= −ATΦ̃(t) − Φ̃(t)A,

Φ̃(T ) = diag
(
−1

2
, − 1

2
,

1
2(b2 − 1)

)
, b ∈ (0, 1).

(16)
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� Ìμ¤¨³ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (16):

Φ̃ = diag
(
−1

2
eγ(t−˜T ), − 1

2
eγ(t−˜T ),

1
2(b2 − 1)

e2γ(t−˜T )

)
.

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê± § ´´μ° É¥μ·¥³μ° μ ´¥μ¡Ìμ¤¨³ÒÌ Ê¸²μ¢¨ÖÌ μ¶É¨³ ²Ó-
´μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ¢ ¸²ÊÎ ¥, ¥¸²¨ μ¸μ¡μ¥ Ê¶· ¢²¥´¨¥ ũ Ö¢²Ö¥É¸Ö μ¶É¨-
³ ²Ó´Ò³, ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ (1), ¤ ´´μ¥ ¢ [21, £². IV, � 3] ¨ ¢ ´ Ï¥³

¸²ÊÎ ¥ ¨³¥ÕÐ¥¥ ¢¨¤ 4(x̃3(t))2
(
κ2(v(t))2Φ̃22(t) + γ2(n(t))2Φ̃33(t)

)
� 0. ’ -

±¨³ μ¡· §μ³, Ê¶· ¢²¥´¨¥ ũ = (0, 0) Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ ¨ Ê¤μ¢²¥É¢μ·Ö¥É ´¥μ¡Ìμ-
¤¨³Ò³ Ê¸²μ¢¨Ö³ μ¶É¨³ ²Ó´μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤± . ”¨§¨Î¥¸±¨ · ¸¸³μÉ·¥´´ Ö
§ ¤ Î  μ§´ Î ¥É ¤μ¸É¨¦¥´¨¥ ¢ Ï ·¥ 	²μÌ  Ë¨´ ²Ó´μ° ÉμÎ±¨ x(T̃ ) = (0, 0, b),
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±¢ ´Éμ¢μ³Ê ¸μ¸ÉμÖ´¨Õ ¸ ³¥´ÓÏ¥° ¸É¥¶¥´ÓÕ ¸³¥Ï ´´μ¸É¨
¶μ ¸· ¢´¥´¨Õ ¸ ´ Î ²Ó´Ò³ ±¢ ´Éμ¢Ò³ ¸μ¸ÉμÖ´¨¥³, ¶·¥¤¸É ¢²¥´´Ò³ ÉμÎ±μ°
x0 = (0, 0, a).

4. �…„“Š–ˆŸ Š Š��…—��Œ…���‰ ��’ˆŒˆ‡�–ˆˆ

� ¸¸³ É·¨¢ ¥É¸Ö ‡�“ ¤²Ö ¸¨¸É¥³Ò (10), (11) ¶·¨ Ê¸²μ¢¨ÖÌ (12), (13) ¨ (6),
¨¸¶μ²Ó§Ê¥³ÒÌ ¸μ¢³¥¸É´μ. „²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¤ ´´μ° ‡�“ ¶μ  ´ ²μ£¨¨
¸ [16, � 3.2] ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ: 1) ¢¸¶μ³μ£ É¥²Ó´Ò° Í¥²¥¢μ° ËÊ´±Í¨μ´ ²,
ÊÎ¨ÉÒ¢ ÕÐ¨° ± ± (12), (13), É ± ¨ (6) §  ¸Î¥É ²¨´¥°´μ° ¸¢¥·É±¨; 2)  ¶¶·μ±-
¸¨³ Í¨Õ ±Ê¸μÎ´μ-´¥¶·¥·Ò¢´ÒÌ Ê¶· ¢²¥´¨° v, n ±Ê¸μÎ´μ-¶μ¸ÉμÖ´´Ò³¨ ËÊ´±-

Í¨Ö³¨ v(t) =
Nv−1∑
j=0

θ[tj ,tj+1)(tj)vj ¨ n(t) =
Nn−1∑
j=0

θ[tj ,tj+1)(tj)nj , £¤¥ θ[tj ,tj+1) Å

¨´¤¨± Éμ·´ Ö ËÊ´±Í¨Ö; vj ∈ [vmin, vmax], nj ∈ [0, nmax], t ∈ [0, T ],   ¢¥²¨Î¨´ 
T μ¶·¥¤¥²Ö¥É¸Ö ´  ´¥±μÉμ·μ³ § ¤ ´´μ³ μÉ·¥§±¥ [T 1, T 2] ¶·¨ 0 < T 1 < T 2.
�μ¸É·μ¨³ ¢¥±Éμ·

u =
(
{vj}Nv−1

j=0 , {nj}Nn−1
j=0

)
∈

[
vmin, vmax

]Nv ×
[
0, nmax

]Nn ⊂ R
Nv+Nn .

�É ‡�“ ¶¥·¥Ìμ¤¨³ ± ±μ´¥Î´μ³¥·´μ° § ¤ Î¥

Jδ(u, T ; β) = β1T + β2J3(u, T ) + R(u; β3, β4) → inf
(u,T )

, (17)

R(u; β3, β4) = β3

Nv−1∑
j=0

|vj+1 − vj | + β4

Nn−1∑
j=0

|nj+1 − nj | , (18)

£¤¥ R Å ¢μ§³μ¦´Ò° ·¥£Ê²Ö·¨§ Éμ·, ¶μ§¢μ²ÖÕÐ¨° μ£· ´¨Î¨¢ ÉÓ ¢ ·¨ Í¨¨
Ê¶· ¢²¥´¨°; ¢¥±Éμ· β μ¡· §μ¢ ´ ´ ¸É·μ¥Î´Ò³¨ ¶ · ³¥É· ³¨ β1, β2 > 0,
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β3, β4 � 0. ‡  ¸Î¥É R ¨³¥¥³ ¢μ§³μ¦´μ¸ÉÓ ·¥£Ê²¨·μ¢ ÉÓ ¢ ·¨ Í¨¨ Ê¶· ¢-
²¥´¨° v ¨ n. „²Ö § ¤ Î¨ (17) ³μ¦´μ ¶·¨³¥´¨ÉÓ ¸ÉμÌ ¸É¨Î¥¸±¨¥ μ¶É¨³¨§ -
Í¨μ´´Ò¥ ³¥Éμ¤Ò ´Ê²¥¢μ£μ ¶μ·Ö¤± , ´ ¶·¨³¥·, Differential Evolution [22] ¨
Dual Annealing [23]. ‚ μÉ²¨Î¨¥ μÉ ¸É ÉÓ¨ [16], £¤¥ ¨¸¶μ²Ó§μ¢ ´ ³¥Éμ¤ Dual
Annealing ¡¥§ ³¥Éμ¤  Differential Evolution, ¢ ¤ ´´μ° · ¡μÉ¥ ¤²Ö ± ¦¤μ° ‡�“
μ¸ÊÐ¥¸É¢²¥´Ò § ¶Ê¸±¨ μ¡μ¨Ì ³¥Éμ¤μ¢ μ¶É¨³¨§ Í¨¨ ¸ ¶μ¸²¥¤ÊÕÐ¨³  ´ ²¨§μ³
¨Ì ·¥§Ê²ÓÉ Éμ¢. ‘²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ Ê¢¥²¨Î¥´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸É¨
¤ ´´μ£μ ¶μ¤Ìμ¤  ¸ ·μ¸Éμ³ Nv, Nn.

5. ‚›—ˆ‘‹ˆ’…‹œ�›… 	Š‘�…�ˆŒ…�’›

ˆ§²μ¦¥´´Ò° ¢ · §¤. 4 Î¨¸²¥´´Ò° ³¥Éμ¤ ·¥Ï¥´¨Ö ‡�“ § ¶·μ£· ³³¨·μ¢ ´
¶¥·¢Ò³  ¢Éμ·μ³ ¶μ  ´ ²μ£¨¨ ¸ ¶·μ£· ³³´Ò³¨ ·¥ ²¨§ Í¨Ö³¨ μ¶¨¸ ´´ÒÌ ¨
¨¸¶μ²Ó§μ¢ ´´ÒÌ ¢ ¸É ÉÓ¥ [16] Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö ‡�“,   ¨³¥´´μ
´  Ö§Ò±¥ Python ¸ ¶·¨³¥´¥´¨¥³ ·¥ ²¨§ Í¨° [22, 23] μ¶É¨³¨§ Í¨μ´´ÒÌ ³¥-
Éμ¤μ¢ Differential Evolution ¨ Dual Annealing, ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¡¨¡²¨μÉ¥±¨
odeint [24] ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î ŠμÏ¨.

‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ ¶·¨³¥·  · ¸¸³ É·¨¢ ¥³ ‡�“ ¸ ´ Î ²Ó´Ò³ ¸μ¸ÉμÖ´¨¥³
x0 = (0, 0, a = 0) ¨ Í¥²¥¢Ò³ ¸μ¸ÉμÖ´¨¥³ xtarget = (0, 0, b = 0,8). �Ê¸ÉÓ ω = 1,
κ = 0,01, γ = 0,05, vmax = −vmin = 100, nmax = 20, Nv = Nn = 10, T ∈
[1, 50]. ‚ Í¥²¥¢μ° ËÊ´±Í¨¨ (17), (18) ¶μ²μ¦¨³ β1 = 1, β2 = 105, β3 = β4 =
0,1. � °¤¥´´μ¥ Î¨¸²¥´´μ° μ¶É¨³¨§ Í¨¥° §´ Î¥´¨¥ T ≈ 32,12 μÎ¥´Ó ¡²¨§±μ
±  ´ ²¨É¨Î¥¸±μ³Ê ·¥§Ê²ÓÉ ÉÊ T̃ = (1/γ) log ((1 − a)/(1 − b)) = 20 log 5 ≈
32,19,   ´ °¤¥´´Ò¥ Ê¶· ¢²¥´¨Ö v, n ¤μ¸É ÉμÎ´μ Ìμ·μÏμ ¢μ¸¶·μ¨§¢μ¤ÖÉ ṽ = 0,
ñ = 0.

‚μ ¢Éμ·μ³ ¶·¨³¥·¥ · ¸¸³ É·¨¢ ¥É¸Ö ‡�“ ¸ x0 = (−0,7, 0, 0), xtarget =
(0,7, 0, 0), ω = 1, κ = 0,01, γ = 0,01, vmax = −vmin = 50, nmax = 10.
� ¸¸³ É·¨¢ ¥³ Nv = Nn = 20, T ∈ [1, 50]. �μ²μ¦¨³ β1 = 1, β2 = 105,
β3 = β4 = 0,05. �μ²ÊÎ¥´´μ¥ Î¨¸²¥´´μ° μ¶É¨³¨§ Í¨¥° §´ Î¥´¨¥ T ≈ 3,2.
� °¤¥´´μ¥ ´¥±μ£¥·¥´É´μ¥ Ê¶· ¢²¥´¨¥ n ≡ 0,   ¶μ²ÊÎ¥´´μ¥ ±μ£¥·¥´É´μ¥ Ê¶· ¢-
²¥´¨¥ v ¶μ± § ´μ ´  ·¨¸. 1, a; ´  ÊÎ ¸É±¥ t ∈ [1,5, 2] ÔÉμ Ê¶· ¢²¥´¨¥ ¨³¥¥É ¶μ-
¸²¥¤μ¢ É¥²Ó´Ò¥ ®¸ÉÊ¶¥´Ó±¨¯, ÌμÉÖ ·¥£Ê²Ö·¨§ Éμ· (18) ¶·¥¤´ §´ Î¥´ ¤²Ö μ£· -
´¨Î¥´¨Ö ¢ ·¨ Í¨¨ ËÊ´±Í¨¨ v,   ´¥ ± ¦¤μ° · §´μ¸É¨ |vj+1 − vj | ¶μ μÉ¤¥²Ó´μ-
¸É¨. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö É· ¥±Éμ·¨Ö x ¢ Ï ·¥ 	²μÌ  ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 1, ¡,
£· Ë¨±¨ ËÊ´±Í¨° xj (j = 1, 2, 3) ¶μ± § ´Ò ´  ·¨¸. 1, ¢. � °¤¥´´μ³Ê ¶·μ-
Í¥¸¸Ê (T, v, n, x) ¸μμÉ¢¥É¸É¢ÊÕÉ ¢¥²¨Î¨´  g(x(T ), xtarget) ≈ 2 · 10−5 ¨ ±·¨¢ Ö
g(x(t), xtarget), ¶μ± § ´´ Ö ´  ·¨¸. 1, £.

‚ ± Î¥¸É¢¥ É·¥ÉÓ¥£μ ¶·¨³¥·  · ¸¸³ É·¨¢ ¥É¸Ö ‡�“, £¤¥ x0 =
= 1/

√
3 (1, 1, 1) ∈ ∂B (´  ¸Ë¥·¥), xtarget = (0,5, 0, 0), ω = 1, κ = 0,01,

γ = 0,01, vmax = −vmin = 50, nmax = 10. � ¸¸³ É·¨¢ ¥³ Nv = Nn = 10,
T ∈ [1, 50]. �μ²μ¦¨³ β1 = 1, β2 = 105, β3 = β4 = 0,1. � °¤¥´´ Ö ¢¥²¨Î¨´ 
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�¨¸. 1. —¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ‡�“ ¸ ´ Î ²Ó´Ò³ ¸μ¸ÉμÖ´¨¥³ x0 = (−0,7, 0, 0) ¨ Í¥²¥¢Ò³
¸μ¸ÉμÖ´¨¥³ xtarget = (0,7, 0, 0)

�¨¸. 2. —¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ‡�“ ¸ ´ Î ²Ó´Ò³ ¸μ¸ÉμÖ´¨¥³ x0 = 1/
√

3 (1, 1, 1) ∈ ∂B
¨ Í¥²¥¢Ò³ ¸μ¸ÉμÖ´¨¥³ xtarget = (0,5, 0, 0)

T ≈ 5,758. ‚ÒÎ¨¸²¥´´μ¥ ´¥±μ£¥·¥´É´μ¥ Ê¶· ¢²¥´¨¥ n É ±μ¢μ, ÎÉμ nj ≈ 8,892
∀j = 0, Nn − 1. ƒ· Ë¨±¨ ¶μ²ÊÎ¥´´ÒÌ ±μ£¥·¥´É´μ£μ v ¨ ´¥±μ£¥·¥´É´μ£μ n
Ê¶· ¢²¥´¨° ¶μ± § ´Ò ´  ·¨¸. 2, a. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö É· ¥±Éμ·¨Ö x ¢ Ï ·¥
	²μÌ  ¶μ± § ´  ´  ·¨¸. 2, ¡,   £· Ë¨±¨ ËÊ´±Í¨° xj (j = 1, 2, 3) ¶·¥¤¸É ¢²¥´Ò
´  ·¨¸. 2, ¢.
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‡�Š‹�—…�ˆ…

‚ ¸É ÉÓ¥ · ¸¸³μÉ·¥´  § ¤ Î  ³ ±¸¨³¨§ Í¨¨ ±·¨É¥·¨Ö “²Ó³ ´ Ä‰μ¦¨ ¤²Ö
μÉ±·ÒÉμ° ¤¢ÊÌÊ·μ¢´¥¢μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, ´ Ìμ¤ÖÐ¥°¸Ö ¶μ¤ ¢μ§¤¥°¸É¢¨¥³
±μ£¥·¥´É´μ£μ ¨ ´¥±μ£¥·¥´É´μ£μ Ê¶· ¢²¥´¨°. ‘²ÊÎ ° ³ É·¨Í ¶²μÉ´μ¸É¨ · §-
³¥·´μ¸É¨ 2×2 ¶μ§¢μ²¨² ¶·¨³¥´¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ¨§¢¥¸É´Ò¥ ·¥§Ê²ÓÉ ÉÒ: 1) ¶·¥¤-
¸É ¢²¥´¨¥ ±·¨É¥·¨Ö “²Ó³ ´ Ä‰μ¦¨ ¢ ¢¨¤¥ (8), £¤¥ ¶¥·¢μ¥ ¸² £ ¥³μ¥ Ö¢²Ö¥É¸Ö
¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³ ƒ¨²Ó¡¥·É Ä˜³¨¤É  · ¸¸³ É·¨¢ ¥³ÒÌ ³ É·¨Í ¶²μÉ-
´μ¸É¨; 2) ¶ · ³¥É·¨§ Í¨Õ 	²μÌ  (9). ‚ · §¤. 3 ¤²Ö μ¶·¥¤¥²¥´´ÒÌ ´ Î ²Ó´ÒÌ ¨
Í¥²¥¢ÒÌ ³ É·¨Í ¶²μÉ´μ¸É¨  ´ ²¨É¨Î¥¸±¨ ¶μ± § ´μ, ÎÉμ ´Ê²¥¢Ò¥ ±μ£¥·¥´É´μ¥
¨ ´¥±μ£¥·¥´É´μ¥ Ê¶· ¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö μ¸μ¡Ò³¨ Ê¶· ¢²¥´¨Ö³¨ ¨ Ê¤μ¢²¥É¢μ-
·ÖÕÉ ´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨Ö³ μ¶É¨³ ²Ó´μ¸É¨ ¢Éμ·μ£μ ¶μ·Ö¤± ; ÔÉμÉ ¸²ÊÎ °
Ë¨§¨Î¥¸±¨ μ§´ Î ¥É ¤μ¸É¨¦¥´¨¥ ¢ Ï ·¥ 	²μÌ  Ë¨´ ²Ó´μ° ÉμÎ±¨, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ±¢ ´Éμ¢μ³Ê ¸μ¸ÉμÖ´¨Õ ¸ ³¥´ÓÏ¥° ¸É¥¶¥´ÓÕ ¸³¥Ï ´´μ¸É¨ ¶μ ¸· ¢-
´¥´¨Õ ¸ ´ Î ²Ó´Ò³ ±¢ ´Éμ¢Ò³ ¸μ¸ÉμÖ´¨¥³. ‘ ¶μ³μÐÓÕ μ¶¨¸ ´´μ£μ ¢ · §¤. 4
Î¨¸²¥´´μ£μ ³¥Éμ¤  ·¥Ï¥´¨Ö ‡�“, ¨¸¶μ²Ó§ÊÕÐ¥£μ ¥¥ ·¥¤Ê±Í¨Õ ± ±μ´¥Î´μ-
³¥·´μ° μ¶É¨³¨§ Í¨¨ ¸ ¶μ¸²¥¤ÊÕÐ¨³ ¶·¨³¥´¥´¨¥³ μ¶É¨³¨§ Í¨μ´´ÒÌ ¸ÉμÌ -
¸É¨Î¥¸±¨Ì ³¥Éμ¤μ¢ ´Ê²¥¢μ£μ ¶μ·Ö¤±  (Differential Evolution ¨ Dual Anneal-
ing), ¶·μ¢¥¤¥´Ò ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¶μ ³ ±¸¨³¨§ Í¨¨ ±·¨É¥·¨Ö
“²Ó³ ´ Ä‰μ¦¨ ¢ Ë¨´ ²Ó´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î¨¸²¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ μ¶¨¸ ´Ò ¢ · §¤. 5, £¤¥ ¶μ± § ´μ, ÎÉμ ´ °¤¥´´μ¥ ´¥±μ£¥·¥´É´μ¥
Ê¶· ¢²¥´¨¥ ³μ¦¥É ¡ÒÉÓ, ¢ Î ¸É´μ¸É¨, Éμ¦¤¥¸É¢¥´´μ · ¢´Ò³ ´Ê²Õ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Î ¸É¨Î´μ° ¶μ¤¤¥·¦±¥ Œ¨´¨¸É¥·¸É¢  μ¡· §μ¢ ´¨Ö
¨ ´ Ê±¨ �μ¸¸¨°¸±μ° ”¥¤¥· Í¨¨ (¶·μ¥±É º1.699.2016/1.4Œˆ‘¨‘) ¨ £μ¸Ê¤ ·-
¸É¢¥´´μ£μ § ¤ ´¨Ö Œˆ��.
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