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�¡μ¸´μ¢Ò¢ ¥É¸Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ®´¥¶¥·ÉÊ·¡ É¨¢´μ£μ¯ ÊÎ¥É  ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±-
É·μ´  ¸ ¸μ¡¸É¢¥´´Ò³ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ²¥³ ¢ ± ´μ´¨Î¥¸±μ° ¶·μ¡²¥³¥ ·¥²ÖÉ¨¢¨¸É-
¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ μÉ´μ¸¨É¥²Ó´μ  Éμ³  ¢μ¤μ·μ¤ . Œ É¥³ É¨Î¥¸±¨ § ¤ Î  ¸¢μ-
¤¨É¸Ö ± ´ Ìμ¦¤¥´¨Õ ¸¶¥±É·  ¢¸Õ¤Ê ·¥£Ê²Ö·´ÒÌ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨°
¸ ³μ¸μ£² ¸μ¢ ´´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° „¨· ±  ¨ Œ ±¸¢¥²²  Å ±² ¸¸¨Î¥¸±μ£μ  ´ -
²μ£  μ¶¥· Éμ·´ÒÌ Ê· ¢´¥´¨° ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨ Å ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢´¥Ï´¥£μ
±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . �μ± § ´μ, ÎÉμ Éμ²Ó±μ ´ Ìμ¦¤¥´¨¥ μ¶·¥¤¥²¥´´ÒÌ ±² ¸¸μ¢
·¥Ï¥´¨°, ®´¥²¨´¥°´ÒÌ¯  ´ ²μ£μ¢ s- ¨ p-¸μ¸ÉμÖ´¨°, ¢μ§³μ¦´μ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³¥-
Éμ¤  · §²μ¦¥´¨Ö ¢ ·Ö¤ ¶μ ¶ · ³¥É·Ê ¶μ¸ÉμÖ´´μ° Éμ´±μ° ¸É·Ê±ÉÊ·Ò α. ‚ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ¶μ α → 0 ¨³¥¥É ³¥¸Éμ ·¥¤Ê±Í¨Ö ± ¸ ³μ¸μ£² ¸μ¢ ´´μ° ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· Ä�Ê ¸¸μ´ . „²Ö ¶μ¸²¥¤´¥° Î¨¸²¥´´Ò³¨ ¨ ¢ ·¨ -
Í¨μ´´Ò³¨ ³¥Éμ¤ ³¨ ¶μ²ÊÎ¥´Ò ·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¨¥ μ¸´μ¢´μ³Ê ¨ ¡μ²ÓÏμ³Ê ´ ¡μ·Ê
¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. ‘¶¥±É· Ô´¥·£¨° ¸¢Ö§¨ ¸ μÎ¥´Ó Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¢μ¸¶·μ-
¨§¢μ¤¨É ®¡μ·μ¢¸±ÊÕ¯ § ¢¨¸¨³μ¸ÉÓ Wn = W/n2. �·¨ ÔÉμ³ Ô´¥·£¨Ö ¨μ´¨§ Í¨¨ W
μ± §Ò¢ ¥É¸Ö Ê´¨¢¥·¸ ²Ó´μ°, ´μ ¶·¨³¥·´μ ¢¤¢μ¥ ³¥´ÓÏ¥ ´ ¡²Õ¤ ¥³μ°. �¡¸Ê¦¤ ¥É¸Ö
¶·μ¡²¥³  ¢ÒÎ¨¸²¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ± ± Ô´¥·£¨Ö³ Ê·μ¢´¥° ¨ ¸¢Ö§Ó · ¸¸³ -
É·¨¢ ¥³μ° ³μ¤¥²¨ ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨ ¨ ³¥Éμ¤ ³¨ ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨.

We substantiate the need for account of the proper electromagnetic ˇeld of the elec-
tron in the canonical problem of hydrogen in relativistic quantum mechanics. From
a mathematical viewpoint, the goal is equivalent to determination of the spectrum of
everywhere regular solutions to the self-consistent system of Dirac and Maxwell equations
(with external Coulomb potential). We demonstrate that only particular classes of solu-
tions, ©nonlinearª analogues of s- and p-states, can be obtained through decomposition
of a solution in a series, with respect to the ˇne structure constant parameter α. In the
zero approximation at α → 0 the reduction to the self-consistent non-relativistic system
of the SchréodingerÄPoisson equations takes place. For the latter, using both numerical
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and variational methods, we obtain the solutions corresponding to the ground and set of
excited states. Spectrum of the bound energies with remarkable precision reproduces the
©Bohrianª dependence Wn = W/n2. For this, the ionization energy W proves to be
universal yet about two times smaller than its observed value. The problem of account for
relativistic corrections to the bound energies and links of the model with representations
and methods of quantum electrodynamics are considered.

PACS: 03.50.-z; 03.65.-w; 03.65.-Pm
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•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¨³¥´´μ Ê¸¶¥Ï´μ¥ μ¶¨¸ ´¨¥ ¸¶¥±É·  ¨§²ÊÎ¥´¨Ö ¢μ-
¤μ·μ¤´μ£μ  Éμ³  ¸´ Î ²  ¢ É¥μ·¨¨ 	μ· ,   § É¥³ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¶μ¸²Ê¦¨²μ μ¤´μ° ¨§ £² ¢´ÒÌ ³μÉ¨¢ Í¨° ´ Î ²Ó´μ£μ · §¢¨É¨Ö ±¢ ´-
Éμ¢μ° É¥μ·¨¨. �μ§¦¥ �. „¨· ± ¶μÎÉ¨ ¨¤¥ ²Ó´μ μ¶¨¸ ² ´ ¡²Õ¤ ¥³Ò° ¸¶¥±É·
¢μ¤μ·μ¤ , ¨¸¶μ²Ó§ÊÖ ¸¢μ¥ ·¥²ÖÉ¨¢¨¸É¸±μ¥ μ¡μ¡Ð¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
�¡´ ·Ê¦¥´´μ¥ ¢¶μ¸²¥¤¸É¢¨¨ ´¥¡μ²ÓÏμ¥ · ¸Ìμ¦¤¥´¨¥ ¸ Ô±¸¶¥·¨³¥´Éμ³ (®²Ô³-
¡μ¢¸±¨°¯ ¸¤¢¨£ ³¥¦¤Ê Ê·μ¢´Ö³¨ 2s1/2 ¨ 2p1/2 ¢  Éμ³¥ ¢μ¤μ·μ¤ ) ¡Ò²μ ¨´É¥·-
¶·¥É¨·μ¢ ´μ ± ± ÔËË¥±É ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´  ¸ ¢ ±ÊÊ³´Ò³¨ Ë²Ê±ÉÊ -
Í¨Ö³¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨ μ¡ÑÖ¸´¥´μ ¢ · ³± Ì ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨-
´ ³¨±¨ (Š�„) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³  ¶¶ · É  ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö.

’¥³ ´¥ ³¥´¥¥ § ¤ Î  μ¶¨¸ ´¨Ö  Éμ³  ¢μ¤μ·μ¤  ¤μ ¸¨Ì ¶μ· ¶·¨¢²¥± ¥É
¢´¨³ ´¨¥ ¨¸¸²¥¤μ¢ É¥²¥° ¨, ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥, Ö¢²Ö¥É¸Ö ¶·μ¡´Ò³ ®μ¸¥²-
±μ³¯ ¤²Ö ³´μ£¨Ì ´μ¢ÒÌ É¥μ·¥É¨Î¥¸±¨Ì ±μ´¸É·Ê±Í¨°. Œμ¦´μ, ¢ Î ¸É´μ¸É¨,
¶μ²ÊÎ¨ÉÓ ¸¶¥±É· Ô´¥·£¨¨ Î¨¸Éμ  ²£¥¡· ¨Î¥¸±¨³¨ ³¥Éμ¤ ³¨ [1]. ˜¨·μ±μ¥ Ìμ-
¦¤¥´¨¥ ¨³¥ÕÉ É¥μ·¨¨ ®¸Ê¶¥·¸¨³³¥É·¨Î´μ£μ¯  Éμ³  ¢μ¤μ·μ¤  [2]. 	μ²¥¥ Éμ£μ,
¢ · ³± Ì ±² ¸¸¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° ¸¶¥±É· ³μ¦´μ μ¡ÑÖ¸´¨ÉÓ μÉ¸ÊÉ¸É¢¨¥³
¨§²ÊÎ¥´¨Ö ¶·¨ ¤¢¨¦¥´¨¨ Ô²¥±É·μ´  ¶μ μ¶·¥¤¥²¥´´Ò³, ®Ê¸Éμ°Î¨¢Ò³¯ μ·¡¨-
É ³. ’ ±μ° ÔËË¥±É ³μ¦¥É ¡ÒÉÓ ¸¢Ö§ ´ ¸ ¡ ² ´¸μ³ ¨§²ÊÎ¥´¨Ö ¨ ¶μ£²μÐ¥´¨Ö
Ô´¥·£¨¨ ¨§ £¨¶μÉ¥É¨Î¥¸±μ£μ ¸²ÊÎ °´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ Ëμ´ , ¢ · ³± Ì
¶·¥¤¸É ¢²¥´¨° ¸ÉμÌ ¸É¨Î¥¸±μ° Ô²¥±É·μ¤¨´ ³¨±¨ [3], ²¨¡μ ¨³¥¥É ³¥¸Éμ ¢ ¸μ-
²¨Éμ´´ÒÌ ³μ¤¥²ÖÌ  Éμ³  ¢μ¤μ·μ¤  [4].

ˆ§ É·Ê¤´μ¸É¥°, ¸¢Ö§ ´´ÒÌ ¸ μ¶¨¸ ´¨¥³  Éμ³  ¢μ¤μ·μ¤  ¨ ¢¸É·¥Î ¥³ÒÌ
± ´μ´¨Î¥¸±μ° ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ¨ Š�„, ³μ¦´μ μÉ³¥É¨ÉÓ
®¸É· ´´ÊÕ¯ ¸¨´£Ê²Ö·´μ¸ÉÓ r−α, α = e2/�c ≈ 0,007 ¤¨· ±μ¢¸±μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¢ ´Ê²¥ ¤²Ö s- ¨ p-¸μ¸ÉμÖ´¨°, ¢μ§´¨± ÕÐÊÕ ¢μ¶·¥±¨ ¨¸Ìμ¤´μ³Ê
É·¥¡μ¢ ´¨Õ ·¥£Ê²Ö·´μ¸É¨ ·¥Ï¥´¨°. �¥ ¢¶μ²´¥ ±μ··¥±É´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö
¨ ÊÎ¥É ³ £´¨É´μ£μ ¶μ²Ö ¶·μÉμ´  ²¨ÏÓ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¶μ¸±μ²Ó±Ê
¢ μ±·¥¸É´μ¸É¨ ´Ê²Ö ³ £´¨É´Ò° ¶μÉ¥´Í¨ ² ¨³¥¥É ¶μ·Ö¤μ± 1/r2 ¨ ¤μ³¨´¨·Ê¥É
´ ¤ ±Ê²μ´μ¢¸±¨³. ’ ± Ö ¶·μ¡²¥³  ¶μ¤´¨³ ² ¸Ó, ¢ Î ¸É´μ¸É¨, ¢ · ¡μÉ¥ [5]
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(¸³. É ±¦¥ [6]), £¤¥ · ¸¸³ É·¨¢ ² ¸Ó ¸¢Ö§ ´´ Ö ¸ ÔÉ¨³ ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¥-
´¨Ö ³ £´¨É´μ° É¥μ·¨¨ Ö¤¥·´ÒÌ ¸¨².

�¸μ¡ÊÕ μ¸É·μÉÊ ¨³¥¥É, μ¤´ ±μ, ¶·μ¡²¥³  ÊÎ¥É  ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö Ô²¥±É·μ´ . ‘ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢ÒÌ ¶·¥¤¸É ¢²¥´¨° Ô²¥±-
É·μ´ ¢  Éμ³¥ ¢μ¤μ·μ¤  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¸É· ´¸É¢¥´´μ-· ¸¶·¥¤¥²¥´´ÊÕ
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨ Ψ+Ψ-¸¨¸É¥³Ê, Ô²¥³¥´ÉÒ ±μÉμ·μ°
¢§ ¨³μ¤¥°¸É¢ÊÕÉ ´¥ Éμ²Ó±μ ¸ ¶μ²¥³ Ö¤· , ´μ ¨ ³¥¦¤Ê ¸μ¡μ°. �μ¸±μ²Ó±Ê § -
·Ö¤ Ô²¥±É·μ´  · ¢¥´ ¶μ ³μ¤Ê²Õ § ·Ö¤Ê ¶·μÉμ´ , ¶μ²¥ ¶μ¸²¥¤´¥£μ ´  ¡μ²ÓÏ¨Ì
· ¸¸ÉμÖ´¨ÖÌ μ± §Ò¢ ¥É¸Ö Ô±· ´¨·μ¢ ´´Ò³.

ˆ§¢¥¸É´μ, ÎÉμ ¤²Ö ³´μ£μÔ²¥±É·μ´´ÒÌ  Éμ³μ¢ ÊÎ¥É ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ
±μ²²¥±É¨¢´μ£μ ¶μ²Ö Ô²¥±É·μ´μ¢ ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³ ¨ Ë¥´μ³¥´μ-
²μ£¨Î¥¸±¨ ·¥ ²¨§Ê¥É¸Ö, ´ ¶·¨³¥·, ¢ ³¥Éμ¤¥ • ·É·¨Ä”μ± . �¤´ ±μ ¥¤¨´ Ö
³´μ£μÔ²¥±É·μ´´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´¨Î¥³ ¶·¨´Í¨¶¨ ²Ó´μ ´¥ μÉ²¨Î ¥É¸Ö μÉ
μ¤´μÔ²¥±É·μ´´μ°. �·¨ ÔÉμ³ ÊÎ¥É ¸ ³μ¤¥°¸É¢¨Ö ¶·μ¸É· ´¸É¢¥´´μ · ¸¶·¥¤¥²¥´-
´μ° ¶²μÉ´μ¸É¨ § ·Ö¤  Ô²¥±É·μ´  ¢μ¢¸¥ ´¥ ¶·μÉ¨¢μ·¥Î¨É ¶·¨´ÖÉÒ³ ¢ ´ ¸ÉμÖ-
Ð¥¥ ¢·¥³Ö ¶·¥¤¸É ¢²¥´¨Ö³ μ ¥£μ ®ÉμÎ¥Î´μ¸É¨¯ (¸³. ¢ ÔÉμ° ¸¢Ö§¨ ¤¨¸±Ê¸-
¸¨Õ ¢ [7,8]).

‡ ³¥É¨³ ¥Ð¥, ÎÉμ  ´ ²μ£¨Î´Ò° ÔËË¥±É £· ¢¨É Í¨μ´´μ£μ ¸ ³μ¤¥°¸É¢¨Ö
®¸¢μ¡μ¤´μ°¯ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¶·¥¤² £ ²¸Ö ¢ · ¡μÉ Ì [9Ä11] ¨ ¤·. ¢ ±μ´É¥±-
¸É¥ £¨¶μÉ¥§Ò μ¡ μ¡Ñ¥±É¨¢´μ³ Ì · ±É¥·¥ ¶·μÍ¥¸¸  ·¥¤Ê±Í¨¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨
Î ¸É¨ÍÒ.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶·μ¡²¥³  ÊÎ¥É  ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö (¸μ¡¸É¢¥´´μ°
Ô´¥·£¨¨) Ô²¥±É·μ´  ¨ ¥£μ ¢²¨Ö´¨Ö ´  ´ ¡²Õ¤ ¥³Ò¥ Ê·μ¢´¨ Ô´¥·£¨¨ Ö¢²Ö-
¥É¸Ö μ¤´μ° ¨§ Í¥´É· ²Ó´ÒÌ ¢ ±μ´É¥±¸É¥ Š�„ (¸³., ´ ¶·¨³¥·, [12]). Cμ-
£² ¸´μ £μ¸¶μ¤¸É¢ÊÕÐ¨³ ¶·¥¤¸É ¢²¥´¨Ö³ ÔËË¥±É ¸¢Ö§ ´ ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³
Ô²¥±É·μ´  ¸ ¢Éμ·¨Î´μ ±¢ ´Éμ¢ ´´Ò³ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ²¥³ ®¢ ±ÊÊ³´ÒÌ
Ë²Ê±ÉÊ Í¨°¯ [13]. ‚ÒÎ¨¸²¥´¨¥ ¥£μ ¢¥²¨Î¨´Ò ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (¸³., ´ -
¶·¨³¥·, [14]) ¶·¨¢μ¤¨É ± ¡¥¸±μ´¥Î´Ò³ §´ Î¥´¨Ö³ ¸¤¢¨£  Ê·μ¢´¥° Ô´¥·£¨¨,
¶μ¸²¥ ¶¥·¥´μ·³¨·μ¢±¨ ³ ¸¸Ò ¸¢μ¤ÖÐ¨³¸Ö, μ¤´ ±μ, ± ¶·¥±· ¸´μ ¸μ£² ¸ÊÕ-
Ð¨³¸Ö ¸ Ô±¸¶¥·¨³¥´Éμ³ §´ Î¥´¨Ö³ · ¤¨ Í¨μ´´ÒÌ ¶μ¶· ¢μ± (®²Ô³¡μ¢¸±μ³Ê
¸¤¢¨£Ê¯ ¨ ¤·.).

Œ¥¦¤Ê É¥³ ¨§¢¥¸É´Ò ¶μ¶ÒÉ±¨ ¢μ¸¶·μ¨§¢¥¸É¨ ¢¸¥ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ
Š�„ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·μÍ¥¤Ê·Ò ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö. ’ ±, ¶μ¤Ìμ¤
�.�. 	 ·ÊÉ  [15Ä17] μ¸´μ¢ ´ ´   ´ ²¨§¥ ¸ ³μ¸μ£² ¸μ¢ ´´μ° ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° „¨· ± ÄŒ ±¸¢¥²² , ¨§ÊÎ ¥³μ° ¢ ¤ ´´μ° · ¡μÉ¥, ¨ ¶μ ¸ÊÐ¥¸É¢Ê Ö¢²Ö¥É¸Ö
Î¨¸Éμ ±² ¸¸¨Î¥¸±¨³. ’¥³ ´¥ ³¥´¥¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨
¶·μ¸Éμ° ¶·μÍ¥¤Ê·Ò ·¥£Ê²Ö·¨§ Í¨¨ Ê¤ ¥É¸Ö ¢ ÉμÎ´μ¸É¨ ¢μ¸¶·μ¨§¢¥¸É¨ ¢¸¥ · -
¤¨ Í¨μ´´Ò¥ ¶μ¶· ¢±¨, μ¡ÒÎ´μ ¢ÒÎ¨¸²Ö¥³Ò¥ ¢ Ëμ·³ ²¨§³¥ Š�„.

�¤´ ±μ ÔËË¥±É ¢²¨Ö´¨Ö ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö Ô²¥±É·μ´ , ± ± ¢ÒÏ¥ μÉ³¥-
Î¥´μ, Ö¢²Ö¥É¸Ö ®´¥¶¥·ÉÊ·¡ É¨¢´Ò³¯ ¨ ´¥ ¸¢μ¤¨É¸Ö ± · ¤¨ Í¨μ´´Ò³ ¶μ¶· ¢-
± ³. …£μ ÊÎ¥É ¶μ²´μ¸ÉÓÕ ³¥´Ö¥É ³ É¥³ É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³μ¤¥²¨, ¤¥² Ö ¥¥
¸ÊÐ¥¸É¢¥´´μ ´¥²¨´¥°´μ°. Œμ¦´μ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¢μ§´¨±´μ¢¥´¨¥ · ¸Ìμ¤¨-
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³μ¸É¥° ¢ ¶μ¤Ìμ¤¥ 	 ·ÊÉ  (¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ ¸ ³μ° Š�„) ¸¢Ö§ ´μ ¨³¥´´μ
¸ μÉ¸ÊÉ¸É¢¨¥³ ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° ±² ¸¸¨Î¥¸±μ° ¸¨¸É¥³Ò „¨· ± Ä
Œ ±¸¢¥²² , ±μÉμ·μ¥ ³μ£²μ ¡Ò ¢Ò¸ÉÊ¶ ÉÓ ¢ ·μ²¨ ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö
¢ ¨¸¶μ²Ó§Ê¥³μ° ¸Ì¥³¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° [18].

ŒÒ ¥¸É¥¸É¢¥´´μ ¶·¨Ìμ¤¨³, É ±¨³ μ¡· §μ³, ± · ¸¸³μÉ·¥´¨Õ ·¥£Ê²Ö·´ÒÌ
·¥Ï¥´¨° ¸ ³μ¸μ£² ¸μ¢ ´´μ°, ÔËË¥±É¨¢´μ ´¥²¨´¥°´μ° ¸¨¸É¥³Ò ¸¢Ö§ ´´ÒÌ
Ê· ¢´¥´¨° „¨· ±  ¨ Œ ±¸¢¥²²  (¶·¨ ´ ²¨Î¨¨ ¤μ¶μ²´¨É¥²Ó´μ£μ ¢´¥Ï´¥£μ ±Ê-
²μ´μ¢¸±μ£μ ¶μ²Ö ¶·μÉμ´ ). ‡ ³¥É¨³, ÎÉμ ¸¨¸É¥³Ò Ê· ¢´¥´¨° É ±μ£μ É¨¶  Ê¦¥
· ¸¸³ É·¨¢ ²¨¸Ó · ´¥¥ ¢ ±μ´É¥±¸É¥ ¶μ¸É·μ¥´¨Ö ¨´É¥·¥¸´μ£μ ±² ¸¸  ±² ¸¸¨Î¥-
¸±¨Ì ¸μ²¨Éμ´´ÒÌ ³μ¤¥²¥° Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í.

’ ±μ£μ ·μ¤  ³μ¤¥²¨ μ¸´μ¢ ´Ò ´  Ìμ·μÏμ ¶·μ¢¥·¥´´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥-
´¨ÖÌ ¶μ²Ö Å ˜·¥¤¨´£¥· , Š²¥°´ Äƒμ·¤μ´ , „¨· ± , Œ ±¸¢¥²²  ∗. �·¨ ÔÉμ³
ÔËË¥±É¨¢´ Ö ´¥²¨´¥°´μ¸ÉÓ ¢μ§´¨± ¥É Éμ²Ó±μ ± ± ¸²¥¤¸É¢¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö
³¥¦¤Ê · §²¨Î´Ò³¨ ¶μ²Ö³¨, ¢¨¤ ±μÉμ·μ£μ ¢¶μ²´¥ μ¶·¥¤¥²¥´ É·¥¡μ¢ ´¨¥³ ± -
²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨.

�¸´μ¢μ¶μ²μ¦´¨±μ³ É ±μ£μ ¶μ¤Ìμ¤  ³μ¦¥É ¸Î¨É ÉÓ¸Ö �. �μ§¥´, ±μÉμ·Ò°
¢ · ¡μÉ¥ [19] · ¸¸³μÉ·¥² ¸É Í¨μ´ ·´Ò¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥, É ± ´ §Ò-
¢ ¥³Ò¥ Î ¸É¨Í¥¶μ¤μ¡´Ò¥ (É. ¥. ¢¸Õ¤Ê ·¥£Ê²Ö·´Ò¥ ¸ ±μ´¥Î´Ò³¨ ´¥É¥·μ¢¸±¨³¨
¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö) ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° Š²¥°´ Äƒμ·¤μ´  ¨
Œ ±¸¢¥²²  ¸ ³¨´¨³ ²Ó´Ò³ Ô²¥±É·μ³ £´¨É´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ³¥¦¤Ê ´¨³¨.

�μ§¦¥ ¶μ¤μ¡´Ò° ¶μ¤Ìμ¤ ¡Ò² ¶¥·¥´¥¸¥´ ´  (³ É¥³ É¨Î¥¸±¨ £μ· §¤μ ¡μ²¥¥
¸²μ¦´ÊÕ) ¸¨¸É¥³Ê Ê· ¢´¥´¨° „¨· ± ÄŒ ±¸¢¥²²  ¸ ³¨´¨³ ²Ó´Ò³ Ô²¥±É·μ³ £-
´¨É´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ³¥¦¤Ê ¶μ²Ö³¨ [20Ä23]. �¸μ¡¥´´μ ¨´É¥·¥¸´μ, ÎÉμ
ÔÉ  ¸¨¸É¥³  Ö¢²Ö¥É¸Ö ±² ¸¸¨Î¥¸±¨³  ´ ²μ£μ³ μ¶¥· Éμ·´ÒÌ Ê· ¢´¥´¨° ±¢ ´-
Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨. 	Ò²μ ¶μ± § ´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ ¢ · ³± Ì É ±μ°
³μ¤¥²¨ ³μ¦´μ ¥¤¨´Ò³ μ¡· §μ³ μ¶¨¸ ÉÓ § ·Ö¦¥´´Ò¥ Ë¥·³¨μ´Ò ²Õ¡μ£μ ¶μ²Ê-
Í¥²μ£μ ¸¶¨´  [21,24].

�¤´ ±μ ·¥ ²Ó´Ò¥ ¸¢μ°¸É¢  Î ¸É¨Í ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·μÖ¢²ÖÕÉ¸Ö ²¨ÏÓ
¶·¨ ¨Ì ¤¢¨¦¥´¨¨ ¢μ ¢´¥Ï´¨Ì, ¢ Î ¸É´μ¸É¨, Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²ÖÌ. � ¸¸³μ-
É·¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ´¥¸É Í¨μ´ ·´ÒÌ Î ¸É¨Í¥¶μ¤μ¡´ÒÌ ·¥Ï¥´¨° ¢¥¸Ó³ 
§ É·Ê¤´¨É¥²Ó´μ. ‚ ÔÉμ° ¸¢Ö§¨ ¸É Í¨μ´ ·´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°
„¨· ± ÄŒ ±¸¢¥²²  ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢´¥Ï´¥£μ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² , μÉ-
¢¥Î ÕÐ¨¥ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¶μ¤Ìμ¤¥  Éμ³Ê ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ ¸μ¡¸É¢¥´´μ£μ
¶μ²Ö Ô²¥±É·μ´ , μ¶ÖÉÓ-É ±¨ μ± §Ò¢ ÕÉ¸Ö Ë¨§¨Î¥¸±¨ ¶·¨¢²¥± É¥²Ó´Ò³¨,   ³ -
É¥³ É¨Î¥¸±¨ ¢¶μ²´¥ ¤μ¸ÉÊ¶´Ò³¨ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö.

„²Ö ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ
 ´ ²μ£  · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò Å ¸ ³μ¸μ£² ¸μ¢ ´´μ° ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° ˜·¥¤¨´£¥· Ä�Ê ¸¸μ´  Å μ¡¸Ê¦¤ ²¨¸Ó ¢ · ¡μÉ¥ [18], μ¤´ ±μ ¨³¥´´μ

∗‹¨¡μ ´  ¶μ²¥¢ÒÌ ¸É·Ê±ÉÊ· Ì ¸ ®¥¸É¥¸É¢¥´´μ°¯ ¸É·Ê±ÉÊ·μ° ´¥²¨´¥°´μ¸É¨ Å Ê· ¢´¥´¨ÖÌ
Ÿ´£ ÄŒ¨²²¸  ¨/¨²¨ �°´ÏÉ¥°´ .
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¤²Ö ¸²ÊÎ Ö ®Î¨¸Éμ£μ¯ ¢μ¤μ·μ¤  (Z = 1) ¨¸±μ³μ£μ ·¥Ï¥´¨Ö ´¥ Ê¤ ²μ¸Ó ¶μ²Ê-
Î¨ÉÓ. �·¥¤¢ ·¨É¥²Ó´μ¥ · ¸¸³μÉ·¥´¨¥ ¨ ´ Ìμ¦¤¥´¨¥ Î ¸É¨Í¥¶μ¤μ¡´ÒÌ (¢ ¸μ-
¢·¥³¥´´μ° É¥·³¨´μ²μ£¨¨ ¸μ²¨Éμ´μ¶μ¤μ¡´ÒÌ) ·¥Ï¥´¨° ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° ³μ-
¤¥²¨ „¨· ± ÄŒ ±¸¢¥²²  ¤²Ö  Éμ³  ¢μ¤μ·μ¤  ¡Ò²μ ¶·¥¤¶·¨´ÖÉμ ¢ · ¡μÉ¥ [25]
(¸³. É ±¦¥ [26]). ‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ³Ò ÊÉμÎ´Ö¥³ ¨ · §¢¨¢ ¥³ ·¥§Ê²ÓÉ ÉÒ
ÔÉ¨Ì ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì · ¡μÉ.

2. “��‚�…�ˆŸ ��‹Ÿ ˆ �‘��‚�›… •���Š’…�ˆ‘’ˆŠˆ
�…˜…�ˆ‰

‚ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ M ¸ ³¥É·¨±μ° ημν = diag {+1,−1,−1,−1}
¨ ±μμ·¤¨´ É ³¨ {Xμ}, μ = 0, 1, 2, 3, · ¸¸³ É·¨¢ ¥É¸Ö ¸ ³μ¸μ£² ¸μ¢ ´´ Ö ¸¨-
¸É¥³  Ê· ¢´¥´¨° „¨· ± ÄŒ ±¸¢¥²² , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ² £· ´¦¨ ´Ê ¢¨¤ 

L = − 1
16π

F 2 +
�c

2
{iΨ̄γμ∂μΨ − i∂μΨ̄γμΨ − 2kΨ̄Ψ} + eAμΨ̄γμΨ. (1)

‡¤¥¸Ó ∂μ := ∂/∂Xμ, {γμ} Å 4 × 4-³ É·¨ÍÒ „¨· ±  ¢ ± ´μ´¨Î¥¸±μ³ ¶·¥¤-
¸É ¢²¥´¨¨; Ψ Å ¤¨· ±μ¢¸±¨° ¡¨¸¶¨´μ·, Ψ̄ := Ψ+γ0; {Aμ} Å 4-¶μÉ¥´Í¨ ²Ò
Ô²¥±É·μ³ £´¨É´μ£μ (�Œ) ¶μ²Ö; F 2 = FμνFμν Å μ¸´μ¢´μ° ¨´¢ ·¨ ´É, ¢Ò· -
¦¥´´Ò° Î¥·¥§ É¥´§μ· ´ ¶·Ö¦¥´´μ¸É¨ �Œ-¶μ²Ö Fμν = ∂μAν − ∂νAμ.

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ² A0 ¢±²ÕÎ ¥É, ¶μ³¨³μ ·¥-
£Ê²Ö·´μ° Î ¸É¨, ¥Ð¥ ¨ Ë¨±¸¨·μ¢ ´´ÊÕ ¸¨´£Ê²Ö·´ÊÕ Î ¸ÉÓ Aex

0 = e/R, £¤¥
e Å Ô²¥³¥´É ·´Ò° § ·Ö¤. �É  Î ¸ÉÓ μÉ¢¥Î ¥É ¢´¥Ï´¥³Ê ±Ê²μ´μ¢¸±μ³Ê ¶μ²Õ
¶·μÉμ´ .

—Éμ ± ¸ ¥É¸Ö ¢¥²¨Î¨´ �, k, Éμ μ´¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ´¥-
±μÉμ·Ò¥ ³ ¸ÏÉ ¡´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, Î¨¸²¥´´μ¥ §´ Î¥´¨¥ ±μÉμ·ÒÌ ¸²¥¤Ê¥É
Ë¨±¸¨·μ¢ ÉÓ ¨§ ¸· ¢´¥´¨Ö Ì · ±É¥·¨¸É¨± ´¥±μÉμ·μ£μ ÔÉ ²μ´´μ£μ ·¥Ï¥´¨Ö
(μÉ¢¥Î ÕÐ¥£μ, ´ ¶·¨³¥·, ´¥¢μ§¡Ê¦¤¥´´μ³Ê ¸μ¸ÉμÖ´¨Õ  Éμ³  ¢μ¤μ·μ¤ ) ¸ Ô±¸-
¶¥·¨³¥´É ²Ó´Ò³¨ §´ Î¥´¨Ö³¨. ˆ§ ¸μμÉ¢¥É¸É¢¨Ö ±¢ ´Éμ¢μ° É¥μ·¨¨ ¸²¥¤Ê¥É,
μ¤´ ±μ, μ¦¨¤ ÉÓ, ÎÉμ ÔÉ¨ ¢¥²¨Î¨´Ò μÉ¢¥Î ÕÉ ± ´μ´¨Î¥¸±¨³ ±μ´¸É ´É ³ Å
¶μ¸ÉμÖ´´μ° �² ´±  (� = h/2π) ¨ ±μ³¶Éμ´μ¢¸±μ° ¤²¨´¥ Ô²¥±É·μ´  k = mc/�,
£¤¥ m Å ³ ¸¸  Ô²¥±É·μ´ .

‚ ·Ó¨·ÊÖ ¤¥°¸É¢¨¥ S =
∫

Ld4x ¶μ Ψ̄ ¨ Aμ ¨ ´ ²μ¦¨¢ ´  ¶μÉ¥´Í¨ ²Ò
± ²¨¡·μ¢μÎ´μ¥ Ê¸²μ¢¨¥ ‹μ·¥´Í  ∂μAμ = 0, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö ¶μ²Ö ¢¨¤ 

iγμ(∂μ − i(e/�c)(Aμ + Aex
μ )Ψ − kΨ = 0, �Aμ = 4πeΨ̄γμΨ, (2)

£¤¥ Aex
μ = {e/R, 0, 0, 0}.

� ²μ¦¨³ É¥¶¥·Ó ´  ¨¸±μ³Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (2) Ê¸²μ¢¨¥ Ô²¥±É·μ´¥°-
É· ²Ó´μ¸É¨ |Q| = e, É. ¥. Ê¸²μ¢¨¥ · ¢¥´¸É¢  ³μ¤Ê²Ö § ·Ö¤  Ô²¥±É·μ´´μ£μ
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· ¸¶·¥¤¥²¥´¨Ö Q = −e
∫

Ψ+Ψd3X § ·Ö¤Ê ¶·μÉμ´  e. ‚Ò¶μ²´¥´¨¥ É ±μ£μ
Ê¸²μ¢¨Ö Ô±¢¨¢ ²¥´É´μ ¸²¥¤ÊÕÐ¥³Ê:∫

Ψ+Ψ d3X = 1 (3)

¨  ¢Éμ³ É¨Î¥¸±¨ £ · ´É¨·Ê¥É ´μ·³¨·μ¢±Ê ®¢μ²´μ¢μ° ËÊ´±Í¨¨¯ Ô²¥±É·μ´´μ£μ
· ¸¶·¥¤¥²¥´¨Ö, ÌμÉÖ ¨§´ Î ²Ó´μ ¶μ²¥ Ψ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±² ¸¸¨-
Î¥¸±μ¥∗.

ˆ¸¶μ²Ó§ÊÖ ³ ¸ÏÉ ¡´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É (¶¥·¥¢μ¤ÖÐ¨¥ ¤²¨´Ò
± ±μ³¶Éμ´μ¢¸±μ° Ï± ²¥) ¨ ¶μ²¥¢ÒÌ ËÊ´±Í¨° ¢¨¤ 

Xμ �→ xμ

k
, Aμ �→ ke

α
aμ, Ψ �→

(
k3

4πα

)1/2

ψ, (4)

¶·¨Ìμ¤¨³ ± ² £· ´¦¨ ´Ê

l = − 1
16π

f2 +
1
8π

{iψ̄γμ∂μψ − i∂μψ̄γμψ − 2ψ̄ψ + 2(aμ + aex
μ )ψ̄γμψ},

aex
μ =

{α

r
, 0, 0, 0

}
,

(5)

¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¥³Ê Ê· ¢´¥´¨Ö³ ¶μ²Ö

iγμ(∂μ − i(aμ + aex
μ ))ψ − ψ = 0, �aμ = ψ̄γμψ, (6)

´¥ ¸μ¤¥·¦ Ð¨³ ´¨± ±¨Ì · §³¥·´ÒÌ ¶ · ³¥É·μ¢. …¤¨´¸É¢¥´´Ò° ¡e§· §³¥·´Ò°
¶ · ³¥É· Å ¶μ¸ÉμÖ´´ Ö Éμ´±μ° ¸É·Ê±ÉÊ·Ò α := e2/�c ≈ 1/137 Å ¢Ìμ¤¨É ¶·¨
ÔÉμ³ Éμ²Ó±μ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  aex

0 = α/r ¨ ¢ Ê¸²μ-
¢¨¥ Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨/´μ·³¨·μ¢±¨, ±μÉμ·μ¥ ¢ ¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ
¶·¨´¨³ ¥É ¢¨¤

1
4π

∫
ψ+ψ d3x = α. (7)

‡ ³¥É¨³ É¥¶¥·Ó ¤²Ö ¤ ²Ó´¥°Ï¥£μ, ÎÉμ · §³¥·´Ò¥ Ì · ±É¥·¨¸É¨±¨, μÉ-
¢¥Î ÕÐ¨¥ ¶¥·¢μ´ Î ²Ó´μ³Ê ² £· ´¦¨ ´Ê (1), ¸¢Ö§ ´Ò ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨
¡¥§· §³¥·´Ò³¨ ¢¥²¨Î¨´ ³¨, ¨§¢²¥± ¥³Ò³¨ ¨§ (5) ¨ ¢Ò¶¨¸ ´´Ò³¨ ¢ · §¤. 4,
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

• ¤²Ö ² £· ´¦¨ ´ 

L =
�ck4

α
l; (8)

∗‚ ²¨´¥°´μ° § ¤ Î¥ ´μ·³¨·μ¢±  ¤μ¸É¨£ ¥É¸Ö Ê³´μ¦¥´¨¥³ ´  ¶μ¤Ìμ¤ÖÐÊÕ ±μ´¸É ´ÉÊ, ÎÉμ
´¥ ¢²¨Ö¥É ´  Ô´¥·£¥É¨Î¥¸±¨¥ Ê·μ¢´¨. ‚ ´ Ï¥³ ´¥²¨´¥°´μ³ ¸²ÊÎ ¥ ¤²Ö ¢Ò¶μ²´¥´¨Ö Ê¸²μ¢¨Ö ´μ·-
³¨·μ¢±¨ ´¥μ¡Ìμ¤¨³  ´¥É·¨¢¨ ²Ó´ Ö ¶·μÍ¥¤Ê·  (¶μ¤·μ¡´¥¥ ¸³. · §¤. 5),   Ì · ±É¥·¨¸É¨±¨ ´μ·³¨-
·μ¢ ´´ÒÌ ¨ ´¥´μ·³¨·μ¢ ´´ÒÌ ·¥Ï¥´¨° · §²¨Î´Ò.



�’�Œ ‚�„���„�: “—…’ ‘�	‘’‚…���ƒ� ��‹Ÿ �‹…Š’���� 1143

• ¤²Ö Ô´¥·£¨¨

W =
�ck

α
w ≡ mc2

α
w; (9)

• ¤²Ö ¢¥±Éμ·  ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É 

J =
�

α
j; (10)

• ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  (¶·¨ ¢Ò¶μ²´¥´¨¨ (7))

Q = −e; (11)

• ¤²Ö ¢¥±Éμ·  ³ £´¨É´μ£μ ³μ³¥´É 

M =
e

kα
m ≡ 1

α

(
e�

mc

)
m. (12)

‚ ¤ ²Ó´¥°Ï¥³ ´ Ï¥° μ¸´μ¢´μ° § ¤ Î¥° ¡Ê¤¥É ¶μ²ÊÎ¥´¨¥ ·¥£Ê²Ö·´ÒÌ ·¥-
Ï¥´¨° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (6) ¢ ± ²¨¡·μ¢±¥ ‹μ·¥´Í  ¨ ¸ Ê¸²μ¢¨¥³ Ô²¥±É·μ-
´¥°É· ²Ó´μ¸É¨ (7); ¶·¨ ÔÉμ³ ³Ò μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ ¸É Í¨μ´ ·´ÒÌ
·¥Ï¥´¨° ¢¨¤ 

ψT = {κT (r), χT (r)} e−iωt, aμ = {φ(r), a(r)}, (13)

£¤¥ κ, χ Å 2-¸¶¨´μ·Ò; φ,a Å c± ²Ö·´Ò° ¨ ¢¥±Éμ·´Ò° Ô²¥±É·μ³ £´¨É´Ò¥ ¶μ-
É¥´Í¨ ²Ò ¸μμÉ¢¥É¸É¢¥´´μ,   ¸¨³¢μ² T μÉ¢¥Î ¥É μ¶¥· Í¨¨ É· ´¸¶μ´¨·μ¢ ´¨Ö.

3. α-��‡‹�†…�ˆ… ˆ �…�…‹Ÿ’ˆ‚ˆ‘’‘Šˆ‰ ��…„…‹ α → 0

‚ ¸É Í¨μ´ ·´μ³ ¸²ÊÎ ¥ (13) μ¸´μ¢´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (6) ¶·¨´¨³ ¥É
¢¨¤

Σ · (i∇− a)χ = (ω + φ + α/r − 1)κ,

Σ · (i∇− a)κ = (ω + φ + α/r + 1)χ,

Δφ = κ+κ + χ+χ,

Δa = κ+Σχ + χ+Σκ

(14)

¸ Ê¸²μ¢¨¥³ Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨ (4π)−1
∫
(κ+κ + χ+χ) d3x = α. ‡¤¥¸Ó Σ =

{Σa}, a = 1, 2, 3, Å ´ ¡μ· ³ É·¨Í � Ê²¨ ¢ ¸É ´¤ ·É´μ³ ¶·¥¤¸É ¢²¥´¨¨.
�·μ¨§¢¥¤¥³ É¥¶¥·Ó ¥Ð¥ μ¤´μ ¶·¥μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ É ¨ ¶μ²¥¢ÒÌ ËÊ´±-

Í¨° [25], ¶¥·¥¢μ¤ÖÐ¥¥ ³ ¸ÏÉ ¡Ò ¤²¨´ ± ®¡μ·μ¢¸±¨³¯ ¨ ¶μ§¢μ²ÖÕÐ¥¥ § É¥³
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μ¸ÊÐ¥¸É¢¨ÉÓ · §²μ¦¥´¨¥ ·¥Ï¥´¨° ¶μ ³ ²μ³Ê ¶ · ³¥É·Ê α. � ¨³¥´´μ, ¢¢¥-
¤¥³ ´μ¢Ò¥ ±μμ·¤¨´ ÉÒ X, 2-¸¶¨´μ·Ò K, N ¨ ¶μÉ¥´Í¨ ²Ò Φ,A (´¥ ¶ÊÉ ÉÓ
¸ ´ Î ²Ó´Ò³¨ · §³¥·´Ò³¨) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

x =
X

α(1 + ω)
, κ = α2(1 + ω)3/2K, χ = α3(1 + ω)3/2N,

φ = α2(1 + ω)Φ, a = α3(1 + ω)A,

(15)

¶μ¸²¥ Î¥£μ ¸¨¸É¥³  (14) ¶·¨³¥É Ëμ·³Ê

Σ · (i∇− α2A)N =
(
−ε + Φ +

1
R

)
K,

Σ · (i∇− α2A)K =
(

1 + α2

(
Φ +

1
R

))
N,

ΔΦ = K+K + α2N+N

(16)

¸ ¤μ¶μ²´¨É¥²Ó´Ò³ Ê· ¢´¥´¨¥³ ¤²Ö ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ² 

ΔA = K+ΣN + N+ΣK, (17)

  Ê¸²μ¢¨¥ Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨ ¶·¨³¥É ¢¨¤ (4π)−1
∫
(K+K + α2N+N)

d3X = 1. ‡¤¥¸Ó ®¶·¨¢¥¤¥´´ Ö Î ¸ÉμÉ ¯

ε :=
1 − ω

α2(1 + ω)
, (18)

¶·¨Î¥³ ¨§  ´ ²¨§   ¸¨³¶ÉμÉ¨± ¸²¥¤Ê¥É (¸³. ´¨¦¥), ÎÉμ Ê¡Ò¢ ÕÐ¨¥ ´  ¡¥¸-
±μ´¥Î´μ¸É¨ ·¥Ï¥´¨Ö (16) ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ ²¨ÏÓ ¶·¨ |ω| < 1, É ± ÎÉμ
¶ · ³¥É· ε ¢¸¥£¤  ¶μ²μ¦¨É¥²¥´.

�μ¢ Ö Ëμ·³  Ê· ¢´¥´¨° (16) Ê¤μ¡´  É¥³, ÎÉμ ¸ ÊÎ¥Éμ³ ³ ²μ¸É¨ ¶ · ³¥É· 
α ¶μ§¢μ²Ö¥É ¸μ£² ¸μ¢ ´´Ò³ μ¡· §μ³ · ¸¸³μÉ·¥ÉÓ ®´Ê²¥¢μ¥¯ ¶·¨¡²¨¦¥´¨¥ ¶μ
α → 0. „¥°¸É¢¨É¥²Ó´μ, μÉ¡· ¸Ò¢ Ö Î²¥´Ò ∼ α2, ¶μ²ÊÎ¨³ ¤²Ö ¶¥·¢ÒÌ É·¥Ì
Ê· ¢´¥´¨° (16) ¨ Ê¸²μ¢¨Ö Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨

iΣ · ∇K = N,

iΣ · ∇N =
(
−ε + Φ +

1
R

)
K,

ΔΦ = K+K, (4π)−1

∫
K+K d3X = 1.

(19)

‘¨¸É¥³  (19) § ³±´ÊÉ , ¸μ¤¥·¦¨É ¥¤¨´¸É¢¥´´Ò° ¶μ¤²¥¦ Ð¨° μ¶·¥¤¥²¥´¨Õ
¶ · ³¥É· ε ¨ ´¥ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö Î²¥´μ¢ ¸ ³ £´¨É´Ò³ ¶μÉ¥´Í¨ ²μ³. � ¶·μ-
É¨¢, ¶μ¸²¥¤´¨° ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ¶μ ¶·¥¤¢ ·¨É¥²Ó´μ ´ °¤¥´´Ò³ ·¥Ï¥-
´¨Ö³ ¶·¥¤¥²Ó´μ° ¸¨¸É¥³Ò (19) ¨´É¥£·¨·μ¢ ´¨¥³ Ê· ¢´¥´¨Ö (17). �·¨ ÔÉμ³
¸ ³  ¸¨¸É¥³  (19) ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¢Ò· ¦¥´¨Ö ¤²Ö 2-¸¶¨´μ·  N ¨§ ¶¥·¢μ£μ
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Ê· ¢´¥´¨Ö ¢μ ¢Éμ·μ¥ ¸¢μ¤¨É¸Ö ± μ¤´μ³Ê Ê· ¢´¥´¨Õ ¢Éμ·μ£μ ¶μ·Ö¤±  ¤²Ö μ¸´μ¢-
´μ£μ 2-¸¶¨´μ·  K . �μ¸²¥ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ
μ±μ´Î É¥²Ó´ÊÕ Ëμ·³Ê ¸¨¸É¥³Ò ¢ μ¸´μ¢´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ α:

ΔK =
(

ε − Φ − 1
R

)
K,

ΔΦ = K+K, (4π)−1
∫

K+Kd3X = 1.

(20)

‘¨¸É¥³  (20) ¶μ ¸É·Ê±ÉÊ·¥ ¡²¨§±  (´μ ´¥ Éμ¦¤¥¸É¢¥´´ ) ± ¸ ³μ¸μ£² ¸μ¢ ´-
´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· Ä�ÓÕÉμ´ , § ¸²Ê¦¨¢Ï¥° ¢ ¸¢μ¥ ¢·¥³Ö
¢´¨³ ´¨¥ ¡² £μ¤ ·Ö ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒ³ ¨¤¥Ö³ ‹. „ °μ¸¨ [9], �. �¥´·μÊ§  [10]
¨ ¤·. μ ¢μ§³μ¦´μ° ¸ ³μ£· ¢¨É¨·ÊÕÐ¥° ¶·¨·μ¤¥ ¶·μÍ¥¸¸  ·¥¤Ê±Í¨¨ ¢μ²´μ-
¢μ° ËÊ´±Í¨¨ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ. ‚ Î ¸É´μ¸É¨, ¢ · ¡μÉ Ì [11,28] Î¨¸²¥´´Ò³
³¥Éμ¤μ³ ¡Ò² ¶μ²ÊÎ¥´ ¸¶¥±É· ¸É Í¨μ´ ·´ÒÌ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ·¥£Ê-
²Ö·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò ˜·¥¤¨´£¥· Ä�ÓÕÉμ´ .

�É ´ Ï¥° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (20) ¸¨¸É¥³  ˜·¥¤¨´£¥· Ä�ÓÕÉμ´  μÉ²¨-
Î ¥É¸Ö μÉcÊÉ¸É¢¨¥³ ¢´¥Ï´¥£μ ±Ê²μ´μ¢¸±μ£μ (´ÓÕÉμ´μ¢¸±μ£μ) ¶μÉ¥´Í¨ ²  ¨
§´ ±μ³ ¶μÉ¥´Í¨ ²  ¢ ¶¥·¢μ³ ¨§ Ê· ¢´¥´¨° É¨¶  (20) (ÎÉμ ¸¢Ö§ ´μ ¸ · §´Ò³¨
§´ ± ³¨ £· ¢¨É Í¨μ´´μ£μ ¨ Ô²¥±É·μ¸É É¨Î¥¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨°). �¥É·Ê¤´μ
¢¨¤¥ÉÓ, ÎÉμ ´  ¸ ³μ³ ¤¥²¥ (20) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸ ³μ¸μ£² ¸μ¢ ´´ÊÕ ¸¨-
¸É¥³Ê Ê· ¢´¥´¨° ˜·¥¤¨´£¥· Ä�Ê ¸¸μ´  (· ¸¶¨¸ ´´ÊÕ ¤²Ö ¸²ÊÎ Ö ¸É Í¨μ´ ·-
´ÒÌ ·¥Ï¥´¨°), É ± ÎÉμ ¶¥·¥Ìμ¤ ± ¶·¥¤¥²Ê α → 0 ¨ ¸¨¸É¥³¥ (19) ²¨¡μ (20)
¶μ ¸ÊÐ¥¸É¢Ê ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ ¶·¨¡²¨¦¥´¨¥ ¨¸Ìμ¤´μ°
¸¨¸É¥³Ò „¨· ± ÄŒ ±¸¢¥²² .

ˆ³¥´´μ ·¥Ï¥´¨Ö ¢ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ ¨ ¡Ê¤ÊÉ ´¨¦¥ μ¸´μ¢´Ò³ ¶·¥¤³¥Éμ³
¨§ÊÎ¥´¨Ö. ‚μ¶·μ¸ ¦¥ μ ´ Ìμ¦¤¥´¨¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ± ¢¥¸Ó³  ¸²μ¦¥´,
¶μ¸±μ²Ó±Ê, ± ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ¶·¨¢μ¤¨É ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ± ¡¥¸±μ´¥Î´μ°
Í¥¶μÎ±¥ Ê· ¢´¥´¨° ¤²Ö · ¤¨ ²Ó´ÒÌ ËÊ´±Í¨°.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¸¨¸É¥³  Ê· ¢´¥´¨° É¨¶  (20) ´¥μ¤´μ±· É´μ ¶·¥¤² -
£ ² ¸Ó ¢ ± Î¥¸É¢¥ Ë¨§¨Î¥¸±¨ μ¶· ¢¤ ´´μ°  ²ÓÉ¥·´ É¨¢Ò ²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ
˜·¥¤¨´£¥· . …Ð¥ ¸ ³ �.˜·¥¤¨´£¥· μ¡¸Ê¦¤ ² ´¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸¸³ É·¨¢ ÉÓ
®¶·μ¸É· ´¸É¢¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥¯ § ·Ö¤  Ô²¥±É·μ´μ¢, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¸²ÊÎ ¥
³´μ£μÔ²¥±É·μ´´ÒÌ  Éμ³μ¢ [27, c. 116], ¨ ¢μ§³μ¦´μ¸ÉÓ ¢¢¥¤¥´¨Ö ¢ ÔÉμ° ¸¢Ö§¨
®¶μÉ¥´Í¨ ²  ´¥°É· ²¨§ Í¨¨¯ [27, c. 175], É. ¥. ¶μÉ¥´Í¨ ²  ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö
Ô²¥±É·μ´μ¢. �μ¤·μ¡´μ¥ μ¸¢¥Ð¥´¨¥ ÔÉ¨Ì ¢μ¶·μ¸μ¢ ³μ¦´μ ´ °É¨ ¢ ¸É ÉÓ¥ [7].

B¶¥·¢Ò¥, ´ ¸±μ²Ó±μ ¨§¢¥¸É´μ  ¢Éμ· ³, ¶μ¶ÒÉ±  ¶μ²ÊÎ¨ÉÓ ¸ ³¨ ·¥£Ê²Ö·-
´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (20) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ §´ Î¥´¨Ö Ô´¥·£¨° ¸¢Ö§¨
¡Ò²¨ ¶·¥¤¶·¨´ÖÉÒ ¢ · ¡μÉaÌ [25] ¨ [18]. ‚ ¶μ¸²¥¤´¥° ÔÉ¨ ·¥Ï¥´¨Ö ´ Ìμ¤¨-
²¨¸Ó ¤²Ö ´¨§Ï¨Ì s-¸μ¸ÉμÖ´¨° (c n = 1, 2, 3) ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ § ·Ö¤ 
Ze Ö¤·  ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢; ¶·¨ ÔÉμ³ ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤ ¶μ¸²¥¤μ¢ -
É¥²Ó´ÒÌ ¨É¥· Í¨°,   ¢ ± Î¥¸É¢¥ ¶¥·¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¢Ò¡¨· ²¨¸Ó ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨ ± ´μ´¨Î¥¸±μ° ²¨´¥°´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¨.
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�¤´ ±μ ¶μ²ÊÎ¥´´Ò¥ ¸¤¢¨£¨ Ê·μ¢´¥°, ± ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, μ± § ²¨¸Ó
§´ Î¨É¥²Ó´Ò³¨, ¨ ¤²Ö ¸μμÉ¢¥É¸É¢¨Ö ´ ¡²Õ¤ ¥³Ò³ §´ Î¥´¨Ö³  ¢Éμ· ³¨ ¶·¥¤² -
£ ²μ¸Ó ¨¸¶μ²Ó§μ¢ ÉÓ  ´ ²μ£ ¶·μÍ¥¤Ê·Ò ¶¥·¥´μ·³¨·μ¢±¨. Œ¥¦¤Ê É¥³ ±μ··¥±É-
´μ¸ÉÓ ¸ ³μ° ¶·μÍ¥¤Ê·Ò ´ Ìμ¦¤¥´¨Ö ·¥Ï¥´¨° ¢Ò§Ò¢ ¥É ¸μ³´¥´¨Ö∗. ’ ± ¨²¨
¨´ Î¥, ´μ ¨³¥´´μ ¤²Ö ´ ¨¡μ²¥¥ ¢ ¦´μ£μ ¸²ÊÎ Ö ®¸ ³μ£μ¯ ¢μ¤μ·μ¤  (Z = 1)
¢¥²¨Î¨´Ê ¸¤¢¨£  μ¶·¥¤¥²¨ÉÓ ´¥ Ê¤ ²μ¸Ó.

ŒÒ ¢ · ¡μÉ Ì [25, 26] ¨ ´¨¦¥ ¨¸¶μ²Ó§Ê¥³ ¡μ²¥¥ ´ ¤¥¦´Ò° ³¥Éμ¤ Î¨-
¸²¥´´μ£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò É¨¶  (20), ¶μ¤±·¥¶²ÖÖ ¥£μ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³
(¢ ±² ¸¸¥ É¥Ì ¦¥ ¶·μ¡´ÒÌ ËÊ´±Í¨° ²¨´¥°´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¨).
Š·μ³¥ Éμ£μ, ¨¸¶μ²Ó§ÊÖ ´ °¤¥´´Ò¥ ·¥Ï¥´¨Ö, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ³ £´¨É´Ò°
¶μÉ¥´Í¨ ² ¨ ³μ³¥´É Ô²¥±É·μ´  ¢ · §²¨Î´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ  Éμ³  ¢μ¤μ·μ¤ , ¨´-
É¥£·¨·ÊÖ Ê· ¢´¥´¨¥ (17).

4. �Š‘ˆ�‹œ��-‘ˆŒŒ…’�ˆ—�›… �…˜…�ˆŸ.
‚›„…‹…�ˆ… “ƒ‹�‚�‰ ‡�‚ˆ‘ˆŒ�‘’ˆ ˆ ����‹…Œ�

®‡�–…�‹…�ˆŸ¯ ƒ��Œ��ˆŠ

‘É·μ£μ £μ¢μ·Ö, ¶μ¤²¥¦ Ð Ö ¨§ÊÎ¥´¨Õ ¸¨¸É¥³  Ê· ¢´¥´¨° (19) ´¥ ¨³¥¥É
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ¢ ¸¨²Ê ¸¶¨´μ·´μ° ¶·¨·μ¤Ò ËÊ´±Í¨°
K, N ,   É ±¦¥ ¶·¨¸ÊÉ¸É¢¨Ö ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²  ¶μ²Ö Ô²¥±É·μ´ , ¢ÒÎ¨¸²Ö-
¥³μ£μ ¶μ ¤μ¶μ²´¨É¥²Ó´μ³Ê Ê· ¢´¥´¨Õ (17). �¤´ ±μ ¸ ³Ê ¶μ ¸¥¡¥ ±μ´¥Î´ÊÕ
¸¨¸É¥³Ê (20) ³μ¦´μ ¶·¨¢¥¸É¨ ± Ê· ¢´¥´¨Õ ¤²Ö μ¤´μ° ¸Ë¥·¨Î¥¸±μ° £ ·³μ-
´¨±¨, μÉ¢¥Î ÕÐ¥° μ¸´μ¢´μ³Ê 2-¸¶¨´μ·Ê K , ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê ¥° ¶μÉ¥´-
Í¨ ²Ê Φ. „¥°¸É¢¨É¥²Ó´μ, ¶·¥¤¶μ² £ Ö ¶μ¸²¥¤´¨° ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³,
¢¨¤¨³, ÎÉμ Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¢ Ê· ¢´¥´¨ÖÌ ¤²Ö ¸¶¨´μ·´ÒÌ ËÊ´±Í¨° ¢ (19)
³μ¦¥É ¡ÒÉÓ ¢Ò¤¥²¥´  ²Õ¡μ° ¶ ·μ° ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ï ·μ¢ÒÌ ¸¶¨´μ·μ¢, É. ¥.
¢¶μ²´¥  ´ ²μ£¨Î´μ ²¨´¥°´μ° § ¤ Î¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨.

�· ¢¤ , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶²μÉ´μ¸ÉÓ Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ∼ K+K
¢ ¶· ¢μ° Î ¸É¨ (19) ¢μ¢¸¥ ´¥ μ¡Ö§ ´  ¶·¨ ÔÉμ³ ¡ÒÉÓ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´μ°, É ± ÎÉμ ÔÉ  ¸¨¸É¥³  μ± §Ò¢ ¥É¸Ö ´¥§ ³±´ÊÉμ° ¨ É·¥¡Ê¥É ¢¢¥-
¤¥´¨Ö ¤μ¶μ²´¨É¥²Ó´ÒÌ £ ·³μ´¨± ¶μÉ¥´Í¨ ²  (μÉ¢¥Î ÕÐ¨Ì ±¢ ¤·Ê¶μ²Ó´μ³Ê ¨
¢Ò¸Ï¨³ Î¥É´Ò³ ³μ³¥´É ³). ‚ ¸¢μÕ μÎ¥·¥¤Ó, ´¥¨§¡¥¦´μ¥ ¢μ§´¨±´μ¢¥´¨¥ ÔÉ¨Ì
£ ·³μ´¨± É·¥¡Ê¥É ¢¢¥¤¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶ · Ï ·μ¢ÒÌ ¸¶¨´μ·μ¢ ¡μ²¥¥
¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢ ¨ É. ¤. ’ ±μ¥ ¶μ²μ¦¥´¨¥ ¤¥² ¢¥¤¥É ± ´¥μ¡Ìμ¤¨³μ¸É¨ · ¸¸³μ-
É·¥´¨Ö ¡¥¸±μ´¥Î´μ° Í¥¶μÎ±¨ Ê· ¢´¥´¨° ¤²Ö · ¤¨ ²Ó´ÒÌ ËÊ´±Í¨°, μ¡μ¸´μ¢ ÉÓ

∗�¥ Ö¸´μ, ¶·μ¢¥·Ö²μ¸Ó ²¨ ¸μÌ· ´¥´¨¥ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ¶·μÍ¥¸¸¥
¨É¥· Í¨°. Š·μ³¥ Éμ£μ, ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ ¸¢Ö§¨ ¶μ³¨³μ Î²¥´ , μÉ¢¥Î ÕÐ¥£μ ¸μ¡¸É¢¥´´Ò³
§´ Î¥´¨Ö³ ®μ¡ÒÎ´μ°¯ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° Ô´¥·£¨¨ ε, ¤μ²¦´μ ¢±²ÕÎ ÉÓ ¨ ¸μ¡¸É¢¥´´ÊÕ Ô´¥·-
£¨Õ ¶μ²Ö Ô²¥±É·μ´ , ¸³. ´¨¦¥ (35).
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μ¡·Ò¢ ±μÉμ·μ° É·Ê¤´μ ¢ ¸¨²Ê μÉ¸ÊÉ¸É¢¨Ö ± ±μ£μ-²¨¡μ ³ ²μ£μ ¶ · ³¥É· . �ÉμÉ
¢μ¶·μ¸ ¡Ò² ¢ ¸¢μ¥ ¢·¥³Ö ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´ ¢ [24].

…¤¨´¸É¢¥´´ÊÕ ¢μ§³μ¦´μ¸ÉÓ ¶μ²ÊÎ¨ÉÓ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤ ¥É
¢Ò¡μ· É ±¨Ì ¨¸Ìμ¤´ÒÌ ¶ · Ï ·μ¢ÒÌ ¸¶¨´μ·μ¢, ¤²Ö ±μÉμ·ÒÌ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð Ö ¶²μÉ´μ¸ÉÓ Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  μ± §Ò¢ ¥É¸Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ°
(¢ ¤ ²Ó´¥°Ï¥³ ¤²Ö Ê¶·μÐ¥´¨Ö § ¶¨¸¨ ³Ò ¶¥·¥μ¡μ§´ Î ¥³ · ¤¨ ²Ó´ÊÕ ¶¥·¥-
³¥´´ÊÕ ± ± R �→ r).

’¥³ ¸ ³Ò³ ¢Ò¡μ· Ê£²μ¢μ° § ¢¨¸¨³μ¸É¨ ¶μ²¥¢ÒÌ ËÊ´±Í¨° μ± §Ò¢ ¥É¸Ö
μ£· ´¨Î¥´´Ò³ ¸²¥¤ÊÕÐ¨³¨ ¤¢Ê³Ö ¢μ§³μ¦´μ¸ÉÖ³¨, μÉ¢¥Î ÕÐ¨³¨, ¸ ÉμÎ±¨ §·¥-
´¨Ö ± ´μ´¨Î¥¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, s- ¨ p-¸μ¸ÉμÖ´¨Ö³ ¸ ¸μ¡¸É¢¥´´Ò³¨
§´ Î¥´¨Ö³¨ μ¶¥· Éμ·  μ·¡¨É ²Ó´μ£μ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö l = 0, 1
¸μμÉ¢¥É¸É¢¥´´μ:

�´§ Í A:

Φ = φ(r), K = k(r)
(

1
0

)
, N = in(r)

(
cos θ
sin θ eiϕ

)
(21)

¨²¨, ¶μ¸²¥ ¶¥·¥¸É ´μ¢±¨ K ↔ N , Å  ´§ Í B:

Φ = φ(r), K = ik(r)
(

cos θ
sin θ eiϕ

)
, N = n(r)

(
1
0

)
. (22)

‡ ³¥É¨³, ÎÉμ, ¶μ³¨³μ ¤¢ÊÌ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ É¨¶μ¢ Ê£²μ¢μ° § ¢¨¸¨³μ-
¸É¨, ¢μ§³μ¦´Ò ¥Ð¥ ¤¢¥ ¶μ¤¸É ´μ¢±¨:

Φ = φ(r), K = k(r)
(

0
1

)
, N = in(r)

(
− sin θ e−iϕ

cos θ

)
(23)

¨²¨

Φ = φ(r), K = ik(r)
(

− sin θ e−iϕ

cos θ

)
, N = n(r)

(
0
1

)
, (24)

¸μ¶·Ö¦¥´´Ò¥  ´§ Í ³ A ¨ B ¸μμÉ¢¥É¸É¢¥´´μ. �¥É·Ê¤´μ, μ¤´ ±μ, ¶·μ¢¥·¨ÉÓ,
ÎÉμ μ´¨ ¶·¨¢μ¤ÖÉ ± Éμ³Ê ¦¥ ¢¨¤Ê ¸¨¸É¥³Ò (20),   ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö
μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ §´ ± ³¨ ¶·μ¥±Í¨° ³ £´¨É´μ£μ ³μ³¥´É  ¨ ¶μ²´μ£μ ³μ³¥´É 
±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö. �μÔÉμ³Ê ³Ò ´¥ ¡Ê¤¥³ μÉ¤¥²Ó´μ · ¸³ É·¨¢ ÉÓ ¨Ì ¢ ¤ ²Ó-
´¥°Ï¥³.

„²Ö μ¡¥¨Ì ¶μ¤¸É ´μ¢μ± A ¨ B μ¸´μ¢´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (19) ¨ ¸²¥¤ÊÕ-
Ð Ö ¨§ ´¥¥ ¸¨¸É¥³  (20) μ± §Ò¢ ÕÉ¸Ö ¸μ¢³¥¸É´Ò³¨ ¨ § ³±´ÊÉÒ³¨. � ¨³¥´´μ,
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¤²Ö ¸²ÊÎ Ö A ¶μ²ÊÎ ¥³

k′ = n, n′ +
(

2
r

)
n =

(
ε − φ −

(
1
r

))
k

�→ k′′ +
(

2
r

)
k′ =

(
ε − φ −

(
1
r

))
k,

φ′′ +
(

2
r

)
φ′ = k2,

∫
k2r2 dr = 1,

λ′′ +
(

2
r

)
λ′ −

(
2
r2

)
λ = 2kk′,

(25)

  ¤²Ö ¸²ÊÎ Ö B ¡Ê¤¥³ ¨³¥ÉÓ

k′ +
(

2
r

)
k = −n, n′ = −

(
ε − φ −

(
1
r

))
k

�→ k′′ +
(

2
r

)
k′ −

(
2
r

2)
k =

(
ε − φ −

(
1
r

))
k,

φ′′ +
(

2
r

)
φ′ = k2,

∫
k2r2 dr = 1,

λ′′ +
(

2
r

)
λ′ −

(
2
r2

)
λ = −2k

(
k′ +

(
2
r

)
k

)
,

(26)

£¤¥ (′) μ¡μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ · ¤¨ ²Ó´μ° ¶¥·¥³¥´´μ° r,   ¨´-
É¥£·¨·μ¢ ´¨¥ §¤¥¸Ó ¨ ¢ ¤ ²Ó´¥°Ï¥³ ¢¥¤¥É¸Ö ¶μ ¶μ²Ê¡¥¸±μ´¥Î´μ³Ê ¨´É¥·-
¢ ²Ê [0,∞).

—Éμ ± ¸ ¥É¸Ö ¤μ¶μ²´¨É¥²Ó´μ£μ ¶μ¸²¥¤´¥£μ Ê· ¢´¥´¨Ö ¢ (25) ¨ (26), μ´μ
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê· ¢´¥´¨¥ ¤²Ö ϕ-±μ³¶μ´¥´ÉÒ ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ² 
Aϕ = λ(r) sin θ, μÉ¢¥Î ÕÐ¥¥ (17). �·¨Î¥³ r-, θ-±μ³¶μ´¥´ÉÒ ¶²μÉ´μ¸É¨ Éμ-
±μ¢, μÉ¢¥Î ÕÐ¨Ì ¶μ¤¸É ´μ¢± ³ (21), (22), Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ, É ± ÎÉμ
¨ ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ³¶μ´¥´É ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²  ³μ¦´μ ¶μ²μ¦¨ÉÓ
Ar = Aθ = 0.

�¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö ³ £´¨É´μ£μ ³μ³¥´É  ¨¸±μ³ÒÌ ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (25). „¥°¸É¢¨É¥²Ó´μ, ¨´É¥£·¨·ÊÖ ¶μ¸²¥¤´¥¥
Ê· ¢´¥´¨¥ ¸ ¢¥¸μ³ r3 ¨ ÊÎ¨ÉÒ¢ Ö Ê¸²μ¢¨¥ Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨ ¨  ¸¨³¶Éμ-
É¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ λ ∼ μ/r2, £¤¥ μ Å ³ £´¨É´Ò° ³μ³¥´É · ¸¶·¥¤¥²¥´¨Ö,
¶μ²ÊÎ¨³∫

((λ′ − λ/r)r3)′ dr = −3μ =
∫

(k2)′r3 dr = −3
∫

k2r2 dr = −3, (27)

μÉ±Ê¤  ¡Ê¤¥³ ¨³¥ÉÓ μ = 1, ¨²¨ ¢ · §³¥·´ÒÌ ¥¤¨´¨Í Ì (12) ¸ ÊÎ¥Éμ³ ¶·¥μ¡· -
§μ¢ ´¨Ö (15),

|MA| =
(

e�

mc

)
1

1 + ω
≈ e�

2mc
. (28)
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„¥°¸É¢¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê ¢ ¸¨²Ê (18)

1 + ω =
2

1 + εα2
≈ 2(1 − εα2), (29)

³ £´¨É´Ò° ³μ³¥´É, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Î·¥§¢ÒÎ °´μ ³ ²ÒÌ ¶μ¶· ¢μ± ∼ α2, ¨³¥¥É
± ´μ´¨Î¥¸±μ¥ ¤¨· ±μ¢¸±μ¥ §´ Î¥´¨¥ ∗.

�·μ¤¥²Ò¢ Ö É¥ ¦¥ μ¶¥· Í¨¨ ¨´É¥£·¨·μ¢ ´¨Ö ¨ ¢μ¸¸É ´μ¢²¥´¨Ö · §³¥·´μ-
¸É¨ ¤²Ö ³ £´¨É´μ£μ ³μ³¥´É  ·¥Ï¥´¨° ¢Éμ·μ£μ ±² ¸¸  (26), ¶μ²ÊÎ¨³ μ = 1/3,
É ± ÎÉμ ¢³¥¸Éμ (28) É¥¶¥·Ó ¨³¥¥³

|MB| ≈
1
3

(
e�

2mc

)
. (30)

’ ±μ¥ §´ Î¥´¨¥ ³ £´¨É´μ£μ ³μ³¥´É  ¶·¥¤¸É ¢²Ö¥É¸Ö ¸μ¢¥·Ï¥´´μ ´¥μ¦¨¤ ´-
´Ò³ ¨ ²Õ¡μ¶ÒÉ´Ò³, ´μ É·Ê¤´μ ¶μ¤¤ ¥É¸Ö Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨.

� °¤¥³ É¥¶¥·Ó ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö (¡¥§· §³¥·´ÒÌ) Ô´¥·£¨¨ ¨ Ê£²μ¢μ£μ
³μ³¥´É  ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°. ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¨³³¥-
É·¨Î´μ£μ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  T (μν), μÉ¢¥Î ÕÐ¥£μ ¸¨¸É¥³¥ Ê· ¢´¥´¨°
É¨¶  (6)

T (μν) = (4π)−1

(
−ηβρF

μβF νρ +
1
4
ημνF 2

)
+

+ (16π)−1(iψ̄γμ∂νψ − i∂νψ̄γμψ + iψ̄γν∂μψ−
− i∂μψ̄γνψ + 2aμψ̄γνψ + 2aνψ̄γμψ), (31)

¤²Ö Ô´¥·£¨¨ ¸É Í¨μ´ ·´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¶μ²ÊÎ¨³

w =
ω

4π

∫
ψ+ψ d3x − 1

8π

∫
(∇φ)2 d3x. (32)

C ¤·Ê£μ° ¸Éμ·μ´Ò, ¸ ÊÎ¥Éμ³ ¢Ò¶μ²´ÖÕÐ¥°¸Ö ¤²Ö ¸É Í¨μ´ ·´ÒÌ ·¥£Ê²Ö·´ÒÌ
·¥Ï¥´¨° É ± ´ §Ò¢ ¥³μ° ®É¥μ·¥³Ò ‹ ÊÔ¯ [29] (

∫
T (aa) d3x = 0, a = 1, 2, 3)

¡Ê¤¥³ ¨³¥ÉÓ w =
∫

T μ
μ d3x, ¨ ¤²Ö Ô´¥·£¨¨ (32) ¶μ²ÊÎ¨³ [21, 24] ¤·Ê£μ¥ ¶·¥¤-

¸É ¢²¥´¨¥ Î¥·¥§ (²¥£±μ ¢ÒÎ¨¸²Ö¥³Ò° ¸ ÊÎ¥Éμ³ Ê· ¢´¥´¨° ¶μ²Ö) ¸²¥¤ É¥´§μ· 
Ô´¥·£¨¨-¨³¶Ê²Ó¸  T μ

μ ,

w =
1
4π

∫
ψ̄ψ d3x. (33)

∗Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥, Î¨¸²¥´´μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  ε ¤²Ö ¢¸¥Ì ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸ ³μ
¶μ ¸¥¡¥ ³ ²μ (ε � 1), É ± ÎÉμ μÉ±²μ´¥´¨¥ ³ £´¨É´μ£μ ³μ³¥´É  μÉ ¤¨· ±μ¢¸±μ£μ §´ Î¥´¨Ö ´ 
³´μ£μ ¶μ·Ö¤±μ¢ ³¥´ÓÏ¥ ´ ¡²Õ¤ ¥³μ° ¨ ¶·¥¤¸± §Ò¢ ¥³μ° Š�„ ¢¥²¨Î¨´Ò (α/2π).
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�¥·¥Ìμ¤Ö ± ®¡μ·μ¢¸±¨³¯ ³ ¸ÏÉ ¡ ³ (15), ÊÎ¨ÉÒ¢ Ö Ê¸²μ¢¨¥ Ô²¥±É·μ´¥°É· ²Ó-
´μ¸É¨ ¨ ¢Ò· ¦¥´¨¥ (29) ¤²Ö ω,   § É¥³ ¢μ¸¸É ´ ¢²¨¢ Ö · §³¥·´μ¸ÉÓ ¢ ¸μμÉ-
¢¥É¸É¢¨¨ ¸ (9), ¶μ²ÊÎ¨³ ¢³¥¸Éμ (32)

W = mc2

(
1 − εα2

1 + εα2
− α2

1 + εα2

∫
(φ′)2r2 dr

)
= mc2 − WB . (34)

‡¤¥¸Ó Ô´¥·£¨Ö ¸¢Ö§¨ WB ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¶· ¢μ± ¶μ·Ö¤±  α2 · ¢´ 

WB = 4R

(
ε +

1
2

∫
(φ′)2r2 dr

)
, (35)

£¤¥ ¢¥²¨Î¨´  R := mc2α2/2 ≡ me4/2�
2 μÉ¢¥Î ¥É (¶·¨ ¶ · ³¥É·¥ m, · ¢´μ³

³ ¸¸¥ Ô²¥±É·μ´ ) ¶μ¸ÉμÖ´´μ° �¨¤¡¥·£ . �·¨¢¥¤¥´´ Ö Î ¸ÉμÉ  ε ¨ Ô´¥·£¨Ö
¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Ô²¥±É·μ´  (¢Éμ·μ° Î²¥´ ¢ (35)) ¤μ²¦´Ò
¶·¨ ÔÉμ³ μ¶·¥¤¥²ÖÉÓ¸Ö ¨§ ·¥Ï¥´¨Ö £· ´¨Î´μ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (25) ²¨¡μ (26).

�´ ²μ£¨Î´μ, ¤·Ê£μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ô´¥·£¨¨ (33) ¶μ¸²¥ ¶¥·¥Ìμ¤  ± · §³¥·-
´Ò³ ¢¥²¨Î¨´ ³ ¤ ¥É ¤²Ö Ô´¥·£¨¨ ¸¢Ö§¨ W̃B

W̃B = 4R

∫
n2r2 dr. (36)

� ¢¥´¸É¢μ ¢Ò· ¦¥´¨° (35) ¨ (36) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´É¥£· ²Ó´μ¥ Éμ¦¤¥¸É¢μ,
±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ²Õ¡ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò (25) ²¨¡μ (26).
�Éμ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¶·¨ μÍ¥´±¥ ÉμÎ´μ¸É¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ±· ¥¢μ° § ¤ Î¨ (¸³. · §¤. 5).

‚ § ±²ÕÎ¥´¨¥ ¢Ò¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨°. ‚ ¸¨²Ê ¸¨³³¥É·¨Î´μ¸É¨ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  (31) É¥´§μ·
¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  Mμ[νλ] ¨³¥¥É ¢¨¤

Mμ[νλ] := xνT (μλ) − xλT (μν), (37)

É ± ÎÉμ ¸μÌ· ´ÖÕÐ¨°¸Ö 3-¢¥±Éμ· Ê£²μ¢μ£μ ³μ³¥´É  j ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

j =
∫

r× p d3x, (38)

¢ ±μÉμ·μ³ ¶²μÉ´μ¸ÉÓ ¢¥±Éμ·  ¨³¶Ê²Ó¸  pc μ¶·¥¤¥²Ö¥É¸Ö ±μ³¶μ´¥´É ³¨ T (0c)

É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

p :=
1
4π

(E×H)− 1
8π

(
aψ+ψ + (ω + φ)ψ+sψ +

i

2
(ψ+∇ψ −∇ψ+ψ)

)
, (39)
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£¤¥ sc := iγ0γc. ˆ¸¶μ²Ó§ÊÖ Ê· ¢´¥´¨Ö ¶μ²Ö (6), ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ Î ¸ÉÖ³
¶μ²ÊÎ¨³

j =
1
8π

∫
r × (i∇ψ+ψ − iψ+∇ψ) d3x +

1
8π

∫
ψ+Λψ d3x, (40)

£¤¥ Λc := (i/2)εabcγ
aγb. ‚ ¸²ÊÎ ¥  ±¸¨ ²Ó´μ° ¸¨³³¥É·¨¨ ¥¤¨´¸É¢¥´´ Ö μÉ-

²¨Î´ Ö μÉ ´Ê²Ö ±μ³¶μ´¥´É  ³μ³¥´É  ¨³¶Ê²Ó¸  ¶·¨´¨³ ¥É Éμ£¤  ¢¨¤

j = j3 =
1
4π

∫
ψ+

(
−i

∂

∂ϕ
+

1
2
Λ3

)
ψ d3x. (41)

�μ¸²¥ ¶¥·¥Ìμ¤  ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê ¤²Ö ·¥Ï¥´¨° μ¡μ¨Ì ±² ¸¸μ¢ A
¨ B ¡Ê¤¥³ ¨³¥ÉÓ

j =
1
2

∫
k2r2 dr =

1
2

(42)

¸ ÊÎ¥Éμ³ Ê¸²μ¢¨Ö · ¢¥´¸É¢  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  Ô²¥³¥´É ·´μ³Ê. ‚ · §³¥·-
´ÒÌ ¥¤¨´¨Í Ì ¨³¥¥³, ± ± ¨ μ¦¨¤ ²μ¸Ó ∗, J = �/2. „²Ö ·¥Ï¥´¨°, § ¤ ¢ ¥³ÒÌ
 ´§ Í ³¨ (23), (24), ¶·μ¥±Í¨Ö Ê£²μ¢μ£μ ³μ³¥´É  J ¡Ê¤¥É ¨³¥ÉÓ ¶·μÉ¨¢μ¶μ-
²μ¦´Ò° §´ ±, J = −�/2.

5. —ˆ‘‹…��›… ˆ‘‘‹…„�‚��ˆŸ
ˆ ®����‚‘Šˆ‰¯ ‘�…Š’� ��…�ƒˆ‰ ‘‚Ÿ‡ˆ

�¨¦¥ ¶·¥¤³¥Éμ³ ¨¸¸²¥¤μ¢ ´¨Ö ¡Ê¤ÊÉ ¢¸Õ¤Ê ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥-
³Ò (25), ±μÉμ· Ö ¶μ¸²¥ ¢¢¥¤¥´¨Ö ®¶·¨¢¥¤¥´´μ£μ¯ ¶μÉ¥´Í¨ ² 

U := ε − φ (43)

¨ ¡¥§ · ¸¸³μÉ·¥´¨Ö ¤μ¶μ²´¨É¥²Ó´μ£μ Ê· ¢´¥´¨Ö ¤²Ö ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ² 
λ ¶·¨³¥É ¢¨¤

k′ = n, n′ +
(

2
r

)
n =

(
U −

(
1
r

))
k

�→ k′′ +
(

2
r

)
k′ =

(
U −

(
1
r

))
k,

U ′′ +
(

2
r

)
U ′ = −k2.

(44)

∗‘¢Ö§Ó ¶μ²´μ£μ ³μ³¥´É  ¨³¶Ê²Ó¸  ¸ Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤μ³ ·¥£Ê²Ö·´ÒÌ  ±¸¨ ²Ó´μ-
¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ¨³¥¥É Ê´¨¢¥·¸ ²Ó´Ò° Ì · ±É¥· ¨ ¤²Ö ¸²ÊÎ Ö μÉ¸ÊÉ¸É¢¨Ö ¢´¥Ï´¥£μ ¶μ-
É¥´Í¨ ²  ¡Ò²  ¶μ²ÊÎ¥´  ¢ [24] ¢ ¢¨¤¥ J = (Q/e)m�, m = 1, 2, . . . ’ ±¨³ μ¡· §μ³, ³μ¤¥²¨
· ¸¸³ É·¨¢ ¥³μ£μ ±² ¸¸  ³μ£ÊÉ ¢ ¶·¨´Í¨¶¥ μ¶¨¸Ò¢ ÉÓ § ·Ö¦¥´´Ò¥ Ë¥·³¨μ´Ò ²Õ¡μ£μ ¶μ²ÊÍ¥-
²μ£μ ¸¶¨´ .
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�¸¨³¶ÉμÉ¨±¨ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ·¥Ï¥´¨° ¨³¥ÕÉ ¢¨¤

k ∼ β
(
1 − r

2
+ . . .

)
, n ∼ −β

2
+ . . . , U ∼ δ − β2r2

6
+ . . . (45)

¶·¨ ³ ²ÒÌ r ∼ 0 ¨

k ∼ A e−
√

εr, n ∼ −
√

εk, U ∼ ε +
q

r
, . . . (46)

¶·¨ ¡μ²ÓÏ¨Ì r → ∞.
�·¥¤¶μ² £ Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ É ±¨Ì ·¥Ï¥´¨° ¸ ¶·μ¨§¢μ²Ó´Ò³ Î¨¸²μ³ Ê§²μ¢

N = 0, 1, 2, . . . ¶μ μ¸´μ¢´μ° ËÊ´±Í¨¨ k(r), ¶·¨Ìμ¤¨³ ± ´¥²¨´¥°´μ° ±· ¥¢μ°
§ ¤ Î¥ ´  ®¸μ¡¸É¢¥´´Ò¥¯ §´ Î¥´¨Ö: ¶·¨ § ¤ ´´μ³ δ = U(0) ¶μ¤μ¡· ÉÓ É -
±¨¥ β = k(0), ¶·¨ ±μÉμ·ÒÌ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μÉ Í¥´É·  ËÊ´±Í¨Ö
k(r) Ê¡Ò¢ ¥É,  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¶·¨¡²¨¦ Ö¸Ó ± ´Ê²Õ; ¶·¨ ÔÉμ³  ¢Éμ³ É¨Î¥¸±¨
¶μÉ¥´Í¨ ² U(r) ³¥¤²¥´´μ Ê¡Ò¢ ¥É ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸  ¸¨³¶ÉμÉ¨±μ° (46), ¨§
±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö, ¢ Éμ³ Î¨¸²¥, ¨ ®¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥¯ ε.

�·¨ Î¨¸²¥´´μ³ ¨´É¥£·¨·μ¢ ´¨¨ ¨¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´Ò° (¸³., ´ ¶·¨-
³¥·, [11]) ³¥Éμ¤ ®¢¨²±¨¯, ¸Ê¦ Ö ¨´É¥·¢ ² §´ Î¥´¨° β ¶μ ¸²¥¤ÊÕÐ¥³Ê ±·¨É¥-
·¨Õ. …¸²¨ ËÊ´±Í¨Ö k(r) ®¸·Ò¢ ¥É¸Ö¯ ¨ ´ Î¨´ ¥É ¢μ§· ¸É ÉÓ, n(r0) = k′(r0) >
0 ¶·¨ ´¥±μÉμ·μ³ §´ Î¥´¨¨  ·£Ê³¥´É  r = r0, ¸²¥¤Ê¥É Ê³¥´ÓÏ¨ÉÓ ¨¸Ìμ¤´μ¥ §´ -
Î¥´¨¥ β. � μ¡μ·μÉ, ¥¸²¨ (¤²Ö ¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö ¸ N = 0) ¶·¨ ´¥±μÉμ·μ³
r0 ËÊ´±Í¨Ö k(r) ¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´μ°, k(r0) < 0, §´ Î¥´¨¥ β ¸²¥¤Ê¥É
Ê¢¥²¨Î¨ÉÓ. ‚ ·¥§Ê²ÓÉ É¥ μ¶·¥¤¥²Ö¥³ ¶·¨¡²¨¦¥´´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ β0,
¶·¨ ±μÉμ·μ³ ®¸·Ò¢¯ ·¥Ï¥´¨Ö ¢ ÉÊ ¨²¨ ¨´ÊÕ ¸Éμ·μ´Ê ¶·μ¨¸Ìμ¤¨É ¶·¨ ¤μ¸É -
ÉμÎ´μ ¡μ²ÓÏ¨Ì r0. � Ìμ¤Ö ¢ ÔÉμ° ÉμÎ±¥ §´ Î¥´¨Ö q ≈ −r2

0U
′(r0), μ¶·¥¤¥²Ö¥³

´μ·³¨·μ¢μÎ´Ò° ¨´É¥£· ² Å § ·Ö¤ q ≈
∫

k2r2 dr.
�μ¸²¥ ÔÉμ£μ ¢¸Ö ¶·μÍ¥¤Ê·  ¶μ¢Éμ·Ö¥É¸Ö ¶·¨ ¤·Ê£μ³ ¨¸Ìμ¤´μ³ §´ Î¥´¨¨ δ

¶μÉ¥´Í¨ ²  U , ÎÉμ ¶·¨¢μ¤¨É ± ·¥£Ê²Ö·´μ³Ê ·¥Ï¥´¨Õ ¸ ¤·Ê£¨³ §´ Î¥´¨¥³
´μ·³¨·μ¢μÎ´μ£μ ¨´É¥£· ²  q. ‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³ ¶·¨¡²¨¦¥´´Ò¥ §´ Î¥´¨Ö
β0, δ0, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê¦¥ ´μ·³¨·μ¢ ´´μ³Ê (¨, ¸μμÉ¢¥É¸É¢¥´´μ, Ô²¥±É·¨-
Î¥¸±¨ ´¥°É· ²Ó´μ³Ê) ¡¥§Ê§²μ¢μ³Ê ·¥£Ê²Ö·´μ³Ê ·¥Ï¥´¨Õ ¸¨¸É¥³Ò Ê· ¢´¥´¨°
(44), ¨³¥ÕÐ¥³Ê ¢¨¤, ¶·¥¤¸É ¢²¥´´Ò° ´  ·¨¸. 1 (· ¤¨Ê¸ μ¡·Ò¢  r0 ∼ 90). ‚¨¤
¶·¨¢¥¤¥´´μ£μ Ô²¥±É·μ¸É É¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  U ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 2.

„ ²¥¥ ¶·¨ ´ °¤¥´´μ³ β0 ¨´É¥£·¨·Ê¥³ Ê· ¢´¥´¨¥ ¤²Ö ³ £´¨É´μ£μ ¶μÉ¥´-
Í¨ ²  ¢ (25), ¶μ¤¡¨· Ö É ±μ¥ §´ Î¥´¨¥ γ0 ®¶·μ¨§¢μ¤´μ° λ′ ¢ ´Ê²¥¯, ¶·¨ ±μ-
Éμ·μ³ ´  ¡μ²ÓÏ¨Ì · ¸ÉμÖ´¨ÖÌ μÉ Í¥´É·  ¢μ§· ¸É ÕÐ¨° Î²¥´ ¢  ¸¨³¶ÉμÉ¨±¥
λ ∼ Hr + μ/r2 ¶·¨¡²¨¦¥´´μ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó; Éμ£¤  μÉ¸Õ¤  μ¶·¥¤¥²Ö¥³
¨ ³ £´¨É´Ò° ³μ³¥´É · ¸¶·¥¤¥²¥´¨Ö μ = r2

0λ(r0), Ê¡¥¦¤ Ö¸Ó, ÎÉμ ¸ Ìμ·μÏ¥°
ÉμÎ´μ¸ÉÓÕ μ ≈ 1 (¸³. ¢ÒÏ¥ (28)). ˆ¸±μ³Ò° ¢¨¤ ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²  ¤²Ö
¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 3.

� ±μ´¥Í, ¨¸¶μ²Ó§ÊÖ ¢¸¥ ´ °¤¥´´Ò¥ §´ Î¥´¨Ö {β0, δ0, γ0}, Î¨¸²¥´´Ò³ ¨´-
É¥£·¨·μ¢ ´¨¥³ ´ Ìμ¤¨³ ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨
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�¨¸. 1. ‚¨¤ ¡¥§Ê§²μ¢μ£μ ·¥£Ê²Ö·´μ£μ ·¥-
Ï¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´§ ÍÊ A

�¨¸. 2. ‚¨¤ ¶·¨¢¥¤¥´´μ£μ Ô²¥±É·μ¸É É¨Î¥-
¸±μ£μ ¶μÉ¥´Í¨ ²  ¤²Ö ¡¥§Ê§²μ¢μ£μ ·¥Ï¥-
´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´§ ÍÊ A

�¨¸. 3. ‚¨¤ ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²  ¤²Ö ¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´§ ÍÊ A

¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö, ¶μ¶ÊÉ´μ ¶·μ¢¥·ÖÖ ÉμÎ´μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ¶μ ¢Ò¶μ²´¥-
´¨Õ ¨´É¥£· ²Ó´ÒÌ Éμ¦¤¥¸É¢ (¸·., ´ ¶·¨³¥·, (35) ¸ (36)). � ±μ´¥Í, ¶μ  ¸¨³-
¶ÉμÉ¨±¥ ¶μÉ¥´Í¨ ²  U μ¶·¥¤¥²Ö¥³ ¨ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¤²Ö ®¶·¨¢¥¤¥´-
´μ° Î ¸ÉμÉÒ¯ ε ≈ U(r0) + r0U

′(r0), ¢ÒÎ¨¸²ÖÖ § É¥³ Ô´¥·£¨Õ ¸¢Ö§¨ ¶μ Ëμ·-
³Ê²¥ (35).

�¥É·Ê¤´μ ¶μ´ÖÉÓ, ÎÉμ  ´ ²μ£¨Î´ Ö ¶·μÍ¥¤Ê·  ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  ¤²Ö
´ Ìμ¦¤¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸ ¶·μ¨§¢μ²Ó´Ò³ § ¤ ´´Ò³ Î¨¸²μ³ Ê§²μ¢
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�¨¸. 4. ‚¨¤ ¤¢ÊÊ§²μ¢μ£μ (N = 2) ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´§ ÍÊ A

N μ¸´μ¢´μ° ËÊ´±Í¨¨ k(r). „²Ö ÔÉμ£μ ¸²¥¤Ê¥É Éμ²Ó±μ ¸Ê¦ ÉÓ ¸μμÉ¢¥É¸É¢ÊÐ¨°
¨´É¥·¢ ² §´ Î¥´¨° βN , ¶·¥¤¢ ·¨É¥²Ó´μ ¶μ§¢μ²ÖÖ ËÊ´±Í¨¨ k(r) ¶μ³¥´ÖÉÓ §´ ±
N · §. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 4 ¶·¥¤¸É ¢²¥´μ ´μ·³¨·μ¢ ´´μ¥ ·¥£Ê²Ö·´μ¥
·¥Ï¥´¨¥ ¸ Î¨¸²μ³ Ê§²μ¢ N = 2.

‚ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ · ¸Î¥É  ¶ · ³¥É·μ¢ ¨ Ì -
· ±É¥·¨¸É¨± ´μ·³¨·μ¢ ´´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò (44) (¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¨³ ·¥Ï¥´¨° (25)) ¸ Î¨¸²μ³ Ê§²μ¢ N = 0−10. ˆ§ É ¡²¨ÍÒ ¨ ·¨¸. 5
¢¨¤´μ, ÎÉμ ¸ μÎ¥´Ó Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ §´ Î¥´¨Ö Ô´¥·£¨¨ ¸¢Ö§¨ WB ¢μ¸¶·μ-
¨§¢μ¤ÖÉ ± ´μ´¨Î¥¸±μ¥ ®¡μ·μ¢¸±μ¥¯ · ¸¶·¥¤¥²¥´¨¥

Wn = W/n2, n = N + 1 = 1, 2, . . . (47)

‚ Ï¥¸Éμ³ ¸Éμ²¡Í¥ É ¡². 1 ¢Ò¶¨¸ ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö Ô´¥·£¨°
¸¢Ö§¨ W var, ¶μ²ÊÎ¥´´Ò¥ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³. �·¨ ÔÉμ³ ¢ ·Ó¨·μ¢ ´¨¥ ¶·μ-
¨§¢μ¤¨²μ¸Ó ¢ ±² ¸¸¥ ¶·μ¡´ÒÌ ËÊ´±Í¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ± ´μ´¨Î¥¸±μ° ²¨-
´¥°´μ° § ¤ Îe ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (±μ£¤  ¶μÉ¥´Í¨ ² ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö φ(r)
¢ ¶¥·¢μ³ ¨§ Ê· ¢´¥´¨° (44) ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö, É ± ÎÉμ U(r) = ε = const):

kN = constL
(1)
N (x) e−x/2, x :=

r

N
, N = 0, 1, 2, . . . , (48)

£¤¥ L
(1)
N (x) Å μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò ‹ £¥··  ¸É¥¶¥´¨ N ¶μ x,   ¸μ¡¸É¢¥´´Ò¥

§´ Î¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ²¨´¥°´μ° § ¤ Î¨

εN =
1

4(N + 1)2
. (49)
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’ ¡²¨Í  1. � · ³¥É·Ò ¨ Ì · ±É¥·¨¸É¨±¨ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°  ´§ Í  A

n β = k(0) δ = U(0) ε = U(∞) Wn W var
n Wn · n2 W var

n · n2

1 0,492787 0,365947 0,02311 0,1218 0,1182 0,1218 0,1182
2 0,17379 0,09042 0,004515 0,03030 0,03056 0,1212 0,1222
3 0,09471 0,04005 0,001338 0,01335 0,01366 0,1201 0,1229
4 0,06135 0,02243 0,0006103 0,007443 0,007696 0,1191 0,1231
5 0,04382 0,01431 0,0003339 0,004757 0,004930 0,1189 0,1233
6 0,03333 0,009921 0,0002028 0,003200 0,003425 0,1187 0,1233
7 0,02639 0,007278 0,0001344 0,002418 0,002517 0,1185 0,1233
8 0,02158 0,005366 0,00009089 0,001849 0,001927 0,1183 0,1234
9 0,01808 0,004394 0,00006706 0,001461 0,001523 0,1183 0,1234

10 0,01542 0,003556 0,00004866 0,001182 0,001234 0,1182 0,1234
11 0,01336 0,002937 0,00003744 0,0009755 0,001020 0,1180 0,1234
. . . . . . . . . . . . . . . . . . . . . . . .

51 . . . . . . . . . . . . 4,745 · 10−5 . . . 0,1234
101 . . . . . . . . . . . . 1,210·10−5 . . . 0,1234

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ ¸¢Ö§¨ Wn ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°  ´§ Í  A μÉ ®£² ¢´μ£μ
±¢ ´Éμ¢μ£μ Î¨¸² ¯ n = N + 1 ¸μ£² ¸´μ Î¨¸²¥´´μ³Ê (±¢ ¤· ÉÒ) ¨ ¢ ·¨ Í¨μ´´μ³Ê
(§¢¥§¤μÎ±¨) ³¥Éμ¤ ³

„²Ö ¶μÉ¥´Í¨ ²  ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·μ¡´Ò¥ ËÊ´±Í¨¨
φn(r) ´ Ìμ¤¨²¨¸Ó ¨´É¥£·¨·μ¢ ´¨¥³ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¢ (44) ¸ ¶· ¢μ° Î ¸ÉÓÕ,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° (48), É ± ÎÉμ

φ′′
N +

2
r
φ′

N = k2
N . (50)
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‚ ·Ó¨·μ¢ ´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö ¶·μ¨§¢μ¤¨²μ¸Ó ¶μ
¤¢Ê³ ¶ · ³¥É· ³ ¶·μ¡´ÒÌ ËÊ´±Í¨° (48) ¨ (50) Å  ³¶²¨ÉÊ¤´μ³Ê ¨ ³ ¸ÏÉ ¡-
´μ³Ê. �·¨ ÔÉμ³ Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ Î¨¸²¥´´Ò³ ¨
¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤ ³¨, ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¢±²ÕÎ¥´¨¥ ¸μ¡¸É¢¥´´μ£μ ¶μÉ¥´-
Í¨ ²  ¶μ²Ö Ô²¥±É·μ´  ´¥ ¨§³¥´Ö¥É ± Î¥¸É¢¥´´μ£μ ¶μ¢¥¤¥´¨Ö ËÊ´±Í¨° ¨ ¨Ì
 ¸¨³¶ÉμÉ¨± ± ± ¢¡²¨§¨ ´Ê²Ö, É ± ¨ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ · ¤¨ ²Ó´μ° ¶¥-
·¥³¥´´μ°.

„²Ö ·¥Ï¥´¨° ¸ ¡μ²ÓÏ¨³ Î¨¸²μ³ Ê§²μ¢ N = 50 (n = 51) ¨ N = 100 (n =
101) ¢ÒÎ¨¸²¥´¨Ö ¶·μ¨§¢μ¤¨²¨¸Ó Éμ²Ó±μ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³, ¶·¨ ÔÉμ³ ¢¥-
²¨Î¨´  Ô´¥·£¨¨ ¸¢Ö§¨ ¶μ-¶·¥¦´¥³Ê ¸ μÎ¥´Ó Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¸μμÉ¢¥É¸É¢Ê¥É
®¡μ·μ¢¸±μ³Ê¯ § ±μ´Ê (47).

ˆ§ É ¡². 1 (¸³. ¶μ¸²¥¤´¨° ¸Éμ²¡¥Í) ¢¨¤´μ, ÎÉμ ¸·¥¤´¥¥ §´ Î¥´¨¥ ¶μ¸ÉμÖ´-
´μ° W ¢ (47) ¶·¨³¥·´μ · ¢´μ W ≈ 0,120. ‘¶¥±É· · §³¥·´μ° Ô´¥·£¨¨ ¸¢Ö§¨
(35) ²¨¡μ, Ô±¢¨¢ ²¥´É´μ, (36) ¶·¨´¨³ ¥É Éμ£¤  ¢¨¤

WB = 4RW/n2 ≈ 0,48R/n2, (51)

É ± ÎÉμ §´ Î¥´¨¥ ÔËË¥±É¨¢´μ° ¶μ¸ÉμÖ´´μ° �¨¤¡¥·£  R μ± §Ò¢ ¥É¸Ö ¶·¨³¥·´μ
¢¤¢μ¥ ³¥´ÓÏ¥ Ô±¸¶¥·¨³¥´É ²Ó´μ ´ ¡²Õ¤ ¥³μ£μ.

‘μ¢¥·Ï¥´´μ  ´ ²μ£¨Î´μ ´ Ìμ¤¨É¸Ö Î¨¸²¥´´Ò³ ¨ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤ ³¨
¸¶¥±É· ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸ Ê£²μ¢μ° § ¢¨¸¨³μ¸ÉÓÕ, μÉ¢¥Î ÕÐ¥°  ´§ ÍÊ B,
¸³. (22). �·¨ ÔÉμ³ ¢³¥¸Éμ ¸¨¸É¥³Ò ¤²Ö · ¤¨ ²Ó´ÒÌ ËÊ´±Í¨° (44) ¨³¥¥³ ¨§
(19) ¸²¥¤ÊÕÐÊÕ:

k′ +
(

2
r

)
k = −n, n′ = −

(
U −

(
1
r

))
k

�→ k′′ +
(

2
r

)
k′ −

(
2
r2

)
k =

(
U −

(
1
r

))
k,

U ′′ +
(

2
r

)
U ′ = −k2

(52)

c  ¸¨³¶ÉμÉ¨± ³¨ ¢¨¤ 

k ∼ βr − . . . , n ∼ −3β + . . . , U ∼ δ − 1
20

βr4 (53)

¶·¨ r ∼ 0; ¶·¨ r → ∞ ¨³¥¥³

k ∼ A e−
√

εr, n ∼
√

εk, U ∼ ε +
q

r
. (54)

‚ ·Ó¨·μ¢ ´¨¥ ¶·μ¢μ¤¨²μ¸Ó ¢ ±² ¸¸¥ ¶·μ¡´ÒÌ ËÊ´±Í¨° k(r), μ¶ÖÉÓ-É ±¨ μÉ¢¥-
Î ÕÐ¨Ì Î ¸É´μ³Ê §´ Î¥´¨Õ ®μ·¡¨É ²Ó´μ£μ¯ ±¢ ´Éμ¢μ£μ Î¨¸²  l = 1 ·¥Ï¥´¨°
²¨´¥°´μ° § ¤ Î¨ ± ´μ´¨Î¥¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨,   ¨³¥´´μ (2l + 1 = 3):

kN = constL(3)
N (x) e−x/2, x :=

r

N
, N = 0, 1, 2, . . . , (55)
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’ ¡²¨Í  2. � · ³¥É·Ò ¨ Ì · ±É¥·¨¸É¨±¨ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°  ´§ Í  B

n β = k(0) δ = U(0) ε = U(∞) Wn W var
n Wn · n2 W var

n · n2

2 0,020682 0,07992 0,001025 0,02664 0,02534 0,1066 0,1014
3 0,013741 0,03797 0,000705 0,01266 0,01272 0,1139 0,1145
4 0,009477 0,02178 0,000400 0,007256 0,007407 0,1161 0,1185
5 0,006960 0,001405 0,000253 0,004682 0,004813 0,1174 0,1203
6 0,005366 0,009791 0,000168 0,003264 0,003369 0,1175 0,1213
7 0,007205 0,004292 0,000116 0,002402 0,002487 0,1177 0,1219
8 0,003530 0,005524 0,0000861 0,001842 0,001910 0,1179 0,1222
9 0,002966 0,004367 0,0000618 0,001455 0,001512 0,1179 0,1225

10 0,002540 0,003539 0,0000492 0,001180 0,001227 0,1179 0,1227
11 0,002205 0,002925 0,0000379 0,0009751 0,001015 0,1180 0,1228
12 0,001938 0,002458 0,0000285 0,0008194 0,0008535 0,1180 0,1229
. . . . . . . . . . . . . . . . . . . . . . . .

52 . . . . . . . . . . . . 4,563 · 10−5 . . . 0,1234
102 . . . . . . . . . . . . 1,186 · 10−5 . . . 0,1234

¢ ±μÉμ·μ° ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö · ¢´Ò

εN =
1

4n2
, n = N + l + 1 = N + 2, (56)

¢ Éμ ¢·¥³Ö ± ± ¸μ¡¸É¢¥´´Ò° ¶μÉ¥´Í¨ ² μ¶·¥¤¥²Ö²¸Ö ¶·μ¡´Ò³¨ ËÊ´±Í¨Ö³¨,
´ Ìμ¤ÖÐ¨³¨¸Ö ¨´É¥£·¨·μ¢ ´¨¥³ ¶·¥¦´¥£μ Ê· ¢´¥´¨Ö (50) ¸ ¶· ¢μ° Î ¸ÉÓÕ,
μ¶·¥¤¥²Ö¥³μ° Ê¦¥ (55).

‚ É ¡². 2 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ ¨ ¢ ·¨ Í¨μ´´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
¸¶¥±É·  μ¸´μ¢´μ£μ ¨ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò
(52), μ¶ÖÉÓ ¢§ ¨³´μ ¶μ¤É¢¥·¦¤ ÕÐ¨¥ ¤·Ê£ ¤·Ê£ . ˆ§ ´¥¥ ¨ ·¨¸. 6 ¸²¥¤Ê¥É, ÎÉμ
¡μ·μ¢¸±μ¥ · ¸¶·¥¤¥²¥´¨¥

Wn = W/n2, n = N + 2 = 2, 3, . . . (57)

¸´μ¢  ¢Ò¶μ²´Ö¥É¸Ö ¸ ¤μ¸É ÉμÎ´μ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ, μ¸μ¡¥´´μ ¤²Ö ·¥Ï¥´¨°
¸ ¡μ²ÓÏ¨³ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢ N . 	μ²¥¥ Éμ£μ, ¢¥²¨Î¨´  W ¸´μ¢  ¨³¥¥É
§´ Î¥´¨¥ W ≈ 0,120, É ± ÎÉμ ÔËË¥±É¨¢´ Ö ¶μ¸ÉμÖ´´ Ö �¨¤¡¥·£  μ± §Ò¢ ¥É¸Ö
Ê´¨¢¥·¸ ²Ó´μ°,   ¨³¥´´μ, ¶·¨³¥·´μ · ¢´μ° ¥¥ §´ Î¥´¨Õ ¤²Ö  ´§ Í  A (¨
¶·¨³¥·´μ ¢¤¢μ¥ ³¥´ÓÏ¥° ¥¥ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ §´ Î¥´¨Ö).

‚¨¤ ¡¥§Ê§²μ¢μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (52) ¶·¨¢¥¤¥´
´  ·¨¸. 7 (· ¤¨Ê¸ μ¡·Ò¢  r0 ∼ 200). ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ³ £´¨É´Ò° ¶μÉ¥´Í¨ ²
¶·¥¤¸É ¢²¥´ ´  ·¨¸. 8.

‡ ³¥É¨³, ´ ±μ´¥Í, ÎÉμ §´ Î¥´¨Ö Ô´¥·£¨° ¸μ¸ÉμÖ´¨° ±² ¸¸μ¢ A ¨ B ¸ μ¤¨-
´ ±μ¢Ò³ §´ Î¥´¨¥³ ®£² ¢´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸² ¯ n = N + l + 1 ¡²¨§±¨
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�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ ¸¢Ö§¨ Wn ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°  ´§ Í  B μÉ ®£² ¢´μ£μ
±¢ ´Éμ¢μ£μ Î¨¸² ¯ n = N + 2 ¸μ£² ¸´μ Î¨¸²¥´´μ³Ê (±¢ ¤· ÉÒ) ¨ ¢ ·¨ Í¨μ´´μ³Ê
(§¢¥§¤μÎ±¨) ³¥Éμ¤ ³

�¨¸. 7. ‚¨¤ ¡¥§Ê§²μ¢μ£μ ·¥£Ê²Ö·´μ£μ ·¥-
Ï¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´§ ÍÊ B

�¨¸. 8. ‚¨¤ ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²  ¤²Ö
¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ  ´-
§ ÍÊ B

¤·Ê£ ± ¤·Ê£Ê, μ¸μ¡¥´´μ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ n. ‚¸¥ ¦¥ · §´¨Í  ³¥¦¤Ê
´¨³¨, ¢ Î ¸É´μ¸É¨ ³¥¦¤Ê Ô´¥·£¨Ö³¨  ´ ²μ£μ¢ ¸μ¸ÉμÖ´¨° 2s1/2 ¨ 2p1/2 (¶·¨
n = 2, l = 0, 1 ¸μμÉ¢¥É¸É¢¥´´μ), ´  ³´μ£μ ¶μ·Ö¤±μ¢ ¶·¥¢ÒÏ ¥É Ô±¸¶¥·¨³¥´-
É ²Ó´μ ´ ¡²Õ¤ ¥³ÊÕ (μÉ¢¥Î ÕÐÊÕ ®²Ô³¡μ¢¸±μ³Ê ¸¤¢¨£Ê¯).
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6. ��‘“†„…�ˆ… �…‡“‹œ’�’�‚

Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó, ÊÎ¥É ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Ô²¥±É·μ´ 
¢  Éμ³¥ ¢μ¤μ·μ¤  ¢Ò£²Ö¤¨É ¢¶μ²´¥ μ¶· ¢¤ ´´Ò³, ¥¸²¨ ´¥ ´¥¨§¡¥¦´Ò³ ± ±
¸ μ¡Ð¥Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, É ± ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¥¤¸É ¢²¥´¨Ö-
³¨ Š�„. �¤´ ±μ ³ É¥³ É¨Î¥¸± Ö ¸É·Ê±ÉÊ·  ¸¨¸É¥³Ò Ê· ¢´¥´¨° „¨· ± Ä
Œ ±¸¢¥²²  ¸É ´μ¢¨É¸Ö ¶·¨ ÔÉμ³ ¸μ¢¥·Ï¥´´μ μÉ²¨Î´μ° μÉ ± ´μ´¨Î¥¸±μ°: ÔÉ 
¸¨¸É¥³  Ö¢²Ö¥É¸Ö Ê¦¥ ´¥²¨´¥°´μ° ¨ ¸ ³μ¸μ£² ¸μ¢ ´´μ°.

‘¶¥±É· ·¥£Ê²Ö·´ÒÌ ¸μ¸ÉμÖ´¨° É ±μ° ¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ ¤μ¸É ÉμÎ´μ ´ -
¤¥¦´μ μ¶·¥¤¥²¥´ Î¨¸²¥´´Ò³ ¨ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤ ³¨ ²¨ÏÓ ¤²Ö ®´¥²¨´¥°-
´ÒÌ  ´ ²μ£μ¢¯ s- ¨²¨ p-¸μ¸ÉμÖ´¨°. „¥°¸É¢¨É¥²Ó´μ, Éμ²Ó±μ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ
¶μ¸²¥¤μ¢ É¥²Ó´Ò¥ Î²¥´Ò ¢μ§´¨± ÕÐ¥° Í¥¶μÎ±¨ Ê· ¢´¥´¨° ¤²Ö · ¤¨ ²Ó´ÒÌ
ËÊ´±Í¨° ¨³¥ÕÉ ¢μ§· ¸É ÕÐ¨° ¶μ·Ö¤μ± ³ ²μ¸É¨ ¶μ ¶ · ³¥É·Ê ¶μ¸ÉμÖ´´μ°
Éμ´±μ° ¸É·Ê±ÉÊ·Ò. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨ α → 0 Éμ²Ó±μ £² ¢-
´Ò¥ £ ·³μ´¨±¨, μÉ¢¥Î ÕÐ¨¥ μ·¡¨É ²Ó´μ³Ê ±¢ ´Éμ¢μ³Ê Î¨¸²Ê l = 0, 1, ¨ ¤ ÕÉ
¢±² ¤ ¢ §´ Î¥´¨Ö Ô´¥·£¨¨ ¸¢Ö§¨. “Î¥É ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±, μ¶·¥¤¥²Ö-
¥³ÒÌ ¤²Ö É¥Ì ¦¥ ·¥Ï¥´¨° £ ·³μ´¨± ³¨ ¸ ¢Ò¸Ï¨³¨ §´ Î¥´¨Ö³¨ l ¨ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³¨ £ ·³μ´¨± ³¨ Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μÉ¥´Í¨ ²μ¢ ¶μ²Ö
Ô²¥±É·μ´ , ¢¶μ²´¥ ¢μ§³μ¦¥´, ´μ É·¥¡Ê¥É ¡μ²ÓÏμ£μ μ¡Ñ¥³  ¢ÒÎ¨¸²¥´¨° ¨ §¤¥¸Ó
´¥ · ¸¸³ É·¨¢ ²¸Ö (μÍ¥´μÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ²ÊÎ¥´Ò ¢ [25]).

’ ±¨³ μ¡· §μ³, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ ¸É ÉÓ¥ ·¥Ï¥´¨Ö ¨ ¸¶¥±É· Ô´¥·£¨° ¸¢Ö§¨
Ë ±É¨Î¥¸±¨ ¸²¥¤Ê¥É ¸· ¢´¨¢ ÉÓ ¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  s- ¨
p-É¨¶μ¢ ¶·¨ ´ ²¨Î¨¨ ±Ê²μ´μ¢¸±μ£μ ¶μ²Ö. �·¨ ÔÉμ³ Ê¤¨¢¨É¥²Ó´Ò³ μ¡· §μ³
¸μ¢¥·Ï¥´´μ ¤·Ê£ Ö ¸É·Ê±ÉÊ·  · ¸¸³ É·¨¢ ¥³μ° ´¥²¨´¥°´μ° ³μ¤¥²¨ ¸ μÎ¥´Ó
Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¢μ¸¶·μ¨§¢μ¤¨É ± ´μ´¨Î¥¸±μ¥ ®¡μ·μ¢¸±μ¥¯ · ¸¶·¥¤¥²¥-
´¨¥, ¶·¨Î¥³ É¥³ ²ÊÎÏ¥, Î¥³ ¡μ²ÓÏ¥¥ §´ Î¥´¨¥ ®£² ¢´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸² ¯
· ¸¸³ É·¨¢ ¥É¸Ö. 	μ²¥¥ Éμ£μ, ÔËË¥±É¨¢´ Ö ®¶μ¸ÉμÖ´´ Ö �¨¤¡¥·£ ¯ μ± §Ò¢ -
¥É¸Ö ¶·¨ ÔÉμ³ μÎ¥´Ó ¡²¨§±μ° ¶μ §´ Î¥´¨Õ ¤²Ö μ¡μ¨Ì ±² ¸¸μ¢ ·¥Ï¥´¨° ¨ É¥³
¸ ³Ò³ ³μ¦¥É ¸Î¨É ÉÓ¸Ö Ê´¨¢¥·¸ ²Ó´μ°. Š·μ³¥ ÔÉμ£μ, § ³¥Î É¥²Ó´Ò³ μ¡· -
§μ³ Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨ ¸¶¨´μ·´μ° ®¢μ²´μ¢μ° ËÊ´±Í¨¨¯ ¢Ò¶μ²´Ö¥É¸Ö ± ±
¶·Ö³μ¥ ¸²¥¤¸É¢¨¥ ¥¸É¥¸É¢¥´´μ£μ Ê¸²μ¢¨Ö Ô²¥±É·μ´¥°É· ²Ó´μ¸É¨,   ¶·μ¥±Í¨Ö
¶μ²´μ£μ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö μ± §Ò¢ ¥É¸Ö ÉμÎ´μ · ¢´μ° ±�/2.

�  ÔÉμ³, μ¤´ ±μ, ¸μ¢¶ ¤¥´¨Ö ¸ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ¨ Ô±¸¶¥·¨³¥´Éμ³
§ ± ´Î¨¢ ÕÉ¸Ö. ‘ ³μ Î¨¸²¥´´μ¥ §´ Î¥´¨¥ ®¶μ¸ÉμÖ´´μ° �¨¤¡¥·£ ¯ ¶·¨³¥·´μ
¢ ¤¢  · §  ³¥´ÓÏ¥ ´ ¡²Õ¤ ¥³μ£μ,   ®²Ô³¡μ¢¸±¨° ¸¤¢¨£¯ μ± §Ò¢ ¥É¸Ö ´  ³´μ£μ
¶μ·Ö¤±μ¢ ¡μ²ÓÏ¥ ´ ¡²Õ¤ ¥³μ£μ. �μ³¨³μ ÔÉμ£μ, ³ £´¨É´Ò° ³μ³¥´É · ¸¶·¥¤¥-
²¥´¨°, μÉ¢¥Î ÕÐ¨Ì ® ´ ²μ£ ³¯ p-¸μ¸ÉμÖ´¨°, ¸É· ´´Ò³ μ¡· §μ³ μ± §Ò¢ ¥É¸Ö
¢É·μ¥ ³¥´ÓÏ¥ ³ £´¨É´μ£μ ³μ³¥´É  Ô²¥±É·μ´ .

Œμ¦´μ, · §Ê³¥¥É¸Ö, ¢ ¤ÊÌ¥ · ¡μÉÒ [18] ¶·¥μ¡· §μ¢ ÉÓ μ¡´ ·Ê¦¥´´Ò°
¸¶¥±É· Ê·μ¢´¥° ¸ ¶μ³μÐÓÕ ®±² ¸¸¨Î¥¸±μ£μ  ´ ²μ£ ¯ ¶·μÍ¥¤Ê·Ò ¶¥·¥´μ·³¨-
·μ¢±¨, ±μÉμ· Ö Ê¦¥ ´¥ ¨³¥²  ¡Ò ¤¥²  ¸ ®¢ÒÎ¨É ´¨¥³ ¡¥¸±μ´¥Î´μ¸É¥°¯ ¢ ¤ÊÌ¥
Š�„,   ¸¢¥² ¸Ó ¡Ò ± ¶·μ¸Éμ³Ê ¶·¨· ¢´¨¢ ´¨Õ ´ ¡²Õ¤ ¥³μ° ³ ¸¸Ò Ô²¥±É·μ´ 
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Ê¤¢μ¥´´μ° ¨¸Ìμ¤´μ° ³ ¸¸¥ ®£μ²μ°¯ Î ¸É¨ÍÒ m ¢ Ê· ¢´¥´¨¨ „¨· ± . �¤´ ±μ
ÔÉμÉ ®É·Õ±¯, μÎ¥¢¨¤´μ, ´¥ ·¥Ï ¥É ¢¸¥Ì ¶·μ¡²¥³ ¸μμÉ¢¥É¸É¢¨Ö ¶μ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éμ¢ ¸ Ô±¸¶¥·¨³¥´Éμ³, ¢ Éμ³ Î¨¸²¥ ¸ ¢¥²¨Î¨´μ° ³ £´¨É´μ£μ ³μ³¥´É 
 ´§ Í  B ¨  ´μ³ ²Ó´μ ¡μ²ÓÏμ° · §´¨Í¥° ¢ Ô´¥·£¨ÖÌ Ê·μ¢´¥° 2s1/2 ¨ 2p1/2.

‚ μ¡Ð¥³, ¸±² ¤Ò¢ ¥É¸Ö ¢¶¥Î É²¥´¨¥, ÎÉμ ¶μ²ÊÎ¥´¨¥ ¶μ²´μ£μ ¸μμÉ¢¥É¸É¢¨Ö
¸ Ô±¸¶¥·¨³¥´Éμ³, ¢±²ÕÎ Ö · ¤¨ Í¨μ´´Ò¥ ¶μ¶· ¢±¨, ¢¶μ²´¥ ¢μ§³μ¦´μ ¢ · ³-
± Ì Î¨¸Éμ ±² ¸¸¨Î¥¸±μ° ¶μ²¥¢μ° ³μ¤¥²¨  Éμ³  ¢μ¤μ·μ¤ , ²¨Ï¥´´μ° ± ±¨Ì-
²¨¡μ · ¸Ìμ¤¨³μ¸É¥° ¨ ´¥ ¨¸¶μ²Ó§ÊÕÐ¥° É¥Ì´¨±Ê ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö.
�¤´ ±μ ¤²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³ ÊÎ¥É ´¥±μÉμ·μ£μ ¤μ¶μ²´¨É¥²Ó´μ£μ Ë ±Éμ· , ´ -
¶·¨³¥·, ¸ ³μ¤¥°¸É¢¨Ö ¶μ ¸¶¨´μ·´μ³Ê ¶μ²Õ [30] ¨²¨ ¢μ§³μ¦´μ° ¸Ê¶¥·¸¨³-
³¥É·¨Î´μ° ¸É·Ê±ÉÊ·Ò · ¸¸³ É·¨¢ ¥³μ° ¸ ³μ¸μ£² ¸μ¢ ´´μ° ³μ¤¥²¨ [2]. ŒÒ
μ¸É ¢²Ö¥³ ¤²Ö ¤ ²Ó´¥°Ï¥£μ ¡μ²¥¥ ¶μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ÔÉ¨Ì ¢μ¶·μ¸μ¢.

7. „���‹�…�ˆ…

‚ ¶·μÍ¥¸¸¥ ·¥Í¥´§¨·μ¢ ´¨Ö μ¡´ ·Ê¦¨² ¸Ó ¸É ÉÓÖ �.”. � ´ÓÖ¤Ò ¨
•.M.“¸μ´  [31], ¡²¨§± Ö ± ± ¶μ ¶μ¸É ´μ¢±¥ § ¤ Î¨ ¨ ³¥Éμ¤ ³ ¨¸¸²¥¤μ¢ ´¨Ö,
É ± ¨ ¶μ ¶μ²ÊÎ¥´´Ò³ ·¥§Ê²ÓÉ É ³ ∗. � ¨³¥´´μ, · ¸¸³ É·¨¢ ² ¸Ó ¶μ ¸ÊÐ¥¸É¢Ê
É  ¦¥ ³μ¤¥²Ó  Éμ³  ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö
Ô²¥±É·μ´ , ¶·¥¤¸É ¢²¥´´ Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ° ¸¨¸É¥³μ° Ê· ¢´¥´¨° „¨· ± Ä
Œ ±¸¢¥²²  ¸ ² £· ´¦¨ ´μ³ (1). ˆ¸± ²¨¸Ó É¥ ¦¥ ¸É Í¨μ´ ·´Ò¥ ·¥£Ê²Ö·´Ò¥
·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¨¥ ´¥²¨´¥°´Ò³  ´ ²μ£ ³ s- ¨ p-¸μ¸ÉμÖ´¨° ¨ ´ Ï¨³  ´§ -
Í ³ A ¨ B ¸μμÉ¢¥É¸É¢¥´´μ.

�·¨ ÔÉμ³ ¢³¥¸Éμ ¶·Ö³μ° ·¥¤Ê±Í¨¨ ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¸²ÊÎ Õ, μ¸´μ-
¢ ´´μ° ´  ¶·¥μ¡· §μ¢ ´¨¨ (15) ¨ ¶μ¸²¥¤ÊÕÐ¥³ α-· §²μ¦¥´¨¨ (¸³. · §¤. 3),
 ¢Éμ·Ò [31] ¨¸¶μ²Ó§μ¢ ²¨ £·μ³μ§¤±ÊÕ ¶·μÍ¥¤Ê·Ê Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö
¨¸Ìμ¤´μ° ¸¨¸É¥³Ò (14) (¢ ´¥ μ¡μ¸´μ¢ ´´μ³ ¨³¨ ¶·¥¤¶μ²μ¦¥´¨¨ μ ³ ²μ¸É¨
Î²¥´μ¢ ¸ ³ £´¨É´Ò³ ¶μÉ¥´Í¨ ²μ³ ¢ Ê· ¢´¥´¨ÖÌ ¤²Ö ¸¶¨´μ·´ÒÌ £ ·³μ´¨±).

’¥³ ´¥ ³¥´¥¥ ¤²Ö É·¥Ì ¶¥·¢ÒÌ Ê·μ¢´¥° 1s, 2s, 3s ¨ ¤¢ÊÌ Ê·μ¢´¥° 1p, 2p
¶μ²ÊÎ¥´´Ò¥ ¢ [31] ·¥§Ê²ÓÉ ÉÒ ¸ μÎ¥´Ó Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸ ¶·¨-
¢¥¤¥´´Ò³¨ ¢ÒÏ¥ (¸³. É ¡². 1 ¨ 2). � ¶·¨³¥·, ¤²Ö Ô´¥·£¨¨ E μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö 1s, ¸μ£² ¸´μ Ëμ·³Ê²¥ (26) ¸É ÉÓ¨ [31], ¨³¥¥³ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ-
¶· ¢μ± ∼ α4

E = mc2(1 − 0,243894α2), (58)

ÎÉμ, ± ± ¨ ¢ ´ Ï¥° · ¡μÉ¥, μÉ¢¥Î ¥É Ô´¥·£¨¨ ¸¢Ö§¨ WB ≈ R/2 ¨ ¶·¨³¥·´μ
¢¤¢μ¥ ³¥´ÓÏ¥ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ §´ Î¥´¨Ö. „²Ö ¶¥·¢ÒÌ É·¥Ì s-Ê·μ¢´¥° ¸ Ìμ-
·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¨³¥¥É ³¥¸Éμ ®¡μ·μ¢¸± Ö¯ § ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ ¸¢Ö§¨ (47)

∗�¢Éμ·Ò £²Ê¡μ±μ ¡² £μ¤ ·´Ò ·¥Í¥´§¥´ÉÊ §  ¢´¨³ É¥²Ó´μ¥ μÉ´μÏ¥´¨¥, ¢ ¦´Ò¥ Ê± § ´¨Ö ¨
¶¥·¥¸Ò²±Ê ¸É ÉÓ¨ [31].
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(Ê ´ ¸ Å ¤²Ö 10 ¶¥·¢ÒÌ Ê·μ¢´¥° ¶·¨ Î¨¸²¥´´μ³, ¨ ¢¶²μÉÓ ¤μ n = 100 ¶·¨
¢ ·¨ Í¨μ´´μ³ ³¥Éμ¤ Ì). „²Ö ¤¢ÊÌ ¶¥·¢ÒÌ p-¸μ¸ÉμÖ´¨°, · ¸c³μÉ·¥´´ÒÌ ¢ [31],
·¥§Ê²ÓÉ ÉÒ É ±¦¥ Ìμ·μÏμ ±μ··¥²¨·ÊÕÉ ¸ ¶·¨¢¥¤¥´´Ò³¨ ¢ÒÏ¥.

’ ±¨³ μ¡· §μ³, ¢Ò¢μ¤  ¢Éμ·μ¢ ¸É ÉÓ¨ [31] ¢¶μ²´¥  ´ ²μ£¨Î¥´ ´ Ï¥³Ê.
� ¨³¥´´μ, ´¥¸³μÉ·Ö ´  Ë¨§¨Î¥¸±¨ μ¡μ¸´μ¢ ´´ÊÕ ¶μ¸É ´μ¢±Ê § ¤ Î¨, ¶μ²Ê-
Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´¥ Ê²ÊÎÏ ÕÉ,   ´ ·ÊÏ ÕÉ ¸μ£² ¸¨¥ ¸ ²¨´¥°´μ° ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±μ° § ¤ Î¥° ¨ Ô±¸¶¥·¨³¥´Éμ³.

‚ ÔÉμ° ¸¢Ö§¨, ± ± ¨ ¢ ¶μ¸²¥¤ÊÕÐ¥° · ¡μÉ¥ [18], ¤²Ö Ëμ·³ ²Ó´μ£μ ¸μ-
£² ¸μ¢ ´¨Ö ¸ ´ ¡²Õ¤ ¥³Ò³¨ ¶ · ³¥É· ³¨  ¢Éμ·Ò [31] ¶·¥¤² £ ÕÉ ¶·¨³¥´¨ÉÓ
®±² ¸¸¨Î¥¸±¨°  ´ ²μ£¯ ¶·μÍ¥¤Ê·Ò ¶¥·¥´μ·³¨·μ¢±¨, ¶¥·¥μ¶·¥¤¥²ÖÖ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨³ μ¡· §μ³ ±μ´¸É ´ÉÊ ¢§ ¨³μ¤¥°¸É¢¨Ö e ¨ ®§ É· ¢μÎ´ÊÕ¯ ³ ¸¸Ê m.
�·¨ ÔÉμ³ ¤²Ö ¶¥·¢ÒÌ É·¥Ì s-Ê·μ¢´¥° Ê¤ ¥É¸Ö μ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´Ò¥ ± ± · §-
´μ¸É¨ Ô´¥·£¨°, É ± ¨ ¨Ì  ¡¸μ²ÕÉ´Ò¥ §´ Î¥´¨Ö. ‚ ¸²ÊÎ ¥ p-¸μ¸ÉμÖ´¨° ·¥§Ê²Ó-
É ÉÒ ¸μ£² ¸μ¢ ´¨Ö, ¶μ ÊÉ¢¥·¦¤¥´¨Õ  ¢Éμ·μ¢, ´¥ ¢¶μ²´¥ Ê¤μ¢²¥É¢μ·¨É¥²Ó´Ò.

�¤´ ±μ, ± ± Ê¦¥ ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥ (¸³. · §¤. 6), ¢ · ¸¸³ É·¨¢ ¥³μ° ³μ-
¤¥²¨ ¶¥·¥´μ·³¨·μ¢±  § ·Ö¤  / ³ ¸¸Ò ¢ ¶·¨´Í¨¶¥ ´¥ ¸¶μ¸μ¡´  ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê
¸μ£² ¸μ¢ ´¨Ö ¸ Ô±¸¶¥·¨³¥´Éμ³. �Î¥¢¨¤´μ, ´ ¶·¨³¥·, μ´  ´¥ ³μ¦¥É ¨§³¥´¨ÉÓ
´¨ μÉ´μÏ¥´¨¥ §´ Î¥´¨° ³ £´¨É´ÒÌ ³μ³¥´Éμ¢ Î ¸É¨ÍÒ ¢ s- ¨ p-¸μ¸ÉμÖ´¨ÖÌ
Ms/Mp = 3, ´¨  ´μ³ ²Ó´μ ¡μ²ÓÏÊÕ · §´¨ÍÊ Ô´¥·£¨° ¸¢Ö§¨ ³¥¦¤Ê 2s1/2-
¨ 2p1/2-¸μ¸ÉμÖ´¨Ö³¨. ‡ ³¥É¨³, ÎÉμ ¢ · ¡μÉ¥ [31] É ±¨¥ ÔËË¥±ÉÒ ¢μμ¡Ð¥ ´¥
¡Ò²¨ μ¡´ ·Ê¦¥´Ò. 	μ²¥¥ Éμ£μ, ¸ ³¨  ¡¸μ²ÕÉ´Ò¥ §´ Î¥´¨Ö ³¥Ì ´¨Î¥¸±μ£μ
J ¨ ³ £´¨É´μ£μ M ³μ³¥´Éμ¢ Î ¸É¨ÍÒ ³¥´ÖÕÉ¸Ö ¶·¨ ¶·¥¤²μ¦¥´´μ° ¢ [31]
¶¥·¥´μ·³¨·μ¢±¥. � ¶·¨³¥·, ¤²Ö s-¸μ¸ÉμÖ´¨° ¡Ê¤¥³ ¨³¥ÉÓ

J = XJ0, M = XM0, J0 :=
�

2
, M0 =

e0�

2m0c
, X :=

e0

e
≡ m0

m
, (59)

£¤¥ e0, m0 Å ³ ¸¸  ¨ § ·Ö¤ Ô²¥±É·μ´ ; e, m Å ®§ É· ¢μÎ´Ò¥¯ ³ ¸¸  ¨ § ·Ö¤,
É. ¥. ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³ ¸ÏÉ ¡´Ò¥ ³´μ¦¨É¥²¨ ¢ ¨¸Ìμ¤´μ³ ² £· ´¦¨ ´¥ (1).
�·¨ ÔÉμ³ ¤²Ö Ëμ·³ ²Ó´μ£μ ¸μ£² ¸μ¢ ´¨Ö Ô´¥·£¨¨ s- ¨ p-¸μ¸ÉμÖ´¨° ¸ Ô±¸¶¥·¨-
³¥´Éμ³ ¤²Ö ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö X ¸²¥¤Ê¥É ¶·¨´ÖÉÓ ∗ X2 ≈ 2. ’ -
±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ³ ¸ÏÉ ¡μ¢ ¶·¨¢μ¤¨É, ¸²¥¤μ¢ É¥²Ó´μ, ± ´¥¶· ¢¨²Ó´Ò³ §´ -
Î¥´¨Ö³ ³¥Ì ´¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ³μ³¥´Éμ¢, ÎÉμ ´¥ ¡Ò²μ § ³¥Î¥´μ ¢ [31].

� ±μ´¥Í, ¶¥·¥´μ·³¨·μ¢±  § ·Ö¤ /³ ¸¸Ò ´ ·ÊÏ ¥É Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨
c¶¨´μ·´μ£μ ¶μ²Ö Î ¸É¨ÍÒ (3), ´¥ ¶μ§¢μ²ÖÖ Ê¦¥ · ¸¸³ É·¨¢ ÉÓ ¥£μ ¢ ± Î¥-
¸É¢¥ ®¢μ²´μ¢μ° ËÊ´±Í¨¨¯,   É ±¦¥ ´ ·ÊÏ ¥É ¸μμÉ¢¥É¸É¢¨¥ ³μ¤¥²¨ ²¨´¥°´μ°
±¢ ´Éμ¢μ° É¥μ·¨¨ ¢μμ¡Ð¥. �¥§Õ³¨·ÊÖ ¸± § ´´μ¥ ¢ÒÏ¥, ¸²¥¤Ê¥É ¶·¨§´ ÉÓ, ÎÉμ
¢ · ¸¸³ É·¨¢ ¥³μ° §¤¥¸Ó ¨ ¢ [31] Ëμ·³¥ ³μ¤¥²Ó „¨· ± ÄŒ ±¸¢¥²² , ¡Ê¤ÊÎ¨
³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ° ¨ Î·¥§¢ÒÎ °´μ ¡μ£ Éμ° ¶μ ¢´ÊÉ·¥´´¨³ ¸¢μ°¸É¢ ³,

∗	μ²¥¥ ÉμÎ´μ¥ §´ Î¥´¨¥, ¸μ£² ¸´μ ´ Ï¨³ · ¸Î¥É ³ (¸·. ¸ (51)): X2 ≈ 1/0,48 ≈ 2,078,
  ¸μ£² ¸´μ ¤ ´´Ò³ ¶μ É·¥³ ¶¥·¢Ò³ s-Ê·μ¢´Ö³ ¢ · ¡μÉ¥ [31] Å X2 ≈ 2,0453.
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¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ´¥Ê¤μ¢²¥É¢μ·¨É¥²Ó´  ¨ ¤μ²¦´  ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´μ
¢¨¤μ¨§³¥´¥´ .

�É³¥É¨³ ¢ ¸¢Ö§¨ ¸ ÔÉ¨³, ÎÉμ ¢ ¸É ÉÓ¥ [31] ¸¤¥² ´ ¢ ¦´Ò° ¢Ò¢μ¤ μ ¶·¥´¥-
¡·¥¦¨³μ ³ ²μ³ ¢²¨Ö´¨¨ ´  ¸¶¥±É· ¢μ¤μ·μ¤  ¸ ³μ¤¥°¸É¢¨Ö ¶μ ¸¶¨´μ·´μ³Ê
¶μ²Õ (¶·¥¤² £ ¢Ï¥³Ê¸Ö ¢ÒÏ¥ ¨ ´ ³¨, ¸³. · §¤. 6). �¸´μ¢ ´¨¥³ ¤²Ö É ±μ£μ
¢Ò¢μ¤  Ö¢¨²¨¸Ó ± ± ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö, É ± ¨ ± Î¥¸É¢¥´-
´Ò¥ ¤μ¢μ¤Ò μ ¡μ²ÓÏμ° ¶·μ¸É· ´¸É¢¥´´μ° ¶·μÉÖ¦¥´´μ¸É¨ ¤¨· ±μ¢¸±μ£μ ¶μ²Ö
(> 10−8 ¸³) ¢  Éμ³¥ ¢μ¤μ·μ¤ , É. ¥. ¢ μ¡² ¸ÉÓ, £¤¥ ´¥²¨´¥°´Ò° Î²¥´ ¶·¥´¥-
¡·¥¦¨³μ ³ ². ’ ±¨³ μ¡· §μ³, ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¤·Ê£¨¥ ¢μ§³μ¦´μ¸É¨ ¤²Ö
³μ¤¨Ë¨± Í¨¨ ³μ¤¥²¨. ŒÒ ¶·¥¤¶μ² £ ¥³ μ¡¸Ê¤¨ÉÓ ¨ · ¸¸³μÉ·¥ÉÓ ´¥±μÉμ·Ò¥
¨§ ´¨Ì ¢ ¤ ²Ó´¥°Ï¥³.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·´Ò �. 	.�¥¸Éμ¢Ê, 
.�. �Ò¡ ±μ¢Ê ¨
	.�.”·μ²μ¢Ê §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ ¡¨¡²¨μ£· Ë¨Î¥¸±¨¥ Ê± § ´¨Ö. � -
¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ ®“´¨¢¥·¸¨É¥É¸±μ° ¶·μ£· ³³Ò 5-100¯ �μ¸¸¨°-
¸±μ£μ Ê´¨¢¥·¸¨É¥É  ¤·Ê¦¡Ò ´ ·μ¤μ¢.
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