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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

� Í¨μ´ ²Ó´Ò° ¨¸¸²¥¤μ¢ É¥²Ó¸±¨° Ê´¨¢¥·¸¨É¥É ®‚Ò¸Ï Ö Ï±μ²  Ô±μ´μ³¨±¨¯, Œμ¸±¢ 

„ ´μ ±· É±μ¥ μ¶¨¸ ´¨¥ ´¥¸±μ²Ó±¨Ì ·¥§Ê²ÓÉ Éμ¢ ¨¸¸²¥¤μ¢ ´¨° ¸¨¸É¥³ ¢§ ¨³μ¤¥°-
¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¨ § ±μ´μ¢, ±μÉμ·Ò¥ Ì · ±É¥·¨§ÊÕÉ ¶μ¢¥¤¥´¨¥ É ±¨Ì ¸¨¸É¥³ ´  ¡μ²Ó-
Ï¨Ì ³ ¸ÏÉ ¡ Ì ¨ Ö¢²ÖÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò³¨ ¤²Ö ³´μ¦¥¸É¢  · §²¨Î´ÒÌ Ö¢²¥´¨°, μ¡Ñ-
¥¤¨´¥´´ÒÌ ±² ¸¸μ³ Ê´¨¢¥·¸ ²Ó´μ¸É¨ Š ·¤ · Ä� ·¨§¨Ä† ´£ .

This review gives a survey of some results about systems of interacting particles and
the laws characterizing their behavior on large scales, which are common for a number of
phenomena uniˇed under the notion of the KardarÄParisiÄZhang universality class.

PACS: 44.25.+f; 44.90.+c

� ³ÖÉ¨ ³μ¥£μ “Î¨É¥²Ö ¨ ¸É ·Ï¥£μ ¤·Ê£ 
‚ÖÎ¥¸² ¢  �μ·¨¸μ¢¨Î  �·¨¥§¦¥¢ 

‚‚…„…�ˆ…

� ¢´μ¢¥¸´ Ö ¸É É¨¸É¨Î¥¸± Ö Ë¨§¨±  ¶μ§¢μ²Ö¥É μ¶¨¸Ò¢ ÉÓ ¸¨¸É¥³Ò ¸ ¡μ²Ó-
Ï¨³ Î¨¸²μ³ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò, ´ Ìμ¤ÖÐ¨¥¸Ö ¢ ¸μ¸ÉμÖ´¨¨ É¥·³μ¤¨´ ³¨Î¥-
¸±μ£μ · ¢´μ¢¥¸¨Ö. ‚ μ¸´μ¢¥ ÔÉμ° É¥μ·¨¨, ´ Î ²  ±μÉμ·μ° ¡Ò²¨ § ²μ¦¥´Ò
¢ ¶¨μ´¥·¸±¨Ì · ¡μÉ Ì ‹. 	μ²ÓÍ³ ´  ¨ „¦. “. ƒ¨¡¡¸ , ²¥¦¨É ¶·¥¤¸É ¢²¥´¨¥
μ Éμ³, ÎÉμ É¨¶¨Î´ Ö ³ ±·μ¸±μ¶¨Î¥¸± Ö ¸¨¸É¥³  ¢ · ¢´μ¢¥¸¨¨ ¢¥¤¥É ¸¥¡Ö,
± ± ¸²ÊÎ °´ Ö, ¶·¨Î¥³ ± ¦¤μ¥ ¥¥ ³¨±·μ¸±μ¶¨Î¥¸±μ¥ ¸μ¸ÉμÖ´¨¥ ·¥ ²¨§Ê¥É¸Ö ¸
¢¥·μÖÉ´μ¸ÉÓÕ, μ¶·¥¤¥²Ö¥³μ° · ¸¶·¥¤¥²¥´¨¥³ 	μ²ÓÍ³ ´ Äƒ¨¡¡¸ , § ¢¨¸ÖÐ¨³
Éμ²Ó±μ μÉ Ô´¥·£¨¨ ¨ ¥Ð¥, ¡ÒÉÓ ³μ¦¥É, ´¥¡μ²ÓÏμ£μ ´ ¡μ·  ¤·Ê£¨Ì ¶ · ³¥É·μ¢.

∗E-mail: alexander.povolotsky@gmail.com
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‚¸Ö ¶μ¸²¥¤ÊÕÐ Ö ¨¸Éμ·¨Ö · §¢¨É¨Ö ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¶·μ¤¥³μ´¸É·¨·μ-
¢ ²  ´¥μ¡Ò±´μ¢¥´´ÊÕ μ¡Ð´μ¸ÉÓ ÔÉμ° ± ·É¨´Ò.

�·μ¸É¥°Ï¥° ®¨£·ÊÏ¥Î´μ°¯ ¸¨¸É¥³μ°, ´  ¶·¨³¥·¥ ±μÉμ·μ° ³μ¦´μ ¶·μ¨²-
²Õ¸É·¨·μ¢ ÉÓ · ¡μÉÊ ÔÉμ£μ Ëμ·³ ²¨§³ , Ö¢²Ö¥É¸Ö ·¥Ï¥ÉμÎ´Ò° £ §, ¢ ±μÉμ·μ³
Î ¸É¨ÍÒ · ¸¶μ²μ¦¥´Ò ¢ Ê§² Ì ·¥Ï¥É±¨ L, ±μÉμ· Ö Ö¢²Ö¥É¸Ö ¶μ¤³´μ¦¥¸É¢μ³
Í¥²μÎ¨¸²¥´´μ° d-³¥·´μ° ·¥Ï¥É±¨ L ⊂ Z

d ⊂ R
d, ¢ ¸¢μÕ μÎ¥·¥¤Ó ¢²μ¦¥´´μ°

¢ d-³¥·´μ¥ ¶·μ¸É· ´¸É¢μ. 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¢ ± ¦¤μ³ Ê§²¥ i ∈ L ³μ¦¥É ¢
¶·¨´Í¨¶¥ ´ Ìμ¤¨ÉÓ¸Ö ²Õ¡μ¥ Î¨¸²μ Î ¸É¨Í ni ∈ Z�0. ’μ£¤  ±μ´Ë¨£Ê· Í¨¨
¸¨¸É¥³Ò n = {ni}i∈L ¶·¨¶¨¸Ò¢ ¥É¸Ö ¢¥·μÖÉ´μ¸ÉÓ

P(n) =
1

Z(β, μ)
e−β(H(n)−μ||n||),

£¤¥ Z(β, μ) Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ , ¨£· ÕÐ Ö ·μ²Ó ´μ·³¨·ÊÕÐ¥£μ ³´μ-
¦¨É¥²Ö; β ¨ μ Å ¢´¥Ï´¨¥ ¶ · ³¥É·Ò, μ¡· É´ Ö É¥³¶¥· ÉÊ·  ¨ Ì¨³¨Î¥¸±¨°
¶μÉ¥´Í¨ ² ¸μμÉ¢¥É¸É¢¥´´μ; ||n|| =

∑
i∈L

ni Å ¶μ²´μ¥ Î¨¸²μ Î ¸É¨Í,   H(n) Å

Ô´¥·£¨Ö ±μ´Ë¨£Ê· Í¨¨ Î ¸É¨Í n. �¡ÒÎ´μ H(n) Å ÔÉμ ¸Ê³³  ¢±² ¤μ¢, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨Ì ¢§ ¨³μ¤¥°¸É¢¨Ö³ Î ¸É¨Í ¢´ÊÉ·¨ ± ¦¤μ£μ Ê§² , ¢ ¸μ¸¥¤´¨Ì Ê§² Ì,
¢ ¸²¥¤ÊÕÐ¨Ì §  ¸μ¸¥¤´¨³¨ ¨ É. ¤.

‚¥·μÖÉ´μ¸É´ Ö ±μ´¸É·Ê±Í¨Ö ¶·¨¢μ¤¨É ± ¢¥¸Ó³  μ¡Ð¨³ § ±²ÕÎ¥´¨Ö³ μ
¸É É¨¸É¨±¥ ¸¨¸É¥³Ò ¶·¨ μ£·Ê¡²¥´´μ³ · ¸¸³μÉ·¥´¨¨. “É¢¥·¦¤¥´¨Ö, ¨§¢¥¸É´Ò¥
¢ É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¨ ± ± § ±μ´ ¡μ²ÓÏ¨Ì Î¨¸¥² (‡	—) ¨ Í¥´É· ²Ó´ Ö ¶·¥¤¥²Ó-
´ Ö É¥μ·¥³  (–�’), ³μ¦´μ ¶·¨³¥´¨ÉÓ ± μ¶¨¸ ´¨Õ ´¥±μÉμ·ÒÌ Ì · ±É¥·¨¸É¨±
¶·¨ ¢¥¸Ó³  μ¡Ð¨Ì ¶·¥¤¶μ²μ¦¥´¨ÖÌ μ ¢¨¤¥ Ô´¥·£¨¨ ³¨±·μ¸μ¸ÉμÖ´¨° [1Ä3]. ‚
Î ¸É´μ¸É¨, ÔÉμ μÉ´μ¸¨É¸Ö ± ¸¨ÉÊ Í¨¨, ±μ£¤  ¢ ¸¨¸É¥³¥ ¶·¨¸ÊÉ¸É¢ÊÕÉ ²¨ÏÓ
¸¨²Ò μ£· ´¨Î¥´´μ£μ · ¤¨Ê¸  ¤¥°¸É¢¨Ö, É. ¥. ±μ£¤  Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö
³¥¦¤Ê · §²¨Î´Ò³¨ Î ¸ÉÖ³¨ ¸¨¸É¥³Ò ¡Ò¸É·μ Ê¡Ò¢ ¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ · ¸¸ÉμÖ-
´¨Ö ³¥¦¤Ê ´¨³¨. ’μ£¤  É¨¶¨Î´μ° ∗ Ö¢²Ö¥É¸Ö ¸¨ÉÊ Í¨Ö, ±μ£¤  ±μ··¥²ÖÍ¨μ´´ Ö
¤²¨´  ±μ´¥Î´ . ƒ·Ê¡μ £μ¢μ·Ö, ¥¸²¨ ³Ò · §¤¥²¨³ ¸¨¸É¥³Ê ´  ÖÐ¨±¨ ¸ Ì -
· ±É¥·´Ò³ · §³¥·μ³ ¡μ²ÓÏ¥ ´¥±μÉμ·μ£μ Ì · ±É¥·´μ£μ · §³¥· , ´ §Ò¢ ¥³μ£μ
±μ··¥²ÖÍ¨μ´´μ° ¤²¨´μ°, Éμ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨¸Î¥§ ÕÐ¨Ì ¢±² ¤μ¢ ¸²ÊÎ °´Ò¥
¢¥²¨Î¨´Ò ξ1, ξ2, . . . , Ì · ±É¥·¨§ÊÕÐ¨¥ · §´Ò¥ ÖÐ¨±¨ (´ ¶·³¥· Ô´¥·£¨Ö, Î¨-
¸²μ Î ¸É¨Í, ¸¶¨´ ¨ É. ¤.), ³μ¦´μ ¸Î¨É ÉÓ ´¥§ ¢¨¸¨³Ò³¨. �·¥¤¶μ²μ¦¨³ É ±¦¥,
ÎÉμ ¢¸¥ ξi μ¤¨´ ±μ¢μ · ¸¶·¥¤¥²¥´Ò (ÔÉμ É ±, ¥¸²¨ ËÊ´±Í¨Ö H(n) Å É· ´¸²Ö-
Í¨μ´´μ ¨´¢ ·¨ ´É´ ),   ¤¢  ¨Ì ¶¥·¢ÒÌ ³μ³¥´É  ±μ´¥Î´Ò,

ρ = Eξi, σ2 = Dξi.

’μ£¤  ¤²Ö ¸¶¥Í¨ ²Ó´μ£μ ±² ¸¸  É ± ´ §Ò¢ ¥³ÒÌ  ¤¤¨É¨¢´ÒÌ ËÊ´±Í¨° ³¨±·μ-
¸μ¸ÉμÖ´¨°, μ¶·¥¤¥²Ö¥³ÒÌ ± ± ¸Ê³³  ¡μ²ÓÏμ£μ Î¨¸²  ´¥§ ¢¨¸¨³ÒÌ ¸²ÊÎ °´ÒÌ

∗�μ¤ É¨¶¨Î´Ò³ ³Ò ¶μ´¨³ ¥³ ¢Ò¡μ· ¶ · ³¥É·μ¢ ¢¤ ²¨ μÉ ÉμÎ¥± Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢.
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¢¥²¨Î¨´, Ì · ±É¥·¨§ÊÕÐ¨Ì · §´Ò¥ ÖÐ¨±¨,

Sn =
n∑

i=1

ξi,

¡Ê¤ÊÉ ¸¶· ¢¥¤²¨¢Ò ‡	— ¨ –�’. ‚³¥¸É¥ μ´¨ ÊÉ¢¥·¦¤ ÕÉ, ÎÉμ ¶·¨ n → ∞
 ¸¨³¶ÉμÉ¨±  ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò Sn ¢ ¤¢ÊÌ ¢¥¤ÊÐ¨Ì ¶μ·Ö¤± Ì ¸±² ¤Ò¢ ¥É¸Ö
¨§ ²¨´¥°´μ° ¶μ n ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° Î ¸É¨ ¨ ´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´μ°
¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ¶μ·Ö¤± 

√
n,

Sn ∼ nρ +
√

nσN + o(
√

n). (1)

�¥¸²μ¦´μ ¶μ´ÖÉÓ ¸³Ò¸² Î¨¸²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢, ¢μ§´¨± ÕÐ¨Ì ¢ ÔÉμ³
¢Ò· ¦¥´¨¨. ŠμÔËË¨Í¨¥´É ¶·¨ ²¨´¥°´μ° Î ¸É¨ ¤ ¥É É¥·³μ¤¨´ ³¨Î¥¸±ÊÕ ¢¥-
²¨Î¨´Ê ¶²μÉ´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ë¨§¨Î¥¸±μ° ´ ¡²Õ¤ ¥³μ°,   ¸²ÊÎ °´ Ö
Î ¸ÉÓ £μ¢μ·¨É μ · ¸¶·¥¤¥²¥´¨¨ É¨¶¨Î´ÒÌ Ë²Ê±ÉÊ Í¨° ÔÉμ° ´ ¡²Õ¤ ¥³μ° ¢¡²¨-
§¨ ¥¥ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ §´ Î¥´¨Ö. ‚ ¦´μ, ÎÉμ ¢¨¤ Ëμ·³Ê²Ò (1) Ê´¨¢¥·¸ -
²¥´, É. ¥. ¸¶· ¢¥¤²¨¢ ¤²Ö ¢¥¸Ó³  Ï¨·μ±μ£μ ±² ¸¸  ¢¥²¨Î¨´ ξi, ¢Ìμ¤ÖÐ¨Ì Éμ²Ó±μ
Î¥·¥§ ¶ ·Ê Î¨¸²¥´´ÒÌ ¶ · ³¥É·μ¢ ρ ¨ σ. � ¶·¨³¥·, ¥¸²¨ ¢Ò¡· ÉÓ ¢ ± Î¥¸É¢¥
¢¥²¨Î¨´Ò ξi Î¨¸²μ Î ¸É¨Í ¢ ÖÐ¨±¥ i, Éμ ρ ¨ σ ¡Ê¤ÊÉ ¢Ò· ¦ ÉÓ¸Ö Î¥·¥§ ¶·μ¨§-
¢μ¤´Ò¥ Ê¤¥²Ó´μ° ¸¢μ¡μ¤´μ° Ô´¥·£¨¨

f(β, μ) = − lim
L→Zd

β−1

||L|| ln Z(β, μ)

¸ ¶μ³μÐÓÕ ¸É ´¤ ·É´ÒÌ É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨°

ρ =
∂f(β, μ)

∂μ
, σ2 = β−1 ∂2f(β, μ)

∂μ2
. (2)

‚μ§¢· Ð Ö¸Ó ± ´ Ï¥³Ê ¶·μ¸Éμ³Ê ¶·¨³¥·Ê ·¥Ï¥ÉμÎ´μ£μ £ § , · ¸¸³μÉ·¨³
¸¨¸É¥³Ê, ¢ ±μÉμ·μ° Ô´¥·£¨Ö ¸μ¤¥·¦¨É Éμ²Ó±μ ¢§ ¨³μ¤¥°¸É¢¨Ö ´Ê²¥¢μ£μ · ¤¨Ê-
¸ , ¶μ²μ¦¨¢

H(n) =
∑
x∈L

e(ni),

£¤¥ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ËÊ´±Í¨¨ e(n) Ê¡Ò¢ ÕÉ ¸ ·μ¸Éμ³ n. ’μ£¤  · ¸-
¶·¥¤¥²¥´¨¥ 	μ²ÓÍ³ ´ Äƒ¨¡¡¸  ¨³¥¥É Ë ±Éμ·¨§μ¢ ´´Ò° ¢¨¤

P(n) =
∏
x∈L

f(nx) eβμnx

z(z)
,

£¤¥ f(n) = e−βe(n), z(z) =
∑
k�0

f(k)zk ¨ ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³ÒÌ ÖÐ¨±μ¢ ¤μ-

¸É ÉμÎ´μ ¢Ò¡· ÉÓ μÉ¤¥²Ó´Ò¥ Ê§²Ò,   ¢ ± Î¥¸É¢¥ ¢¥²¨Î¨´ ξi Å Î¨¸²  Î ¸É¨Í
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¢ ´¨Ì. ’μ£¤  ¸²ÊÎ °´ Ö ¢¥²¨Î¨´ , ¨³¥ÕÐ Ö ¸³Ò¸² ¶μ²´μ£μ Î¨¸²  Î ¸É¨Í ¢
´¥±μÉμ·μ° ¡μ²ÓÏμ° μ¡² ¸É¨, ¸μ¤¥·¦ Ð¥° n → ∞ Ê§²μ¢, ¡Ê¤¥É  ¸¨³¶ÉμÉ¨Î¥¸-
±¨ § ¤ ¢ ÉÓ¸Ö Ëμ·³Ê²μ° (1), £¤¥ ¶ · ³¥É·Ò ¢Ò· ¦ ÕÉ¸Ö Ëμ·³Ê² ³¨ (2) Î¥·¥§
¸¢μ¡μ¤´ÊÕ Ô´¥·£¨Õ

f(β, μ) = −β−1 ln z(eβμ).

‡ ³¥É¨³, ÎÉμ ¢ ÔÉμ° ¶·¥¤¥²Ó´μ Ê¶·μÐ¥´´μ° ¸¨ÉÊ Í¨¨ ¶·μ¸É· ´¸É¢¥´´μ¥
¶μ²μ¦¥´¨¥ ÖÐ¨±μ¢ ´¥ ¨£· ¥É ´¨± ±μ° ·μ²¨ ¨§-§  ¶μ²´μ° ´¥§ ¢¨¸¨³μ¸É¨ ¨Ì
Î¨¸¥² § ¶μ²´¥´¨Ö. �¥É·Ê¤´μ ¤μ¡ ¢¨ÉÓ ¢ ÔÉÊ ± ·É¨´Ê § ¢¨¸¨³μ¸ÉÓ μÉ ¶·μ-
¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É, ¢¢¥¤Ö ³¥¤²¥´´μ ³¥´ÖÕÐ¨°¸Ö Ì¨³¨Î¥¸±¨° ¶μÉ¥´-
Í¨ ² μ = μ(x/a), £¤¥ ¡μ²ÓÏμ° ¶ · ³¥É· a, § ¤ ÕÐ¨° Ì · ±É¥·´Ò° · §-
³¥· ¶·μ¸É· ´¸É¢¥´´μ° ´¥μ¤´μ·μ¤´μ¸É¨, ³μ¦´μ ¢Ò¡· ÉÓ ¶μ·Ö¤±  ²¨´¥°´μ£μ
· §³¥·  ¸¨¸É¥³Ò. �¶·¥¤¥²¨³ É¥¶¥·Ó ³ ±·μ¸±μ¶¨Î¥¸±ÊÕ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í
sa(r) = a−dSn(ar)/v, ¶μ¤¥²¨¢ Î¨¸²μ Î ¸É¨Í Sn(ar) ¢ ÖÐ¨±¥ μ¡Ñ¥³  adv, ¸μ-
¤¥·¦ Ð¥³ ÉμÎ±Ê ¸ ±μμ·¤¨´ Éμ° ar, ´  μ¡Ñ¥³. ‚ ¶·¥¤¥²¥ a → ∞, v → 0, É ±
ÎÉμ adv → ∞, ¶²μÉ´μ¸ÉÓ sa(r)  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¢¥¤¥É ¸¥¡Ö ± ±

sa(x) ∼ ρ(x) + a−d/2σ(x)η(x) + . . . ,

£¤¥ η(x) Å ¡¥²Ò° ÏÊ³, É. ¥. ¸²ÊÎ °´μ¥ £ Ê¸¸μ¢μ ¶μ²¥

Eη(x) = 0, Eη(x)η(x′) = δd(x − x′),

  ²μ± ²Ó´Ò¥ ¶ · ³¥É·Ò ρ(x) ¨ σ(x) ¶μ-¶·¥¦´¥³Ê ¢Ò· ¦ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ
Ëμ·³Ê² (2) Î¥·¥§ ²μ± ²Ó´μ¥ §´ Î¥´¨¥ ¶μÉ¥´Í¨ ²  μ(x) ´  ³ ±·μ¸±μ¶¨Î¥¸±μ°
Ï± ²¥.

ŒÒ ¶·¨¢¥²¨ ¶·μ¸É¥°Ï¨° ¶·¨³¥· Ê´¨¢¥·¸ ²Ó´μ£μ ¶μ¢¥¤¥´¨Ö, Ì · ±É¥·-
´μ£μ ¤²Ö É ± ´ §Ò¢ ¥³μ£μ £ Ê¸¸μ¢  ±² ¸¸  Ê´¨¢¥·¸ ²Ó´μ¸É¨. 	Ê¤ÊÎ¨ É·¨¢¨-
 ²Ó´Ò³ ¢ ¸²ÊÎ ¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ´Ê²¥¢μ£μ · ¤¨Ê¸ , μ´ ¨³¥¥É ³´μ£μ ¡μ²¥¥
Ï¨·μ±ÊÕ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨, ´ ¶·¨³¥· ± ¸¨¸É¥³ ³ ¸ ³¥¦Ê§¥²Ó´Ò³¨ ¢§ ¨-
³μ¤¥°¸É¢¨Ö³¨ ±μ´¥Î´μ£μ · ¤¨Ê¸  ¨²¨ ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ Ê¡Ò¢ ÕÐ¨³¨ ¸ · ¸-
¸ÉμÖ´¨¥³ ¨ ¸ ·μ¸Éμ³ Î¨¸²  Î ¸É¨Í ¢ Ê§² Ì. Š Î¥¸É¢¥´´μ É ±μ¥ ¶μ¢¥¤¥´¨¥
μ¦¨¤ ¥É¸Ö ¢ μ¡² ¸É¨  ´ ²¨É¨Î´μ¸É¨ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¶μ ¶ · ³¥É· ³, ±μ£¤ 
±μ··¥²ÖÍ¨μ´´ Ö ¤²¨´  ±μ´¥Î´ . ˆ³¥´´μ ±μ´¥Î´μ¸ÉÓ ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò,
É. ¥.  ¸¨³¶ÉμÉ¨Î¥¸± Ö ´¥§ ¢¨¸¨³μ¸ÉÓ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, Ì · ±É¥·¨§ÊÕÐ¨Ì
Î ¸É¨ ¸¨¸É¥³Ò, ´ Ìμ¤ÖÐ¨¥¸Ö ´  ¡μ²ÓÏ¨Ì, Î¥³ ±μ··¥²ÖÍ¨μ´´ Ö ¤²¨´ , · ¸-
¸ÉμÖ´¨ÖÌ, Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³ Ë ±Éμ³, μÉ¢¥É¸É¢¥´´Ò³ §  Éμ, ÎÉμ ¶·¨ μ£·Ê¡-
²¥´´μ³ · ¸¸³μÉ·¥´¨¨ ¸²ÊÎ °´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¢Ò£²Ö¤ÖÉ ± ± ¸²ÊÎ °´μ¥
£ Ê¸¸μ¢μ ¶μ²¥.

‚ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥ ³Ò ´¥ ¸μ¡¨· ¥³¸Ö ¤¥² ÉÓ ÉμÎ´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö μ ¶·¥-
¤¥²Ó´μ³ ¶μ¢¥¤¥´¨¨ · ¢´μ¢¥¸´ÒÌ ¸¨¸É¥³,   É ±¦¥ μ¡¸Ê¦¤ ÉÓ ¸É¥¶¥´Ó μ¡Ð´μ¸É¨
£ Ê¸¸μ¢  ±² ¸¸  Ê´¨¢¥·¸ ²Ó´μ¸É¨. ŒÒ ¨¸¶μ²Ó§μ¢ ²¨ ¤ ´´Ò° ¶·¨³¥·, ÎÉμ¡Ò
¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ, ± ± ¶·¨ μ£·Ê¡²¥´´μ³ · ¸¸³μÉ·¥´¨¨ Ï¨·μ±μ£μ ±² ¸¸ 
Ö¢²¥´¨° ¢ · ³± Ì · ¢´μ¢¥¸´μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨ ¢μ§´¨± ¥É Ê´¨¢¥·-
¸ ²Ó´ Ö ¶·¥¤¥²Ó´ Ö ± ·É¨´ . …¸É¥¸É¢¥´´μ § ¤ ÉÓ¸Ö ¢μ¶·μ¸μ³ μ Éμ³, ± ±¨¥ ¥Ð¥
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É¨¶Ò Ê´¨¢¥·¸ ²Ó´μ£μ ¶μ¢¥¤¥´¨Ö ³μ£ÊÉ ¢μ§´¨±´ÊÉÓ ¶·¨ μ£·Ê¡²¥´´μ³ · ¸¸³μ-
É·¥´¨¨ ³´μ£μ±μ³¶μ´¥´É´ÒÌ ¸¨¸É¥³. � ¶·¨³¥·, ¢ · ¢´μ¢¥¸¨¨ ¡μ²¥¥ ¸²μ¦´Ò¥
É¨¶Ò Ê´¨¢¥·¸ ²Ó´μ£μ ¶μ¢¥¤¥´¨Ö ¢μ§´¨± ÕÉ ¢ ±·¨É¨Î¥¸±μ° ÉμÎ±¥ ¢ ¸¨ÉÊ Í¨¨
Ë §μ¢μ£μ ¶¥·¥Ìμ¤  ¢Éμ·μ£μ ·μ¤ , ±μ£¤  ±μ··¥²ÖÍ¨μ´´ Ö ¤²¨´  ¡¥¸±μ´¥Î´ . ‡ -
³¥É¨³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·μ¸ÉÒÌ  ·£Ê³¥´Éμ¢ (É¨¶  ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥) μ± -
§Ò¢ ¥É¸Ö ´¥¤μ¸É ÉμÎ´μ, ¨ ¤²Ö ¶μ²ÊÎ¥´¨Ö ÉμÎ´ÒÌ ¶·¥¤¥²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°
´¥μ¡Ìμ¤¨³μ · §¢¨É¨¥ ¸²μ¦´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì É¥Ì´¨±, ¶μ§¢μ²ÖÕÐ¨Ì μ¶¨¸Ò-
¢ ÉÓ ÉμÎ´ÊÕ ¸É É¨¸É¨±Ê ³μ¤¥²¥° ¸μ ¸¶¥Í¨ ²Ó´μ° ¨´É¥£·¨·Ê¥³μ° ¸É·Ê±ÉÊ·μ°.

� ¸¸³μÉ·¨³ ¤·Ê£μ° ´¥ ³¥´¥¥ ¢ ¦´Ò° ¢μ¶·μ¸ Å Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ ¢ ´¥-
· ¢´μ¢¥¸´ÒÌ ¸¨¸É¥³ Ì. ˆ³¥´´μ ¶μ¨¸± ¶·¨³¥·μ¢ É ±μ° Ê´¨¢¥·¸ ²Ó´μ¸É¨ ¸²Ê-
¦¨É ³μÉ¨¢ Í¨¥° ¤²Ö ¶μ²ÊÎ¥´¨Ö ·¥§Ê²ÓÉ Éμ¢, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò ¢ ¤ ´´μ³
μ¡§μ·¥. Š ¸μ¦ ²¥´¨Õ, ´¥ ¸ÊÐ¥¸É¢Ê¥É μ¡Ð¥£μ ¶μ¤Ìμ¤  ± ´¥· ¢´μ¢¥¸´Ò³ ¸¨-
¸É¥³ ³, ¶μ¤μ¡´μ£μ É¥μ·¨¨ 	μ²ÓÍ³ ´ Äƒ¨¡¡¸ . �¡Ð¨³ ³μ³¥´Éμ³ ¤²Ö ¡μ²ÓÏ¨Ì
³´μ£μ±μ³¶μ´¥´É´ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ É ± Ö ¸¨¸É¥³  ´  ¡μ²ÓÏ¨Ì ¢·¥³¥-
´ Ì Î ¸Éμ ¢¥¤¥É ¸¥¡Ö ± ± ¸²ÊÎ °´ Ö. ŒÒ ¶·¨´¨³ ¥³ ÔÉμ ¤μ¶ÊÐ¥´¨¥ ¸ ¸ ³μ£μ
´ Î ² , § ¤ ¢ Ö ¶·μ¸É¥°ÏÊÕ ¸ÉμÌ ¸É¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ³μ¤¥²Ó´μ° ¸¨¸É¥³Ò
± ± ³ ·±μ¢¸±ÊÕ Í¥¶Ó. �·¨ ÔÉμ³ ³Ò É ±¦¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ·¥Ï¥ÉμÎ-
´Ò¥ ³μ¤¥²¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í É¨¶  ·¥Ï¥ÉμÎ´μ£μ £ §  ¸ ²μ± ²Ó´μ°
³ ·±μ¢¸±μ° ¤¨´ ³¨±μ°. ˆ¤¥Ö ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò § ¤ ÉÓ É ±¨¥ ¤¨´ ³¨Î¥-
¸±¨¥ ¶· ¢¨² , ±μÉμ·Ò¥ ¶μ§¢μ²¨²¨ ¡Ò ÉμÎ´μ ¢ÒÎ¨¸²ÖÉÓ ¤μ¸É ÉμÎ´μ ¡μ£ ÉÒ°
¸¶¥±É· Ë¨§¨Î¥¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ. �¥·¥°¤Ö ¶μ¸²¥ ÔÉμ£μ ± μ£·Ê¡²¥´´μ³Ê · ¸-
¸³μÉ·¥´¨Õ, É. ¥. ¢§Ö¢ ¸¶¥Í¨ ²Ó´Ò° ¸±¥°²¨´£μ¢Ò° ¶·¥¤¥² ¶μ²ÊÎ¥´´ÒÌ ÉμÎ´ÒÌ
·¥§Ê²ÓÉ Éμ¢, ³Ò ´ ¤¥¥³¸Ö ¶μ²ÊÎ¨ÉÓ Ê´¨¢¥·¸ ²Ó´μ¥ ¸±¥°²¨´£μ¢μ¥ μ¶¨¸ ´¨¥,
¶·¨³¥´¨³μ¥ ´¥ Éμ²Ó±μ ± ±μ´±·¥É´Ò³ ÉμÎ´μ ·¥Ï ¥³Ò³ ³μ¤¥²Ö³, ´μ ¨ ± Í¥-
²μ³Ê ±² ¸¸Ê Ê´¨¢¥·¸ ²Ó´μ¸É¨, ¢ÒÌμ¤ÖÐ¥³Ê §  Ê§±¨¥ · ³±¨ ÉμÎ´μ ·¥Ï ¥³ÒÌ
³μ¤¥²¥°.

‚ ±μ´Í¥ ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö ³Ò μ¡´ ·Ê¦¨³ Ê´¨¢¥·¸ ²Ó´μ¥ ¶μ¢¥¤¥´¨¥,
¢μ§´¨± ÕÐ¥¥ ¢ · ³± Ì ±² ¸¸  Ê´¨¢¥·¸ ²Ó´μ¸É¨ Š ·¤ · Ä� ·¨§¨Ä† ´£  [4],
±μÉμ·Ò° μ¡Ñ¥¤¨´Ö¥É ³´μ¦¥¸É¢μ É ±¨Ì ´¥· ¢´μ¢¥¸´ÒÌ Ö¢²¥´¨°, ± ± ¸²ÊÎ °-
´Ò° ·μ¸É ¶μ¢¥·Ì´μ¸É¥° · §²¨Î´μ£μ £¥´¥§ : £· ´¨Í ³¥¦¤Ê Ë § ³¨ ¢¥Ð¥¸É¢ ,
¶μ¢¥·Ì´μ¸É¥° ±·¨¸É ²²μ¢, £· ´¨Í ¸³ Î¨¢ ´¨Ö, ¢Ò¸ÒÌ ´¨Ö ¨ £μ·¥´¨Ö ¨ É. ¤.,
  É ±¦¥ · §²¨Î´Ò¥ ´¥· ¢´μ¢¥¸´Ò¥ ¸¨¸É¥³Ò ¶¥·¥´μ¸  [5]. ŒÒ μ¶¨Ï¥³ μ¤¨´
¶·¨³¥· ¢¥·μÖÉ´μ¸É´μ£μ · ¸¶·¥¤¥²¥´¨Ö (· ¸¶·¥¤¥²¥´¨¥ ’·¥°¸¨Ä“¨¤μ³  [6])
¨ ¸²ÊÎ °´μ£μ ¶·μÍ¥¸¸  (¶·μÍ¥¸¸  �°·¨ [7]), ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¶·μÖ¢²¥´¨¥³
Ê´¨¢¥·¸ ²Ó´μ¸É¨ ¢ ±² ¸¸¥ Š ·¤ · Ä� ·¨§¨Ä† ´£ . ‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥
Ê´¨¢¥·¸ ²Ó´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢μ§´¨± ÕÉ ´¥ Éμ²Ó±μ ¢ ±μ´É¥±¸É¥ ´¥· ¢´μ¢¥¸-
´μ° ¸É ÉË¨§¨±¨. ‚¶¥·¢Ò¥ μ´¨ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¸É É¨¸É¨±¨
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¸²ÊÎ °´ÒÌ ³ É·¨Í [8] ¨ ¶·¨ ¨§ÊÎ¥´¨¨  ¸¨³¶ÉμÉ¨Î¥-
¸±μ£μ ¶μ¢¥¤¥´¨Ö ¸²ÊÎ °´ÒÌ ¶¥·¥¸É ´μ¢μ± ¨ ¤¨ £· ³³ 
´£  [9], μ¶¨¸Ò¢ ÕÐ¨Ì
É¥μ·¨Õ ¶·¥¤¸É ¢²¥´¨° ¡μ²ÓÏ¨Ì £·Ê¶¶ [10]. ’¥ ¦¥ Ê´¨¢¥·¸ ²Ó´Ò¥ · ¸¶·¥¤¥-
²¥´¨Ö ¢μ§´¨± ÕÉ ¶·¨ μ¶¨¸ ´¨¨ Ê´¨¢¥·¸ ²Ó´ÒÌ Ë²Ê±ÉÊ Í¨° ¢ μ±·¥¸É´μ¸É¨
¶·¥¤¥²Ó´ÒÌ Ëμ·³ ¢ É ±¨Ì · ¢´μ¢¥¸´ÒÌ ¸¨¸É¥³ Ì, ± ± ¤¨³¥·´Ò¥ Ê¶ ±μ¢±¨
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¨ § ³μÐ¥´¨Ö · §²¨Î´ÒÌ ¶²μ¸±¨Ì μ¡² ¸É¥° [11, 12],   É ±¦¥ ¶·¨ ¨§ÊÎ¥´¨¨
μ¤´μ³¥·´ÒÌ ¸²ÊÎ °´ÒÌ ¡²Ê¦¤ ´¨° ¨²¨ ¡·μÊ´μ¢¸±μ£μ ¤¢¨¦¥´¨Ö ¢ μ£· ´¨Î¥´-
´μ° £¥μ³¥É·¨¨ [13]. …Ð¥ μ¤¨´ ±² ¸¸ · ¢´μ¢¥¸´ÒÌ § ¤ Î ¸ ¶μ¤μ¡´Ò³ Ê´¨-
¢¥·¸ ²Ó´Ò³ ¸±¥°²¨´£μ¢Ò³ ¶μ¢¥¤¥´¨¥³ Å § ¤ Î¨ μ ¶μ²¨³¥·¥ ¢ ¸²ÊÎ °´μ°
¸·¥¤¥. �·¨ ´Ê²¥¢μ° É¥³¶¥· ÉÊ·¥ Å ÔÉμ § ¤ Î  μ ¶¥·±μ²ÖÍ¨¨ ¶μ¸²¥¤´¥£μ ¤μ-
¸É¨¦¥´¨Ö, ¸¢Ö§ ´´ Ö ¸ Ê¦¥ Ê¶μ³Ö´ÊÉμ° ¸É É¨¸É¨±μ° ¸²ÊÎ °´ÒÌ ¶¥·¥¸É ´μ¢μ±
¨ ¤¨ £· ³³ 
´£  [14]. �·¨ ±μ´¥Î´μ° É¥³¶¥· ÉÊ·¥ · ¸¶·¥¤¥²¥´¨¥ ¸¢μ¡μ¤-
´μ° Ô´¥·£¨¨ ¡·μÊ´μ¢¸±μ£μ ¶μ²¨³¥·  ¢ ¸·¥¤¥, £¤¥ ¸²ÊÎ °´μ¸ÉÓ § ¤ ¥É¸Ö ¡¥²Ò³
ÏÊ³μ³, ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ¸ ¶μ³μÐÓÕ ³¥Éμ¤  ·¥¶²¨± [15], ±μÉμ·Ò° ¶μ-
§¢μ²Ö¥É Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ¸ ÉμÎ´μ ·¥Ï ¥³μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¥°
μ ¡μ§μ´ Ì ¸ ¤¥²ÓÉ -¢§ ¨³μ¤¥°¸É¢¨¥³ [16]. �¥Ï¥´¨¥ ¶·¨¢μ¤¨É ± ·¥§Ê²ÓÉ É ³
¸ É ±¨³ ¦¥ ¸±¥°²¨´£μ¢Ò³ ¶μ¢¥¤¥´¨¥³ [17Ä19]. ˆ´É¥·¥¸´μ, ÎÉμ ¸¢μ¡μ¤´ Ö
Ô´¥·£¨Ö ¶μ²¨³¥·  ¢ ÔÉμ° · ¢´μ¢¥¸´μ° § ¤ Î¥ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥²¨´¥°´μ£μ
¸ÉμÌ ¸É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö Š ·¤ · Ä� ·¨§¨Ä† ´£ , μ¶¨¸Ò¢ ÕÐ¥£μ, ¶μ ¸ÊÉ¨,
´¥· ¢´μ¢¥¸´Ò° ·μ¸É Ë·μ´É  ¶μ¤ ¤¥°¸É¢¨¥³ ¸²ÊÎ °´μ° ¸¨²Ò. �²ÓÉ¥·´ É¨¢´μ¥
·¥Ï¥´¨¥ ¶μ¸²¥¤´¥£μ, Ô±¸¶²Ê É¨·ÊÕÐ¥¥ ¸¢Ö§Ó ¸ ´¥· ¢´μ¢¥¸´μ° ¸¨¸É¥³μ° ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, ¶·¨¢μ¤¨É, ¥¸É¥¸É¢¥´´μ, ± Éμ³Ê ¦¥ ·¥§Ê²ÓÉ ÉÊ [20].

‚Ò¶μ²´¥´¨¥ ´ Ï¥° ¶·μ£· ³³Ò É·¥¡Ê¥É ·Ö¤  Ï £μ¢. „¥²μ ¢ Éμ³, ÎÉμ ÉμÎ-
´μ¥ ·¥Ï¥´¨¥ Ô¢μ²ÕÍ¨μ´´μ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ¸ ¡μ²ÓÏ¨³ Î¨¸²μ³ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò, ± ± ¶· ¢¨²μ, Ö¢²Ö¥É¸Ö ´¥· §·¥Ï¨³μ° § ¤ Î¥°. ˆ¸±²ÕÎ¥´¨¥ ¸μ¸É ¢-
²ÖÕÉ ³μ¤¥²¨, ¶·¨´ ¤²¥¦ Ð¨¥ ± ±² ¸¸Ê É ± ´ §Ò¢ ¥³ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨-
¸É¥³. „μ ´¥¤ ¢´¥£μ ¢·¥³¥´¨ ¢ ± Î¥¸É¢¥ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¢Ò¸ÉÊ¶ ²¨ ¢
μ¸´μ¢´μ³ ±¢ ´Éμ¢Ò¥ ¸¨¸É¥³Ò ³´μ£¨Ì Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ°
· §³¥·´μ¸É¨ 1 + 1 ¨²¨ ¤¢Ê³¥·´Ò¥ ³μ¤¥²¨ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ [21]. �± -
§Ò¢ ¥É¸Ö, μ¤´ ±μ, ÎÉμ ÉÊ ¦¥ ¸É·Ê±ÉÊ·Ê ³μ¦´μ ´ °É¨ ¨ ¢ ¸ÉμÌ ¸É¨Î¥¸±¨Ì ¸¨¸É¥-
³ Ì ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í [22]. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ μÉ £ ³¨²ÓÉμ´¨ ´ 
±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, É ±μ° ± ± ¸¶¨´μ¢ Ö Í¥¶μÎ±  ƒ¥°§¥´¡¥·£ , ¤μ¶μ²´¨É¥²Ó´μ
¶μÉ·¥¡μ¢ ÉÓ ¢Ò¶μ²´¥´¨Ö ¸¶¥Í¨ ²Ó´μ£μ ¸¢μ°¸É¢  ¸ÉμÌ ¸É¨Î´μ¸É¨, Éμ Ê· ¢´¥-
´¨¥ Ô¢μ²ÕÍ¨¨ (˜·¥¤¨´£¥· ), § ¶¨¸ ´´μ¥ ¢ ³´¨³μ³ ¢·¥³¥´¨, ¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ
³ ·±μ¢¸±ÊÕ ¤¨´ ³¨±Ê ¸¨¸É¥³Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í. —Éμ¡Ò ¶·μ¢¥¸É¨
 ´ ²μ£¨Õ ¸ ¤¢Ê³¥·´Ò³¨ ¸¨¸É¥³ ³¨ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨, § ³¥É¨³, ÎÉμ Î -
¸Éμ É ±¨¥ ¸¨¸É¥³Ò ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¢ É¥·³¨´ Ì ¢¥·μÖÉ´μ¸É´ÒÌ (£¨¡¡-
¸μ¢¸±¨Ì) ³¥· ´  ³´μ¦¥¸É¢¥ ´ ¶· ¢²¥´´ÒÌ ¶ÊÉ¥° ´  ·¥Ï¥É±¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó
μ¶·¥¤¥²Ö¥³ÒÌ Î¥·¥§ ¢¥¸  ²μ± ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨°. �¤´ ±μ μ ¤¢Ê³¥·´μ° ·¥-
Ï¥É±¥ ³μ¦´μ ¤Ê³ ÉÓ ± ± μ ¤¨¸±·¥É¨§ Í¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ · §³¥·´μ-
¸É¨ 1 + 1. ’μ£¤  ¶·¨ Ê¸²μ¢¨¨ ¸ÉμÌ ¸É¨Î´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¶¥· Éμ· 
(É· ´¸Ë¥·-³ É·¨ÍÒ) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¶ÊÉ¨ ± ± É· ¥±Éμ·¨¨ ¢§ ¨³μ¤¥°-
¸É¢ÊÕÐ¨Ì Î ¸É¨Í, ¢¥·μÖÉ´μ¸É´Ò¥ ³¥·Ò ´  ±μÉμ·ÒÌ ¨³¥ÕÉ ¸³Ò¸² ¶¥·¥Ìμ¤´ÒÌ
¢¥·μÖÉ´μ¸É¥° ³ ·±μ¢¸±μ° Í¥¶¨. ˆ³¥´´μ ÔÉμ£μ ¶μ¤Ìμ¤  ³Ò ¡Ê¤¥³ ¶·¨¤¥·¦¨-
¢ ÉÓ¸Ö ¤ ²¥¥.

� Ï ¶¥·¢Ò° Ï £ Å ¶μ¸É·μ¥´¨¥ ¸¨¸É¥³Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¸
¢μ§³μ¦´μ ¡μ²¥¥ μ¡Ð¨³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¶· ¢¨² ³¨, μ¡¥¸¶¥Î¨¢ ÕÐ¨³¨ ¨´-
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É¥£·¨·Ê¥³μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ô¢μ²ÕÍ¨μ´´μ£μ μ¶¥· Éμ· . ’¥Ì´¨Î¥¸±¨ ÔÉμ
μ§´ Î ¥É, ÎÉμ Ô¢μ²ÕÍ¨μ´´Ò° μ¶¥· Éμ· ¤¨ £μ´ ²¨§Ê¥³ ¸ ¶μ³μÐÓÕ  ·¸¥´ ² 
³¥Éμ¤μ¢, ±μÉμ·Ò¥ ¶·¨´ÖÉμ μ¡Ñ¥¤¨´ÖÉÓ ¶μ¤ ´ §¢ ´¨¥³  ´§ Í 	¥É¥ (�	) [23].
�μ²Ó§ÊÖ¸Ó �	, ³μ¦´μ ´ °É¨ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¤¨´ ³¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö, μ¶¨-
¸Ò¢ ÕÐ¥£μ ¸ÉμÌ ¸É¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ¸¨¸É¥³Ò. �¤´ ±μ, ± ± ¶· ¢¨²μ, ¨§
μ¡Ð¥£μ ³´μ£μÉμÎ¥Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö, ¸μ¤¥·¦ Ð¥£μ ¶μ²´ÊÕ ¨´Ëμ·³ Í¨Õ μ
³´μ£μ±μ³¶μ´¥´É´μ° ¸¨¸É¥³¥, É·Ê¤´μ ¨§¢²¥ÎÓ ¨´Ëμ·³ Í¨Õ μ Ë¨§¨±¥ ¸¨¸É¥³Ò.
�μÔÉμ³Ê ¸²¥¤ÊÕÐ¨° Ï £ Å ¢ÒÎ¨¸²¥´¨¥ ¨´Ëμ·³ É¨¢´ÒÌ ±μ²²¥±É¨¢´ÒÌ Ì -
· ±É¥·¨¸É¨±, É ±¨Ì ± ± ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¨²¨ Î ¸É´Ò¥ · ¸¶·¥¤¥²¥-
´¨Ö. �É  § ¤ Î  É·¥¡Ê¥É ¶·¨³¥´¥´¨Ö ´μ¢ÒÌ ³¥Éμ¤μ¢, ¨¸Éμ·¨Ö · §¢¨É¨Ö ±μÉμ-
·ÒÌ ¢μ¸Ìμ¤¨É ± É¥μ·¨¨ ¸²ÊÎ °´ÒÌ ³ É·¨Í [8]. � ±μ´¥Í, ¶μ¸²¥¤´¨° ÔÉ ¶ Å
 ¸¨³¶ÉμÉ¨Î¥¸±¨°  ´ ²¨§ ¸±¥°²¨´£μ¢μ£μ ¶·¥¤¥²  ¶μ²ÊÎ¥´´ÒÌ ÉμÎ´ÒÌ Ëμ·³Ê².
�¥§Ê²ÓÉ É μ± §Ò¢ ¥É¸Ö  ´ ²μ£μ³ ‡	— ¨ –�’ ¤²Ö μ¤´μ³¥·´ÒÌ ¸²ÊÎ °´ÒÌ ³´μ-
£μÎ ¸É¨Î´ÒÌ ¸¨¸É¥³.

ˆ¸¸²¥¤μ¢ ´¨Ö ÔÉ¨Ì ¢μ¶·μ¸μ¢ ¶·μ¢μ¤¨²¨¸Ó ¢ „Ê¡´¥ ¢ £·Ê¶¶¥ ‚ÖÎ¥¸² ¢  	μ-
·¨¸μ¢¨Î  �·¨¥§¦¥¢  ´  ¶·μÉÖ¦¥´¨¨ ¶μ¸²¥¤´¨Ì ¤¢ ¤Í É¨ ²¥É. � Î´¥³ ´ Ï¥
¨§²μ¦¥´¨¥ ¸ μ¡ÑÖ¸´¥´¨Ö Éμ£μ, ± ±¨¥ μ¸μ¡¥´´μ¸É¨ ³ ·±μ¢¸±μ° ¤¨´ ³¨±¨ Î -
¸É¨Í μÉ¢¥É¸É¢¥´´Ò §  ÉμÎ´ÊÕ ·¥Ï ¥³μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ô¢μ²ÕÍ¨μ´´ÒÌ
Ê· ¢´¥´¨°. �·¨ ÔÉμ³ ¶μ¸É · ¥³¸Ö ¸¤¥² ÉÓ  ±Í¥´É ´  ¶μ¤Ìμ¤¥, ±μÉμ·Ò° · §¢¨-
¢ ² ‚ÖÎ¥¸² ¢ 	μ·¨¸μ¢¨Î, μ¸´μ¢ ´´μ³ ´  É ± ´ §Ò¢ ¥³μ³ · ¸¶ÊÉÒ¢ ´¨¨ É· -
¥±Éμ·¨° [24]. �¸´μ¢´ Ö ¨¤¥Ö ÔÉμ£μ ¶μ¤Ìμ¤  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢¸Ö± Ö ÉμÎ´μ
·¥Ï ¥³ Ö ¤¨´ ³¨±  ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ¸¢μ¤¨É¸Ö
± ¤¨´ ³¨±¥ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í. � ¨³¥´´μ, ³Ò ±μ´¸É·Ê¨·Ê¥³ ¶·μ-
¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨ ´ ¶· ¢²¥´´ÒÌ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶ÊÉ¥° Î ¸É¨Í ´  ·¥-
Ï¥É±¥, ¸μ¥¤¨´ÖÕÐ¨Ì Ë¨±¸¨·μ¢ ´´Ò¥ ´ ¡μ·Ò ¢¥·Ï¨´, ¨§ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕ-
Ð¨Ì ¶ÊÉ¥°, ¤μ¡ ¢²ÖÖ ± ¶ÊÉÖ³ ¡¥§ ¢§ ¨³´ÒÌ ¶¥·¥¸¥Î¥´¨° ¶¥·¥¸¥± ÕÐ¨¥¸Ö ¶ÊÉ¨
¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ¨ ¸¤¢¨´ÊÉÒ³¨ ´ Î ² ³¨ ¨²¨ ±μ´Í ³¨ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´-
´Ò³¨ ¢¥¸ ³¨. ‘´ Î ²  ³Ò ¨²²Õ¸É·¨·Ê¥³ ÔÉμÉ ¶μ¤Ìμ¤ ´  ¶·¨³¥·¥ ¶·μ¸É¥°Ï¥°
³μ¤¥²¨ ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²¥°, £¤¥ ¨¸±²ÕÎ¥´¨¥ ±μ´Ë¨£Ê· Í¨° ¸ ¶¥·¥-
¸¥± ÕÐ¨³¨¸Ö ¶ÊÉÖ³¨ ¶·¨¢μ¤¨É ± ¸¢μ¡μ¤´μË¥·³¨μ´´Ò³ ¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³
¨ μ¶·¥¤¥²¨É¥²Ö³ Š ·²¨´ ÄŒ ±£·¥£μ· Ä‹¨´¤¸É·¥³ Äƒ¥¸¸¥²ÖÄ‚¨¥´´μ [25Ä27].
�μÉμ³ ³Ò ¶¥·¥Ìμ¤¨³ ± ³μ¤¥²Ö³ ¸ ¡μ²¥¥ ¸²μ¦´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¨ ¨¸-
¸²¥¤Ê¥³ ¢μ¶·μ¸: ®�·¨ ± ±¨Ì ¢§ ¨³μ¤¥°¸É¢¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨ Ô¢μ²ÕÍ¨Õ
¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¢¸¥ ¥Ð¥ ³μ¦´μ ¸¢¥¸É¨ ± Ô¢μ²ÕÍ¨¨ ´¥¢§ ¨³μ-
¤¥°¸É¢ÊÕÐ¨Ì?¯. ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶·¨Ìμ¤¨³ ± μ¡Ð¥° É·¥Ì¶ · ³¥É·¨Î¥¸±μ°
³μ¤¥²¨ Î ¸É¨Í ¸ Ë ±Éμ·¨§μ¢ ´´Ò³ ¸É Í¨μ´ ·´Ò³ ¸μ¸ÉμÖ´¨¥³, ¸μ¤¥·¦ Ð¥°
³´μ¦¥¸É¢μ ¨´É¥·¥¸´ÒÌ ¨§¢¥¸É´ÒÌ · ´¥¥ ¨ ´μ¢ÒÌ ³μ¤¥²¥° ± ± ¶·¥¤¥²Ó´Ò¥
¸²ÊÎ ¨. �μ¸É·μ¥´¨¥ ÔÉμ° ³μ¤¥²¨ ¨ ±· É±¨° μ¡§μ· ¥¥ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ¥¢ Å
ÔÉμ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É, μ¶¨¸ ´´Ò° ¢ · §¤. 1.

� §¤. 2 ¶μ¸¢ÖÐ¥´ ¶μ¸É·μ¥´¨Õ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¶ÊÉ¥°, ±μÉ·Ò¥ ¶·¨-
¢μ¤ÖÉ ´ ¸ ± ±μμ·¤¨´ É´μ³Ê �	, ¨§ ±μÉμ·μ£μ, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³μ¦´μ ¨§¢²¥ÎÓ
ËÊ´±Í¨¨ ƒ·¨´ , É. ¥. ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ±μ´Ë¨£Ê· Í¨Ö³¨ Î ¸É¨Í.
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�μÌμ¦¨° ¶μ¤Ìμ¤, É· ±ÉÊÕÐ¨°  ´§ Í 	¥É¥ ± ± ¶·μ¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨ (¸É É-
¸Ê³³Ò) ¶ÊÉ¥° ´  ·¥Ï¥É±¥, · §¢¨¢ ²¸Ö É ±¦¥ ¢ · ¡μÉ Ì [28, 29]. ‚Ò¢μ¤ ËÊ´±-
Í¨¨ ƒ·¨´  ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ±μÔËË¨Í¨¥´É  · §²μ¦¥´¨Ö �	 ¢ ·Ö¤ ‹μ-
· ´ . ŒÒ ¨§² £ ¥³ ¥£μ ± ± ³μ¦´μ ¡μ²¥¥ ¶·μ¸ÉÒ³ Ö§Ò±μ³, ¶·¥´¥¡·¥£ Ö ³ É¥-
³ É¨Î¥¸±μ° ¸É·μ£μ¸ÉÓÕ, ÎÉμ¡Ò ¸μ¸·¥¤μÉμÎ¨ÉÓ¸Ö ´  ¥£μ ±μ³¡¨´ Éμ·´μ° ¸ÊÉ¨.
„ ²¥¥ ³Ò ¶¥·¥Ìμ¤¨³ ± ¶·μ¸Éμ³Ê Î ¸É´μ³Ê μ¤´μ¶ · ³¥É·¨Î¥¸±μ³Ê ¸²ÊÎ Õ (³μ-
¤¥²¨ ¸ μ¡· É´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³), ¢ ±μÉμ·μ³ ËÊ´±Í¨Ö ƒ·¨´ 
¨³¥¥É ¤¥É¥·³¨´ ´É´Ò° ¢¨¤, ¨ ¶μ± §Ò¢ ¥³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ·¥§Ê²ÓÉ É μ¡μ¡-
Ð ¥É¸Ö É ±¦¥ ´  ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ±μ´Ë¨£Ê· Í¨Ö³¨ Î ¸É¨Í, ¢ ±μÉμ·ÒÌ · §²¨Î -
ÕÉ¸Ö ´¥ Éμ²Ó±μ ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ, ´μ ¨ ¢·¥³¥´´Ò¥. ‡¤¥¸Ó ¦¥ ¢¢μ-
¤¨É¸Ö ¶μ´ÖÉ¨¥ £· ´¨ÍÒ ± ± ²¨´¨¨, · §¤¥²ÖÕÐ¥° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÊÕ
¶²μ¸±μ¸ÉÓ ´  ¤¢¥ Î ¸É¨,   μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ƒ·¨´  É· ±ÉÊ¥É¸Ö ± ± ¢¥·μÖÉ-
´μ¸ÉÓ ¢ÒÌμ¤  Î ¸É¨Í ¸ £· ´¨ÍÒ ¢ § ¤ ´´ÒÌ ÉμÎ± Ì.

’μ£¤  ± ± μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ƒ·¨´  ¤ ¥É ¶μ²´ÊÕ ¢¥·μÖÉ´μ¸ÉÓ ±μ´Ë¨£Ê-
· Í¨¨ N ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶μ§¨Í¨°, Î¥·¥§ ±μÉμ·Ò¥ N Î ¸É¨Í ¢Ò-
Ìμ¤ÖÉ ¸ £· ´¨ÍÒ, ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ Î ¸É´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ§¨Í¨° ¢Ò-
Ìμ¤  ´¥±μÉμ·ÒÌ ¨§ ÔÉ¨Ì Î ¸É¨Í. � §¤. 3 ¶μ¸¢ÖÐ¥´ ¢ÒÎ¨¸²¥´¨Õ É ±¨Ì Î ¸É´ÒÌ
· ¸¶·¥¤¥²¥´¨°. „²Ö ÔÉμ£μ ¶μ± §Ò¢ ¥É¸Ö, ÎÉμ μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ ƒ·¨´ , ¶μ-
²ÊÎ¥´´ÊÕ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Î ¸É´μ¥ · ¸¶·¥¤¥²¥-
´¨¥ ¶μ ¤¥É¥·³¨´ ´É´μ³Ê ÉμÎ¥Î´μ³Ê ¶·μÍ¥¸¸Ê ´  · ¸Ï¨·¥´´μ³ ¶·μ¸É· ´¸É¢¥.
‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ ¥³ ³´μ£μÉμÎ¥Î´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ§¨Í¨° ¢ÒÌμ¤ 
¢ ¢¨¤¥ μ¶·¥¤¥²¨É¥²¥° ”·¥¤£μ²Ó³  ¸ Ö¢´Ò³ Ö¤·μ³ ¤²Ö ¸¨¸É¥³Ò ¸ ¡¥¸±μ´¥Î-
´Ò³ Î¨¸²μ³ Î ¸É¨Í, ±μÉμ·Ò¥ ´ Î¨´ ÕÉ ¡²Ê¦¤ ÉÓ, ¢ÒÌμ¤Ö ¨§ ¥¤¨´¸É¢¥´´μ£μ
Ê§² , § ¶μ²´¥´´μ£μ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ Î ¸É¨Í. ‚ ¶·μÍ¥¸¸¥ · ¸¸± §  ³Ò
É ±¦¥ ¶·¨¢μ¤¨³ ¶·μ¸Éμ¥ ¤μ± § É¥²Ó¸É¢μ Í¥´É· ²Ó´μ£μ ÊÉ¢¥·¦¤¥´¨Ö É¥μ·¨¨
¤¥É¥·³¨´ ´É´ÒÌ ¶·μÍ¥¸¸μ¢, É¥μ·¥³Ò �°´ ·¤ ÄŒ¥ÉÒ [30, 31], μ¸´μ¢ ´´μ¥ ´ 
¶μ¤¸Î¥É¥ ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò Š ·²¨´ ÄŒ ±£·¥£μ-
· Ä‹¨´¤¸É·¥³ Äƒ¥¸¸¥²ÖÄ‚¨¥´´μ.

‚ ¶μ¸²¥¤´¥³ · §¤. 4 ³Ò μ¡¸Ê¦¤ ¥³  ¸¨³¶ÉμÉ¨Î¥¸±¨°  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ
ÉμÎ´ÒÌ Ëμ·³Ê². �·¨ ÔÉμ³ Í¥²Ó, ±μÉμ·ÊÕ ³Ò ¸É ¢¨³, Å ´¥ μ¶¨¸ ÉÓ É¥Ì´¨±Ê
 ¸¨³¶ÉμÉ¨Î¥¸±μ£μ  ´ ²¨§ , ±μÉμ· Ö É·¥¡Ê¥É ¶·¨³¥´¥´¨Ö ³´μ¦¥¸É¢  É¥Ì´¨-
Î¥¸±¨Ì ¶·¨¥³μ¢,   ³μÉ¨¢¨·μ¢ ÉÓ ¢¨¤ ¸±¥°²¨´£μ¢μ£μ ¶·¥¤¥²  ¨¸Ìμ¤Ö ¨§ μ¡-
Ð¨Ì ¶·¨´Í¨¶μ¢ É¥μ·¨¨ Š ·¤ · Ä� ·¨§¨Ä† ´£ . ‚ Î ¸É´μ¸É¨, ³Ò μ¶¨¸Ò¢ ¥³
¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö ¶ · ³¥É·μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ ÊÉ¢¥·¦¤¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ‡	— ¨
–�’ ¤²Ö · ¸¶·¥¤¥²¥´¨° · §²¨Î´ÒÌ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, Ì · ±É¥·¨§ÊÕÐ¨Ì ¸¨-
¸É¥³Ò Î ¸É¨Í ¨  ¸¸μÍ¨¨·μ¢ ´´Ò° ¸ ´¨³¨ · ¸ÉÊÐ¨° Ë·μ´É, ¨ μ¡ÑÖ¸´Ö¥³ ¸¢Ö§Ó
ÔÉ¨Ì ¶ · ³¥É·μ¢ ¸ Ì · ±É¥·¨¸É¨± ³¨ ¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö ¡¥¸±μ´¥Î´μ°
¸¨¸É¥³Ò. ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶·¨¢μ¤¨³ ¸ ³ÊÕ μ¡ÐÊÕ Ëμ·³Ê²¨·μ¢±Ê ¤²Ö ¸±¥°-
²¨´£μ¢μ£μ ¶·¥¤¥²  ¢¥·μÖÉ´μ¸É¥° ¢ÒÌμ¤  Î ¸É¨Í ¸ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ £· ´¨Í,
 ¶¶·μ±¸¨³¨·Ê¥³ÒÌ £² ¤±¨³¨ ±·¨¢Ò³¨ ¨§ § ¤ ´´μ£μ μ¤´μ¶ · ³¥É·¨Î¥¸±μ£μ
¸¥³¥°¸É¢ , ¢ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶μ§¨Í¨ÖÌ,  ¸¸μÍ¨¨·μ¢ ´´ÒÌ ¸ ¶·μ-
¨§¢μ²Ó´Ò³ ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´Ò³ ¶ÊÉ¥³. ŒÒ § ¢¥·Ï¨³ ´ Ï ¶ÊÉÓ μÉ · ¸-
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¶ÊÉÒ¢ ´¨Ö É· ¥±Éμ·¨° ¤μ Ê´¨¢¥·¸ ²Ó´ÒÌ ¸±¥°²¨´£μ¢ÒÌ ¶·¥¤¥²μ¢, ¸Ëμ·³Ê²¨-
·μ¢ ¢ ¢Ò¢μ¤ μ ¸Ìμ¤¨³μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ¢ÒÌμ¤  ´  ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´ÒÌ
¶ÊÉÖÌ ± Ê´¨¢¥·¸ ²Ó´μ³Ê ¶·¥¤¥²Ó´μ³Ê ¸²ÊÎ °´μ³Ê ¶·μÍ¥¸¸Ê �°·¨, ¸¤¥² ¢ É -
±¨³ μ¡· §μ³ ´ ¨¡μ²¥¥ μ¡Ð¥¥ ÊÉ¢¥·¦¤¥´¨¥ É¨¶  –�’ ¤²Ö ´ Ï¥° ³μ¤¥²Ó´μ°
¸¨¸É¥³Ò, ±μÉμ·μ¥, ± ± μ¦¨¤ ¥É¸Ö, · ¸¶·μ¸É· ´Ö¥É¸Ö ´  ¢¥¸Ó ±² ¸¸ Ê´¨¢¥·¸ ²Ó-
´μ¸É¨ Š ·¤ · Ä� ·¨§¨Ä† ´£ .

�¥·¥¤ É¥³ ± ± ¶¥·¥°É¨ ± ¶μ¤·μ¡´μ¸ÉÖ³, § ³¥É¨³, ÎÉμ ¢ μ¡§μ·¥ ³Ò ´¥
¶·¥¸²¥¤μ¢ ²¨ Í¥²¨ ¤μ¸É¨ÎÓ ´ ¨¡μ²ÓÏ¥° μ¡Ð´μ¸É¨ ¨²¨ ¸É·μ£μ¸É¨ ¨§²μ¦¥´¨Ö,
É ± ¦¥ ± ± ´¥ ¶ÒÉ ²¨¸Ó ¸¤¥² ÉÓ Ô²¥³¥´É ·´μ¥ ¢¢¥¤¥´¨¥ ¢ ¶·¥¤³¥É. �  ¸¥£μ¤´Ö
¸ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ ¢¥²¨±μ²¥¶´μ ´ ¶¨¸ ´´ÒÌ μ¡§μ·μ¢, ±μÉμ·Ò¥ ¸ ¡²¥¸±μ³
¸¶· ¢²ÖÕÉ¸Ö ¸ ÔÉμ° § ¤ Î¥° [32Ä36]. � Ï  ¸±·μ³´ Ö Í¥²Ó Å ¶·μ¤¥³μ´-
¸É·¨·μ¢ ÉÓ ´¥¸±μ²Ó±μ ¡μ²¥¥ μ¡Ð¨° ¢§£²Ö¤ ´  ´¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¢Ò¡μ·
±μÉμ·ÒÌ ¶·μ¤¨±Éμ¢ ´ ± ± ¢±Ê¸ ³¨  ¢Éμ· , É ± ¨ ¨¸Éμ·¨¥° ¥£μ ¸μÉ·Ê¤´¨Î¥¸É¢ 
¸ ‚ÖÎ¥¸² ¢μ³ 	μ·¨¸μ¢¨Î¥³ �·¨¥§¦¥¢Ò³. ’¥Ì´¨Î¥¸±¨¥ ¤¥É ²¨ ³μ¦´μ ´ °É¨ ¢
· ¡μÉ Ì [37Ä42].

1. ��‡�– �…’… Š�Š ��‘�“’›‚��ˆ… ’��…Š’��ˆ‰

‚ ÔÉμ³ · §¤¥²¥ ³Ò μ¶¨Ï¥³, ± ± ¶μ¸É·μ¨ÉÓ ¨´É¥£·¨·Ê¥³ÊÕ ¸ÉμÌ ¸É¨Î¥¸-
±ÊÕ ³μ¤¥²Ó ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ´  μ¤´μ³¥·´μ° ·¥Ï¥É±¥. �μ¤ ¨´É¥-
£·¨·Ê¥³μ¸ÉÓÕ ¡Ê¤¥³ ¶μ´¨³ ÉÓ μ¡μ¡Ð¥´¨¥ Éμ£μ Ë ±É , ÎÉμ μ¶¥· Éμ· ³ ·±μ¢-
¸±μ° Ô¢μ²ÕÍ¨¨ ¤¨ £μ´ ²¨§Ê¥É¸Ö ¸ ¶μ³μÐÓÕ �	. �	 ¡Ò² ¶·¥¤²μ¦¥´ • ´¸μ³
	¥É¥ [23] ± ± £¨¶μÉ¥§  μ ¢¨¤¥ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ³¨²ÓÉμ´¨ ´  ±¢ ´Éμ-
¢μ° Í¥¶μÎ±¨ ƒ¥°§¥´¡¥·£ . ‚¶μ¸²¥¤¸É¢¨¨ ¢ÒÖ¸´¨²μ¸Ó, ÎÉμ ¶·¨³¥´¨³μ¸ÉÓ ÔÉμ°
£¨¶μÉ¥§Ò ¨³¥¥É ¶μ¤ ¸μ¡μ° £²Ê¡μ±¨¥ ³ É¥³ É¨Î¥¸±¨¥ μ¸´μ¢ ´¨Ö,    ´ ²μ£¨Ö ¸
Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¶μ´ÖÉ¨¥³ ¨´É¥£·¨·Ê¥³μ¸É¨ ¶μ ‹¨Ê¢¨²²Õ ¢ ±² ¸¸¨Î¥¸±μ°
³¥Ì ´¨±¥ ¶·¨¢¥²  ± ¶μ´ÖÉ¨Õ ±¢ ´Éμ¢μ° ¨´É¥£·¨·Ê¥³μ¸É¨. � §¢¨É¨¥ É¥Ì´¨±,
¸¢Ö§ ´´ÒÌ ¸ �	, ¤ ²μ ³μÐ´Ò° ¨³¶Ê²Ó¸ É ±μ° μ¡² ¸É¨ ³ É¥³ É¨±¨ ¨ ³ É¥³ -
É¨Î¥¸±μ° Ë¨§¨±¨, ± ± É¥μ·¨Ö ¶·¥¤¸É ¢²¥´¨°, ¨ ¶·¨¢¥²μ ± ¶μÖ¢²¥´¨Õ ´μ¢ÒÌ
μ¡² ¸É¥°, ´ ¶·¨³¥· É¥μ·¨¨ ±¢ ´Éμ¢ÒÌ £·Ê¶¶. ‘ ³ ³¥Éμ¤ �	 ¶μ²ÊÎ¨² ³´μ¦¥-
¸É¢μ · §´ÒÌ ¨´É¥·¶·¥É Í¨°: ±μμ·¤¨´ É´Ò°  ´§ Í 	¥É¥,  ²£¥¡· ¨Î¥¸±¨°  ´§ Í
	¥É¥, ËÊ´±Í¨μ´ ²Ó´Ò°  ´§ Í 	¥É¥ ¨ É. ¤. ‡¤¥¸Ó ´ ³ ÌμÉ¥²μ¸Ó ¡Ò ¸μ¸·¥¤μÉμ-
Î¨ÉÓ¸Ö ´  ±μ³¡¨´ Éμ·´μ³ ¶μ¤Ìμ¤¥ ± ±μμ·¤¨´ É´μ³Ê  ´§ ÍÊ 	¥É¥, · §¢¨Éμ³
‚ÖÎ¥¸² ¢μ³ 	μ·¨¸μ¢¨Î¥³ �·¨¥§¦¥¢Ò³. ‘ÊÉÓ ÔÉμ£μ ¶μ¤Ìμ¤  ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ ¶·¨ · ¸¸³μÉ·¥´¨¨ Ô¢μ²ÕÍ¨¨ ¸¨¸É¥³Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í μ¡ ¨Ì
É· ¥±Éμ·¨ÖÌ ³μ¦´μ ¤Ê³ ÉÓ ± ± μ ¸¶¥Í¨ ²Ó´Ò³ μ¡· §μ³ ¶¥·¥¢§¢¥Ï¥´´ÒÌ É· -
¥±Éμ·¨ÖÌ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, Éμ£¤  ± ± § ¤ Î  μ ´¥¢§ ¨³μ¤¥°¸É¢Ê-
ÕÐ¨Ì Î ¸É¨Í Ì · ¸¶ ¤ ¥É¸Ö ´  μ¤´μÎ ¸É¨Î´Ò¥ § ¤ Î¨ ¨ ¶μÉμ³Ê §´ Î¨É¥²Ó´μ
Ê¶·μÐ ¥É¸Ö.

1.1. ‡ ¤ Î  μ ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²ÖÌ ¨ ¶μ¤¸Î¥É ´¥¶¥·¥¸¥± Õ-
Ð¨Ì¸Ö ¶ÊÉ¥°. —Éμ¡Ò ¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ÔÉÊ ¨¤¥Õ, μ¡· É¨³¸Ö ± ¶·μ¸É¥°-
Ï¥° ³μ¤¥²¨  ´´¨£¨²¨·ÊÕÐ¨Ì Î ¸É¨Í ´  μ¤´μ³¥·´μ° ·¥Ï¥É±¥, ¨§¢¥¸É´μ° ¶μ¤
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´ §¢ ´¨¥³ ´¥¤·Ê¦¥²Õ¡´Ò¥ ¡²Ê¦¤ É¥²¨ (�	). ‚ Ëμ·³Ê² Ì ³Ò É ±¦¥ ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ ² É¨´¸±ÊÕ  ¡¡·¥¢¨ ÉÊ·Ê VW μÉ μ·¨£¨´ ²Ó´μ£μ  ´£²¨°¸±μ£μ ´ -
§¢ ´¨Ö vicious walkers.

� ¸¸³μÉ·¨³ N Î ¸É¨Í ´  ¡¥¸±μ´¥Î´μ° μ¤´μ³¥·´μ° ·¥Ï¥É±¥ L = Z ¢ ¤¨¸-
±·¥É´μ³ ¢·¥³¥´¨. ‚ ¤ ²Ó´¥°Ï¥³ ¶·¨ · ¸¸³μÉ·¥´¨¨ ÔÉμ° ³μ¤¥²¨ ¨ ¶μ¸²¥¤ÊÕ-
Ð¨Ì ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ Î ¸É¨ÍÒ Éμ¦¤¥¸É¢¥´´Ò³¨ ¨ ¨´É¥·¥¸μ¢ ÉÓ¸Ö Éμ²Ó±μ ¨Ì
±μμ·¤¨´ É ³¨, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ²¨¡μ ¸É·μ£μ, ²¨¡μ ´¥¸É·μ£μ Ê¶μ·Ö¤μÎ¥´Ò.
‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³´μ¦¥¸É¢  ±μ´Ë¨£Ê· Í¨° N Î ¸É¨Í ¡Ê¤¥³ μ¡μ§´ Î ÉÓ

D>
N = {x ∈ Z

N : (x1 > x2 > . . . > xN )} (3)

¨

D�
N = {x ∈ Z

N : (x1 � x2 � . . . � xN )}. (4)

‚ ³μ¤¥²¨ �	 ¶·μÍ¥¸¸ ´ Î¨´ ¥É¸Ö ¸ ´¥±μÉμ·μ° ±μ´Ë¨£Ê· Í¨¨ Î ¸É¨Í ¸
±μμ·¤¨´ É ³¨ x0 ∈ D>

N . �  ± ¦¤μ³ Ï £¥ ¢·¥³¥´¨ ± ¦¤ Ö Î ¸É¨Í  ²¨¡μ
¤¥² ¥É Ï £ ¢¶· ¢μ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p, ²¨¡μ ¸Éμ¨É ´  ³¥¸É¥ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ
(1 − p). …¸²¨ ¤¢¥ Î ¸É¨ÍÒ ¶μ¶ ¤ ÕÉ ¢ μ¤¨´ Ê§¥², Éμ μ´¨  ´´¨£¨²¨·ÊÕÉ. � ¸
¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ²¨ÏÓ É¥ ·¥ ²¨§ Í¨¨ ¸²ÊÎ °´μ£μ ¶·μÍ¥¸¸ , ¢ ±μÉμ·ÒÌ ´¥
¶·μ¨¸Ìμ¤¨É ´¨ μ¤´μ£μ ¸μ¡ÒÉ¨Ö  ´´¨£¨²ÖÍ¨¨, É. ¥. ¢ ²Õ¡μ° ³μ³¥´É ¢·¥³¥´¨
x(t) ∈ D>

N . �μ¶·μ¡Ê¥³ ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨Õ ƒ·¨´  ¤²Ö ³μ¤¥²¨ �	,

GVW
t (x;x0) = P

VW(x(t) = x|x(0) = x0),

É. ¥. ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ ¢¸¥ Î ¸É¨ÍÒ ¶·μ¦¨¢ÊÉ t Ï £μ¢ ¨ ¢ ³μ³¥´É ¢·¥³¥´¨
t ¡Ê¤ÊÉ ¨³¥ÉÓ ±μμ·¤¨´ ÉÒ x ∈ D>

N . �¡ ÔÉμ° ¢¥·μÖÉ´μ¸É¨ ³μ¦´μ ¤Ê³ ÉÓ ± ±
μ ¸É É¸Ê³³¥ ´ ¶· ¢²¥´´ÒÌ ¶ÊÉ¥°, ¨¤ÊÐ¨Ì ¸¢¥·ÌÊ ¢´¨§ ¨ ¸²¥¢  ´ ¶· ¢μ ¶μ
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ·¥Ï¥É±¥, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 1. �¥Ï¥É±  ¸μ-
¸Éμ¨É ¨§ ¢¥·É¨± ²Ó´ÒÌ ¨ ¤¨ £μ´ ²Ó´ÒÌ ·¥¡¥·. �·μÌμ¦¤¥´¨¥ ¶ÊÉ¨ ¶μ ¶¥·¢μ³Ê
(¢Éμ·μ³Ê) ·¥¡·Ê ¸μμÉ¢¥É¸É¢Ê¥É Éμ³Ê, ÎÉμ Î ¸É¨Í  ¸Éμ¨É (¶·Ò£ ¥É) ¨ ¢´μ¸¨É ¢
¢¥¸ ¶ÊÉ¨ ³´μ¦¨É¥²¨ (1− p) ¨ p ¸μμÉ¢¥É¸É¢¥´´μ. � §²¨Î´Ò¥ ¶ÊÉ¨ ´¥§ ¢¨¸¨³Ò,
É. ¥. ¢¥¸ £·Ê¶¶Ò ¶ÊÉ¥° ¶μ²ÊÎ ¥É¸Ö ± ± ¶·μ¨§¢¥¤¥´¨¥ ¢¥¸μ¢ μÉ¤¥²Ó´ÒÌ ¶ÊÉ¥°.
ˆ§ Éμ£μ, ÎÉμ ¢¸¥ Î ¸É¨ÍÒ ¢Ò¦¨²¨, ¸²¥¤Ê¥É, ÎÉμ ¶ÊÉ¨ ´¥ ³μ£ÊÉ ¶¥·¥¸¥± ÉÓ¸Ö.
’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Ö ƒ·¨´  ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

GVW
t (x;x0) =

∑
{Π}NI

x0→x

(1 − p)v(Π)pd(Π),

£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ³´μ¦¥¸É¢Ê {Π}NI
x0→x £·Ê¶¶ ¨§ N ´ ¶· ¢²¥´-

´ÒÌ ¶ÊÉ¥°, ¶μ¶ ·´μ ¸μ¥¤¨´ÖÕÐ¨Ì Ê§²Ò ((x0
1, 0), . . . , (x0

N , 0)) ¨ ((x1, t), . . . ,
(xN , t)), ´¥ ¶¥·¥¸¥± Ö¸Ó ³¥¦¤Ê ¸μ¡μ° (NI Å non-intersecting),   v(Π) ¨
d(Π) Å ¸μμÉ¢¥É¸É¢¥´´μ Î¨¸²  ¢¥·É¨± ²Ó´ÒÌ ¨ ¤¨ £μ´ ²Ó´ÒÌ ·¥¡¥·, Î¥·¥§
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�¨¸. 1. �ÊÉ¨ Î ¸É¨Í ´  ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ·¥Ï¥É±¥. ‚¥·É¨± ²Ó´Ò° Ï £ Å
Î ¸É¨Í  ¸Éμ¨É. „¨ £μ´ ²Ó´Ò° Ï £ Å Î ¸É¨Í  ¶·Ò£ ¥É

±μÉμ·Ò¥ ¶·μÌμ¤ÖÉ ¶ÊÉ¨. �μ¶·μ¡Ê¥³ ¢ÒÎ¨¸²¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ Gt(x;x0). �Î¥-
¢¨¤´μ, ¤²Ö μ¤´μ° Î ¸É¨ÍÒ, N = 1, μ´  ¤ ¥É¸Ö ¡¨´μ³¨ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³

Gt(x − x0) = px−x0
(1 − p)t−x+x0

(
t

x − x0

)
,

É. ¥. Î¨¸²μ³ ¸¶μ¸μ¡μ¢ ¸¤¥² ÉÓ (x − x0) ¶·Ò¦±μ¢ §  t Ï £μ¢, ¢§ÖÉμ¥ ¸ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³ ¢¥¸μ³, ±μÉμ·μ¥, μÎ¥¢¨¤´μ, § ¢¨¸¨É Éμ²Ó±μ μÉ · §´μ¸É¨ ´ Î ²Ó-
´μ° ¨ ±μ´¥Î´μ° ±μμ·¤¨´ É. �¥É·Ê¤´μ É ±¦¥ ´ °É¨ ¢¥·μÖÉ´μ¸ÉÓ N ¶μ²´μ-
¸ÉÓÕ ´¥§ ¢¨¸¨³ÒÌ ¶ÊÉ¥°, ¶μ¶ ·´μ ¸μ¥¤¨´ÖÕÐ¨Ì Ê§²Ò ((x0

1, 0), . . . , (x0
N , 0))

¨ ((x1, t), . . . , (xN , t)) ¸μμÉ¢¥É¸É¢¥´´μ. …¸²¨ ´¨± ±¨Ì μ£· ´¨Î¥´¨° ´  É ±¨¥
¶ÊÉ¨ ´¥ ¶·¥¤¶μ² £ ¥É¸Ö, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¢¥·μÖÉ´μ¸ÉÓ ¡Ê¤¥É · ¢´  ¶·μ¨§-
¢¥¤¥´¨Õ μ¤´μÎ ¸É¨Î´ÒÌ ¢¥·μÖÉ´μ¸É¥°,

GIP
t (x;x0) =

N∏
i=1

Gt(xi − x0
i ),

£¤¥ ¢¥·Ì´¨° ¨´¤¥±¸ IP £μ¢μ·¨É μ Éμ³, ÎÉμ ËÊ´±Í¨Ö ƒ·¨´  ¢ÒÎ¨¸²¥´  ¤²Ö
´¥§ ¢¨¸¨³ÒÌ Î ¸É¨Í (independent particles).

„²Ö ·¥Ï¥´¨Ö ¦¥ § ¤ Î¨ μ¡  ´´¨£¨²¨·ÊÕÐ¨Ì Î ¸É¨Í Ì ¨²¨ μ ´¥¶¥·¥¸¥± -
ÕÐ¨Ì¸Ö ¶ÊÉÖÌ ´Ê¦´μ ¢ÒÎ¥¸ÉÓ ¨§ ÔÉμ£μ ¶·μ¨§¢¥¤¥´¨Ö ¢¸¥ ·¥ ²¨§ Í¨¨ ¶·μÍ¥¸¸ 
¸ ¶¥·¥¸¥Î¥´¨Ö³¨, ÎÉμ ´  ¶¥·¢Ò° ¢§£²Ö¤ ± ¦¥É¸Ö É·Ê¤´μ° § ¤ Î¥°. �¤´ ±μ
¸ÊÐ¥¸É¢Ê¥É ¶·μ¸Éμ¥ ·¥Ï¥´¨¥, ¢ μ¸´μ¢¥ ±μÉμ·μ£μ ²¥¦¨É É¥μ·¥³  Š ·²¨´ Ä
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Œ ±£·¥£μ· Ä‹¨´¤¸É·¥³ Äƒ¥¸¸¥²ÖÄ‚¨¥´´μ (ŠŒ‹ƒ‚) [25Ä27]. „²Ö ¥¥ Ëμ·³Ê-
²¨·μ¢±¨ ¢¢¥¤¥³ ´¥±μÉμ·Ò¥ μ¶·¥¤¥²¥´¨Ö. �Ê¸ÉÓ G = (V, E) Å ´ ¶· ¢²¥´´Ò°
 Í¨±²¨Î¥¸±¨° £· Ë, £¤¥ ± ¦¤μ¥ ´ ¶· ¢²¥´´μ¥ ·¥¡·μ e ∈ E ¸´ ¡¦¥´μ ¢¥¸μ³
w(e). ‚¥¸μ³ W (Π) ´ ¶· ¢²¥´´μ£μ ¶ÊÉ¨ Π, ¶·μÌμ¤ÖÐ¥£μ ¶μ ·¥¡· ³ £· Ë ,
´ §μ¢¥³ ¶·μ¨§¢¥¤¥´¨¥ ¢¥¸μ¢ ¢Ìμ¤ÖÐ¨Ì ¢ ´¥£μ ·¥¡¥·:

W (Π) =
∏
e∈Π

w(e),

  ¢¥¸μ³ ¶¥·¥Ìμ¤  ¨§ ¢¥·Ï¨´Ò a ¢ ¢¥·Ï¨´Ê b:

w(a → b) =
∑

{Π}a→b

W (Π),

Å ¸Ê³³Ê ¢¥¸μ¢ ¢¸¥Ì ¶ÊÉ¥°, ¨¤ÊÐ¨Ì ¨§ a ¢ b ¢¤μ²Ó ´ ¶· ¢²¥´´ÒÌ ·¥¡¥·.
�¡μ¡Ð¨³ ÔÉ¨ μ¶·¥¤¥²¥´¨Ö ¤²Ö £·Ê¶¶ ¶ÊÉ¥°. �Ê¸ÉÓ a = (a1, . . . , aN ) ⊂ V
¨ b = (b1, . . . , bN ) ⊂ V Å ¤¢¥ £·Ê¶¶Ò ¶μ N ¢¥·Ï¨´ ¢ ± ¦¤μ°, ±μÉμ·Ò¥
³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ´ Î ² ³¨ ¨ ±μ´Í ³¨ ¸μμÉ¢¥É¸É¢¥´´μ. ƒ·Ê¶¶Ê ¨§ N ¶Ê-
É¥°, ¨¤ÊÐ¨Ì ¨§ ai ¢ bi, i = 1, . . . , n, ´ §μ¢¥³ N -¶ÊÉ¥³ ¨ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ
Πa→b = {Πa1→b1 , . . ., ΠaN→bN ),   ¢¥¸ N -¶ÊÉ¨ μ¶·¥¤¥²¨³ ± ± ¶·μ¨§¢¥¤¥´¨¥
¢¥¸μ¢ ¢Ìμ¤ÖÐ¨Ì ¢ ´¥£μ ¶ÊÉ¥°:

W (Πa→b) =
N∏

i=1

W (Πai→bi),

¨ ¸μμÉ¢¥É¸É¢¥´´μ μ¶·¥¤¥²¨³ ¢¥¸ w(a → b) ± ± ¸Ê³³Ê ¢¥¸μ¢ ¢¸¥Ì ¢μ§³μ¦-
´ÒÌ N -¶ÊÉ¥° ¨§ a ¢ b. �μ¸±μ²Ó±Ê ¶ÊÉ¨ ¸ · §²¨Î´Ò³¨ ´ Î ² ³¨ ¨ ±μ´Í ³¨
¶μ²´μ¸ÉÓÕ ´¥§ ¢¨¸¨³Ò, μÎ¥¢¨¤´μ, ÎÉμ

w(a → b) =
N∏

i=1

w(ai → bi).

‚¢¥¤¥³ É ±¦¥ ¢¥¸ wNI(a → b) ¶¥·¥Ìμ¤  ¡¥§ ¶¥·¥¸¥Î¥´¨° ± ± ¸Ê³³Ê ¢¥¸μ¢
É ±¨Ì N -¶ÊÉ¥° ¨§ a ¢ b, ¢ ±μÉμ·ÒÌ ´¨± ±¨¥ ¤¢  ¶ÊÉ¨ ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ¢¥·Ï¨´.
�μ´ÖÉ´μ, ÎÉμ ¶μ¸²¥¤´¨° ¢¥¸ ´¥²Ó§Ö ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö, É ± ± ±
Ê¸²μ¢¨¥ ´¥¶¥·¥¸¥Î¥´¨Ö ¤¥² ¥É ¶ÊÉ¨ § ¢¨¸¨³Ò³¨.

’¥μ·¥³  1. (ŠŒ‹ƒ‚)
‘¶· ¢¥¤²¨¢μ ¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢μ:

det {w(ai → bj)}1�i,j�N =
∑

σ∈SN

(−1)σw(a → σb),

=
∑

σ∈SN

(−1)σwNI(a → σb), (5)
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£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ ¶¥·¥¸É ´μ¢± ³ ±μ´Íμ¢, É. ¥. w(a → σb) Å
¢¥¸ ¶¥·¥Ìμ¤  ¨§ a1 ¢ bσ1 , ¨§ a2 ¢ bσ2 ¨ É. ¤., wNI(a → σb) μ§´ Î ¥É Éμ ¦¥
¸ ³μ¥, ´μ ¡¥§ ¶¥·¥¸¥Î¥´¨°.

„μ± § É¥²Ó¸É¢μ ÔÉμ° É¥μ·¥³Ò Ô²¥³¥´É ·´μ. �´μ μ¸´μ¢ ´μ ´  ´ ¡²Õ¤¥´¨¨,
ÎÉμ ¥¸²¨ ¤¢  ¶ÊÉ¨ ¢ N -¶ÊÉ¨ ¶¥·¥¸¥± ÕÉ¸Ö ÌμÉÖ ¡Ò μ¤¨´ · §, Éμ ´ °¤¥É¸Ö ¤·Ê£μ°
N -¶ÊÉÓ, μÉ²¨Î ÕÐ¨°¸Ö μÉ ¨¸Ìμ¤´μ£μ É¥³, ÎÉμ Î ¸É¨ ÔÉ¨Ì ¤¢ÊÌ ¶ÊÉ¥° ¶μ¸²¥
¶¥·¢μ£μ ¶¥·¥¸¥Î¥´¨Ö ¶¥·¥¸É ¢²¥´Ò ³¥¦¤Ê ¸μ¡μ°. �Î¥¢¨¤´μ, ÎÉμ ¢¥¸ É ±μ£μ
N -¶ÊÉ¨ ¸μ¢¶ ¤ ¥É ¸ ¨¸Ìμ¤´Ò³, ´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶¥·¥Ìμ¤ ¢Ìμ¤¨É ¢ ¸Ê³³Ê ¢
²¥¢μ° Î ¸É¨ (5) ¸ ¤·Ê£¨³ §´ ±μ³. ’ ±¨³ μ¡· §μ³, ¢¸¥ N -¶ÊÉ¨ ¸ ¶¥·¥¸¥Î¥´¨Ö³¨
¸μ±· Ð ÕÉ¸Ö ¢´ÊÉ·¨ ¸Ê³³Ò ¶μ ¶¥·¥¸É ´μ¢± ³, ¨ μ¸É ¥É¸Ö ¸Ê³³  ¢ ¶· ¢μ°
Î ¸É¨ (5).

„²Ö ·¥Ï¥´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ μ ËÊ´±Í¨¨ ƒ·¨´  ´ ³ ¶·¨£μ¤¨É¸Ö ¸²¥¤-
¸É¢¨¥ ¨§ É¥μ·¥³Ò ŠŒ‹ƒ‚, ±μÉμ·μ¥, ¢ Î ¸É´μ¸É¨, ¶·¨³¥´¨³μ ¤²Ö · ¸¸³μÉ·¥´-
´μ£μ ¸²ÊÎ Ö ¶² ´ ·´μ° ·¥Ï¥É±¨.

‘²¥¤¸É¢¨¥. …¸²¨ ¢μ§³μ¦´Ò¥ ¶¥·¥Ìμ¤Ò ¡¥§ ¶¥·¥¸¥Î¥´¨° ¸μÌ· ´ÖÕÉ ¶μ-
·Ö¤μ± ¶ÊÉ¥°, É. ¥. ¥¤¨´¸É¢¥´´μ¥ ´¥´Ê²¥¢μ¥ ¸² £ ¥³μ¥ ¢ ²¥¢μ° Î ¸É¨ (5) ¸μμÉ-
¢¥É¸É¢Ê¥É Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥¸É ´μ¢±¥, Éμ

wNI(a → b) = det [w(ai → bj)]1�i,j�N .

�Î¥¢¨¤´μ, ÔÉμ ¢Ò¶μ²´Ö¥É¸Ö ¢ ¸²ÊÎ ¥, · ¸¸³μÉ·¥´´μ³ ¢ÒÏ¥, μÉ±Ê¤  ¨³¥¥³

GVW
t (x,x0) = det [Gt(xi − x0

j )]1�i,j�N . (6)

�ÉμÉ ·¥§Ê²ÓÉ É ´¥³¥¤²¥´´μ ³μ¦´μ μ¡μ¡Ð¨ÉÓ ´  ¡μ²¥¥ Ï¨·μ±¨¥ ±² ¸¸Ò
N -¶ÊÉ¥°, ¢ ±μÉμ·ÒÌ Ê ´ Î ² ¨ ±μ´Íμ¢ ¶ÊÉ¥° · §²¨Î´Ò ´¥ Éμ²Ó±μ ¶·μ¸É· ´-
¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ, ´μ ¨ ¢·¥³¥´´Ò¥. ‚ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μÍ¥¸¸ Ì ´ 
μ¤´μ³¥·´μ° ·¥Ï¥É±¥ Î ¸É¨ÍÒ ´ Î¨´ ÕÉ ¨ § ± ´Î¨¢ ÕÉ ¡²Ê¦¤ ÉÓ ¢ · §²¨Î´ÒÌ
Ê§² Ì ¨ ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. „¥°¸É¢¨É¥²Ó´μ, ÎÉμ¡Ò ¢Ò¶μ²´Ö²¨¸Ó
Ê¸²μ¢¨Ö ¸μÌ· ´¥´¨Ö ¶μ·Ö¤±  ¶ÊÉ¥° ´  ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ·¥Ï¥É±¥,
¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ´¨± ±¨¥ ´ Î ²  ¨ ±μ´ÍÒ ¶ÊÉ¥° ´¥ ´ Ìμ¤¨²¨¸Ó ¢ μ¡² -
¸ÉÖÌ (¶ · ²²¥²μ£· ³³ Ì), ¶μ¸¥Ð ¥³ÒÌ ¤·Ê£¨³¨ ¶ÊÉÖ³¨. —Éμ¡Ò Ëμ·³ ²¨§μ¢ ÉÓ
ÔÉμ ÊÉ¢¥·¦¤¥´¨¥, · ¸¸³μÉ·¨³ ¤¢  ´ ¡μ·  ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ÉμÎ¥±
(x0, t0) = ((x0

1, t
0
1), . . . , (x0

N , t0N )) ¨ (x, t) = ((x1, t1), . . . , (xN , tN )), É ±¨¥,
ÎÉμ x1 > . . . > xN , x0

1 > . . . > x0
N , ti � t0i ¤²Ö ²Õ¡ÒÌ i = 1, . . . , N ¨ ´¥

¸ÊÐ¥¸É¢Ê¥É ¶ ·Ò Î¨¸¥² 1 � i �= j � N , É ±¨Ì, ÎÉμ ¢Ò¶μ²´¥´Ò ´¥· ¢¥´¸É¢ 

t0i − x0
i � t0j − x0

j � ti − xi, x0
i � xj � xi

¨²¨
t0i − x0

i � tj − xj � ti − xi, x0
i � xj � xi.

’μ£¤  μ¡μ¡Ð¥´¨¥³ ¸²¥¤¸É¢¨Ö ¡Ê¤¥É
�·¥¤²μ¦¥´¨¥.

GVW((x, t), (x0, t0)) = wNI((x0, t0) → (x, t)) =
= det [Gti−t0j

(xi − x0
j )]1�i,j�N .
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1.2. �·μ¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨, ¸¢μ¡μ¤´Ò¥ Ë¥·³¨μ´Ò ¨ ³¥Éμ¤ ¨§μ¡· ¦¥-
´¨°. ’ ±¨³ μ¡· §μ³, ³Ò ¢Ò· §¨²¨ ¸É É¸Ê³³Ê ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° Î¥·¥§
§´ ±μ¶¥·¥³¥´´ÊÕ ±μ³¡¨´ Í¨Õ ¸É É¸Ê³³ ´¥§ ¢¨¸¨³ÒÌ ¶ÊÉ¥° ¸ ¶¥·¥¸É ¢²¥´-
´Ò³¨ ±μ´Í ³¨, ¨²¨, ÎÉμ Éμ ¦¥ ¸ ³μ¥, μ¶¨¸ ²¨ ¸É É¨¸É¨±Ê ±μμ·¤¨´ É ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¢ É¥·³¨´ Ì ¸É É¨¸É¨± ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í.
‚ ¤ ²Ó´¥°Ï¥³ ³Ò ÌμÉ¨³ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μÌμ¦¨° ¶μ¤Ìμ¤ ¤²Ö ¶ÊÉ¥° (Î ¸É¨Í) ¸
¡μ²¥¥ ¸²μ¦´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³.

“¤μ¡´Ò° ¨´¸É·Ê³¥´É ¤²Ö · ¡μÉÒ ¸ ´¥§ ¢¨¸¨³Ò³¨ Î ¸É¨Í ³¨ (¶ÊÉÖ³¨) Å
¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ±μμ·¤¨´ É Î ¸É¨Í (±μ´Íμ¢ ¶ÊÉ¥°). ‘ ÉμÎ±¨ §·¥´¨Ö
³ ·±μ¢¸±μ° Í¥¶¨, ¸ÉμÖÐ¥° §  ¤¨´ ³¨±μ° Î ¸É¨Í, ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö Å
ÔÉμ Î ¸É´Ò° ¸²ÊÎ ° ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨° ³ ·±μ¢¸±μ° Í¥¶¨. �Ê¸ÉÓ c(t) Å μ¤-
´μ·μ¤´ Ö ³ ·±μ¢¸± Ö Í¥¶Ó ∗ ´  ´¥±μÉμ·μ³ ±μ´¥Î´μ³ ¨²¨ ¸Î¥É´μ³ ³´μ¦¥¸É¢¥
±μ´Ë¨£Ê· Í¨° C, ¸ ¶¥·¥Ìμ¤´Ò³¨ ¢¥·μÖÉ´μ¸ÉÖ³¨

Mc′c = P(c(t + 1) = c|c(t) = c′)

¨ § ¤ ´´μ° ´ Î ²Ó´μ° ±μ´Ë¨£Ê· Í¨¥° c0, É. ¥.

P(c(0) = c0) = 1.

�¢μ²ÕÍ¨Ö ³ Éμ¦¨¤ ´¨Ö ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨° f(c) § ¤ ¥É¸Ö μ¡-
· É´Ò³ Ê· ¢´¥´¨¥³ — ¶³¥´ ÄŠμ²³μ£μ·μ¢ 

ft+1(c) = Mft(c) =
∑
c′

Mcc′ft(c′), (7)

£¤¥
ft(c) = E(f(c(t))|c(0) = c).

…¸²¨ ¦¥ ¡Ò²μ § ¤ ´μ ´¥±μÉμ·μ¥ ´ Î ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ±μ´-
Ë¨£Ê· Í¨° P0, Éμ ³ Éμ¦¨¤ ´¨¥ ËÊ´±Í¨¨ f(c) ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

E(f(c(t))) = EP0(ft(c)),

£¤¥ Ê¸·¥¤´¥´¨¥ ¢ ¶· ¢μ° Î ¸É¨ ¶·μ¢μ¤¨É¸Ö ¶μ ´ Î ²Ó´μ³Ê · ¸¶·¥¤¥²¥´¨Õ.
‚ ´ Ï¥³ ¸²ÊÎ ¥ ±μ´Ë¨£Ê· Í¨¨ ¸¨¸É¥³Ò Å ÔÉμ ´ ¡μ·Ò Ê¶μ·Ö¤μÎ¥´´ÒÌ

±μμ·¤¨´ É Î ¸É¨Í. —Éμ¡Ò ¢μ¸¶·μ¨§¢¥¸É¨ ·¥§Ê²ÓÉ É, ¶μ²ÊÎ¥´´Ò° ¢ÒÏ¥, ³Ò
¢¢¥¤¥³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ ¨Ì ¢¥·μÖÉ´μ¸É´μ£μ · ¸¶·¥¤¥²¥´¨Ö:

gt(x0; z) = E(z−x(t)|x(0) = x0) =
∑
x∈Z

Gt(x,x0) z−x. (8)

∗� Ï ¶·¨³¥· ³μ¤¥²¨ ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²¥°, ÉμÎ´¥¥, ¥¥ μ£· ´¨Î¥´¨¥ ´  ¶·μÍ¥¸¸Ò ¸
¶μ¸ÉμÖ´´Ò³ Î¨¸²μ³ Î ¸É¨Í, ¸É·μ£μ £μ¢μ·Ö, ´¥ Ö¢²Ö¥É¸Ö ³ ·±μ¢¸±μ° Í¥¶ÓÕ, ¶μ¸±μ²Ó±Ê ¸ É¥Î¥´¨¥³
¢·¥³¥´¨ Î ¸ÉÓ ¶·μÍ¥¸¸μ¢ ¢Ò¶ ¤ ¥É ¨§ · ¸¸³μÉ·¥´¨Ö, ÎÉμ ¶·¨¢μ¤¨É ± ´¥¸μÌ· ´¥´¨Õ ¢¥·μÖÉ´μ¸É¨.
‚ ¶·¥¤¥² Ì ¤ ´´μ£μ · §¤¥² , μ¤´ ±μ, ¸μÌ· ´¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´¥¢ ¦´μ.



��‘�“’›‚��ˆ… ’��…Š’��ˆ‰ ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› 473

‡¤¥¸Ó ¦¨·´Ò³ Ï·¨ËÉμ³ ¶μ-¶·¥¦´¥³Ê ¢Ò¤¥²¥´Ò N -±μ³¶μ´¥´É´Ò¥ ³Ê²ÓÉ¨¨´-
¤¥±¸Ò: x0, x ∈ D>

N Å ´ ¡μ·Ò Ê¶μ·Ö¤μÎ¥´´ÒÌ ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ±μμ·-
¤¨´ É ¸μμÉ¢¥É¸É¢¥´´μ, z = (z1, . . . , zN) Å ´ ¡μ· ¶ · ³¥É·μ¢ ¶·μ¨§¢μ¤ÖÐ¥°
ËÊ´±Í¨¨,   z−x = z−x1

1 · · · z−xN

N . ‚μμ¡Ð¥ £μ¢μ·Ö, gt(x; z) Å ÔÉμ Ëμ·³ ²Ó-
´Ò° ¸É¥¶¥´´μ° ·Ö¤ ‹μ· ´  ¶μ Ëμ·³ ²Ó´Ò³ ¶¥·¥³¥´´Ò³ z1, . . . , zN . �¤´ ±μ
¢ ¡Ê¤ÊÐ¥³ ´ ³ ¡Ê¤¥É É ±¦¥ Ê¤μ¡´μ ¤Ê³ ÉÓ, ÎÉμ z1, . . . , zN ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö
¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨,   ¸Ê³³  ·Ö¤  ¶·¥¤¸É ¢²Ö¥É ËÊ´±Í¨Õ,  ´ ²¨É¨Î¥-
¸±ÊÕ ¢ μ¡² ¸É¨ ¥£μ ¸Ìμ¤¨³μ¸É¨. ’μ£¤  ±μÔËË¨Í¨¥´É [z−x]gt(x0; z) ·Ö¤  ¶·¨
³μ´μ³¥ z−x, μ´ ¦¥ Å ËÊ´±Í¨Ö ƒ·¨´ , ¡Ê¤¥É ¤ ¢ ÉÓ¸Ö ±μ´ÉÊ·´Ò³ ¨´É¥£· ²μ³

Gt(x,x0) = [z−x]gt(x0; z) =
1

(2πi)N

∮
Γ

· · ·
∮
Γ

gt(x0; z) zx dz
z

, (9)

£¤¥ dz/z =
N∏

i=1

dzi/zi. …¸²¨ gt(x; z) Å ²μ· ´μ¢¸±¨° ³´μ£μÎ²¥´, Éμ ±μ´ÉÊ·Ò

¨´É¥£·¨·μ¢ ´¨Ö Γ ³μ¦´μ § ³±´ÊÉÓ ¢μ±·Ê£ zi = 0. ‚ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥
¡¥¸±μ´¥Î´μ£μ ·Ö¤  ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ³μ¦¥É ¸μ¤¥·¦ ÉÓ ¨ ¤·Ê£¨¥
μ¸μ¡Ò¥ ÉμÎ±¨, ±μÉμ·Ò¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ´¥ ¡Ê¤ÊÉ § ¢¨¸¥ÉÓ μÉ ´ Î ²Ó´ÒÌ Ê¸²μ-
¢¨° x0. � ³ ´Ê¦´μ § Ë¨±¸¨·μ¢ ÉÓ ¶· ¢¨²  μ¡Ìμ¤  μ¸μ¡¥´´μ¸É¥° É ±, ÎÉμ¡Ò
±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ËÊ´±Í¨¨ gt(x0; z) ¢ μ¡² ¸É¨, £¤¥ ¶·μÌμ¤ÖÉ ±μ´-
ÉÊ·Ò, ¸μμÉ¢¥É¸É¢μ¢ ²¨ ±μÔËË¨Í¨¥´É ³ Ëμ·³ ²Ó´μ£μ ·Ö¤  ¤²Ö ¶·μ¨§¢μ¤ÖÐ¥°
ËÊ´±Í¨¨. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ¤μ¡· ÉÓ É ±¨¥ ±μ´ÉÊ·Ò, ÎÉμ¡Ò ¢ ´ Î ²Ó´Ò°
³μ³¥´É ¢·¥³¥´¨ t = 0 ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ (9) Ê¤μ¢²¥É¢μ·Ö² ´ Î ²Ó´μ³Ê
Ê¸²μ¢¨Õ

G0(x,y) = δx,y

¤²Ö ²Õ¡ÒÌ x,y ∈ D>
N . �μ¸±μ²Ó±Ê ¤²Ö ²Õ¡μ£μ ±μ´¥Î´μ£μ ¢·¥³¥´¨ ËÊ´±Í¨Ö

gt(x; z) ¶μ²ÊÎ ¥É¸Ö ± ± ±μ´¥Î´ Ö ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö É ±¨Ì ¦¥ ËÊ´±Í¨° ¢
¶·¥¤Ò¤ÊÐ¨¥ ³μ³¥´ÉÒ, ¶· ¢¨²  μ¡Ìμ¤  ´¥ ³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³.

„ ²¥¥ ³Ò ¶μ¶·μ¡Ê¥³ ¶·¥¤ÑÖ¢¨ÉÓ ¶·¨³¥·Ò ³ ·±μ¢¸±μ° ¤¨´ ³¨±¨ ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, ¤²Ö ±μÉμ·ÒÌ ËÊ´±Í¨Ö ƒ·¨´  ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ 
Ö¢´μ. � Î´¥³ ¸ Ê¦¥ · ¸¸³μÉ·¥´´μ£μ ¶·¨³¥·  ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²¥°, ¢
±μÉμ·ÒÌ É· ¥±Éμ·¨¨ Î ¸É¨Í ¸É É¨¸É¨Î¥¸±¨ ´¥§ ¢¨¸¨³Ò ¶·¨ Ê¸²μ¢¨¨, ÎÉμ μ´¨
´¥ ¶¥·¥¸¥± ÕÉ¸Ö,   § É¥³ ¶¥·¥°¤¥³ ± ¸¨¸É¥³ ³ ¸ ¡μ²¥¥ ¸²μ¦´Ò³ ¢§ ¨³μ¤¥°-
¸É¢¨¥³.

‚Ò¶¨Ï¥³ ¤²Ö ´ Î ²  ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ ÉÒ
x μ¤´μ° ¡²Ê¦¤ ÕÐ¥° Î ¸É¨ÍÒ. „¥°¸É¢¨¥ μ¶¥· Éμ·  M ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥-
´¨Ö — ¶³¥´ ÄŠμ²³μ£μ·μ¢  (7) ´  ËÊ´±Í¨Õ ±μμ·¤¨´ ÉÒ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É
¢¨¤

Mf(x) = (1 − p)f(x) + pf(x + 1). (10)

„²Ö É ±μ° Ô¢μ²ÕÍ¨¨ ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö, ¸É ·ÉÊÕÐ Ö ¸ ´ Î ²Ó´μ£μ
Ê¸²μ¢¨Ö

g0(x0; z) = z−x0,
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Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ°, É. ¥. Ô¢μ²ÕÍ¨Ö §  Ï £ ¢·¥³¥´¨ § ¤ ¥É¸Ö Ê³´μ¦¥´¨¥³

gt(x0; z) = Λ(z)gt−1(x0; z) = Λt(z)z−x0

´  ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥

Λ(z) = (1 − p) + p/z,

¨³¥ÕÐ¥¥ ¸³Ò¸² ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ μ¤´μ£μ Ï £  ¶ÊÉ¨.
�´ ²μ£¨Î´ Ö ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö n ¶¥·¥³¥´´ÒÌ z = (z1, . . . , zn), μ¶¨-

¸Ò¢ ÕÐ Ö Ô¢μ²ÕÍ¨Õ N ´¥§ ¢¨¸¨³ÒÌ Î ¸É¨Í, ¤ ¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ μ¤´μ-
Î ¸É¨Î´ÒÌ ËÊ´±Í¨°

gIP
t (x0; z) =

N∏
i=1

gt(x0
i ; zi)

¨, ¡Ê¤ÊÎ¨ ¸μ¡¸É¢¥´´μ° ¤²Ö N -Î ¸É¨Î´μ° ³ ·±μ¢¸±μ° ³ É·¨ÍÒ, Ô¢μ²ÕÍ¨μ´¨-
·Ê¥É Ê³´μ¦¥´¨¥³ ´  ¶·μ¨§¢¥¤¥´¨¥ μ¤´μÎ ¸É¨Î´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°

gIP
t+1(x

0; z) = ΛN(z)gIP
t (x0; z) = Λt

N (z)z−x0
, ΛN (z) =

N∏
i=1

Λ(zi). (11)

‘²¥¤ÊÖ ·¥Í¥¶ÉÊ ¶·¥¤Ò¤ÊÐ¥£μ ¶μ¤· §¤¥² , μ¶·¥¤¥²¨³  ´É¨¸¨³³¥É·¨Î´ÊÕ (AS)
±μ³¡¨´ Í¨Õ É ±¨Ì ËÊ´±Í¨°,

gAS
t (x0; z) =

∑
σ∈Sn

(−1)σgIP
t (σx0; z), (12)

£¤¥  ´É¨¸¨³³¥É·¨§ Í¨Ö ¶·μ¢μ¤¨É¸Ö ¶μ ¶¥·¥¸É ´μ¢± ³ ´ Î ²Ó´ÒÌ ¶μ²μ¦¥´¨°
Î ¸É¨Í ∗. ŠμÔËË¨Í¨¥´É ¶·¨ z−x ¢ gAS

t (x0; z) ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ¸É É¸Ê³³ 
¶μ ¶ÊÉÖ³,  ´É¨¸¨³³¥É·¨§μ¢ ´´ Ö ¶μ ¶μ²μ¦¥´¨Õ ¨Ì ´ Î ²Ó´ÒÌ ¢¥·Ï¨´, ¨ ¢
ÉμÎ´μ¸É¨ · ¢¥´ ¢Ò· ¦¥´¨Õ (6) ¤²Ö GVW

t (x,x0), ¶μ²ÊÎ¥´´μ³Ê ¢ÒÏ¥ ¸ ¶μ³μ-
ÐÓÕ É¥μ·¥³Ò ŠŒ‹ƒ‚. ‡ ³¥É¨³, ÎÉμ ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥° ¢ ¸³Ò¸²¥ μ¶·¥-
¤¥²¥´¨Ö (8) Ö¢²Ö¥É¸Ö ²¨ÏÓ Î ¸ÉÓ  ´É¨¸¨³³¥É·¨§μ¢ ´´μ° ËÊ´±Í¨¨ gAS

t (x0; z),
¢ ±μÉμ·μ° ¶μ± § É¥²¨ ¸É¥¶¥´¥° ³μ´μ³μ¢ z−x ²¥¦ É ¢ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö,
D>

N , É. ¥. Ê¶μ·Ö¤μÎ¥´Ò, ± ± ¢ (3), μÉ´μ¸¨É¥²Ó´μ ´Ê³¥· Í¨¨ μ¸´μ¢ ´¨°. ‚ ¤ ²Ó-
´¥°Ï¥³ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ ³μ´μ³Ò Ë¨§¨Î¥¸±¨³¨,   μ¸É ²Ó´Ò¥ Å ´¥-
Ë¨§¨Î¥¸±¨³¨. •μÉÖ ´¥Ë¨§¨Î¥¸±¨¥ Î²¥´Ò ´¥ ´¥¸ÊÉ ¸³Ò¸²μ¢μ° ´ £·Ê§±¨, ¤μ-
¡ ¢¨¢ ¨Ì, ³Ò ¤μ¡¨²¨¸Ó Éμ£μ, ÎÉμ Ô¢μ²ÕÍ¨Ö ¶μ²ÊÎ¥´´μ° ËÊ´±Í¨¨ gAS

t (x0; z)
¨³¥¥É ÉμÉ ¦¥ ¢¨¤, ÎÉμ ¨ Ô¢μ²ÕÍ¨Ö ¸¢μ¡μ¤´μ° ËÊ´±Í¨¨ ƒ·¨´  (11). �Éμ ¸²¥¤-
¸É¢¨¥ Éμ£μ, ÎÉμ ËÊ´±Í¨Ö gAS

t (x0; z) Å ÔÉμ ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ¸¢μ¡μ¤´ÒÌ

∗‚ÒÏ¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¶¥·¥¸É ´μ¢± ³ ±μ´Íμ¢ ¶ÊÉ¥°, ±μÉμ·Ò¥, μ¤´ ±μ,
¨£· ÕÉ ÉμÎ´μ É ±ÊÕ ¦¥ ·μ²Ó, ± ± ¨ ´ Î ² .
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ËÊ´±Í¨° gIP
t (x0; z) ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ´ Î ² ³¨ (¨²¨, ÎÉμ Éμ ¦¥ ¸ ³μ¥, ¶¥-

·¥¸É ¢²¥´´Ò³¨ ¶ · ³¥É· ³¨ z1, . . . , zn),   ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ³ ·±μ¢¸±μ°
³ É·¨ÍÒ Λn(z) Å ¸¨³³¥É·¨Î´ Ö ËÊ´±Í¨Ö ¶ · ³¥É·μ¢.

‚ ¶μ¸É·μ¥´¨¨ ¢ÒÏ¥ ³Ò ·Ê±μ¢μ¤¸É¢μ¢ ²¨¸Ó ¸μμ¡· ¦¥´¨Ö³¨ μ £²μ¡ ²Ó´μ³
¶¥·¥¢§¢¥Ï¨¢ ´¨¨ ´¥§ ¢¨¸¨³ÒÌ ¶ÊÉ¥°, ¶·¨¢μ¤ÖÐ¥³ ± ¸μ±· Ð¥´¨Õ ¨Ì ´¥¦¥-
² É¥²Ó´ÒÌ ·¥ ²¨§ Í¨°. ’ ±μ£μ ¦¥ ·¥§Ê²ÓÉ É  ³μ¦´μ ¤μ¡¨ÉÓ¸Ö, · ¸¸³ É·¨¢ Ö
Ô¢μ²ÕÍ¨Õ ´¥§ ¢¨¸¨³ÒÌ Î ¸É¨Í ²μ± ²Ó´μ ´  μ¤´μ³ Ï £¥ ³ ·±μ¢¸±μ° ¤¨´ -
³¨±¨. �·¨ ÔÉμ³ ³Ò ÌμÉ¨³ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö Éμ° ¦¥ ¨¤¥μ²μ£¨¨, ÎÉμ ¨ · ´ÓÏ¥.
ŒÒ ¡Ê¤¥³ ¨¸± ÉÓ ËÊ´±Í¨Õ, Ô¢μ²ÕÍ¨μ´¨·ÊÕÐÊÕ ± ± ¸¢μ¡μ¤´ Ö, ¢ ¢¨¤¥ ²¨´¥°-
´μ° ±μ³¡¨´ Í¨¨ ¸¢μ¡μ¤´ÒÌ ËÊ´±Í¨° ƒ·¨´  ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ´ Î ²Ó´Ò³¨
¢¥·Ï¨´ ³¨. �·¨ ÔÉμ³ ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò É  Î ¸ÉÓ ÔÉμ° ËÊ´±Í¨¨, ¢ ±μÉμ·ÊÕ
¢Ìμ¤ÖÉ Ë¨§¨Î¥¸±¨¥ ³μ´μ³Ò z−x, ¤ ¢ ²  ´Ê¦´ÊÕ ´ ³ ËÊ´±Í¨Õ ƒ·¨´  ¤²Ö
¸¨¸É¥³Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í.

� ¸¸³μÉ·¨³ ¤¥°¸É¢¨¥ ³ ·±μ¢¸±μ£μ μ¶¥· Éμ·  M ´  ¶·μ¨§¢μ²Ó´ÊÕ ËÊ´±-
Í¨Õ ±μ´Ë¨£Ê· Í¨¨ f(x). ‚ ³μ¤¥²¨ ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²¥° ¤¨´ ³¨± 
Î ¸É¨Í ¸μ¢¶ ¤ ¥É ¸μ ¸¢μ¡μ¤´μ°, ±μ£¤  Î ¸É¨ÍÒ ´¥ ´ Ìμ¤ÖÉ¸Ö ¢ ¸μ¸¥¤´¨Ì Ê§² Ì.
� ¶·¨³¥·, ¤²Ö ¤¢ÊÌ Î ¸É¨Í ¸ ±μμ·¤¨´ É ³¨ x1 > x2 + 1 ¡Ê¤¥³ ¨³¥ÉÓ

Mf(x1, x2) = p2f(x1 + 1, x2 + 1)+

+ p(1 − p) (f(x1 + 1, x2) + f(x1, x2 + 1)) + (1 − p)2f(x1, x2). (13)

‚¨¤ ¶· ¢μ° Î ¸É¨ ³¥´Ö¥É¸Ö ¢ ¸²ÊÎ ¥ x1 − 1 = x2 = x, ±μ£¤  Î ¸É¨ÍÒ μ± §Ò-
¢ ÕÉ¸Ö ¢ ¸μ¸¥¤´¨Ì Ê§² Ì

Mf(x+1, x) = p2f(x+2, x+1)+p(1−p)f(x+2, x)+(1−p)2f(x+1, x). (14)

‚¨¤´μ, ÎÉμ ¤¢  ¢Ò· ¦¥´¨Ö Ëμ·³ ²Ó´μ · §²¨Î ÕÉ¸Ö ´ ²¨Î¨¥³ Î²¥´  Ψ(x +
1, x+1),  ·£Ê³¥´É ±μÉμ·μ£μ ´ Ìμ¤¨É¸Ö ¢´¥ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö x1 > x2. �μ-
ÔÉμ³Ê, ÎÉμ¡Ò § ¤ ÉÓ ¤¨´ ³¨±Ê ´¥¤·Ê¦¥²Õ¡´ÒÌ ¡²Ê¦¤ É¥²¥° ¢μ ¢¸¥° μ¡² ¸É¨
μ¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ É Î ¸É¨Í, ³Ò ³μ¦¥³ μ£· ´¨Î¨ÉÓ¸Ö ¸¢μ¡μ¤´Ò³ Ê· ¢´¥-
´¨¥³ (13), ¸´ ¡¤¨¢ ¥£μ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³

f(x + 1, x + 1) = 0. (15)

‡ ¤ ¤¨³ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ´ Î ²Ó´ÒÌ Ê¸²μ-
¢¨° ¤²Ö ¸¢μ¡μ¤´ÒÌ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ´ Î ²Ó´Ò³¨
¢¥·Ï¨´ ³¨,

g0((x0
1, x

0
2); (z1, z2)) = z

−x0
1

1 z
−x0

2
2 + Az

−x0
2

1 z
−x0

1
2 ,

É ±, ÎÉμ¡Ò μ´μ ¡Ò²μ ¸μ£² ¸μ¢ ´μ ¸ gVW
0 ((x1, x2); (z1, z2)) = z−x1

1 z−x2
2 ´ 

Ë¨§¨Î¥¸±¨Ì ³μ´μ³ Ì. ˆ§ £· ´¨Î´μ£μ Ê¸²μ¢¨Ö (15) ¸²¥¤Ê¥É, ÎÉμ A = −1,
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¨ ³Ò ¸´μ¢  ¶·¨Ìμ¤¨³ ±  ´É¨¸¨³³¥É·¨Î´μ° ËÊ´±Í¨¨ gAS
t ((x0

1, x
0
2); (z1, z2)),

 ´μ´¸¨·μ¢ ´´μ° ¢ÒÏ¥.
„²Ö n Î ¸É¨Í ¤¥²μ μ¡¸Éμ¨É ¸μ¢¥·Ï¥´´μ  ´ ²μ£¨Î´μ. „¥°¸É¢¨¥ μ¶¥· Éμ· 

Ô¢μ²ÕÍ¨¨ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Mf(x1, . . . , xn) =
∑

k1,...,kn∈{0,1}
p||k||(1−p)n−||k||f(x1+k1, . . . , xn+kn), (16)

£¤¥ ||k|| = k1 + . . .+kn, Éμ£¤  ± ± £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¡Ê¤ÊÉ ¨³¥ÉÓ ÉμÎ´μ É ±μ°
¦¥ ¢¨¤, ± ± ¨ ¢ ¸²ÊÎ ¥ ¤¢ÊÌ Î ¸É¨Í:

f(. . . , x, x, . . . ) = 0. (17)

‡ ¤ ¤¨³ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¢ ¢¨¤¥

g0(x; z) = ΨBA(x; z),

£¤¥ ËÊ´±Í¨Ö ΨBA
n (x; z) μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³

ΨBA
n (x; z) =

∑
σ∈Sn

Aσ(σz)−x, (18)

   ¡¡·¥¢¨ ÉÊ·  BA ¢ ¥¥ μ¡μ§´ Î¥´¨¨ Å § £μÉμ¢±  ¤²Ö ¡Ê¤ÊÐ¥£μ ¨¸¶μ²Ó§μ-
¢ ´¨Ö ¢ ± Î¥¸É¢¥  ´§ Í  	¥É¥. ’ ±μ¥ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¸μ£² ¸Ê¥É¸Ö c
gVW
0 (x; z) = z−x ´  Ë¨§¨Î¥¸±μ³ ³μ´μ³¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ Éμ¦¤¥¸É¢¥´´μ°

¶¥·¥¸É ´μ¢±¥, ±μ£¤  AId = 1,   μ¸É ²Ó´Ò¥ Aσ ´¥ § ¢¨¸ÖÉ μÉ z. ˆ§ £· ´¨Î´μ£μ
Ê¸²μ¢¨Ö (17) ¤¥°¸É¢¨É¥²Ó´μ ¸²¥¤Ê¥É ¢¨¤ ±μÔËË¨Í¨¥´Éμ¢ Aσ ,

Aσ = (−1)σ, (19)

±μÉμ·Ò° ¶·¨¢μ¤¨É ± ´ Î ²Ó´μ³Ê Ê¸²μ¢¨Õ ¤²Ö  ´É¨¸¨³³¥É·¨§μ¢ ´´μ° ËÊ´±-
Í¨¨ (12),

g0(x; z) = gAS
0 (x; z),

± ¦¤μ¥ ¸² £ ¥³μ¥ ±μÉμ·μ° Ô¢μ²ÕÍ¨μ´¨·Ê¥É ± ± ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ¶ÊÉ¥°
¸¢μ¡μ¤´ÒÌ Î ¸É¨Í Ê³´μ¦¥´¨¥³ ´  Λt

n(z):

gAS
t (x; z) = Λt

n(z) gAS
0 (x; z).

‡ ³¥É¨³ É ±¦¥, ÎÉμ ¨§-§  ¶·μ¸Éμ£μ ¢¨¤  (19)  ³¶²¨ÉÊ¤Ò Aσ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥
³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ μ¶·¥¤¥²¨É¥²Ö

gAS
0 (x; z) = det {z−xj

i }1�i,j�N ,

¢ ±μÉμ·μ³ ³Ò Ê§´ ¥³ ¤¥É¥·³¨´ ´É ‘²ÔÉ¥· , É. ¥. ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸¢μ¡μ¤-
´ÒÌ Ë¥·³¨μ´μ¢ ´  ·¥Ï¥É±¥. ‚μ§´¨±´μ¢¥´¨¥ ¤¥É¥·³¨´ ´É  ‘²ÔÉ¥·  ¶·¨ ¶μ¤-



��‘�“’›‚��ˆ… ’��…Š’��ˆ‰ ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› 477

¸Î¥É¥ ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° ¡Ò²μ ¢¶¥·¢Ò¥ μ¡´ ·Ê¦¥´μ ”¨Ï¥·μ³ [43]. Šμ-
ÔËË¨Í¨¥´É ¶·¨ Ë¨§¨Î¥¸±μ³ ³μ´μ³¥ z−x ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¢ ¢¨¤¥ n-³¥·´μ£μ
±μ´ÉÊ·´μ£μ ¨´É¥£· ²  (9), ¸¢μ¤ÖÐ¥£μ¸Ö ± μ¶·¥¤¥²¨É¥²Õ (6), ±μÉμ·Ò° ³Ò Ê¦¥
¶μ²ÊÎ¨²¨, ¨¸¶μ²Ó§ÊÖ É¥μ·¥³Ê ŠŒ‹ƒ‚.

�É³¥É¨³, ÎÉμ ¶·¨´Í¨¶¨ ²Ó´μ ¢ ¦´Ò³ ³μ³¥´Éμ³ ¤²Ö μ¡μ¡Ð¥´¨Ö ÉμÎ´μ
·¥Ï ¥³μ° ¤¨´ ³¨±¨ ¤¢ÊÌ Î ¸É¨Í ´  ¸¨¸É¥³Ò ¸ ¶·μ¨§¢μ²Ó´Ò³ Î¨¸²μ³ Î -
¸É¨Í Ö¢²Ö¥É¸Ö ÉμÉ Ë ±É, ÎÉμ ¢¸¥ ³´μ£μÎ ¸É¨Î´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸¢μ¤ÖÉ¸Ö ±
¤¢ÊÌÎ ¸É¨Î´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³. Š ± ³Ò ¢¨¤¥²¨, ¶μ¸²¥¤´¨¥ μ¤´μ§´ Î´μ
Ë¨±¸¨·μ¢ ²¨ ¸¢μ¡μ¤Ê, ¢μ§´¨± ÕÐÊÕ ¶·¨ ¢¢¥¤¥´¨¨ ¶·μ¨§¢μ²Ó´ÒÌ ±μÔËË¨Í¨-
¥´Éμ¢ Aσ , Éμ£¤  ± ± ´ ²¨Î¨¥ ²Õ¡ÒÌ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨° ¸¤¥² ²μ ¡Ò
§ ¤ ÎÊ ¶¥·¥μ¶·¥¤¥²¥´´μ°. ’μÎ´μ É ±¨¥ ¦¥ É·¥¡μ¢ ´¨Ö ¡Ê¤ÊÉ ¢ ¤ ²Ó´¥°Ï¥³
μ¡¥¸¶¥Î¨¢ ÉÓ ¶·¨³¥´¨³μ¸ÉÓ �	 ± ¸¨¸É¥³ ³ ¸ ¡μ²¥¥ ¸²μ¦´Ò³¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö³¨.

…Ð¥ μ¤¨´ ¸¶μ¸μ¡ ¤Ê³ ÉÓ μ · §¢¨Éμ³ Ëμ·³ ²¨§³¥ Å ¶·μ¢¥¸É¨ ¶ · ²²¥²Ó
¸ ¢μ¸Ìμ¤ÖÐ¨³ ± Ô²¥±É·μ¸É É¨±¥ ¨ ¨³¥ÕÐ¨³ ³´μ¦¥¸É¢μ ¶·¨³¥´¥´¨° ¢ É¥μ·¨¨
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ³¥Éμ¤μ³ ¨§μ¡· ¦¥´¨°. ‘ÊÉÓ ÔÉμ£μ ³¥Éμ¤  ¶·¨-
³¥´¨É¥²Ó´μ ± ´ Ï¥° § ¤ Î¥ ¸É ´¥É Ö¸´ , ¥¸²¨ ¶¥·¥Ëμ·³Ê²¨·μ¢ ÉÓ § ¤ ÎÊ μ¡
μ¤´μ³¥·´μ³ ¤¢¨¦¥´¨¨ N Î ¸É¨Í ¸ ±μμ·¤¨´ É ³¨ ¨§ D>

N ¨²¨ D�
N ± ± § ¤ ÎÊ

μ ¡²Ê¦¤ ´¨ÖÌ μ¤´μ° Î ¸É¨ÍÒ ¢ N -³¥·´μ³ ¶μ²μ¦¨É¥²Ó´μ³ μ·É ´É¥ (¨²¨ ± -
³¥·¥ ‚¥°²Ö), É. ¥. μ¡² ¸É¨ N -³¥·´μ° ·¥Ï¥É±¨, £¤¥ ±μμ·¤¨´ ÉÒ (x1, . . . , xN )
Î ¸É¨ÍÒ É ± ¦¥ Ê¶μ·Ö¤μÎ¥´Ò. ‚¤ ²¨ μÉ £· ´¨Í μ·É ´É  Î ¸É¨Í  ¸μ¢¥·Ï ¥É
¸¢μ¡μ¤´μ¥ ¡²Ê¦¤ ´¨¥ Å ²¨¡μ ¸Éμ¨É, ²¨¡μ ¶·Ò£ ¥É, É ± ÎÉμ ²Õ¡Ò¥ ¥¥ ±μ-
μ·¤¨´ ÉÒ ³μ£ÊÉ Ê¢¥²¨Î¨¢ ÉÓ¸Ö ´  ¥¤¨´¨ÍÊ. —Éμ ¶·μ¨¸Ìμ¤¨É ¶·¨ ¶μ¶ ¤ ´¨¨
´  £· ´¨ÍÊ μ¡² ¸É¨, § ¢¨¸¨É μÉ ´ ²μ¦¥´´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°. ‚ Î ¸É´μ³
¸²ÊÎ ¥ ³μ¤¥²¨ �	 Î ¸É¨Í  ¶μ£²μÐ ¥É¸Ö, ¶μ¶ ¢ ´  £· ´¨ÍÊ. �ÉÊ ¸¨ÉÊ Í¨Õ
³μ¦´μ ¸³μ¤¥²¨·μ¢ ÉÓ, · ¸¸³ É·¨¢ Ö ¡²Ê¦¤ ´¨¥ Î ¸É¨ÍÒ ¢μ ¢¸¥³ ¶·μ¸É· ´-
¸É¢¥, · §¡¨Éμ³ ´  N ! μ·É ´Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¨§ ¨¸Ìμ¤´μ° μ¡² ¸É¨ μÉ· ¦¥´¨¥³
μÉ´μ¸¨É¥²Ó´μ £· ´¨Í. �·¨ ÔÉμ³, ÎÉμ¡Ò ¡²Ê¦¤ ´¨¥ ¢ ¶μ²μ¦¨É¥²Ó´μ³ μ·É ´É¥
¸μμÉ¢¥É¸É¢μ¢ ²μ ¡²Ê¦¤ ´¨Õ ¸ ¶μ£²μÐ ÕÐ¨³¨ £· ´¨Í ³¨, ³Ò É ±¦¥ § ¶Ê¸É¨³
¡²Ê¦¤ ´¨Ö Î ¸É¨Í, ¸É ·ÉÊÕÐ¨Ì ¸ μ¡· §  ¨¸Ìμ¤´μ° ¶μ§¨Í¨¨ ¢ ± ¦¤μ³ ¨§ μ·-
É ´Éμ¢, ¶·¨Î¥³ ¢¥¸ ± ¦¤μ£μ ¡²Ê¦¤ ´¨Ö ¡Ê¤¥³ ¡· ÉÓ ¸μ §´ ±μ³, μ¶·¥¤¥²Ö¥³Ò³
Ê¶μ·Ö¤μÎ¥´¨¥³ ±μμ·¤¨´ É ¢ ¤ ´´μ³ μ·É ´É¥. ‘Ê³³ ·´Ò° ÊÎ¥É ¢¸¥Ì ¡²Ê¦¤ ´¨°
¢ ¶μ²μ¦¨É¥²Ó´μ³ μ·É ´É¥ ¶·¨¢μ¤¨É ± μ¶¨¸ ´¨Õ ¡²Ê¦¤ ´¨Ö ¢ μ¡² ¸É¨ ¸ ¶μ-
£²μÐ ÕÐ¨³¨ £· ´¨Í ³¨. „ ²¥¥ ³Ò ¶μ¶·μ¡Ê¥³ ´ °É¨ ¢μ§³μ¦´μ ¡μ²¥¥ μ¡Ð¨°
±² ¸¸ ³μ¤¥²¥° ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¡μ²¥¥ μ¡Ð¨³
£· ´¨Î´Ò³ Ê¸²μ¢¨Ö³. �± §Ò¢ ¥É¸Ö, ÎÉμ ÔÉμ£μ ³μ¦´μ ¤μ¸É¨ÎÓ, ¤μ¡ ¢²ÖÖ ´¥
Éμ²Ó±μ §¥·± ²Ó´Ò¥ μÉ· ¦¥´¨Ö ¨¸Ìμ¤´μ£μ ¨¸ÉμÎ´¨± , ´μ ¨ ´μ¢Ò¥ ¨¸ÉμÎ´¨±¨.
’ ±μ¥ μ¡μ¡Ð¥´¨¥ μ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´μ  ´§ ÍÊ 	¥É¥.

1.3. ‚§ ¨³μ¤¥°¸É¢ÊÕÐ¨¥ Î ¸É¨ÍÒ ¨  ´§ Í �¥É¥. � ¸¸³μÉ·¨³ ¡²Ê¦¤ -
´¨Ö Î ¸É¨Í ´  ¡¥¸±μ´¥Î´μ° ·¥Ï¥É±¥. ’¥¶¥·Ó ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ±μμ·¤¨´ ÉÒ
Î ¸É¨Í ¸² ¡μ Ê¶μ·Ö¤μÎ¥´Ò:

x(t) ∈ D�
N , (20)
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É. ¥. ´¥¸±μ²Ó±μ Î ¸É¨Í ³μ£ÊÉ ´ Ìμ¤¨ÉÓ¸Ö ¢ μ¤´μ³ ¨ Éμ³ ¦¥ Ê§²¥. ‘ μ¤´μ° ¸Éμ-
·μ´Ò, ÔÉμ ¶μ§¢μ²¨É ´ ³ μ£· ´¨Î¨ÉÓ¸Ö ¶·μ¸É¥°Ï¨³ É¨¶μ³ ¢§ ¨³μ¤¥°¸É¢¨° Å
¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ´Ê²¥¢μ£μ · ¤¨Ê¸ . ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ± ± ¡Ê¤¥É μ¡ÑÖ¸´¥´μ
´¨¦¥, ¸ ¶μ³μÐÓÕ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¨§ É ±¨Ì ¸¨¸É¥³ ³μ¦´μ ¶μ-
²ÊÎ¨ÉÓ ¨ ¸¨¸É¥³Ò ¸ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ±μ´¥Î´μ£μ · ¤¨Ê¸  ¨ ¤ ¦¥ ¸¨¸É¥³Ò ¸
¤ ²Ó´μ¤¥°¸É¢¨¥³. Šμ£¤  Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¤ ²¥±μ ¤·Ê£ μÉ ¤·Ê£ , μ´¨ ¤¢¨-
£ ÕÉ¸Ö ¢¶· ¢μ, ± ± ¸¢μ¡μ¤´Ò¥, ¶μ ¶· ¢¨² ³, μ¶·¥¤¥²¥´´Ò³ ¢ÒÏ¥. „¨´ ³¨± 
³¥´Ö¥É¸Ö, ±μ£¤  ´¥¸±μ²Ó±μ Î ¸É¨Í ¶μ¶ ¤ ÕÉ ¢ μ¤¨´ Ê§¥². �μ¤ ¢§ ¨³μ¤¥°¸É¢¨¥³
´Ê²¥¢μ£μ · ¤¨Ê¸  ³Ò ¡Ê¤¥³ ¶μ´¨³ ÉÓ ¸²¥¤ÊÕÐ¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¶· ¢¨² . …¸²¨
´  ´¥±μÉμ·μ³ Ï £¥ k Î ¸É¨Í μ± § ²¨¸Ó ¢ μ¤´μ³ Ê§²¥, Éμ ´  ¸²¥¤ÊÕÐ¥³ Ï £¥
0 � m � k Î ¸É¨Í ³μ£ÊÉ ¶¥·¥¶·Ò£´ÊÉÓ ¢ ¸²¥¤ÊÕÐ¨° Ê§¥² ¸¶· ¢  ¸ ¢¥·μ-
ÖÉ´μ¸ÉÓÕ ϕ(m|k), § ¢¨¸ÖÐ¥° Éμ²Ó±μ μÉ Î¨¸²  Î ¸É¨Í ¢ ¤ ´´μ³ Ê§²¥. ‡¤¥¸Ó
0 � ϕ(m|k) � 1 Å ´ ¡μ· ¢¥·μÖÉ´μ¸É¥°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Õ ´μ·³¨-
·μ¢±¨

∑
0�m�k

ϕ(m|k) = 1. ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¶ · ²²¥²Ó´μ¥ μ¡´μ¢²¥´¨¥,

É. ¥. ´  ± ¦¤μ³ Ï £¥ ¢μ ¢¸¥Ì Ê§² Ì ·¥Ï¥´¨Ö μ Éμ³, ¸±μ²Ó±μ Î ¸É¨Í ¶·Ò£´ÊÉ,
¶·¨´¨³ ÕÉ¸Ö ´¥§ ¢¨¸¨³μ ¨ μ¤´μ¢·¥³¥´´μ. �μ¸±μ²Ó±Ê ¶· ¢¨²  ¶·Ò¦±μ¢ ¨§
´¥§ ´ÖÉÒÌ Ê§²μ¢ ¨ Ê§²μ¢ ¸ ¥¤¨´¸É¢¥´´μ° Î ¸É¨Í¥° ¸μ¢¶ ¤ ÕÉ ¸ μ¶·¥¤¥²¥´¨¥³
¤¨´ ³¨±¨ ¤²Ö ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, ¨³¥¥³

ϕ(0|0) = 1, ϕ(0|1) = (1 − p), ϕ(1|1) = p.

� ³ ¶·¥¤¸Éμ¨É μ¶·¥¤¥²¨ÉÓ É ±μ¥ ¸¥³¥°¸É¢μ ¢¥·μÖÉ´μ¸É¥° ϕ(m|k), ±μÉμ·μ¥
¶μ§¢μ²¨É ¢Ò¶¨¸ ÉÓ ³´μ£μÎ ¸É¨Î´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨°
± ± ¸¢μ¡μ¤´Ò¥ Ê· ¢´¥´¨Ö, ¸´ ¡¦¥´´Ò¥ ¸¨¸É¥³μ° ¸μ£² ¸μ¢ ´´ÒÌ £· ´¨Î´ÒÌ
Ê¸²μ¢¨°. ‘μ£² ¸μ¢ ´´μ¸ÉÓ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¡Ê¤¥É μ§´ Î ÉÓ ÉμÉ Ë ±É, ÎÉμ ¢¸¥
³´μ£μÎ ¸É¨Î´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¡Ê¤ÊÉ § ¤ ¢ ÉÓ¸Ö Î¥·¥§ ¤¢ÊÌÎ ¸É¨Î´Ò¥ £· -
´¨Î´Ò¥ Ê¸²μ¢¨Ö. �μ¤μ¡´μ Éμ³Ê, ± ± ÔÉμ ¡Ò²μ ¢ ³μ¤¥²¨ �	, ¤¢ÊÌÎ ¸É¨Î´Ò¥
£· ´¨Î´Ò¥ Ê¸²μ¢¨Ö Ë¨±¸¨·ÊÕÉ ¢¸Õ ¸¢μ¡μ¤Ê, ±μÉμ· Ö ¶μÖ¢²Ö¥É¸Ö ¨§-§  ¸Ê³-
³¨·μ¢ ´¨Ö ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¶μ ¶¥·¥¸É ´μ¢± ³ ´ Î ²Ó´ÒÌ ±μμ·¤¨´ É.
�μÔÉμ³Ê ³´μ£μÎ ¸É¨Î´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥ ¤μ²¦´Ò ¶·¨¢μ¤¨ÉÓ ± ´μ¢Ò³ μ£· -
´¨Î¥´¨Ö³.

�ÉÊ ¶·μ£· ³³Ê ³Ò ¡Ê¤¥³ ·¥ ²¨§μ¢Ò¢ ÉÓ Ï £ §  Ï £μ³. �¤´μÎ ¸É¨Î´ Ö
§ ¤ Î  Å ¸¢μ¡μ¤´ Ö, É. ¥. ¸μ¢¶ ¤ ¥É ¸ · ¸¸³μÉ·¥´´μ° · ´¥¥ (10). „ ²¥¥ ³Ò
· ¸¸³μÉ·¨³ ¤¢ÊÌÎ ¸É¨Î´Ò° ¸²ÊÎ °,   ¶μÉμ³ ¶¥·¥°¤¥³ ± ¸¨¸É¥³¥ ¶·μ¨§¢μ²Ó-
´μ£μ Î¨¸²  Î ¸É¨Í. ‡ ¶¨Ï¥³ ¤¥°¸É¢¨¥ ³ ·±μ¢¸±μ° ³ É·¨ÍÒ M ´  ËÊ´±Í¨Õ
¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¤¢ÊÌ Î ¸É¨Í ¸ ±μμ·¤¨´ É ³¨ x1 � x2. Šμ£¤  x1 > x2, É. ¥.
Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ · §´ÒÌ Ê§² Ì, ¤¥°¸É¢¨¥ ³ É·¨ÍÒ M μ¶¨¸Ò¢ ¥É ´¥§ ¢¨-
¸¨³ÊÕ ¸¢μ¡μ¤´ÊÕ Ô¢μ²ÕÍ¨Õ ¤¢ÊÌ Î ¸É¨Í ¨ É ± ¦¥, ± ± ¢ (13), Ô±¢¨¢ ²¥´É´μ
´¥§ ¢¨¸¨³μ³Ê ¤¥°¸É¢¨Õ μ¤´μÎ ¸É¨Î´ÒÌ ³ É·¨Í ´  ± ¦¤ÊÕ ±μμ·¤¨´ ÉÊ ¶μ μÉ-
¤¥²Ó´μ¸É¨. ‚§ ¨³μ¤¥°¸É¢¨¥ ´ Î¨´ ¥É ¨£· ÉÓ ·μ²Ó, ±μ£¤  μ¡¥ Î ¸É¨ÍÒ ¶μ¶ -
¤ ÕÉ ¢ μ¤¨´ Ê§¥², x1 = x2 = x. ’μ£¤  ¡Ê¤¥³ ¨³¥ÉÓ

Mf(x, x) = ϕ(0|2)f(x, x) + ϕ(1|2)f(x + 1, x) + ϕ(2|2)f(x + 1, x + 1).
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�Éμ · ¢¥´¸É¢μ ¡Ê¤¥É Ô±¢¨¢ ²¥´É´μ · ¢¥´¸É¢Ê (13) ¤²Ö ¤¢ÊÌ ´¥¢§ ¨³μ¤¥°¸É¢Ê-
ÕÐ¨Ì Î ¸É¨Í, ¥¸²¨ ËÊ´±Í¨Ö f(x1, x2) Ê¤μ¢²¥É¢μ·Ö¥É £· ´¨Î´μ³Ê Ê¸²μ¢¨Õ

f(x, x + 1) = αf(x + 1, x + 1) + βf(x + 1, x) + γf(x, x),

£¤¥

α =
ϕ(2|2) − p2

p(1 − p)
, β =

ϕ(1|2) − p(1 − p)
p(1 − p)

, γ =
ϕ(0|2) − (1 − p)2

p(1 − p)
.

�É¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ´Ê¦´μ ¶μ´¨³ ÉÓ ± ± ¸¶μ¸μ¡ ¢Ò· §¨ÉÓ ¸² £ ¥³μ¥
f(x, x + 1), ¢μ§´¨± ÕÐ¥¥ ¶·¨ Ëμ·³ ²Ó´μ° § ¶¨¸¨ ¸¢μ¡μ¤´μ£μ Ê· ¢´¥´¨Ö ¨
²¥¦ Ð¥¥ §  ¶·¥¤¥² ³¨ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ É Î ¸É¨Í D�

2 .
‘²¥¤ÊÕÐ¨° Ï £ Å § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  Î ¸É¨Í.

‘¢μ¡μ¤´μ¥ Ê· ¢´¥´¨¥, ¶·¨³¥´¨³μ¥, ±μ£¤  ¢¸¥ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ · §´ÒÌ
Ê§² Ì, xi �= xj ¤²Ö ²Õ¡ÒÌ 1 � i �= j � N , ¸μ¢¶ ¤ ¥É ¸ (16). —Éμ¡Ò ÊÎ¥¸ÉÓ
¢§ ¨³μ¤¥°¸É¢¨¥, ´Ê¦´μ ¢Ò¶¨¸ ÉÓ ¤¥°¸É¢¨¥ ³ ·±μ¢¸±μ° ³ É·¨ÍÒ ¤²Ö ¸²ÊÎ Ö,
±μ£¤  ´¥¸±μ²Ó±μ Î ¸É¨Í ¶μ¶ ¤ ÕÉ ¢ μ¤¨´ Ê§¥². �μ¸±μ²Ó±Ê ¢¸¥ Ê§²Ò μ¡´μ¢²Ö-
ÕÉ¸Ö ´¥§ ¢¨¸¨³μ, ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ μ¡´μ¢²¥´¨¥ μ¤´μ£μ Ê§² . �Ê¸ÉÓ ¢
Ê§²¥ c ±μμ·¤¨´ Éμ° x ´ Ìμ¤ÖÉ¸Ö k Î ¸É¨Í. „¥°¸É¢¨¥ ³ ·±μ¢¸±μ° ³ É·¨ÍÒ ´ 
¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ ±μ´Ë¨£Ê· Í¨¨ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

Mf(. . . , xk, . . . ) =
k∑

m=0

ϕ(m|k)f(. . . , (x + 1)m, xk−m, . . . ), (21)

£¤¥ xk = (x, . . . , x) μ¡μ§´ Î ¥É ¸É·μ±Ê ¨§ ±μμ·¤¨´ É k Î ¸É¨Í, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢
Ê§²¥ x. ‡ ³¥É¨³, ÎÉμ ¥¸²¨ ³Ò Ëμ·³ ²Ó´μ ¢Ò¶¨Ï¥³ ¸¢μ¡μ¤´μ¥ Ê· ¢´¥´¨¥ (16)
¤²Ö ÔÉμ£μ ¸²ÊÎ Ö, Éμ μ´μ ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ´¥¦¥² É¥²Ó´Ò¥ Î²¥´Ò, ¢ÒÌμ¤ÖÐ¨¥
§  ¶·¥¤¥²Ò μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ É (20). � ³ ¡Ò ÌμÉ¥²μ¸Ó, ÎÉμ¡Ò
¸¢μ¡μ¤´μ¥ Ê· ¢´¥´¨¥ ¸¢μ¤¨²μ¸Ó ± ¢¨¤Ê (21) ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ ¶·¨³¥´¥´¨¥³
¤¢ÊÌÎ ¸É¨Î´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°

f(. . . , x, x + 1, . . .) = αf(. . . , x + 1, x + 1, . . .)+

+ βf(. . . , x + 1, x, . . .) + γf(. . . , x, x, . . .). (22)

�μ´ÖÉ´μ, ÎÉμ ¶·¨ § ¤ ´´ÒÌ ¢¥·μÖÉ´μ¸ÉÖÌ ϕ(m|k) ¸ k = 1, 2 ÔÉμ É·¥¡μ¢ ´¨¥
μ¤´μ§´ Î´μ Ë¨±¸¨·Ê¥É ¢¸¥ μ¸É ²Ó´Ò¥ ¢¥·μÖÉ´μ¸É¨ ¸ k > 2. ‘ ÊÎ¥Éμ³ ¸μμÉ-
´μÏ¥´¨Ö ´μ·³¨·μ¢±¨ ¢ § ¤ Î¥ μ¸É ÕÉ¸Ö ¢¸¥£μ É·¨ ¸¢μ¡μ¤´ÒÌ ¶ · ³¥É· , ¢
± Î¥¸É¢¥ ±μÉμ·ÒÌ ³μ¦´μ ¢Ò¡· ÉÓ p ¨ ²Õ¡Ò¥ ¤¢  ¨§ α, β, γ, Éμ£¤  ± ± É·¥É¨°
¶ · ³¥É· μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö

α + β + γ = 1. (23)
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‡ ¤ Î¥ ´ Ìμ¦¤¥´¨Ö ¢¥·μÖÉ´μ¸É¥° ϕ(m|k) ³μ¦´μ ¶·¨¤ ÉÓ Î¨¸Éμ  ²£¥¡· ¨-
Î¥¸±¨° ¸³Ò¸². „²Ö ÔÉμ£μ ¶μ¸³μÉ·¨³ ´  ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ±μμ·¤¨´ É (x+1)
¨ x ¢  ·£Ê³¥´É Ì ËÊ´±Í¨° ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ Ëμ·³Ê² (16) ¨ (21), ¸μ¶μ¸É ¢¨³ ¨³
¶·μ¨§¢¥¤¥´¨Ö ´¥±μ³³ÊÉ¨·ÊÕÐ¨Ì Ô²¥³¥´Éμ¢ A ¨ B ¸μμÉ¢¥É¸É¢¥´´μ ¨ § ¶¨Ï¥³
¨Ì ¸Ê³³Ò ¸ ±μÔËË¨Í¨¥´É ³¨, ¸ÉμÖÐ¨³¨ ¶¥·¥¤ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ËÊ´±Í¨Ö-
³¨. ’μ£¤  ¨§ Ëμ·³Ê²Ò (16) ³Ò ¶μ²ÊÎ¨³ ¸Ê³³Ê ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¶·μ¨§¢¥¤¥´¨°
k É ±¨Ì Ô²¥³¥´Éμ¢ ¸ ±μÔËË¨Í¨¥´É ³¨ pm(1−p)k−m, £¤¥ m Å Î¨¸²μ μ¶¥· Éμ-
·μ¢ A ¢ ¶·μ¨§¢¥¤¥´¨¨,   ¨§ Ëμ·³Ê²Ò (21) Å ¸Ê³³Ê ³μ´μ³μ¢ ¢¨¤  AmBk−m,
¢ ±μÉμ·ÒÌ ¢¸¥ Ô²¥³¥´ÉÒ A ´ Ìμ¤ÖÉ¸Ö ²¥¢¥¥ B, ¸ ±μÔËË¨Í¨¥´É ³¨ ϕ(m|k).
’ ±¨³ μ¡· §μ³, Ê¸²μ¢¨¥ · ¢¥´¸É¢  ¶· ¢ÒÌ Î ¸É¥° (21) ¨ (16) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥
´¥±μ³³ÊÉ É¨¢´μ£μ  ´ ²μ£  ¡¨´μ³  �ÓÕÉμ´ 

(pA + (1 − p)B)k =
k∑

m=0

ϕ(m|k)AmBk−m, (24)

Éμ£¤  ± ±  ´ ²μ£ £· ´¨Î´μ£μ Ê¸²μ¢¨Ö (22) ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

BA = αAA + βAB + γBB. (25)

’μ£¤  § ¤ Î  μ ¶μ¨¸±¥ ¢¥·μÖÉ´μ¸É¥° ϕ(m|k) ¶¥·¥Ëμ·³Ê²¨·Ê¥É¸Ö ± ± § ¤ Î 
μ ¶μ¨¸±¥ ¡¨´μ³¨ ²Ó´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ μ¡μ¡Ð¥´´μ° ¡¨´μ³¨ ²Ó´μ° Ëμ·-
³Ê²Ò (24), £¤¥ A ¨ B Å ¤¢  £¥´¥· Éμ·   ¸¸μÍ¨ É¨¢´μ°  ²£¥¡·Ò, Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨¥ μ¤´μ·μ¤´μ³Ê ±¢ ¤· É¨Î´μ³Ê ¸μμÉ´μÏ¥´¨Õ (25) c ¶ · ³¥É· ³¨ α,
β, γ, ¤¢  ¨§ ±μÉμ·ÒÌ ¶·μ¨§¢μ²Ó´Ò,   É·¥É¨° ´ Ìμ¤¨É¸Ö ¨§ ¸μμÉ´μÏ¥´¨Ö (23).
�É¢¥É ´  ¶μ¸²¥¤´¨° ¢μ¶·μ¸ ¡Ò² ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´ ¢ [44] ¨ ´¥§ ¢¨¸¨³μ ¶¥-
·¥μÉ±·ÒÉ  ¢Éμ·μ³ ¢ ±μ´É¥±¸É¥ ¨´É¥£·¨·Ê¥³ÒÌ ³μ¤¥²¥° ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
Î ¸É¨Í ¢ [42]. ‚Ò· ¦¥´´Ò° Î¥·¥§ ´μ¢Ò¥ ¶ · ³¥É·Ò q, ν ¨ μ, ±μÉμ·Ò¥ ¤ ÕÉ
Ê¤μ¡´ÊÕ ¶ · ³¥É·¨§ Í¨Õ ¤²Ö α, β, γ ¨ p,

α =
ν(1 − q)
1 − qν

, β =
q − ν

1 − qν
, γ =

1 − q

1 − qν
, μ = p + ν(1 − p), (26)

·¥§Ê²ÓÉ É ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

ϕ(m|n) = μm (ν/μ; q)m(μ; q)n−m

(ν; q)n

(q; q)n

(q; q)m(q; q)n−m
, (27)

£¤¥ (a; q)k = (1 − a)(1 − qa) · · · (1 − qk−1a) Å q-¸¨³¢μ² �μÌ£ ³³¥· . ’ ±-
¦¥ ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ ¢¥²¨Î¨´Ò α, β, γ ¢Ò¡· ´Ò É ±¨³ μ¡· §μ³, ÎÉμ
ν �= q−k ¤²Ö ²Õ¡ÒÌ k ∈ N. �·¨ É ±μ³ Ê¸²μ¢¨¨  ²£¥¡· ¨Î¥¸±μ¥ ÊÉ¢¥·¦¤¥´¨¥
¸¶· ¢¥¤²¨¢μ ¶·¨ ²Õ¡ÒÌ ±μ³¶²¥±¸´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ μ, ν, q. —Éμ¡Ò
Î¨¸² ³ ϕ(m|k) ³μ¦´μ ¡Ò²μ ¶·¨¤ ÉÓ ¸³Ò¸² ¢¥·μÖÉ´μ¸É¨, μ´¨ ¤μ²¦´Ò ²¥¦ ÉÓ
¢ ¤¨ ¶ §μ´¥ 0 � ϕ(m|k) � 1. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò μ, ν ¨ q ¡Ò²¨
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¤¥°¸É¢¨É¥²Ó´Ò³¨ ¨ Ê¤μ¢²¥É¢μ·Ö²¨ ´¥· ¢¥´¸É¢ ³ |q| < 1 ¨ ν < μ < 1. „ ²¥¥
¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¨³¥´´μ ÔÉÊ μ¡² ¸ÉÓ ¶ · ³¥É·μ¢.

�μ²ÊÎ¥´´μ¥ É·¥Ì¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ μ± §Ò¢ ¥É¸Ö ¤μ¢μ²Ó´μ μ¡-
Ð¨³ ¨ ¸μ¤¥·¦¨É ³´μ¦¥¸É¢μ ± ± ¨¸¸²¥¤μ¢ ´´ÒÌ · ´¥¥, É ± ¨ ´μ¢ÒÌ ³μ¤¥²¥°
± ± ¶·¥¤¥²Ó´Ò¥ ¸²ÊÎ ¨. �¥·¥¤ É¥³ ± ± μ¡¸Ê¤¨ÉÓ ¤¨´ ³¨±Ê ³μ¤¥²¥° ¨ ¨Ì Ë¨-
§¨Î¥¸±¨¥ ¶·¨²μ¦¥´¨Ö, μ¡¸Ê¤¨³ ¸¢μ°¸É¢  ¶μ¸É·μ¥´´μ£μ ¶·μÍ¥¸¸ .

„²Ö ´ Î ²  § ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ¢¥·μÖÉ´μ¸É¨ ¶·Ò¦±μ¢ ¨³¥ÕÉ ¢¨¤

ϕ(m|k) =
v(m)w(k − m)

f(k)
, (28)

£¤¥

v(k) = μk (ν/μ; q)k

(q; q)k
, w(k) =

(μ; q)k

(q; q)k
, (29)

 

f(k) =
k∑

n=0

v(n)w(k − n) (30)

μ¡¥¸¶¥Î¨¢ ¥É ¢¥·μÖÉ´μ¸É´ÊÕ ´μ·³¨·μ¢±Ê ϕ(m|k). ‚ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉ  ¸Ê³³ 
³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´  Ö¢´μ ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö ¤¢ÊÌ q-¸¨³¢μ²μ¢ �μÌ£ ³³¥· 

f(k) =
(ν; q)k

(q, q)k
. (31)

Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [45], Ë ±Éμ·¨§μ¢ ´´Ò° ¢¨¤ (28) ¢¥·μÖÉ´μ¸É¥° ¶¥·¥¸±μ-
±μ¢ μ¡¥¸¶¥Î¨¢ ¥É Ë ±Éμ·¨§ Í¨Õ ¸É Í¨μ´ ·´μ° ³¥·Ò ¢ ³μ¤¥²¨ ´  ¡¥¸±μ´¥Î´μ°
¨²¨ ±μ´¥Î´μ° ¶¥·¨μ¤¨Î¥¸±μ° ·¥Ï¥É±¥.

� ¨³¥´´μ, ³μ¤¥²Ó, ¢ ±μÉμ·μ° N Î ¸É¨Í ¦¨¢ÊÉ ´  ¶¥·¨μ¤¨Î¥¸±μ° ·¥Ï¥É±¥
¨§ L Ê§²μ¢, ¸μ ¢·¥³¥´¥³ Ô¢μ²ÕÍ¨μ´¨·Ê¥É ± ¸É Í¨μ´ ·´μ³Ê ¸μ¸ÉμÖ´¨Õ, ¢ ±μ-
Éμ·μ³ ¢¥·μÖÉ´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨ ¸ n1, . . . , nL Î ¸É¨Í ³¨ ¢ Ê§² Ì c ´μ³¥· ³¨
1, . . . , L ¸μμÉ¢¥É¸É¢¥´´μ Ë ±Éμ·¨§Ê¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ μ¤´μÊ§¥²Ó´ÒÌ ¢¥¸μ¢

Pst(n1, . . . , nL) =
1

Z(N, L)

L∏
i=1

f(ni),

£¤¥ ¢¥¸ f(n) ¸μ¢¶ ¤ ¥É ¸ ´μ·³¨·μ¢±μ° ¢¥·μÖÉ´μ¸É¥° ¶·Ò¦±μ¢ (30),   ¸É É-
¸Ê³³  Z(N, L) Å μ¡Ð¨° ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó, ¶μ²ÊÎ ¥³Ò° ¸Ê³³¨·μ-
¢ ´¨¥³ ¶·μ¨§¢¥¤¥´¨° μ¤´μÊ§¥²Ó´ÒÌ ¢¥¸μ¢ ¶μ ¢¸¥³ ±μ´Ë¨£Ê· Í¨Ö³ ¸ Ê¸²μ¢¨¥³
n1+. . .+nL = N . �μ¸²¥¤´¥¥ Ê¸²μ¢¨¥ ¶·¨¢μ¤¨É ± ¸² ¡Ò³ ±μ··¥²ÖÍ¨Ö³ ³¥¦¤Ê
· §²¨Î´Ò³¨ Ê§² ³¨, ±μÉμ·Ò¥ ¨¸Î¥§ ÕÉ ¢ ¶·¥¤¥²¥ L → ∞ ¢ ¸²ÊÎ ¥ ¤μ¸É ÉμÎ´μ
Ìμ·μÏ¨Ì μ¤´μÊ§¥²Ó´ÒÌ ¢¥¸μ¢. ‚ ·¥§Ê²ÓÉ É¥ É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´Ò¥ ¸É -
Í¨μ´ ·´Ò¥ ³¥·Ò ´ Ï¥° ³μ¤¥²¨ ´  ¡¥¸±μ´¥Î´μ° ·¥Ï¥É±¥ μ¶·¥¤¥²ÖÕÉ¸Ö μ¤´μ-
Ê§¥²Ó´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨ ¢¨¤ 

Pst(ni = k) =
zkf(k)
z(z)

, (32)
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£¤¥ z Å  ±É¨¢´μ¸ÉÓ, ¶ · ³¥É·¨§ÊÕÐ Ö ¸É Í¨μ´ ·´ÊÕ ³¥·Ê; f(k) Å μ¤´μ-

Ê§¥²Ó´Ò° ¢¥¸ ¨§ (30); z(z) =
∞∑

k=z

zkf(k) Å μ¤´μÊ§¥²Ó´ Ö ¸É É¸Ê³³ . � · ³¥É·

 ±É¨¢´μ¸É¨ z ¸¢Ö§ ´ ¸μ ¸·¥¤´¥° ¶²μÉ´μ¸ÉÓÕ Î ¸É¨Í ρ = Eni Î¥·¥§ ¶¥·¢μ¥
· ¢¥´¸É¢μ ¢ (2), £¤¥  ±É¨¢´μ¸ÉÓ ¸¢Ö§ ´  ¸ Ì¨³¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¸μμÉ´μ-
Ï¥´¨¥³ z = eβμ. �·¨ ÔÉμ³ Î¨¸²  § ¶μ²´¥´¨Ö ¢ · §´ÒÌ Ê§² Ì ´¥§ ¢¨¸¨³Ò. ŒÒ
¢¨¤¨³, ÎÉμ ¸É Í¨μ´ ·´μ¥ ¸μ¸ÉμÖ´¨¥ ´ Ï¥° ³μ¤¥²¨ ¨³¥¥É É ±μ° ¦¥ ¢¨¤, ± ± ¨
£¨¡¡¸μ¢¸± Ö ³¥·  ¢ ¶·¨³¥·¥, · ¸¸³μÉ·¥´´μ³ ¢μ ¢¢¥¤¥´¨¨. �¤´ ±μ, ± ± ¸É ´¥É
Ö¸´μ ¤ ²ÓÏ¥, ´¥· ¢´μ¢¥¸´ Ö ¤¨´ ³¨±  μ¡´ ·Ê¦¨¢ ¥É ¸μ¢¥·Ï¥´´μ ´μ¢ÊÕ ¸¶¥-
Í¨Ë¨±Ê. ‡ ³¥É¨³ É ±¦¥, ÎÉμ ¨³¥´´μ ¶μ¨¸± μ¡Ð¥° ÉμÎ´μ ·¥Ï ¥³μ° ¤¨´ ³¨±¨,
¶·¨¢μ¤ÖÐ¥° ± Ë ±Éμ·¨§μ¢ ´´μ° ¸É Í¨μ´ ·´μ° ³¥·¥, ¸²Ê¦¨² ³μÉ¨¢ Í¨¥° ¤²Ö
Ëμ·³Ê²¨·μ¢±¨ ³μ¤¥²¨ ¢ · ¡μÉ¥ [42]. ‚ ¤ ´´μ³ μ¡§μ·¥ ³Ò ¶μ¤μÏ²¨ ¸ ¶·μÉ¨-
¢μ¶μ²μ¦´μ° ¸Éμ·μ´Ò, ¶μ¸É ¢¨¢ ¢μ¶·μ¸ μ ÉμÎ´μ³ ¢ÒÎ¨¸²¥´¨¨ ¶·μ¨§¢μ¤ÖÐ¥°
ËÊ´±Í¨¨ ¸ ¶μ³μÐÓÕ �	, Éμ£¤  ± ± Ë ±Éμ·¨§μ¢ ´´Ò° ¢¨¤ ¸É Í¨μ´ ·´μ° ³¥·Ò
Ö¢¨²¸Ö ¶μ¡μÎ´Ò³ ·¥§Ê²ÓÉ Éμ³. ’¥³ ´¥ ³¥´¥¥ ³Ò Ê¶μ³¨´ ¥³ §¤¥¸Ó ÔÉμÉ Ë ±É,
¶μ¸±μ²Ó±Ê ¤ ²¥¥ μ´ μ± ¦¥É¸Ö ¶μ²¥§´Ò³ ¤²Ö  ´ ²¨§  ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò ´ 
¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì.

�·¥¤¥²Ó´Ò¥ ¸²ÊÎ ¨. � ¸¸³μÉ·¨³ ¸¢Ö§Ó ¶μ¸É·μ¥´´μ£μ É·¥Ì¶ · ³¥É·¨Î¥-
¸±μ£μ ¸¥³¥°¸É¢  ¸ ¤·Ê£¨³¨ ¨§¢¥¸É´Ò³¨ ³μ¤¥²Ö³¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í.
„²Ö ÔÉμ£μ ¸´ Î ²  ¸Ëμ·³Ê²¨·Ê¥³ ¤¢  ¸μμÉ¢¥É¸É¢¨Ö, Ê¸É ´ ¢²¨¢ ÕÐ¨¥ ¸¢Ö§Ó
³¥¦¤Ê ¸¨¸É¥³ ³¨ Î ¸É¨Í, ±μÉμ·Ò¥ ´  ¶¥·¢Ò° ¢§£²Ö¤ ³μ£ÊÉ ± § ÉÓ¸Ö ¢¥¸Ó³ 
· §²¨Î´Ò³¨. �¥·¢ Ö, ‚��-�‡, ¸¢Ö§Ò¢ ¥É ¸¨¸É¥³Ò ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³ ´Ê²¥-
¢μ£μ · ¤¨Ê¸  (‚��), £¤¥ Î¨¸²μ Î ¸É¨Í Ê§²  ´¥μ£· ´¨Î¥´μ, ¸ ¶·μÍ¥¸¸ ³¨ ¸
§ ¶·¥É ³¨ (�‡), ¢ ±μÉμ·ÒÌ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ¸¥¤´¨³¨ Ê§² ³¨ § ¶·¥-
Ð ¥É ¶μ¶ ¤ ´¨¥ ¡μ²¥¥ μ¤´μ° Î ¸É¨ÍÒ ¢ μ¤¨´ Ê§¥². �·¥μ¡· §μ¢ ´¨¥ ¸μ¸Éμ¨É
¢ § ³¥´¥ Ê§² , § ´ÖÉμ£μ n Î ¸É¨Í ³¨, ±μ³¶ ±É´Ò³ ±² ¸É¥·μ³ ¨§ n Ê§²μ¢, ¶μ
μ¤´μ° Î ¸É¨Í¥ ¢ ± ¦¤μ³, § ± ´Î¨¢ ÕÐ¨³¸Ö ¥Ð¥ μ¤´¨³ ¶Ê¸ÉÒ³ Ê§²μ³ (·¨¸. 2).
‘μμÉ¢¥É¸É¢¥´´μ, m Î ¸É¨Í, ¢ÒÌμ¤ÖÐ¨Ì ¨§ Ê§²  ¸ n Î ¸É¨Í ³¨ ¢ ¸²¥¤ÊÕÐ¨°
Ê§¥² ¢ ¸¨¸É¥³¥ ¸ ‚��, ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¤¢¨£Ê ±² ¸É¥·  ¨§ m Î ¸É¨Í, μÉ·Ò¢ Õ-
Ð¥£μ¸Ö μÉ ±² ¸É¥·  ¨§ n Î ¸É¨Í ¢ ¸¨¸É¥³¥ É¨¶  �‡. —¨¸²μ Ê§²μ¢ ¢ ±μ´¥Î´μ°
¸¨¸É¥³¥ É¨¶  �‡ · ¢´μ ¸Ê³³¥ Î¨¸²  Ê§²μ¢ ¨ Î¨¸²  Î ¸É¨Í ¢ ¸¨¸É¥³¥ ¸ ‚��.

‚Éμ·μ¥ ¸μμÉ¢¥É¸É¢¨¥, ¶·¥μ¡· §μ¢ ´¨¥ Î ¸É¨Í Ä¤Ò·± , ¸¢Ö§Ò¢ ¥É ¤¢¥ ¸¨-
¸É¥³Ò É¨¶  �‡, ³¥´ÖÖ ³¥¸É ³¨ § ´ÖÉÒ¥ ¨ ¸¢μ¡μ¤´Ò¥ Ê§²Ò. �·Ò¦μ± Î ¸É¨ÍÒ
´  m Ï £μ¢ ¢ μ¤´μ° ¨§ ¸¨¸É¥³ ¸μμÉ¢¥É¸É¢Ê¥É ¸¤¢¨£Ê ±² ¸É¥·  ¨§ m Î ¸É¨Í ´ 
μ¤¨´ Ï £ ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ´ ¶· ¢²¥´¨¨ ¢ ¤·Ê£μ°.

’ ±¦¥ μ¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ μÉ ³μ¤¥²¥° ¢ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨
Î ¸Éμ ³μ¦´μ ¶¥·¥°É¨ ± ³μ¤¥²Ö³ ¢ ´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨, ¥¸²¨ Ê¸É·¥³¨ÉÓ
¢¥·μÖÉ´μ¸É¨ ¶·Ò¦±μ¢ ± ´Ê²Õ. „¥² ÉÓ ÔÉμ ³μ¦´μ · §´Ò³¨ ¸¶μ¸μ¡ ³¨ ¨ ¸
· §²¨Î´Ò³ ¶·¥¤¥²Ó´Ò³ ·¥§Ê²ÓÉ Éμ³. �¡Ð¨³, μ¤´ ±μ, Ö¢²Ö¥É¸Ö ÉμÉ Ë ±É, ÎÉμ
³´μ¦¥¸É¢μ ³μ¤¥²¥° ¸Ê¦ ¥É¸Ö, É. ¥. μÉ · §²¨Î´ÒÌ ³μ¤¥²¥° ¢ ¤¨¸±·¥É´μ³ ¢·¥-
³¥´¨ ³Ò § Î ¸ÉÊÕ ¶·¨Ìμ¤¨³ ± μ¤´μ° ¨ Éμ° ¦¥ ³μ¤¥²¨ ¢ ´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨.
� ¨¡μ²¥¥ ¶·μ¸Éμ° ¸¶μ¸μ¡ ¢§ÖÉÓ ¶·¥¤¥² ± ´¥¶·¥·Ò¢´μ³Ê ¢·¥³¥´¨ ¢ ´ Ï¥° ³μ-
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�¨¸. 2. „¢μ°¸É¢¥´´μ¸É¨ ‚��-�‡ ¨ Î ¸É¨Í Ä¤Ò·± . �¥·¢ Ö ¸μ¶μ¸É ¢²Ö¥É Ê§²Ê, ¸μ¤¥·-
¦ Ð¥³Ê n Î ¸É¨Í, £·Ê¶¶Ê ¨§ n Ê§²μ¢, ¶μ μ¤´μ° Î ¸É¨Í¥ ¢ ± ¦¤μ³, ¶²Õ¸ μ¤¨´ ¶Ê¸Éμ°
Ê§¥² ¸¶· ¢ . ‚Éμ· Ö ¤¢μ°¸É¢¥´´μ¸ÉÓ ³¥´Ö¥É Î ¸É¨ÍÒ ¨ ¤Ò·±¨ ³¥¸É ³¨

¤¥²¨ Å · ¸¸³μÉ·¥ÉÓ ¸μ¢³¥¸É´Ò° ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ μ → ν, É. ¥. p → 0 ¨
t → ∞, É ±μ°, ÎÉμ ´μ¢μ¥ ´¥¶·¥·Ò¢´μ¥ ¢·¥³Ö τ = tp μ¸É ¥É¸Ö ±μ´¥Î´Ò³. …¸²¨
μ¸É ²Ó´Ò¥ ¶ · ³¥É·Ò ¶·¨ ÔÉμ³ ¤¥·¦ ÉÓ ¶μ¸ÉμÖ´´Ò³¨, Éμ ¢³¥¸Éμ ¤¨¸±·¥É´ÒÌ
¶·Ò¦±μ¢ ³Ò ¶μ²ÊÎ¨³ ¶Ê ¸¸μ´μ¢¸±¨¥ ¶·Ò¦±¨ m Î ¸É¨Í ¨§ Ê§²  ¸ n Î ¸É¨Í ³¨
¸ ¨´É¥´¸¨¢´μ¸ÉÓÕ

u(m|n) =
μm−1

1 − qm

(μ, q)n−m(q, q)n

(μ, q)n(q, q)n−m
.

�·μÍ¥¸¸Ò ¸ ¶μ¤μ¡´Ò³¨ ¨´É¥´¸¨¢´μ¸ÉÖ³¨ ¶·Ò¦±μ¢ ¨§ÊÎ ²¨¸Ó ¢ · ¡μÉ¥ [46]
¶μ¤ ´ §¢ ´¨¥³ q-• ´ ��‡ ∗, £¤¥, μ¤´ ±μ, ¡Ò²μ · ¸¸³μÉ·¥´μ ¨Ì μ¡μ¡Ð¥´¨¥ ¸
¶·Ò¦± ³¨ ¢ μ¡¥ ¸Éμ·μ´Ò,   ¢ · ¡μÉ¥ [48] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕ-
ÐÊÕ ³ ·±μ¢¸±ÊÕ ³ É·¨ÍÊ ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± £ ³¨²ÓÉμ´¨ ´ XXZ
Í¥¶μÎ±¨, ³μ¤¥²¨ ³ £´¥É¨±  ƒ¥°§¥´¡¥·£  ¸ ´¥±μ³¶ ±É´μ° £·Ê¶¶μ° ¸¨³³¥É·¨¨
¸¶¨´μ¢.

„·Ê£¨¥ ¶·¥¤¥²Ò, ± ± ¤¨¸±·¥É´Ò¥, É ± ¨ ´¥¶·¥·Ò¢´Ò¥, ³μ¦´μ É ±¦¥ ¶μ²Ê-
Î¨ÉÓ, ´ ±² ¤Ò¢ Ö μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò ¢¥·μÖÉ´μ¸É¥° ϕ(m|n). �·¨¢¥¤¥³
¸¶¨¸μ± ³μ¤¥²¥°, ¶μ²ÊÎ ÕÐ¨Ì¸Ö ¨§ ´ Ï¨Ì ¢¥·μÖÉ´μ¸É¥° ¸± Î±μ¢ (27) ¢ ·¥§Ê²Ó-
É É¥ · §²¨Î´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢.

‘¢μ¡μ¤´Ò¥ Î ¸É¨ÍÒ, q = 1. �·¨ q = 1 § ¢¨¸¨³μ¸ÉÓ μÉ μ ¨ ν ¶μ μÉ¤¥²Ó-
´μ¸É¨ ¨¸Î¥§ ¥É ¨ μ¸É ¥É¸Ö ¡¨´μ³¨ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¸ ¶ · ³¥É·μ³ p:

lim
q→1

ϕ(m|n) = ϕbin(m, n; p) = pm(1 − p)n−m

(
n
m

)
.

�É¨ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥¸±μ±μ¢ μ¶¨¸Ò¢ ÕÉ ¸¨¸É¥³Ê Î ¸É¨Í, ¸μ¢¥·Ï ÕÐ¨Ì ´¥-
§ ¢¨¸¨³Ò¥ ´ ¶· ¢²¥´´Ò¥ ¡¥·´Ê²²¨¥¢¸±¨¥ ¸²ÊÎ °´Ò¥ ¡²Ê¦¤ ´¨Ö. Š ¦¤ Ö Î -
¸É¨Í  ¶ÒÉ ¥É¸Ö ¶·Ò£´ÊÉÓ ´  μ¤¨´ Ï £ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p. 	¨´μ³¨ ²Ó-
´Ò° ±μÔËË¨Í¨¥´É ÊÎ¨ÉÒ¢ ¥É Î¨¸²μ ¸¶μ¸μ¡μ¢ ¢Ò¡· ÉÓ m ¨§ n Î ¸É¨Í ¢ Ê§²¥.
�¶¨¸ ´´Ò° ¢ÒÏ¥ ¶·¥¤¥² ´¥¶·¥·Ò¢´μ£μ ¢·¥³¥´¨ ¶·¨¢μ¤¨É ´ ¸ μÉ ¡¥·´Ê²²¨¥¢-
¸±¨Ì ¸²ÊÎ °´ÒÌ ¡²Ê¦¤ ´¨° ¢ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨ ± ¶Ê ¸¸μ´μ¢¸±¨³ ¸²ÊÎ °-
´Ò³ ¡²Ê¦¤ ´¨Ö³.

∗�·¨¸É ¢±  q-• ´ ¢¶¥·¢Ò¥ ¨¸¶μ²Ó§μ¢ ² ¸Ó ¶·¨³¥´¨É¥²Ó´μ ± ³μ¤¥²¨ ¸ ¢¥·μÖÉ´μ¸ÉÖ³¨ ¶·Ò¦-
±μ¢ (27) ¢ · ¡μÉ¥ [47].
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‘²ÊÎ °´Ò¥ ¡²Ê¦¤ ´¨Ö ¢ ¸²ÊÎ °´μ° ¸·¥¤¥ (‘�‘‘), q, μ = qα, ν =
= qα+β → 1. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥¸±μ±μ¢ ¸É·¥³ÖÉ¸Ö ± ¡¥É -
¡¨´μ³¨ ²Ó´μ³Ê · ¸¶·¥¤¥²¥´¨Õ

lim
q=μ1/α=ν1/(α+β)→1

ϕ(m|n) = ϕB−bin(m, n; α, β) =

=
B(α + m, β + n − m)

B(α, β)

(
n

m

)
,

±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¸¢¥·É±μ°

ϕB−bin(m, n; α, β) =

1∫
0

ϕbin(m, n; p)ϕB(p; α, β) dp

¡¨´μ³¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ϕbin(m, n; p) ¸ ¡¥É -· ¸¶·¥¤¥²¥´¨¥³

ϕB(p; α, β) =
pα−1(1 − p)β−1

B(α, β)
Ip∈[0,1].

	¨´μ³¨ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ ¶·Ò¦±¨ ¢ ÔÉμ° ³μ¤¥²¨ ¶μ-
¶·¥¦´¥³Ê ¸μ¢¥·Ï ÕÉ¸Ö ´¥§ ¢¨¸¨³μ. �¤´ ±μ ¸¢¥·É±Ê ¸ ¡¥É -· ¸¶·¥¤¥²¥´¨¥³
¸²¥¤Ê¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¸²ÊÎ °´μ¸ÉÓ ¶ · ³¥É·  p · ¸¶·¥¤¥²¥´¨Ö 	¥·-
´Ê²²¨, ±μÉμ·Ò° ¢Ò¡¨· ¥É¸Ö ´¥§ ¢¨¸¨³μ ¨§ ¡¥É -· ¸¶·¥¤¥²¥´¨Ö ¶·¨ ± ¦¤μ³
´μ¢μ³ μ¡´μ¢²¥´¨¨ ± ¦¤μ£μ Ê§² . ˆ´Ò³¨ ¸²μ¢ ³¨, ³Ò ¶μ²ÊÎ¨²¨ ¸¨¸É¥³Ê Î -
¸É¨Í, ¸μ¢¥·Ï ÕÐ¨Ì ´¥§ ¢¨¸¨³Ò¥ ‘	‘‘, ¸ ¡¥¸¶μ·Ö¤±μ³, ³μ¤¥²¨·Ê¥³Ò³ ¸²Ê-
Î °´μ°, · ¸¶·¥¤¥²¥´´μ° ¸μ£² ¸´μ ¡¥É -· ¸¶·¥¤¥²¥´¨Õ ¢¥·μÖÉ´μ¸ÉÓÕ ¢ÒÌμ¤ 
Î ¸É¨ÍÒ ¨§ Ê§² . �·¨ ÔÉμ³ ¶μ²ÊÎ¥´´Ò¥ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¶·¥¤¥²¥ ¡¥É -
¡¨´μ³¨ ²Ó´Ò¥ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥¸±μ±μ¢ ¥¸ÉÓ Ê¦¥ ·¥§Ê²ÓÉ É Ê¸·¥¤´¥´¨Ö ¶μ ¡¥¸-
¶μ·Ö¤±Ê. �É  ³μ¤¥²Ó ¡Ò²  ¨§ÊÎ¥´  ¢ · ¡μÉ¥ [49], £¤¥ § ¤ Î  μ ‘	‘‘ ¡Ò² 
É ±¦¥ ¶·μ¨´É¥·¶·¥É¨·μ¢ ´  ´  Ö§Ò±¥ ¸É·μ£μ£μ ³¥Éμ¤  ·¥¶²¨± ¢ ¶·¨²μ¦¥-
´¨¨ ± § ¤ Î¥ μ ¶μ²¨³¥·¥ ¢ ¸²ÊÎ °´μ° ¸·¥¤¥. �¥Ï¥´¨¥ § ¤ Î¨ μ¡ Ê¸·¥¤´¥´´μ°
¶μ ¡¥¸¶μ·Ö¤±Ê ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤  n Î ¸É¨Í ³¥¦¤Ê ¤¢Ê³Ö Ê§² ³¨, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° n-·¥¶²¨Î´μ° ¶μ²¨³¥·´μ° ¸É É¸Ê³³¥, ¶μ§¢μ²Ö¥É ¶μ¸É·μ¨ÉÓ ¢ ¢¨¤¥
¤¥É¥·³¨´ ´É  ”·¥¤£μ²Ó³  ¶·¥μ¡· §μ¢ ´¨¥ ‹ ¶² ¸  · ¸¶·¥¤¥²¥´¨Ö ¸²ÊÎ °´μ°
¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤  Î ¸É¨ÍÒ ¢ ¸²ÊÎ °´μ° ¸·¥¤¥ ¸ ®¡¥É ¯-¡¥¸¶μ·Ö¤±μ³. � 
Ë¨§¨Î¥¸±μ³ Ö§Ò±¥ É ± Ö ¢¥·μÖÉ´μ¸ÉÓ ¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ °´μ° ¸É É¸Ê³³¥ ¶μ-
²¨³¥·  ¢ ¸²ÊÎ °´μ° ¸·¥¤¥ ¤²Ö ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°.
�¸¨³¶ÉμÉ¨Î¥¸±¨°  ´ ²¨§ ÔÉμ£μ ·¥§Ê²ÓÉ É  ¤ ¥É ¶·¥¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥,
±μÉμ·μ¥ μ¶¨¸Ò¢ ¥É ¢Ò¸μÉÊ Ë·μ´É , Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¥£μ ¸μ£² ¸´μ Ê· ¢´¥´¨Õ
Š ·¤ · Ä� ·¨§¨Ä† ´£ .

���‡ ¸ μ¡μ¡Ð¥´´Ò³ μ¡´μ¢²¥´¨¥³, q = 0. �·¨ q = 0 Î ¸É¨ÍÒ ¢ ³μ¤¥²¨ ¸
�‚� ¶·Ò£ ÕÉ ¨§ Ê§² , § ´ÖÉμ£μ n Î ¸É¨Í ³¨, ¸ ¢¥·μÖÉ´μ¸ÉÖ³¨ ϕ(0|n) = (1−p),
ϕ(m|n) = (1 − μ)pμm−1 ¶·¨ 0 < m < n ¨ ϕ(n|n) = pμn−1. “¤μ¡´μ
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¤ ÉÓ ¨´É¥·¶·¥É Í¨Õ ÔÉμ£μ ¶·μÍ¥¸¸  ´  Ö§Ò±¥ ¶·μÍ¥¸¸  ¸ § ¶·¥É ³¨. �μ¸²¥
¶·¥μ¡· §μ¢ ´¨Ö ‚��-�‡ ¶μ²ÊÎ ¥³ ¶μ²´μ¸ÉÓÕ  ¸¨³³¥É·¨Î´Ò° ¢ ·¨ ´É ³μ-
¤¥²¨ ��‡ (���‡) ¸ ¶·Ò¦± ³¨ ¸²¥¢  ´ ¶· ¢μ ¨ ±² ¸É¥·´μ-μ·¨¥´É¨·μ¢ ´´Ò³
μ¡· É´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³. ‚ ÔÉμ° ³μ¤¥²¨ Î ¸É¨Í , ¢Ìμ¤ÖÐ Ö
¢ Ê§¥², ¶μ³´¨É μ Éμ³, ¡Ò² ²¨ ÔÉμÉ Ê§¥² § ´ÖÉ ´  ¶·¥¤Ò¤ÊÐ¥³ Ï £¥ ¨²¨ ¸¢μ¡μ-
¤¥´. ‚μ ¢·¥³Ö μ¡´μ¢²¥´¨Ö ± ¦¤Ò° ±² ¸É¥· ¸± ´¨·Ê¥É¸Ö ¸¶· ¢  ´ ²¥¢μ. �¥·¢ Ö
Î ¸É¨Í  ¶ÒÉ ¥É¸Ö ¶·Ò£´ÊÉÓ ´  Ï £ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p. ‚ ¸²ÊÎ ¥ Ê¸¶¥Ì 
¢Éμ· Ö ¶ÒÉ ¥É¸Ö ¶·Ò£´ÊÉÓ ´  Ï £ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ μ, ¢μμ¡Ð¥ £μ¢μ·Ö,
μÉ²¨Î´μ° μÉ p, É ± ¦¥ ¶·μ¨¸Ìμ¤¨É ¸ É·¥ÉÓ¥°, Î¥É¢¥·Éμ° ¨ É. ¤. …¸²¨ ´¥±μÉμ-
· Ö Î ¸É¨Í  ¢ ÔÉμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ μÉ± §Ò¢ ¥É¸Ö ¶·Ò£ ÉÓ, Éμ ¢¸¥ ¸²¥¤Ê-
ÕÐ¨¥ Î ¸É¨ÍÒ Éμ£μ ¦¥ ±² ¸É¥·  ¸ÉμÖÉ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ ¥¤¨´¨Í . �·¨ μ = p
(ν = 0) ³Ò ¶μ²ÊÎ¨³ μ¡ÒÎ´Ò° ���‡ ¸ (±² ¸É¥·´μ-μ·¨¥´É¨·μ¢ ´´Ò³) μ¡· É-
´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³, Éμ£¤  ± ± μ = 0 ¸μμÉ¢¥É¸É¢Ê¥É ³μ¤¥²¨ ¸
¶ · ²²¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³, £¤¥ ¢¸¥ Î ¸É¨ÍÒ ¶·¨´¨³ ÕÉ ·¥Ï¥´¨¥ μ ¶·Ò¦±¥
´  Ï £ ¢¶¥·¥¤ μ¤´μ¢·¥³¥´´μ, ¨¸Ìμ¤Ö ¨§ É¥±ÊÐ¥° ±μ´Ë¨£Ê· Í¨¨. ‚ ¤¨ ¶ §μ´¥
0 < μ < 1 ÔËË¥±É¨¢´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¨§³¥´Ö¥É¸Ö μÉ μÉÉ ²±¨¢ ÕÐ¥£μ ¤μ
¶·¨ÉÖ£¨¢ ÕÐ¥£μ,   ¶·¥¤¥² μ → 1 ¸μμÉ¢¥É¸É¢Ê¥É ³μ¤¥²¨ ¸ ¤¥É¥·³¨´¨¸É¨Î¥¸-
±μ°  £·¥£ Í¨¥°, ¢ ±μÉμ·μ° ¢¸¥ Î ¸É¨ÍÒ ¢ ±μ´Í¥ ±μ´Íμ¢ ¸²¨¶ ÕÉ¸Ö ¢ μ¤¨´
±² ¸É¥·. ‚ ¶·¥¤¥²¥ p → 0 ¶·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¶¥·¥³ ¸ÏÉ ¡¨·μ¢ ´¨¨ ¢·¥-
³¥´¨ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ³μ¤¥²Ó Ë· £³¥´É Í¨¨ ±² ¸É¥·μ¢ ¢ ´¥¶·¥·Ò¢´Ò³ ¢·¥-
³¥´¨, £¤¥ ±² ¸É¥· Î ¸É¨Í ³μ¦¥É · ¸¶ ¸ÉÓ¸Ö ¶Ê ¸¸μ´μ¢¸±¨³ ¶·Ò¦±μ³ ´  ¤¢ ,
±μ£¤  ´¥¸±μ²Ó±μ ¥£μ ¶¥·¢ÒÌ Î ¸É¨Í ¤¥² ÕÉ Ï £ ¢¶¥·¥¤, ¶·¨Î¥³ ± ¦¤ Ö ¸²¥-
¤ÊÕÐ Ö Î ¸É¨Í  ¸²¥¤Ê¥É §  ¶·¥¤Ò¤ÊÐ¥° ¸ ¢¥·μÖÉ´μ¸ÉÓÕ μ. �μ²μ¦¨¢ É ±¦¥ ¨
μ = 0, ¶μ²ÊÎ ¥³ ¶·μ¸Éμ° ���‡ ¢ ´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨, £¤¥ Î ¸É¨ÍÒ ´¥§ -
¢¨¸¨³μ ¸μ¢¥·Ï ÕÉ ¶Ê ¸¸μ´μ¢¸±¨¥ ¶·Ò¦±¨ ´  Ï £ ¢¶¥·¥¤, ±μ£¤  Ê§¥² ¢¶¥·¥¤¨
´¥ § ´ÖÉ. Œμ¤¥²¨ ¸ q = 0 ¶·¨´ ¤²¥¦ É ± ¸¶¥Í¨ ²Ó´μ³Ê ±² ¸¸Ê ³μ¤¥²¥°,
¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤  ¢ ±μÉμ·ÒÌ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Î ¸É´μ¥ · ¸¶·¥¤¥²¥-
´¨¥ ´¥±μÉμ·μ£μ ¤¥É¥·³¨´ ´É´μ£μ ¶·μÍ¥¸¸ , ¢¥·μÖÉ´μ¸É´μ° ³¥·Ò ´  ÉμÎ¥Î´ÒÌ
±μ´Ë¨£Ê· Í¨ÖÌ, ±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ ¶μ²´μ¸ÉÓÕ μÌ · ±É¥·¨§μ¢ ´  ¨¥· ·Ì¨¥°
³´μ£μÉμÎ¥Î´ÒÌ ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°, ¨³¥ÕÐ¨Ì ¶·μ¸Éμ° ¤¥É¥·³¨´ ´É-
´Ò° ¢¨¤. ’ ± Ö ¸¢Ö§Ó ¶μ§¢μ²Ö¥É Ö¢´Ò³ μ¡· §μ³ ¢ÒÎ¨¸²ÖÉÓ ³´μ£μÉμÎ¥Î´Ò¥
· ¸¶·¥¤¥²¥´¨Ö ¶μ²μ¦¥´¨° Î ¸É¨Í ¢ ���‡ ¨ ¶·μ¢μ¤¨ÉÓ ¨Ì  ¸¨³¶ÉμÉ¨Î¥¸±¨°
 ´ ²¨§. �¨¦¥ ³Ò ±· É±μ μ¶¨Ï¥³ ÔÉ¨ ¢ÒÎ¨¸²¥´¨Ö.

�¸¨³³¥É·¨Î´ Ö ¤¨ËËÊ§¨Ö ¸ ³´μ£μÎ ¸É¨Î´Ò³¨ ¶·Ò¦± ³¨ ¨ ³μ¤¥²Ó ¸
¤²¨´´Ò³¨ ¶·Ò¦± ³¨, ν → μ = q. ‡¤¥¸Ó · ¸¸³ É·¨¢ ¥É¸Ö ¶·¥¤¥² ´¥¶·¥-
·Ò¢´μ£μ ¢·¥³¥´¨ p = dt → 0 ¸μ ¸¶¥Í¨ ²Ó´Ò³ Ê¸²μ¢¨¥³ μ = q, ¶·¨ ±μÉμ·μ³
¢¥·μÖÉ´μ¸É¨ ¶·Ò¦±μ¢ ¶·¨¢μ¤ÖÉ¸Ö ± ¢¨¤Ê ϕ(m|n) 	 dt/[m]1/q , £¤¥ ¨´¤¥±¸ 1/q
¶μ± §Ò¢ ¥É, ÎÉμ ¶ · ³¥É· ¤¥Ëμ·³ Í¨¨ ¢ q-Î¨¸²¥ · ¢¥´ q−1,   ´¥ q. Œμ¤¥²Ó ¸
¶μ¤μ¡´Ò³¨ ¢¥·μÖÉ´μ¸ÉÖ³¨ ¶·Ò¦±μ¢ ¡Ò²  ¶·¥¤²μ¦¥´  ¢ [50]. �¤´ ±μ ¢ ´¥°
¤μ¶Ê¸± ²¨¸Ó ¶·Ò¦±¨ ¢ μ¡μ¨Ì ´ ¶· ¢²¥´¨ÖÌ ¸μ ¸É¥¶¥´ÓÕ  ¸¨³³¥É·¨Î´μ¸É¨,
§ ¢¨¸ÖÐ¥° μÉ ¶ · ³¥É·  q. …¥ μ¡μ¡Ð¥´¨¥, ¢ ±μÉμ·μ³ § ¢¨¸¨³μ¸ÉÓ ¢¥·μÖÉ´μ-
¸É¨ ¶·Ò¦±  μÉ Î¨¸²  Î ¸É¨Í ¢ Ê§²¥ ´¥ ¸¢Ö§ ´  ¸μ ¸É¥¶¥´ÓÕ  ¸¨³³¥É·¨¨, ¡Ò²μ
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· ¸¸³μÉ·¥´μ ¢ [51]. �μ²´μ¸ÉÓÕ  ¸¨³³¥É·¨Î´ Ö ¢¥·¸¨Ö ¶μ¸²¥¤´¥° ³μ¤¥²¨ ¨
¥¸ÉÓ Î ¸É´Ò° ¸²ÊÎ ° ´ Ï¥° ³μ¤¥²¨ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¶·¥¤¥²¥. ‘ ¶μ³μÐÓÕ
¶·¥μ¡· §μ¢ ´¨Ö �‚�-�‡ ¶μ²ÊÎ¨³ ³μ¤¥²Ó, ¶·¥¤²μ¦¥´´ÊÕ ¢ [52], £¤¥ Î ¸É¨Í 
Éμ²± ¥É ±² ¸É¥· Î ¸É¨Í ¢¶¥·¥¤ ¸ ¨´É¥´¸¨¢´μ¸ÉÓÕ rn = 1/[n]1/q, § ¢¨¸ÖÐ¥° μÉ
Î¨¸²  n − 1 Î ¸É¨Í ¶¥·¥¤ ´¥°. �É  ³μ¤¥²Ó ¤ ¥É ¨´É¥·¶μ²ÖÍ¨Õ ³¥¦¤Ê ���‡
¨ ³μ¤¥²ÓÕ ®¤·μ¶-¶ÊÏ¯ [53], ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¢ ¶·¥¤¥² Ì q → ∞ ¨ q → 0
¸μμÉ¢¥É¸É¢¥´´μ. ‚ · ¡μÉ¥ [54] ¡Ò²μ É ±¦¥ ¶μ± § ´μ, ÎÉμ ¶·¥¤¥² q → 1 ÔÉμ°
³μ¤¥²¨, ¢§ÖÉÒ° ¸μ¢³¥¸É´μ ¸ ¶·¥¤¥²μ³ ´¥¶·¥·Ò¢´μ£μ ¶·μ¸É· ´¸É¢ , ¶·¨¢μ¤¨É
± ¨´É¥£· ²Ó´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê, ¶μ²ÊÎ¥´´μ³Ê ¢ [55], ±μÉμ·Ò° · ´¥¥ ¢μ§´¨± ²
¢ § ¤ Î Ì ±¢ ´Éμ¢μ° Ì·μ³μ¤¨´ ³¨±¨.

q-¡μ§μ´´Ò° ���‚, q-���‡ ¨  ¸¨³³¥É·¨Î´Ò° ² ¢¨´´Ò° ¶·μÍ¥¸¸, μ = qν.
‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¶¥·¢Ò° q-¸¨³¢μ² �μÌ£ ³³¥·  (ν/μ; q)m § ´Ê²Ö¥É¸Ö ¶·¨
m > 1. �μÔÉμ³Ê · §·¥Ï¥´Ò Éμ²Ó±μ ¶·Ò¦±¨ μ¤´μ° Î ¸É¨ÍÒ ¨§ Ê§² . �μ²ÊÎ¥´-
´Ò° ¶·μÍ¥¸¸ Å ÔÉμ ³μ¤¥²Ó ¸ �‚� ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³, ¢ ±μÉμ·μ³ μ¤´ 
Î ¸É¨Í  ¶·Ò£ ¥É ¨§ Ê§²  ¸ n Î ¸É¨Í ³¨ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ ϕ(1|n) = p · [n]q. ‘μ-
μÉ¢¥É¸É¢ÊÕÐ Ö ¨´É¥£·¨·Ê¥³ Ö q-¡μ§μ´´ Ö ³μ¤¥²Ó ¡Ò²  ¢¶¥·¢Ò¥ ¶·¥¤²μ¦¥´ 
¢ [56] ´  Ö§Ò±¥  ²£¥¡· ¨Î¥¸±μ£μ  ´§ Í  	¥É¥. …¥ £ ³¨²ÓÉμ´μ¢  (¸ ´¥¶·¥·Ò¢-
´Ò³ ¢·¥³¥´¥³) ¢¥·¸¨Ö μ¡¸Ê¦¤ ² ¸Ó ¶μ§¦¥ ¢ [57]. �´  ¸´μ¢  · ¸¸³ É·¨¢ ² ¸Ó
¢ [58], £¤¥ ¸É ¢¨²¸Ö ¸²¥¤ÊÕÐ¨° ¢μ¶·μ¸: ®Š ±μ¢Ò ´ ¨¡μ²¥¥ μ¡Ð¨¥ ¢¥·μÖÉ-
´μ¸É¨ ¶·Ò¦±μ¢, ¤¥² ÕÐ¨¥ ³μ¤¥²Ó ¸ �‚� ¨´É¥£·¨·Ê¥³μ°?¯. „ ²¥¥ ÉμÉ ¦¥
¢μ¶·μ¸ ¡Ò²  ¤·¥¸μ¢ ´ ± ³μ¤¥²¨ ¸ �‚� ¢ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨ [59]. Š ± ¨
· ´¥¥, ³μ¤¥²Ó ¸ ´¥¶·¥·Ò¢´Ò³ ¢·¥³¥´¥³ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ¤¨¸±·¥É´μ° ¢¥·-
¸¨¨ ¢ ¶·¥¤¥²¥ p → 0. ‚ ³μ¤¥²¨ ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³ ¶ · ³¥É·Ò ³μ£ÊÉ
¶·¨´¨³ ÉÓ §´ Î¥´¨Ö ¢ ¤¨ ¶ §μ´¥ |q| < 1, 0 < p < 1, Éμ£¤  ± ± ¢ ¸²ÊÎ ¥ ¸
´¥¶·¥·Ò¢´Ò³ ¢·¥³¥´¥³ q ³μ¦¥É ¡ÒÉÓ ²Õ¡Ò³ ¤¥°¸É¢¨É¥²Ó´Ò³ Î¨¸²μ³. ‚ ¶μ-
¸²¥¤´¥³ ¸²ÊÎ ¥ ¶·¥¤¥² q → ∞ ¸μμÉ¢¥É¸É¢Ê¥É ³μ¤¥²¨ ®¤·μ¶-¶ÊÏ¯, ¢ ±μÉμ·μ°
Î ¸É¨Í  ¶·Ò£ ¥É ¢ ¡²¨¦ °Ï¨° ´¥§ ´ÖÉÒ° Ê§¥² ¶μ¸²¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ · ¸-
¶·¥¤¥²¥´´μ£μ ¢·¥³¥´¨ μ¦¨¤ ´¨Ö, ¨²¨, ÎÉμ Éμ ¦¥ ¸ ³μ¥, ¶μ¤É ²±¨¢ ¥É ¢¸¥Ì
¸μ¸¥¤¥° ¸¶· ¢  ´  μ¤¨´ Ï £ ¢¶¥·¥¤. �μ¸²¥ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨°
�‚�-�‡ ¨ Î ¸É¨ÍÒÄ¤Ò·±¨ q-¡μ§μ´´ Ö ³μ¤¥²Ó ¸ �‚� ¸É ´μ¢¨É¸Ö É ± ´ §Ò¢ -
¥³Ò³ q-���‡, ¢ ±μÉμ·μ³ ϕ(1|n) Å ÔÉμ ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ Î ¸É¨Í , μÉ
±μÉμ·μ° ¡²¨¦ °Ï Ö Î ¸É¨Í  ¸²¥¢  μÉ¸Éμ¨É ´  n ¶Ê¸ÉÒÌ Ê§²μ¢, ¶·Ò£´¥É ¢²¥¢μ
´  μ¤¨´ Ï £. �É  ³μ¤¥²Ó ´¥¤ ¢´μ ¡Ò²  ¶μ²ÊÎ¥´  ± ± ¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° ¶·μ-
Í¥¸¸  Œ ±¤μ´ ²Ó¤  [60] ¨ ¨¸¶μ²Ó§μ¢ ´  ¤²Ö ¨§ÊÎ¥´¨Ö ¶μ¢¥¤¥´¨Ö ¶μ²¨³¥·  ¢
¸²ÊÎ °´μ° ¸·¥¤¥ [61].

…Ð¥ μ¤´  ³μ¤¥²Ó ¸ ´¥¶·¥·Ò¢´Ò³ ¢·¥³¥´¥³ ( ¸¨³³¥É·¨Î´Ò° ² ¢¨´´Ò°
¶·μÍ¥¸¸ (�‹�) [62]) ¶μ²ÊÎ ¥É¸Ö ¢ ¶·¥¤¥²¥ ν → 0 ¶·¨ −1 < q < 0. �μ² £ Ö
1−p = dt → 0 ¨ ¶¥·¥Ìμ¤Ö ¢ ¤¢¨¦ÊÐÊÕ¸Ö ¸¨¸É¥³Ê μÉ¸Î¥É , ´  ± ¦¤μ³ ¢·¥³¥´-
´μ³ Ï £¥ ¸¤¢¨£ ÕÐÊÕ¸Ö ´  Ï £ ¢¶¥·¥¤, ¶μ²ÊÎ ¥³ ³μ¤¥²Ó É¨¶  ��‡, ¢ ±μÉμ·μ°
¶¥·¥Ìμ¤Ò ³¥¦¤Ê ±μ´Ë¨£Ê· Í¨Ö³¨ μ¸ÊÐ¥¸É¢²ÖÕÉ¸Ö ¶μ¸·¥¤¸É¢μ³ ³£´μ¢¥´´ÒÌ
´¥²μ± ²Ó´ÒÌ ² ¢¨´. ‚ ¤¢¨¦ÊÐ¥°¸Ö ¸¨¸É¥³¥ μÉ¸Î¥É  ¤¨´ ³¨±  ¢Ò£²Ö¤¨É ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³. ˆ§ ¶·μ¨§¢μ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ Î ¸É¨Í, ¢ ±μÉμ·μ° ¢ ²Õ¡μ³
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Ê§²¥ ¤μ¶Ê¸± ¥É¸Ö ´¥ ¡μ²¥¥ μ¤´μ° Î ¸É¨ÍÒ, ´¥±μÉμ· Ö Î ¸É¨Í  ¶·Ò£ ¥É ´  Ï £
¢¶¥·¥¤ ¶μ¸²¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ · ¸¶·¥¤¥²¥´´μ£μ ¢·¥³¥´¨ μ¦¨¤ ´¨Ö. …¸²¨ ¢
¸²¥¤ÊÕÐ¥³ Ê§²¥ μ± § ² ¸Ó ¤·Ê£ Ö Î ¸É¨Í , Éμ μ´  ²¨¡μ ¶·¨¸μ¥¤¨´Ö¥É¸Ö ± ¶·¨-
Ï¥¤Ï¥° Î ¸É¨Í¥ ¨ μ´¨ ¢³¥¸É¥ ¤¥² ÕÉ Ï £ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ (1 − [2]q),
²¨¡μ ´¥ ¶·¨¸μ¥¤¨´Ö¥É¸Ö, ¨ Éμ£¤  ¶·¨Ï¥¤Ï Ö Î ¸É¨Í  ¶·Ò£ ¥É ¢¶¥·¥¤ ¢ μ¤¨-
´μÎ±Ê. ’ ± ´ Î¨´ ¥É¸Ö ² ¢¨´ , · §¢¨¢ ÕÐ Ö¸Ö ¢ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨, ¡¥¸-
±μ´¥Î´μ ¡Ò¸É·μ³ ¸ ÉμÎ±¨ §·¥´¨Ö ´¥¶·¥·Ò¢´μ£μ ¶Ê ¸¸μ´μ¢¸±μ£μ ¢·¥³¥´¨. ‚
´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨ ² ¢¨´  § ± ´Î¨¢ ¥É¸Ö ³£´μ¢¥´´μ ¨ ¢Ìμ¤¨É ²¨ÏÓ ¢ ¢¥-
·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤  ³¥¦¤Ê ±μ´Ë¨£Ê· Í¨Ö³¨ ��‡-É¨¶ . ‚ μ¡Ð¥³ ¸²ÊÎ ¥, ¥¸²¨
´  ´¥±μÉμ·μ³ Ï £¥ ² ¢¨´Ò n > 1 Î ¸É¨Í μ± § ²¨¸Ó ¢ μ¤´μ³ Ê§²¥, Éμ ²¨¡μ ¢¸¥
n Î ¸É¨Í ¨¤ÊÉ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ (1 − [n]), ²¨¡μ μ¤´  Î ¸É¨Í  μ¸É ¥É¸Ö,
Éμ£¤  ± ± μ¸É ²Ó´Ò¥ (n−1) ¨¤ÊÉ ¤ ²ÓÏ¥. ’ ±¨³ μ¡· §μ³, ´  ± ¦¤μ³ Ï £¥ Î¨-
¸²μ Î ¸É¨Í ¢ ² ¢¨´¥ ³μ¦¥É ²¨¡μ Ê¢¥²¨Î¨ÉÓ¸Ö ´  ¥¤¨´¨ÍÊ, ²¨¡μ Ê³¥´ÓÏ¨ÉÓ¸Ö
´  ¥¤¨´¨ÍÊ, ²¨¡μ μ¸É ÉÓ¸Ö ´¥¨§³¥´´Ò³. ‹ ¢¨´  § ± ´Î¨¢ ¥É¸Ö, ±μ£¤  μ¤´ 
Î ¸É¨Í  ¨§ ¶ ·Ò ¶μ¶ ¤ ¥É ¢ ´¥§ ´ÖÉÒ° Ê§¥². ˆ´É¥·¥¸ ± ÔÉμ° ³μ¤¥²¨ ¡Ò² ¢Ò-
§¢ ´ Ë §μ¢Ò³ ¶¥·¥Ìμ¤μ³ μÉ ¶·¥·Ò¢¨¸Éμ£μ ± ´¥¶·¥·Ò¢´μ³Ê ¶μÉμ±Ê, ±μÉμ·Ò°
¶·μ¨¸Ìμ¤¨É ¢ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥ ¶·¨ ¶²μÉ´μ¸É¨ Î ¸É¨Í ρc = 1/(1 − q). ‚
¶·¥¤¥²¥ q → 0 ¨§ �‹� ¸´μ¢  ¶μ²ÊÎ ¥É¸Ö ³μ¤¥²Ó ®¤·μ¶-¶ÊÏ¯.

ƒ¥μ³¥É·¨Î¥¸±¨° q-���‡, ν = 0. ‚ · ¡μÉ¥ [63] ¡Ò²¨ ¶·¥¤²μ¦¥´Ò ¤¢ 
μ¡μ¡Ð¥´¨Ö ³μ¤¥²¨ ���‡. ‚ μ¤´μ³ ¨§ ´¨Ì, ´ §¢ ´´μ³ £¥μ³¥É·¨Î¥¸±¨³
q-���‡, Î ¸É¨Í  ¶·Ò£ ¥É ¢¶¥·¥¤ ¢ ²Õ¡μ° ¸¢μ¡μ¤´Ò° Ê§¥², ¶μ ¶ÊÉ¨ ± ±μ-
Éμ·μ³Ê ´¥É § ´ÖÉÒÌ Ê§²μ¢, ¸ ¢¥·μÖÉ´μ¸ÉÓÕ pn,μ(l) ¤²¨´Ò ¶·Ò¦±  l, § ¢¨¸ÖÐ¥°
μÉ · ¸¸ÉμÖ´¨Ö ¤μ ¸²¥¤ÊÕÐ¥£μ § ´ÖÉμ£μ Ê§² , ±μÉμ· Ö ¶μ²ÊÎ ¥É¸Ö ¨§ ϕ(l|n) ¶·¨
ν = 0. �ÉμÉ ¶·μÍ¥¸¸ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ´ Ï¥£μ ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨°
�‚�-�‡ ¨ Î ¸É¨ÍÒÄ¤Ò·±¨. �É³¥É¨³, ÎÉμ ÔÉμÉ ¶·μÍ¥¸¸ ¡Ò² ¶μ²ÊÎ¥´ ¢ [63] ± ±
·¥¤Ê±Í¨Ö ¶·μÍ¥¸¸  Œ ±¤μ´ ²Ó¤ ,   ¨¸¶μ²Ó§μ¢ ´´ Ö É¥Ì´¨±  ¡Ò²  μ£· ´¨Î¥´ 
´  ¸²ÊÎ ° ¸ÉÊ¶¥´Î ÉÒÌ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°. ’ ³ ¦¥ ¡Ò² ¶μ¸É ¢²¥´ ¢μ¶·μ¸ μ
¢μ§³μ¦´μ¸É¨ ¶·¨³¥´¥´¨Ö ± ¤ ´´μ³Ê ¶·μÍ¥¸¸Ê É¥Ì´¨±¨  ´§ Í  	¥É¥, ±μÉμ· Ö
¡Ò ¶μ§¢μ²¨²  · ¸¸³ É·¨¢ ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö. �É¢¥É ´  ÔÉμÉ
¢μ¶·μ¸ ¡Ò² ¤ ´ ¢ · ¡μÉ¥  ¢Éμ·  [42], ¶·¨Î¥³ ¶·¥¤²μ¦¥´´Ò¥ É ³ ¢¥·μÖÉ´μ¸É¨
¶¥·¥¸±μ±μ¢ μ± § ²¨¸Ó ¤ ¦¥ ¡μ²¥¥ μ¡Ð¨³¨, § ¢¨¸ÖÐ¨³¨ μÉ É·¥Ì ¶ · ³¥É·μ¢.

Œμ¦´μ É ±¦¥ · ¸¸³ É·¨¢ ÉÓ ¨ ¤·Ê£¨¥ Î ¸É´Ò¥ ¸²ÊÎ ¨ ´ Ï¥° ³μ¤¥²¨,
¢ ±μÉμ·ÒÌ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤μ¢ ¨³¥ÕÉ ¡μ²¥¥ ¶·μ¸Éμ° ¢¨¤. ‚ÒÏ¥ ¶¥·¥Î¨-
¸²¥´Ò É¥, ÎÉμ μ¶¨¸Ò¢ ²¨¸Ó ¢ ²¨É¥· ÉÊ·¥ · ´¥¥. Š·μ³¥ Éμ£μ, ¡Ò²¨ ¶·¥¤²μ¦¥´Ò
´¥¸±μ²Ó±μ ³μ¤¥²¥° ¸ Î ¸É¨Î´μ  ¸¨³³¥É·¨Î´μ° ¤¨´ ³¨±μ°, É ±¨¥ ± ± ¤¢ÊÌ¶ -
· ³¥É·¨Î¥¸± Ö ³μ¤¥²Ó ¸ ¤²¨´´Ò³¨ ¶·Ò¦± ³¨ [52], ³´μ£μÎ ¸É¨Î´ Ö ¤¨ËËÊ§¨Ö
¸ § ¶·¥É ³¨ [50], ®¶ÊÏ-��‡¯ [64] ¨ �‹� ¸ ¤¢ÊÌ¸Éμ·μ´´¨³¨ ¶·Ò¦± ³¨ [65].
�´¨ ´¥ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ± ± Î ¸É´Ò¥ ¸²ÊÎ ¨ ´ Ï¥° ¶μ²´μ¸ÉÓÕ  ¸¨³³¥-
É·¨Î´μ° ³μ¤¥²¨. �¤´ ±μ, ÊÎ¨ÉÒ¢ Ö μ¡Ð´μ¸ÉÓ ³μ¤¥²¨, ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¥¥
É· ´¸Ë¥·-³ É·¨Í  ³μ¦¥É ¡ÒÉÓ ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥° · §²¨Î´ÒÌ £ ³¨²Ó-
Éμ´¨ ´μ¢, ¢ Éμ³ Î¨¸²¥ ¨ μÉ¢¥Î ÕÐ¨Ì ¶·Ò¦± ³ ¢ μ¡¥ ¸Éμ·μ´Ò (¸³., ´ ¶·¨-
³¥·, [66]).
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’ ±¦¥ ´¥²Ó§Ö ´¥ Ê¶μ³Ö´ÊÉÓ ´¥¸±μ²Ó±μ ¢ ¦´ÒÌ · §¢¨É¨° ¨ μ¡μ¡Ð¥´¨°
´ Ï¥° ³μ¤¥²¨. ‚μ-¶¥·¢ÒÌ, ÔÉμ ¢¥·Ï¨´´Ò¥ ³μ¤¥²¨ ¸ ¢Ò¸Ï¨³¨ ¸¶¨´ ³¨ [67],
Ëμ·³Ê²¨·Ê¥³Ò¥ ¢ É¥·³¨´ Ì ´ ¶· ¢²¥´´ÒÌ ¶ÊÉ¥° ´  ±¢ ¤· É´μ° ·¥Ï¥É±¥, ¢
±μÉμ·ÒÌ Î¨¸²μ ¶ÊÉ¥°, ¶·μÌμ¤ÖÐ¨Ì ¶μ ¢¥·É¨± ²Ó´Ò³ ¨ £μ·¨§μ´É ²Ó´Ò³ ·¥¡-
· ³, μ£· ´¨Î¥´Ò Í¥²Ò³¨ ¶ · ³¥É· ³¨ I ¨ J . ‚¥¸  ¢¥·Ï¨´ ¢ ÔÉμ° ³μ¤¥²¨
¨³¥ÕÉ ¡μ²¥¥ ¸²μ¦´Ò° ¢¨¤, ¡Ê¤ÊÎ¨ ¢Ò· ¦¥´´Ò³¨ Î¥·¥§ q-³´μ£μÎ²¥´Ò � ± ,  
¥¥ É· ´¸Ë¥·-³ É·¨Í  ¶μ²ÊÎ ¥É¸Ö ¸¢¥·É±μ° É· ´¸Ë¥·-³ É·¨ÍÒ ´ Ï¥° ³μ¤¥²¨
¸μ ¸¶¥Í¨ ²Ó´Ò³¨ ¢Ò¡· ´´Ò³¨ ¶ · ³¥É· ³¨ ¸ ¶μ¤μ¡´μ° É· ´¸¶μ´¨·μ¢ ´´μ°
É· ´¸Ë¥·-³ É·¨Í¥°. ‚ μ¡· É´ÊÕ ¸Éμ·μ´Ê É· ´¸Ë¥·-³ É·¨Í  ´ Ï¥° ³μ¤¥²¨
¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶·¨ ´¥±μÉμ·μ³ ¸¶¥Í¨ ²Ó´μ³  ´ ²¨É¨Î¥¸±μ³ ¶·μ¤μ²¦¥´¨¨
¢¥¸μ¢ ¶μ ¶ · ³¥É· ³ I ¨ J . ’ ±¦¥ ³Ò μÉ³¥É¨³ Ê¦¥ Ê¶μ³Ö´ÊÉÊÕ ³μ¤¥²Ó q-• ´
��‡ ¸ ¤¢Ê¸Éμ·μ´´¨³¨ ¶·Ò¦± ³¨ [46] ¨ q-• ´ ¶ÊÏ-���‡ [68].

2. ”“�Š–ˆˆ ƒ�ˆ�� ˆ ���ˆ‡‚�„Ÿ™ˆ… ”“�Š–ˆˆ
‚ Œ�„…‹ˆ ‘ ‚‡�ˆŒ�„…‰‘’‚ˆ…Œ

•μÉÖ § ¤ Î¨, ¶μ¤μ¡´Ò¥ ¢ÒÎ¨¸²¥´¨Õ ËÊ´±Í¨° ƒ·¨´ , É ±¨¥ ± ± ¢ÒÎ¨-
¸²¥´¨¥ ¸É É¸Ê³³ ¢¥·Ï¨´´ÒÌ ³μ¤¥²¥° ´  μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ¸ Ë¨±¸¨·μ-
¢ ´´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨, ·¥Ï ²¨¸Ó ¨ · ´ÓÏ¥, ¶¥·¢Ò° ·¥§Ê²ÓÉ É ¢
±μ´É¥±¸É¥ ¸ÉμÌ ¸É¨Î¥¸±¨Ì ³μ¤¥²¥° ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¡Ò² ¶μ²ÊÎ¥´
˜ÕÉÍ¥³ ¤²Ö ���‡ ¢ ´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨ [69]. 	Ò²μ ¶μ± § ´μ, ÎÉμ ¢ ÔÉμ³
¸²ÊÎ ¥ ËÊ´±Í¨Ö ƒ·¨´  ¨³¥¥É ¤¥É¥·³¨´ ´É´Ò° ¢¨¤. ’ ±μ° ¦¥ ¤¥É¥·³¨´ ´É´Ò°
¢¨¤ ¶·¨μ¡·¥É ¥É ¨ ËÊ´±Í¨Ö ƒ·¨´  ¢ ¸²ÊÎ ¥ ���‡ ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³ ¨
μ¡· É´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³ [37], ´ §Ò¢ ¥³Ò³ É ±¦¥ ¶·μÍ¥¸¸μ³
Ë· £³¥´É Í¨¨ [70]. ‘²¥¤ÊÕÐ¨° Ï £ ¡Ò² ¸¤¥² ´ ¢ [39], £¤¥ ¢¶¥·¢Ò¥ ËÊ´±-
Í¨Ö ƒ·¨´  ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö ¤¥É¥·³¨´ ´Éμ¢ ¡Ò²  ¶μ²ÊÎ¥´  ¤²Ö ¸¨¸É¥³Ò ¸
´¥É·¨¢¨ ²Ó´Ò³ ¸É Í¨μ´ ·´Ò³ ¸μ¸ÉμÖ´¨¥³, ���‡ ¸ ¶ · ²²¥²Ó´Ò³ μ¡´μ¢²¥-
´¨¥³. ‚¶μ¸²¥¤¸É¢¨¨ ÔÉμ ¢ÒÎ¨¸²¥´¨¥ ¡Ò²μ μ¡μ¡Ð¥´μ ¤²Ö ���‡ ¸ μ¡μ¡Ð¥´-
´Ò³ μ¡´μ¢²¥´¨¥³ [71]. ‚¸¥ ÔÉ¨ ¶·¨³¥·Ò ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ± ± Î ¸É´Ò¥
¸²ÊÎ ¨ ¶·¥¤¥²  q → 0 ³μ¤¥²¨, · ¸¸³μÉ·¥´´μ° ¢ÒÏ¥. Š ± ¡Ê¤¥É Ö¸´μ ¤ ²¥¥,
¢ ÔÉμ³ ¸²ÊÎ ¥ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤  μÉ²¨Î ÕÉ¸Ö ¸¶¥Í¨ ²Ó´Ò³ ³ ·±μ¢¸±¨³
¸¢μ°¸É¢μ³: Ô¢μ²ÕÍ¨Ö Î ¸É¨ÍÒ § ¢¨¸¨É Éμ²Ó±μ μÉ Î ¸É¨Í ¸ ³¥´ÓÏ¨³¨ ¨ ´¥
§ ¢¨¸¨É μÉ Î ¸É¨Í ¸ ¡μ²ÓÏ¨³¨ ´μ³¥· ³¨. ’¥Ì´¨Î¥¸±¨ ÔÉμ ¶·¨¢μ¤¨É ± ¸¶¥-
Í¨ ²Ó´μ° Ë ±Éμ·¨§ Í¨¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ Ëμ·³Ê²Ò
§´ Î¨É¥²Ó´μ Ê¶·μÐ ÕÉ¸Ö,   ËÊ´±Í¨¨ ƒ·¨´  ¨³¥ÕÉ ¤¥É¥·³¨´ ´É´Ò° ¢¨¤.

„²Ö ³μ¤¥²¥°, ´¥ μ¡² ¤ ÕÐ¨Ì ÔÉ¨³ ¸¢μ°¸É¢μ³, ÔÉ  § ¤ Î  ¡Ò²  ¢¶¥·¢Ò¥ ·¥-
Ï¥´  ’·¥°¸¨ ¨ “¨¤μ³μ³ ¤²Ö ��‡ ¸ Î ¸É¨Î´μ  ¸¨³³¥É·¨Î´μ° ¤¨´ ³¨±μ° [72].
„²Ö q-¡μ§μ´´μ£μ ¶·μÍ¥¸¸  ¸ �‚� ËÊ´±Í¨Ö ƒ·¨´  ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´  ¢ [73]
± ± ·¥§Ê²ÓÉ É ·¥Ï¥´¨Ö ¡μ²¥¥ μ¡Ð¥° § ¤ Î¨ ¶μ¸É·μ¥´¨Ö É¥μ·¨¨ �² ´Ï¥·¥²Ö
¤²Ö ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ³ ·±μ¢¸±μ£μ £¥´¥· Éμ· . ƒ¨¶μÉ¥§  ¤²Ö ¢¨¤  ËÊ´±-
Í¨¨ ƒ·¨´  ¤²Ö ´ Ï¥° μ¡Ð¥° É·¥Ì¶ · ³¥É·¨Î¥¸±μ° ³μ¤¥²¨ ¡Ò²  ¶·¥¤²μ¦¥´ 
¢ [42],   ¤μ± § ´  ¢ [47], £¤¥ É ±¦¥ ¡Ò²  ¶μ¸É·μ¥´  É¥μ·¨Ö �² ´Ï¥·¥²Ö ¤²Ö
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¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°. �¨¦¥ ³Ò ¸´ Î ²  ¶·μ¨²²Õ¸É·¨·Ê¥³
¨¤¥Õ ¤μ± § É¥²Ó¸É¢  [47] ¤²Ö μ¡Ð¥£μ q,   ¶μÉμ³ μ¡¸Ê¤¨³ Ê¶·μÐ¥´¨¥ ¢ ¸²Ê-
Î ¥ q = 0.

�¡· É¨³¸Ö ± § ¤ Î¥ μ ¶μ¸É·μ¥´¨¨ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¶ÊÉ¥°. �¶¨Ï¥³
Ô¢μ²ÕÍ¨Õ ³ Éμ¦¨¤ ´¨Ö

gt(x; t) = E(g0(x(t); t)|x(0) = x)

ËÊ´±Í¨¨ ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³, ¢§ÖÉÒ³ ¢ ¢¨¤¥ �	,

g0(x; z) = ΨBA
N (x; z),

¸μ£² ¸´μ Ëμ·³Ê²¥ (18), ¨ ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò μ´μ Ê¤μ¢²¥É¢μ·Ö²μ £· ´¨Î´μ³Ê
Ê¸²μ¢¨Õ (22). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μÔËË¨-
Í¨¥´Éμ¢ Aσ:

S(zi, zj) ≡
A...ij...

A...ji...
= −α + βzi + γzizj − zj

α + βzj + γzizj − zi
, (33)

±μÉμ·μ¥ ¶·¨ § ¤ ´¨¨ ´ Î ²Ó´μ£μ Ê¸²μ¢¨Ö Aid = 1 ¤²Ö Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥-
¸É ´μ¢±¨ ¶·¨¢μ¤¨É ± μ¡Ð¥³Ê ¢Ò· ¦¥´¨Õ

Aσ =
∏

1�i<j�N :σj<σi

S(zσi , zσj ). (34)

„²Ö ËÊ´±Í¨¨ S(z1, z2) ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É¥·³¨´  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö, ¶¥-
·¥¤ ÕÐ¨° ¸³Ò¸² ÔÉμ° ¢¥²¨Î¨´Ò ¢ ±μ´É¥±¸É¥ · ¸¸¥Ö´¨Ö Î ¸É¨Í ¢ ±¢ ´Éμ¢μ°
³¥Ì ´¨±¥.

Š²ÕÎ¥¢μ¥ μÉ²¨Î¨¥ ÔÉμ£μ ·¥§Ê²ÓÉ É  μÉ · ¸¸³μÉ·¥´´μ£μ ¢ÒÏ¥ ¸¢μ¡μ¤´μ-
Ë¥·³¨μ´´μ£μ ¸²ÊÎ Ö �	 Å É¥¶¥·Ó Aσ ¥¸ÉÓ ËÊ´±Í¨Ö ¶¥·¥³¥´´ÒÌ z1, . . . , zN .
—Éμ¡Ò ¶·μ¨´É¥·¶·¥É¨·μ¢ ÉÓ gt(x; z) ´  Ö§Ò±¥ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¶ÊÉ¥°,
´Ê¦´μ ¶·¥¢· É¨ÉÓ ¢¸Õ ËÊ´±Í¨Õ ¢ ·Ö¤ ‹μ· ´ . ’ ± Ö ¶·μÍ¥¤Ê·  ¤μ¡ ¢¨É ³´μ-
¦¥¸É¢μ ´μ¢ÒÌ ¶ÊÉ¥° ± Ê¦¥ ¢¢¥¤¥´´Ò³ ¶ÊÉÖ³ ¸ ¶¥·¥¸É ¢²¥´´Ò³¨ ´ Î ² ³¨.
“³´μ¦¥´¨¥ (σz)−x ´  ³μ´μ³Ò ¨§ ²μ· ´μ¢¸±¨Ì · §²μ¦¥´¨° ¤ ¥É ´μ¢Ò¥ ¶ÊÉ¨,
´ Î ²  ±μÉμ·ÒÌ ¸¤¢¨´ÊÉÒ ¶μ μÉ´μÏ¥´¨Õ ± ¨¸Ìμ¤´Ò³. ˆ§ ´¨Ì Ë¨§¨Î¥¸±¨¥,
É. ¥. É¥, ¢ ±μÉμ·ÒÌ ¶μ± § É¥²¨ ¸É¥¶¥´¨ Ê¶μ·Ö¤μÎ¥´Ò ¸μ£² ¸´μ (20), ¡Ê¤ÊÉ ¸μ-
¸É ¢²ÖÉÓ ¨¸±μ³ÊÕ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶ÊÉ¥°.

‡ ³¥É¨³, ÎÉμ ¶·μÍ¥¤Ê·  · §²μ¦¥´¨Ö ³¥·μ³μ·Ë´μ° ËÊ´±Í¨¨ ¢ ·Ö¤ ‹μ· ´ 
´¥μ¤´μ§´ Î´ . �¥§Ê²ÓÉ É μ¶·¥¤¥²Ö¥É¸Ö μ¡² ¸ÉÖ³¨ ¢ ±μ³¶²¥±¸´ÒÌ ¶²μ¸±μ¸ÉÖÌ
¶¥·¥³¥´´ÒÌ z1, . . . , zN , ¢ ±μÉμ·ÒÌ Éμ ¨²¨ ¨´μ¥ · §²μ¦¥´¨¥ ¸Ìμ¤¨É¸Ö. �É ¢¨¤ 
· §²μ¦¥´¨Ö ¢Ò· ¦¥´¨° (34) § ¢¨¸¨É, ± ±¨¥ ¨³¥´´μ ³μ´μ³Ò ¢Ìμ¤ÖÉ ¢ ´ Î ²Ó-
´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¶·μ¨§¢μ¤ÖÐ Ö
ËÊ´±Í¨Ö ± ±μ° ¢¥²¨Î¨´Ò ¶μ²ÊÎ ¥É¸Ö ± ± Ë¨§¨Î¥¸± Ö ¥£μ Î ¸ÉÓ. � ¸¸Ê¦¤¥-
´¨¥ ´¨¦¥ ´Ê¦´μ ¶μ´¨³ ÉÓ ± ± μ¤¨´ ¨§ ·¥Í¥¶Éμ¢ ¶·¥¢· Ð¥´¨Ö · Í¨μ´ ²Ó´ÒÌ
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ËÊ´±Í¨° (33), (34) ¢ ·Ö¤Ò ‹μ· ´ . �μ¸²¥ Éμ£μ ± ± ÔÉμ · §²μ¦¥´¨¥ ¶μ²ÊÎ¥´μ,
³μ¦´μ ¤Ê³ ÉÓ μ ´¥³ ± ± μ Ëμ·³ ²Ó´μ³ ·Ö¤¥, É. ¥. ´ ¡μ·¥ ±μÔËË¨Í¨¥´Éμ¢
· §²μ¦¥´¨Ö. „¥°¸É¢¨É¥²Ó´μ, ¢¥¤Ó Ô¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ gBA

t (x; z) ´  ²Õ¡μ¥ ±μ-
´¥Î´μ¥ Î¨¸²μ ¢·¥³¥´´ÒÌ Ï £μ¢ ¸¢μ¤¨É¸Ö ± Ê³´μ¦¥´¨Õ ´ Î ²Ó´μ° ËÊ´±Í¨¨ ´ 
³´μ£μÎ²¥´. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ²¨´¥°´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ±μÔËË¨Í¨¥´Éμ¢ § -
É· £¨¢ ÕÉ ²¨ÏÓ ±μ´¥Î´μ¥ Î¨¸²μ Î²¥´μ¢ ·Ö¤  ¨, ¸²¥¤μ¢ É¥²Ó´μ, Ìμ·μÏμ μ¶·¥-
¤¥²¥´Ò. �Éμ ¦¥ ¸¶· ¢¥¤²¨¢μ ¨ μÉ´μ¸¨É¥²Ó´μ £· ´¨Î´ÒÌ Ê¸²μ¢¨° (15), ±μÉμ-
·Ò¥ £ · ´É¨·ÊÕÉ, ÎÉμ Ë¨§¨Î¥¸± Ö Î ¸ÉÓ ÔÉμ° ËÊ´±Í¨¨ Ô¢μ²ÕÍ¨μ´¨·Ê¥É ± ±
¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö, μ¶¨¸Ò¢ ÕÐ Ö ¸¨¸É¥³Ê ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶ÊÉ¥°.

„ ²¥¥ ³Ò ¶μ²ÊÎ¨³ · §²μ¦¥´¨¥ gt(x; z), ¢ ±μÉμ·μ³ ¥¤¨´¸É¢¥´´Ò° Ë¨§¨-
Î¥¸±¨° ³μ´μ³ ¡Ê¤¥É ¶·μ¶μ·Í¨μ´ ²¥´ z−x. —Éμ¡Ò ¶·¥¢· É¨ÉÓ S(z1, z2) ¢ ·Ö¤
‹μ· ´ , Ê¤μ¡´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¥¤¸É ¢²¥´¨¥³ (26) ¶ · ³¥É·μ¢ α, β ¨ γ
Î¥·¥§ ν ¨ q ¨ § ¶¨¸ ÉÓ  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥

S(z1, z2) =
q − (z1 − 1)

(z1 − ν)
(z2 − ν)
(z2 − 1)

1 − q
(z1 − 1)
(z1 − ν)

(z2 − ν)
(z2 − 1)

.

� ¸¸³μÉ·¨³ ¸²ÊÎ ° 0 < ν < 1, ÌμÉÖ μ¡Ð¨¥ ¢Ò¢μ¤Ò, ¢¨¤¨³μ, ¸¶· ¢¥¤²¨¢Ò
É ±¦¥ ¨ ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° ν < 1. 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶¥·¥³¥´´Ò¥ z1

¨ z2 ³¥´ÖÕÉ¸Ö ´  μ±·Ê¦´μ¸É¨ |zi − 1| = ε|zi − ν|, £¤¥ ν < ε < 1. �·¨
É ±μ³ ¢Ò¡μ·¥ ³´μ¦¨É¥²Ó ¶·¨ q ¢ §´ ³¥´ É¥²¥ · ¢¥´ ¶μ ³μ¤Ê²Õ ¥¤¨´¨Í¥.
� ³ÖÉÊÖ μ Éμ³, ÎÉμ |q| < 1, · §²μ¦¨³ ¤·μ¡Ó ± ± £¥μ³¥É·¨Î¥¸±ÊÕ ¶·μ£·¥¸¸¨Õ

¶μ ¸É¥¶¥´Ö³ q
(z1 − 1)
(z1 − ν)

(z2 − ν)
(z2 − 1)

, ¶μ¸²¥ Î¥£μ § ³¥É¨³, ÎÉμ, ´¥ ¶·μÌμ¤Ö Î¥·¥§

¶μ²Õ¸  z = 1, ν ÔÉμ£μ μÉ´μÏ¥´¨Ö, ±μ´ÉÊ· ³μ¦´μ ¤¥Ëμ·³¨·μ¢ ÉÓ É ±, ÎÉμ¡Ò
μ´ ´ Ìμ¤¨²¸Ö ¢ ±μ²ÓÍ¥ ν < |z| < 1. ‚ É ±μ³ ±μ²ÓÍ¥ ± ¦¤Ò° Î²¥´ ¶μ²ÊÎ¥´´μ£μ
·Ö¤  ³μ¦´μ · §²μ¦¨ÉÓ ¶μ ´¥μÉ·¨Í É¥²Ó´Ò³ ¸É¥¶¥´Ö³ z−1

1 ¨ z2. ‚ÒÎ¨¸²ÖÖ
¶μÎ²¥´´μ ¶¥·¢ÊÕ ¸Ê³³Ê, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê · §²μ¦¥´¨Õ:

S(z1, z2) =
∑

m,l�0

z−m
1 zl

2sl,m =
q − ν

νq − 1
− z2

(
1 − q2

)
(1 − ν)

(1 − qν)2
−

− 1
z1

(1 − ν)ν
(
1 − q2

)
(1 − νq)2

+
z2

z1

(
1 − q2

)
(1 − ν)2(1 + qν)

(1 − qν)3
+ . . . (35)

�·¨´Í¨¶¨ ²Ó´μ ¢ ¦´Ò° ¤²Ö ¤ ²Ó´¥°Ï¥£μ  ´ ²¨§  ³μ³¥´É Å ´ ²¨Î¨¥ Éμ²Ó±μ
´¥¶μ²μ¦¨É¥²Ó´ÒÌ ¸É¥¶¥´¥° ¶¥·¢μ£μ  ·£Ê³¥´É  ¨ ´¥μÉ·¨Í É¥²Ó´ÒÌ ¸É¥¶¥´¥°
¢Éμ·μ£μ ¢ ÔÉμ³ · §²μ¦¥´¨¨.

„²Ö · ¡μÉÒ ¸ ³´μ£μÎ ¸É¨Î´Ò³¨ ¶·μ¨§¢μ¤ÖÐ¨³¨ ËÊ´±Í¨Ö³¨ É·¥¡Ê¥É¸Ö
É ±¦¥ · ¸¸³ É·¨¢ ÉÓ ¶·μ¨§¢¥¤¥´¨Ö ´¥¸±μ²Ó±¨Ì É ±¨Ì · §²μ¦¥´¨°. ’ ±¨¥ ³ -
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´¨¶Ê²ÖÍ¨¨ ´¥ ¢¶μ²´¥ ¡¥§Ê¶·¥Î´Ò ¸ ÉμÎ±¨ §·¥´¨Ö ³ É¥³ É¨Î¥¸±μ° É¥μ·¨¨ Ëμ·-
³ ²Ó´ÒÌ ·Ö¤μ¢, ¶μ¸±μ²Ó±Ê ·Ö¤Ò ¸μ¤¥·¦ É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ Î²¥´μ¢ ± ± ¸
¶μ²μ¦¨É¥²Ó´Ò³¨, É ± ¨ ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¸É¥¶¥´Ö³¨. ‚ μ¡Ð¥³ ¸²ÊÎ ¥  ²£¥-
¡· ¨Î¥¸±¨¥ μ¶¥· Í¨¨ ¸ É ±¨³¨ ·Ö¤ ³¨ ¸¢μ¤ÖÉ¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ¡¥¸±μ´¥Î´ÒÌ
¸Ê³³ ¶·μ¨§¢¥¤¥´¨° ¨Ì ±μÔËË¨Í¨¥´Éμ¢ ¨ ´¥ ¢¸¥£¤  ±μ··¥±É´μ μ¶·¥¤¥²¥´Ò.
’¥³ ´¥ ³¥´¥¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ·¥§Ê²ÓÉ É μ¤´μ§´ Î¥´, ¢μ§´¨± ÕÐ¨¥ ¡¥¸±μ´¥Î-
´Ò¥ ¸Ê³³Ò ¸Ìμ¤ÖÉ¸Ö ¨ ³μ£ÊÉ ¡ÒÉÓ Ö¢´μ ¢ÒÎ¨¸²¥´Ò. �Éμ ¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ
´ Ï¨ ·Ö¤Ò ¶μ²ÊÎ¥´Ò · §²μ¦¥´¨¥³ ±μ´±·¥É´ÒÌ ËÊ´±Í¨° ¢ μ¡² ¸ÉÖÌ ¨Ì  ´ -
²¨É¨Î´μ¸É¨. �  ÔÉμ³ ¦¥ Ë ±É¥ μ¸´μ¢ ´  ¨ ¢μ§³μ¦´μ¸ÉÓ ¶·¥¤¸É ¢¨ÉÓ ¨Éμ£μ¢μ¥
¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  ¢ ¢¨¤¥ ±μ´ÉÊ·´μ£μ ¨´É¥£· ²  ¢¤μ²Ó ±μ´ÉÊ·μ¢,
· ¸¶μ²μ¦¥´´ÒÌ ¢ ÔÉ¨Ì μ¡² ¸ÉÖÌ. 	μ²¥¥ ¶μ¤·μ¡´Ò°  ´ ²¨§  ´ ²¨É¨Î¥¸±μ°
¸É·Ê±ÉÊ·Ò ¶μ²ÊÎ ¥³ÒÌ ¢Ò· ¦¥´¨° ³μ¦´μ ´ °É¨ ¢ [47], Éμ£¤  ± ± ¢ ´ Ï¥³
¨§²μ¦¥´¨¨ ³Ò ¡Ê¤¥³ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö ¶·¨´Í¨¶μ¢ Ô±μ´μ³¨¨, ¦¥·É¢ÊÖ, £¤¥ ÔÉμ
μ¶· ¢¤ ´´μ, ³ É¥³ É¨Î¥¸±μ° ¸É·μ£μ¸ÉÓÕ. ‚ Î ¸É´μ¸É¨, ¢ § ¢¨¸¨³μ¸É¨ μÉ Ê¤μ¡-
¸É¢  μ¡ μ¤´¨Ì ¨ É¥Ì ¦¥ μ¡Ñ¥±É Ì ³Ò ¡Ê¤¥³ ¤Ê³ ÉÓ Éμ ± ± μ Ëμ·³ ²Ó´ÒÌ ·Ö¤ Ì,
Éμ ± ± μ¡  ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨ÖÌ.

„ ¤¨³ ¨´É¥·¶·¥É Í¨Õ Ë¨§¨Î¥¸±μ° Î ¸É¨ ËÊ´±Í¨¨ gt(x; z) ¨, ¢ Î ¸É´μ-
¸É¨, ¥¥ §´ Î¥´¨Õ g0(x; z) ¢ ´ Î ²Ó´Ò° ³μ³¥´É. ‡ ³¥É¨³, ÎÉμ ¸² £ ¥³μ¥ ¢
ΨBA(x; z), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶¥·¥¸É ´μ¢±¥ ´ Î ² ¶ÊÉ¥° σ, ¤ ¥É¸Ö ³μ´μ³μ³
(σz)−x, Ê³´μ¦¥´´Ò³ ´  ±μÔËË¨Í¨¥´É Aσ , μ ±μÉμ·μ³ ³μ¦´μ ¤Ê³ ÉÓ ± ± μ
¶·μ¨§¢¥¤¥´¨¨ ËÊ´±Í¨° S(zσi , zσj ), § ¶¨¸ ´´ÒÌ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö (35). �·¨
ÔÉμ³ ¶·μ¨§¢¥¤¥´¨¥ (34) Å ÔÉμ ¶·μ¨§¢¥¤¥´¨¥ ¶μ ¨´¢¥·¸¨Ö³ ¶¥·¥¸É ´μ¢±¨ σ:
¢ ´¥³ ¶·¨¸ÊÉ¸É¢ÊÕÉ Éμ²Ó±μ ³´μ¦¨É¥²¨, μÉ¢¥Î ÕÐ¨¥ ¶ · ³ ´μ³¥·μ¢ i < j,
¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´¥´μ ´¥· ¢¥´¸É¢μ σi > σj . „·Ê£¨³¨ ¸²μ¢ ³¨, ¢ μÉ²¨Î¨¥
μÉ ¨¸Ìμ¤´μ£μ ¶μ·Ö¤±  ¢ Ë¨§¨Î¥¸±μ° ±μ´Ë¨£Ê· Í¨¨, £¤¥ ´μ³¥·  Î ¸É¨Í ¢μ§· -
¸É ÕÉ ¸¶· ¢  ´ ²¥¢μ, ¢ É ±¨Ì ¶ · Ì Î ¸É¨Í  ¸ ¡μ²ÓÏ¨³ ´μ³¥·μ³ ´ Ìμ¤¨É¸Ö ¢
Éμ° ¦¥ ¶μ§¨Í¨¨ ¨²¨ ¶· ¢¥¥, Î¥³ Î ¸É¨Í  ¸ ³¥´ÓÏ¨³ ´μ³¥·μ³. ˆ§ ¢¨¤  · §-
²μ¦¥´¨Ö (35) ¢¨¤´μ, ÎÉμ ¤μ³´μ¦¥´¨¥ ³μ´μ³  ´  S(zσi , zσj ) ¶μ·μ¦¤ ¥É ´μ¢Ò¥
³μ´μ³Ò, ¢ ±μÉμ·ÒÌ Î ¸É¨Í  ¸ ´μ³¥·μ³ σi (σj) ²¨¡μ μ¸É ¥É¸Ö ´  ³¥¸É¥, ²¨¡μ
¸³¥Ð ¥É¸Ö ¶· ¢¥¥ (²¥¢¥¥).

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶μ¶·μ¡Ê¥³ ´ °É¨ Ë¨§¨Î¥¸±¨¥ ³μ´μ³Ò ËÊ´±Í¨¨
ΨBA

2 ((x1, x2); (z1, z2)) ¢ ¸²ÊÎ ¥ ¤¢ÊÌ Î ¸É¨Í ´  ·¥Ï¥É±¥. Š·μ³¥ Ë¨§¨Î¥¸±μ£μ
³μ´μ³ , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥¸É ´μ¢±¥, ¢ ¸Ê³³Ê (18) ¢Ìμ-
¤¨É ³μ´μ³, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¥¤¨´¸É¢¥´´μ° ´¥É·¨¢¨ ²Ó´μ° ¶¥·¥¸É ´μ¢±¥ σ =
(21), É· ´¸¶μ§¨Í¨¨, ³¥´ÖÕÐ¥° ³¥¸É ³¨ Î ¸É¨ÍÒ ¢ Ê§² Ì x1 ¨ x2. �Î¥-
¢¨¤´μ, ÎÉμ ¥¸²¨ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ · §´ÒÌ Ê§² Ì, x1 > x2, ¶¥·¥¸É ´μ¢± 
μ¡· Ð ¥É ¨Ì ¶μ·Ö¤μ±, ¶·¥¢· Ð Ö Ë¨§¨Î¥¸±¨° ³μ´μ³ z−x1

1 z−x2
2 ¢ ´¥Ë¨§¨-

Î¥¸±¨° ³μ´μ³ z−x2
1 z−x1

2 . „ ²¥¥, Ê³´μ¦ Ö ¶μ¸²¥¤´¨° ´  S(z2, z1), ¶μ²ÊÎ¨³

¥£μ ¦¥ ¸ ±μÔËË¨Í¨¥´Éμ³ (q − ν)/(νq − 1) ¶²Õ¸ ³μ´μ³Ò z
−(x2−1)
1 z−x1

2 ,

z−x2
1 z

−(x1+1)
2 , z

−(x2−1)
1 z

−(x1+1)
2 ¨ É. ¤. ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ±μÔËË¨Í¨¥´É -

³¨ · §²μ¦¥´¨Ö (35). ’ ±¨³ μ¡· §μ³, Ê³´μ¦¥´¨¥ ´¥Ë¨§¨Î¥¸±μ£μ ³μ´μ³  ´ 
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S(z2, z1) ³μ¦¥É Éμ²Ó±μ Ê¸Ê£Ê¡¨ÉÓ ¸¨ÉÊ Í¨Õ, Ê¢¥²¨Î¨¢ (Ê³¥´ÓÏ¨¢) ¶μ± § É¥²Ó
¸É¥¶¥´¨ z1(z2), É¥³ ¸ ³Ò³ ¸¤¢¨´Ê¢ ¶· ¢ÊÕ (²¥¢ÊÕ) Î ¸É¨ÍÊ ¥Ð¥ ¶· ¢¥¥ (²¥-
¢¥¥), É ± ÎÉμ ¤μ¡ ¢¨¢Ï¨¥¸Ö ³μ´μ³Ò ¡Ê¤ÊÉ ¶μ-¶·¥¦´¥³Ê ´¥Ë¨§¨Î¥¸±¨³¨. ˆ¸-
±²ÕÎ¥´¨¥³ Ö¢²Ö¥É¸Ö ¸²ÊÎ ° x1 = x2 = x, ¢ ±μÉμ·μ³ É· ´¸¶μ§¨Í¨Ö ´¥ ³¥´Ö¥É
³μ´μ³  (z1z2)−x,   ¨§ ³μ´μ³μ¢ · §²μ¦¥´¨Ö S(z2, z1) ²¨ÏÓ ¸¢μ¡μ¤´Ò° Î²¥´
´¥ ´ ·ÊÏ ¥É Ë¨§¨Î¥¸±μ£μ ¶μ·Ö¤±  ¶μ± § É¥²¥° ¸É¥¶¥´¥°. ‚ ·¥§Ê²ÓÉ É¥ ±μÔË-
Ë¨Í¨¥´É ¶·¨ ¥¤¨´¸É¢¥´´μ³ Ë¨§¨Î¥¸±μ³ ³μ´μ³¥ zx ¢ ΨBA

2 ((x1, x2); (z1, z2))
¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

[z−x]ΨBA
2 ((x1, x2); (z1, z2)) = z−x1

1 z−x2
2

(
1 − δx1,x2

q − ν

νq − 1

)
.

�  ÔÉμ³ ¶·¨³¥·¥ ³Ò Ê¢¨¤¥²¨, ÎÉμ ¢ ³μ´μ³ Ì, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¥¸É -
´μ¢± ³ Î ¸É¨Í, ¤μ³´μ¦¥´¨¥ ´   ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¸¤¢¨£ ¥É Î ¸É¨ÍÒ, ¶¥·¥-
³¥¸É¨¢Ï¨¥¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¨´¢¥·¸¨¨ ´ ²¥¢μ (´ ¶· ¢μ), ¥Ð¥
²¥¢¥¥ (¶· ¢¥¥) ¸μμÉ¢¥É¸É¢¥´´μ. „²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  Î ¸É¨Í ¨ ¶¥·¥¸É -
´μ¢μ±, μÉ¢¥Î ÕÐ¨Ì ³´μ¦¥¸É¢¥´´Ò³ ¨´¢¥·¸¨Ö³, μ¤´  ¨ É  ¦¥ Î ¸É¨Í  ³μ¦¥É
¨£· ÉÓ ·μ²Ó ¶· ¢μ° ¨ ²¥¢μ° Î ¸É¨ÍÒ ¢ · §²¨Î´ÒÌ ¨´¢¥·¸¨ÖÌ μ¤´μ¢·¥³¥´´μ.
‚ ÔÉμ³ ¸²ÊÎ ¥ μ´  ¤μ³´μ¦ ¥É¸Ö ´  ´¥¸±μ²Ó±μ  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö, ¢ ±μÉμ·ÒÌ
¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶¥·¥³¥´´ Ö ³μ¦¥É ¡ÒÉÓ ± ± ¶¥·¢Ò³, É ± ¨ ¢Éμ·Ò³  ·£Ê³¥´-
Éμ³,   ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Î ¸É¨Í  ¶μ¸²¥¤μ¢ É¥²Ó´μ ¸¤¢¨£ ¥É¸Ö ± ± ´ ¶· ¢μ, É ±
¨ ´ ²¥¢μ. •μÉÖ μ¡Ð Ö ± ·É¨´  ¤μ¢μ²Ó´μ ¸²μ¦´ , ¸ ³ Ö ¶· ¢ Ö (¸ ³ Ö ²¥¢ Ö) ¨§
¨´¢¥·É¨·μ¢ ´´ÒÌ Î ¸É¨Í ¶μ-¶·¥¦´¥³Ê ¸¤¢¨£ ¥É¸Ö Éμ²Ó±μ ¢ μ¤´Ê ¸Éμ·μ´Ê, ¥Ð¥
¶· ¢¥¥ (²¥¢¥¥) ¸μμÉ¢¥É¸É¢¥´´μ. �μÔÉμ³Ê ¥¸²¨ ¢ ¶¥·¥¸É ´μ¢±¥ ¥¸ÉÓ ÌμÉÓ μ¤´ 
¨´¢¥·¸¨Ö, § É· £¨¢ ÕÐ Ö Î ¸É¨ÍÒ ¢ · §´ÒÌ Ê§² Ì, ¤μ³´μ¦¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥£μ ´¥Ë¨§¨Î¥¸±μ£μ ³μ´μ³  ´   ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¡Ê¤¥É ¶μ·μ¦¤ ÉÓ Éμ²Ó±μ
´¥Ë¨§¨Î¥¸±¨¥ ³μ´μ³Ò. ˆ¸±²ÕÎ¥´¨¥³ Ö¢²ÖÕÉ¸Ö ²¨ÏÓ ¶¥·¥¸É ´μ¢±¨, ³¥´ÖÕ-
Ð¨¥ ¶μ·Ö¤μ± Î ¸É¨Í ¢´ÊÉ·¨ Ê§²μ¢, ´μ ´¥ ¶¥·¥¸É ¢²ÖÕÐ¨¥ Î ¸É¨ÍÒ ³¥¦¤Ê
Ê§² ³¨. �μ Éμ° ¦¥ ¶·¨Î¨´¥ ¸·¥¤¨ ¶μ·μ¦¤ ¥³ÒÌ  ³¶²¨ÉÊ¤ ³¨ · ¸¸¥Ö´¨Ö ¸¤¢¨-
£μ¢ Î ¸É¨Í ¨§ Ê§²  ± Ë¨§¨Î¥¸±¨³ ³μ´μ³ ³ ¶·¨¢μ¤ÖÉ Éμ²Ó±μ É¥, ¸Ê³³ ·´Ò³
·¥§Ê²ÓÉ Éμ³ ±μÉμ·ÒÌ ¡Ê¤¥É ¢μ§¢· Ð¥´¨¥ Î ¸É¨Í ¢ ¨¸Ìμ¤´Ò° Ê§¥². �¥§Ê²ÓÉ É
³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �Ê¸ÉÓ x ¨ y Å ¤¢  Ë¨§¨Î¥¸±¨Ì
´ ¡μ·  ±μμ·¤¨´ É. ’μ£¤ 

[z−y] ΨBA
N (x; z) = δx,yC(x),

É. ¥. ¥¤¨´¸É¢¥´´Ò° Ë¨§¨Î¥¸±¨° ³μ´μ³ ¢ ΨBA
N (x; z) ¶·μ¶μ·Í¨μ´ ²¥´ z−x, £¤¥

C(x) Å ±μÔËË¨Í¨¥´É ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨, § ¢¨¸ÖÐ¨° μÉ x, ±μÉμ·Ò° ¢μ§´¨±
¢ ·¥§Ê²ÓÉ É¥ ¸Ê³³¨·μ¢ ´¨Ö ¶μ ¶¥·¥¸É ´μ¢± ³ Î ¸É¨Í ¢´ÊÉ·¨ Ê§²μ¢.

—Éμ¡Ò ¢ÒÎ¨¸²¨ÉÓ C(x), ¸´ Î ²  § ³¥É¨³, ÎÉμ C(x) = 1 ¤²Ö ±μ´Ë¨£Ê· -
Í¨¨ x = (x1 > . . . > xN ), ¢ ±μÉμ·μ° ¢¸¥ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ · §´ÒÌ Ê§² Ì,
¶μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢¸¥ ¸² £ ¥³Ò¥ ¢ (18), ±·μ³¥ μ¤´μ£μ, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥£μ Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥¸É ´μ¢±¥, ¸μ¤¥·¦ É Éμ²Ó±μ ´¥Ë¨§¨Î¥¸±¨¥ ³μ´μ³Ò.
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„²Ö ¶·μ¨§¢μ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ x ¢¨¤ 

x = (x1 . . . = xn1 > xn1+1 = . . . =
= xn1+...+nk−1 > xn1+...+nk−1+1 . . . = xn1+...+nk

),

¢ ±μÉμ·μ° ¥¸ÉÓ ¢¸¥£μ k § ´ÖÉÒÌ Ê§²μ¢ ¸ n1, . . . , nk Î ¸É¨Í ³¨, ¸Ê³³¨·μ¢ ´¨Ö
¢ (18) ¶μ ¶¥·¥¸É ´μ¢± ³ ¢´ÊÉ·¨ · §´ÒÌ Ê§²μ¢ ´¥§ ¢¨¸¨³Ò. �μÔÉμ³Ê C(x)
Ë ±Éμ·¨§Ê¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ μ¤´μÊ§¥²Ó´ÒÌ ³´μ¦¨É¥²¥°

C(x) =
k∏

i=1

c(ni),

£¤¥ c(n) Å ·¥§Ê²ÓÉ É ¸Ê³³¨·μ¢ ´¨Ö ¶μ ¶¥·¥¸É ´μ¢± ³ n Î ¸É¨Í ¢´ÊÉ·¨ Ê§² .
�μ¸±μ²Ó±Ê ¶¥·¥¸É ´μ¢±¨ ¢´ÊÉ·¨ Ê§²μ¢ ´¥ ³¥´ÖÕÉ ¸μ¡¸É¢¥´´μ Ë¨§¨Î¥¸±μ£μ ³μ-
´μ³ , ¤²Ö ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´É  ¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ ¸¢μ¡μ¤´Ò° Î²¥´
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μ¨§¢¥¤¥´¨°  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö

c(n) = [CT]
∑

σ∈Sn

∏
{1�i<j�n|σj <σi}

S(zσi , zσj ),

£¤¥ [CT]f Å ¸¢μ¡μ¤´Ò° Î²¥´ (constant term), É. ¥. ¸² £ ¥³μ¥ ´Ê²¥¢μ° ¸É¥¶¥´¨,
·Ö¤  f . „²Ö ¢ÒÎ¨¸²¥´¨Ö c(n) ¸´ Î ²  ¶¥·¥¶¨Ï¥³ ¶·μ¨§¢¥¤¥´¨¥ ¶μ¤ ¸Ê³³μ° ¢
¢¨¤¥ ∏

{1�i<j�n|σj <σi}
S(zσi , zσj ) = sgn (σ)

∏
1�i<j�n

uσi − quσj

ui − quj
,

£¤¥ ¤²Ö ±· É±μ¸É¨ ³Ò ¢¢¥²¨ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥

ui =
zi − 1
zi − ν

. (36)

�μ¸±μ²Ó±Ê §´ ³¥´ É¥²Ó ´¥ § ¢¨¸¨É μÉ ¶¥·¥¸É ´μ¢±¨, ¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ
¸Ê³³Ê ¢ Î¨¸²¨É¥²¥:∑

σ∈Sn

sgn (σ)
∏

1�i<j�n

(uσi − quσj ) =
(q; q)n

(1 − q)n

∏
1�i<j�n

(ui − uj).

„²Ö ¤μ± § É¥²Ó¸É¢  ÔÉμ£μ · ¢¥´¸É¢  § ³¥É¨³, ÎÉμ ·¥§Ê²ÓÉ É ¸Ê³³¨·μ¢ ´¨Ö ¡Ê-
¤¥É μ¤´μ·μ¤´Ò³ ³´μ£μÎ²¥´μ³ ¸É¥¶¥´¨ n(n−1)/2,  ´É¨¸¨³³¥É·¨Î´Ò³ ¶μ ¢¸¥³
n ¶¥·¥³¥´´Ò³. ‘ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡Ð¥£μ ³´μ¦¨É¥²Ö ¥¤¨´¸É¢¥´´Ò° É ±μ° ³´μ-
£μÎ²¥´ Å ÔÉμ Δ(u) =

∏
1�i<j�n

(ui − uj). �¡Ð¨° ³´μ¦¨É¥²Ó ³μ¦´μ ´ °É¨,

¢ÒÎ¨¸²¨¢ ³´μ¦¨É¥²Ó ¶·¨ ²Õ¡μ³ ³μ´μ³¥, ´ ¶·¨³¥· ¶·¨ un−1
1 un−2

2 · · ·un−1.
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� ¸±·Ò¢ Ö ¸±μ¡±¨ ¢ ± ¦¤μ³ ¸² £ ¥³μ³, ´ Ìμ¤¨³ ±μÔËË¨Í¨¥´ÉÒ ¶·¨ É ±¨Ì
³μ´μ³ Ì, ¤ ÕÐ¨¥¸Ö ¶·μ¨§¢¥¤¥´¨Ö³¨ n(n − 1)/2 ¸μ³´μ¦¨É¥²¥°, ± ¦¤Ò° ¨§
±μÉμ·ÒÌ ²¨¡μ ¥¤¨´¨Í , ²¨¡μ −q, ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, ¶¥·¢μ¥ ¨²¨ ¢Éμ·μ¥
¸² £ ¥³μ¥ ¨§ ¤ ´´μ° ¸±μ¡±¨ ¢μÏ²μ ¢ ¶·μ¨§¢¥¤¥´¨¥. � ¶·¨³¥· ¢ ¸² £ ¥³μ³,
¸μμÉ¢¥É¸É¢ÊÕÐ¥³ Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥¸É ´μ¢±¥, ¢ ³μ´μ³ un−1

1 un−2
2 · · ·un−1

¢Ìμ¤ÖÉ Éμ²Ó±μ ¶¥·¢Ò¥ ¸² £ ¥³Ò¥, É ± ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ±μÔËË¨Í¨¥´É · -
¢¥´ ¥¤¨´¨Í¥. „²Ö ´¥Éμ¦¤¥¸É¢¥´´μ° ¶¥·¥¸É ´μ¢±¨ ¶·¥¤¸É ¢¨³ ¶¥·¥¸É ´μ¢±Ê
± ± ¸¶¨¸μ± ¨´¢¥·¸¨°. Š ¦¤ Ö ¨´¢¥·¸¨Ö § ³¥´Ö¥É ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¨§ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥° ¸±μ¡±¨ ´  ¢Éμ·μ¥ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¥¤¨´¨ÍÊ ¢ ¶·μ¨§¢¥¤¥´¨¨
´  −q. ’ ±¨³ μ¡· §μ³, ¢ ¸² £ ¥³μ³, μÉ¢¥Î ÕÐ¥³ ¶¥·¥¸É ´μ¢±¥ σ, ±μÔËË¨-
Í¨¥´É ¶·¨ § ¤ ´´μ³ ³μ´μ³¥ ¡Ê¤¥É · ¢¥´ (−q)#inv (σ), £¤¥ #inv (σ) Å Î¨¸²μ
¨´¢¥·¸¨° ¢ σ. ‡ ³¥Î Ö, ÎÉμ §´ ± ÔÉμ£μ ±μÔËË¨Í¨¥´É  ±μ³¶¥´¸¨·Ê¥É §´ ±
sgn (σ) ¢ ¸Ê³³¥ ¶μ ¶¥·¥¸É ´μ¢± ³, ³Ò μ¡´ ·Ê¦¨¢ ¥³, ÎÉμ ¨¸±μ³Ò° ±μÔËË¨-
Í¨¥´É ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö Î¨¸²  ¨´¢¥·¸¨°, ±μÉμ· Ö
Ö¢´μ ¢ÒÎ¨¸²Ö¥É¸Ö ¢ ¢¨¤¥ q-Ë ±Éμ·¨ ²  [74]∑

σ∈Sn

q#inv (σ) =
(q; q)n

(1 − q)n
.

’¥¶¥·Ó ¢ ¨¸Ìμ¤´ÒÌ ¶¥·¥³¥´´ÒÌ ´ Ï  § ¤ Î  ¸¢μ¤¨É¸Ö ± ´ Ìμ¦¤¥´¨Õ ¸¢μ¡μ¤-
´μ£μ Î²¥´  · §²μ¦¥´¨Ö ¶·μ¸Éμ° · Í¨μ´ ²Ó´μ° ËÊ´±Í¨¨

c(n) =
(q; q)n

(1 − q)n
[CT]

∏
1�i<j�n

1 − (zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

1 − q
(zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

. (37)

	Ê¤¥³ ¢ÒÎ¨¸²ÖÉÓ ¥£μ Ï £ §  Ï £μ³. ‘´ Î ²  ¢ÒÎ¨¸²¨³ Î ¸ÉÓ · §²μ¦¥´¨Ö ¸ ´Ê-
²¥¢μ° ¸É¥¶¥´ÓÕ zn, ¶μÉμ³ ¥¥ Î ¸ÉÓ ¸ ´Ê²¥¢μ° ¸É¥¶¥´ÓÕ zn−1 ¨ É. ¤. ‘μ£² ¸´μ
·¥Í¥¶ÉÊ · §²μ¦¥´¨Ö, ¸Ëμ·³Ê²¨·μ¢ ´´μ³Ê ¢ÒÏ¥, ¶¥·¥³¥´´ Ö zn ¢Ìμ¤¨É ¢ ¶· -
¢ÊÕ Î ¸ÉÓ (37) Éμ²Ó±μ ¢ ³¥´ÓÏ¨Ì ¨²¨ · ¢´ÒÌ ´Ê²Õ ¸É¥¶¥´ÖÌ. �μÔÉμ³Ê Î²¥´
¸ ´Ê²¥¢μ° ¸É¥¶¥´ÓÕ zn ¤ ¥É¸Ö ¶·¥¤¥²μ³ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¶·¨ zn → ∞

c(n) =
(q; q)n

(1 − q)n
[CT]

n−1∏
k=1

1 − ν

1 − νq

1

1 − zk
(1 − q)
(1 − νq)

×

×
∏

1�i<j�n−1

1 − (zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

1 − q
(zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

. (38)

’¥¶¥·Ó ¢μ ¢Éμ·μ³ ¶·μ¨§¢¥¤¥´¨¨ ¢ ¶· ¢μ° Î ¸É¨ zn−1 ¶μÖ¢²Ö¥É¸Ö Éμ²Ó±μ ¢
³¥´ÓÏ¨Ì ¨²¨ · ¢´ÒÌ ´Ê²Õ ¸É¥¶¥´ÖÌ. �¤´ ±μ, É ± ± ± |(1 − q)/(1 − νq)| < 1,
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¸μ³´μ¦¨É¥²¨ ¶¥·¢μ£μ ¶·μ¨§¢¥¤¥´¨Ö · ¸±² ¤Ò¢ ÕÉ¸Ö ¶μ ¶μ²μ¦¨É¥²Ó´Ò³ ¸É¥-
¶¥´Ö³ zk ¶·¨ |zk| < 1. „²Ö ´ Ìμ¦¤¥´¨Ö ¸¢μ¡μ¤´μ£μ μÉ zn−1 Î²¥´  ´Ê¦´μ
¶¥·¥³´μ¦¨ÉÓ ¤¢  É ±¨Ì ·Ö¤ . �·μ¸Éμ° ¢¨¤ ¶¥·¢μ£μ ¸μ³´μ¦¨É¥²Ö ¶μ§¢μ²Ö¥É
¶·μ¢¥¸É¨ ÔÉμ ¢ÒÎ¨¸²¥´¨¥ Ö¢´μ. �·¨ ÔÉμ³ ³Ò ¨¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¥¥ ¶·μ¸Éμ¥

¸²¥¤¸É¢¨¥ ¨´É¥£· ²Ó´μ° Ëμ·³Ê²Ò ŠμÏ¨. �Ê¸ÉÓ f(z) =
∞∑

k=0

z−kfk Å ·Ö¤ ¶μ

´¥¶μ²μ¦¨É¥²Ó´Ò³ ¸É¥¶¥´Ö³,  ¡¸μ²ÕÉ´μ ¸Ìμ¤ÖÐ¨°¸Ö ¶·¨ |z| > 1/a − ε ¶·¨
´¥±μÉμ·ÒÌ a, ε > 0. ’μ£¤ 

[CT]
1

1 − az
f(z) = [CT]

∞∑
k=0

fkz−k
∞∑

l=0

(az)l =
∞∑
l=0

fla
l = f(1/a).

’ ±¨³ μ¡· §μ³, ¢ÒÎ¨¸²¥´¨¥ ¸¢μ¡μ¤´μ£μ μÉ zn−1 Î²¥´  ¸¢μ¤¨É¸Ö ± § ³¥´¥
zn−1→(1 − νq)/(1 − q) ¢ (38) ¨²¨, Ô±¢¨¢ ²¥´É´μ, (zn−1 − 1)/(zn−1 − ν)→q:

c(n) =
(q; q)n

(1 − q)n

1 − ν

1 − νq
[CT]

n−2∏
k=1

1 − ν

1 − νq2

1

1 − zk
(1 − q2)
(1 − νq2)

×

×
∏

1�i<j�n−2

1 − (zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

1 − q
(zi − ν)
(zi − 1)

(zj − 1)
(zj − ν)

.

�μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ¨³¥¥É ¢¨¤, ¶μ¤μ¡´Ò° (38), ¸ ÉμÎ´μ¸ÉÓÕ ¤μ § ³¥´Ò
q → q2 ¢ ¶¥·¢μ³ ¶·μ¨§¢¥¤¥´¨¨, ÎÉμ ¶μ§¢μ²Ö¥É ¨É¥· É¨¢´μ ¶μ¢Éμ·ÖÉÓ § ³¥´Ê
(zn−k − 1)/(zn−k − ν) → qk, k = 2, 3, . . . , ÎÉμ ¶·¨¢μ¤¨É ± μ±μ´Î É¥²Ó´μ³Ê
·¥§Ê²ÓÉ ÉÊ

c(n) =
(q; q)n

(ν; q)n

(
1 − ν

1 − q

)n

.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¶μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ μ¤´μÊ§¥²Ó´Ò¥
¸É Í¨μ´ ·´Ò¥ ¢¥¸ 

c(n) =
f(1)n

f(n)
,

  μ¡Ð¨° ±μÔËË¨Í¨¥´É μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²¥´ ¸É Í¨μ´ ·´μ³Ê ¢¥¸Ê ±μ´Ë¨-
£Ê· Í¨¨ Î ¸É¨Í

C(x) = f−1
st (x) = f(1)N

∏
i∈L

f−1(ni),

´μ·³¨·μ¢ ´´μ³Ê É ±, ÎÉμ¡Ò ¢¥¸ É¥Ì ±μ´Ë¨£Ê· Í¨°, ¢ ±μÉμ·ÒÌ ¢¸¥ Î ¸É¨ÍÒ
´ Ìμ¤ÖÉ¸Ö ¢ · §´ÒÌ Ê§² Ì, ¡Ò² · ¢¥´ ¥¤¨´¨Í¥.
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‚¸¶μ³¨´ Ö μ¡¸Ê¦¤¥´¨¥ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¢ ´ Î ²¥ · §¤¥² , ³Ò § -
±²ÕÎ ¥³, ÎÉμ ´ Ï  ËÊ´±Í¨Ö, ¸É ·ÉÊÕÐ Ö ¸ ´ Î ²Ó´μ£μ Ê¸²μ¢¨Ö

g0(x; z) = ΨN (x; z) = z−xf−1
st (x) + (non-phys.),

£¤¥ ¢ (non-phys.) ¸μ¡· ´Ò ´¥Ë¨§¨Î¥¸±¨¥ ³μ´μ³Ò, Ô¢μ²ÕÍ¨μ´¨·ÊÖ ± ± ¸¢μ¡μ¤-
´ Ö, ¶·¨Ìμ¤¨É ± ¢Ò· ¦¥´¨Õ

gt(x; z) = Λt
n(z) g0(x; z) = Eg0(x(t)|z) = E

z−x(t)

fst(x(t))
+ (non-phys.), (39)

Ë¨§¨Î¥¸±μ° Î ¸ÉÓÕ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö μÉ´μÏ¥´¨Ö ¢¥-
·μÖÉ´μ¸É¨ ±μ´Ë¨£Ê· Í¨° Î ¸É¨Í ± ¨Ì ¸É Í¨μ´ ·´μ³Ê ¢¥¸Ê fst(x(t)). ‘μμÉ¢¥É-
¸É¢¥´´μ ËÊ´±Í¨Ö ƒ·¨´  ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Gt(x;x0) = fst(x)[z−x] Λt
N(z)ΨBA(x0; z) =

= fst(x)
∮

· · ·
∮

Λt
N (z)ΨBA

N (x0; z) zxDz, (40)

±μÉμ·μ¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ³´μ£μ±· É´μ£μ ±μ´ÉÊ·´μ£μ ¨´É¥£· ²  ¶μ
μ±·Ê¦´μ¸ÉÖ³ ¸ Í¥´É·μ³ ¢ ´ Î ²¥ ±μμ·¤¨´ É ¨ · ¤¨Ê¸μ³ ν < |z| < 1, £¤¥ ¶μ¤

³¥·μ° ¨´É¥£·¨·μ¢ ´¨Ö ³Ò ¶μ´¨³ ¥³ Dz =
N∏

i=1

dzi/(2πizi).

„¥É¥·³¨´ ´É´Ò¥ Ëμ·³Ê²Ò ¨ μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ƒ·¨´ . Šμ£¤  q = 0,
¶μ²ÊÎ¥´´Ò¥ Ëμ·³Ê²Ò ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  ¶·¨μ¡·¥É ÕÉ ¶·μ¸Éμ° ¤¥É¥·³¨´ ´É-
´Ò° ¢¨¤. �·¨Î¨´  ÔÉμ£μ Å ¸¶¥Í¨ ²Ó´Ò° Ë ±Éμ·¨§μ¢ ´´Ò° ¢¨¤  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö

S(z1, z2) = −h(z1)
h(z2)

,

£¤¥

h(z) =
z − 1
z − ν

.

	² £μ¤ ·Ö É ±μ° Ë ±Éμ·¨§ Í¨¨ ³´μ£μ±· É´Ò¥ ¨´É¥£· ²Ò μÉ ± ¦¤μ£μ ¸² £ ¥-
³μ£μ ¢ ΨBA(x0; z) ¢ ¶· ¢μ° Î ¸É¨ (40) · ¸Í¥¶²ÖÕÉ¸Ö, · ¸¶ ¤ Ö¸Ó ¢ ¶·μ¨§¢¥¤¥-
´¨¥ μ¤´μ±· É´ÒÌ ¨´É¥£· ²μ¢, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ËÊ´±Í¨Ö ƒ·¨´  ¶·¥¢· Ð ¥É¸Ö
¢ μÉ´μÏ¥´¨¥

Gt(x;x0) =
det{Fi−j(xi − x0

j , t)}0�i,j�N

det{Fi−j(xi − xj , 0)}0�i,j�N
(41)
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¤¥É¥·³¨´ ´Éμ¢ ³ É·¨Í N ×N . ˆÌ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ § ¤ ÕÉ¸Ö ¢ É¥·³¨´ Ì
ËÊ´±Í¨¨

Fn(x, t) =
1

2πi

∮
Γ0,ν

(h(z))−nΛt(z)zx−1dz =

=
1

2πi

∮
Γ0

(1 − uμ)t(1 − uν)x−t−1

un(1 − u)x+1
du =

=
(1 − ν)(x − 1)n

n!
F1(−n;−t, t − x + 1; 2 − x − n; μ, ν), (42)

μ¶·¥¤¥²Ö¥³μ° Î¥·¥§ ±μ´ÉÊ·´Ò° ¨´É¥£· ² μÉ · Í¨μ´ ²Ó´μ° ËÊ´±Í¨¨. ‚ ¶¥·¢μ°
¸É·μÎ±¥ ÔÉμ° Ëμ·³Ê²Ò ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¨§¢μ¤¨É¸Ö ¶μ ±μ´ÉÊ·Ê, μÌ¢ ÉÒ¢ -
ÕÐ¥³Ê μ¸μ¡¥´´μ¸É¨ z = 0, ν. �μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ u = h(z) ÔÉμÉ
¨´É¥£· ² ¶·¨¢μ¤¨É¸Ö ± ¨´É¥£· ²Ê ¢μ ¢Éμ·μ° ¸É·μÎ±¥ ¶μ ±μ´ÉÊ·Ê ¢μ±·Ê£ z = 0,
±μÉμ·Ò° Ö¢´μ ¢ÒÎ¨¸²Ö¥É¸Ö ¢ ¢¨¤¥ μ¡·Ò¢ ÕÐ¥£μ¸Ö ·Ö¤  ¤²Ö £¨¶¥·£¥μ³¥É·¨-
Î¥¸±μ° ËÊ´±Í¨¨ �¶¶¥²Ö F1(−n; β, β′; γ; x, y) ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ.

„μ ¸¨Ì ¶μ· ³Ò ¨´É¥·¥¸μ¢ ²¨¸Ó ¢¥·μÖÉ´μ¸ÉÖ³¨ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ±μ´Ë¨£Ê-
· Í¨Ö³¨ Î ¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. �¤´ ±μ, ¤Ê³ Ö μ ËÊ´±-
Í¨¨ ƒ·¨´  ± ± μ ¸É É¸Ê³³¥ ´ ¶· ¢²¥´´ÒÌ ¶ÊÉ¥° ´  ·¥Ï¥É±¥, ³μ¦´μ μ¡μ¡Ð¨ÉÓ
¶μ²ÊÎ¥´´Ò¥ Ëμ·³Ê²Ò ´  ¶¥·¥Ìμ¤Ò, ¢ ±μÉμ·ÒÌ ´ Î ²Ó´Ò¥ ¨ ±μ´¥Î´Ò¥ ¢¥·-
Ï¨´Ò ¶ÊÉ¥° μ¡· §ÊÕÉ ¡μ²¥¥ ¸²μ¦´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ³´μ¦¥¸É¢ .
’ ± Ö ¶μ¸É ´μ¢±  § ¤ Î¨ ¢¶¥·¢Ò¥ ¢μ§´¨±²  ¢ · ¡μÉ¥ [37] ¨ ¢¶μ¸²¥¤¸É¢¨¨ ¡Ò² 
¨¸¶μ²Ó§μ¢ ´  ¢ · ¡μÉ Ì [40, 41] ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°
Éμ±μ¢ ¨ μ¡μ¡Ð¥´´ÒÌ ¢¥·μÖÉ´μ¸É¥° ¢ÒÌμ¤  É· ¥±Éμ·¨° Î ¸É¨Í ¨§ § ¤ ´´ÒÌ
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ μ¡² ¸É¥° ¢ ���‡ ¸ μ¡· É´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³
μ¡´μ¢²¥´¨¥³ (q = ν = 0). �¨¦¥ ³Ò ±· É±μ ¨§²μ¦¨³ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ. „¥É ²¨
¢Ò¢μ¤  ³μ¦´μ ´ °É¨ ¢ · ¡μÉ Ì [37,40,41].

�¶·¥¤¥²¨³ ³´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ N -ÉμÎ¥Î´ÒÌ ±μ´Ë¨£Ê· Í¨° ´  ¶·μ-
¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ·¥Ï¥É±¥

DN = {(x, t) : x = (x1 � . . . � xN ), t = (t1 � . . . � tN )}. (43)

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ÉμÎ±¨ É ±¨Ì ±μ´Ë¨£Ê· Í¨° ³μ¦´μ · ¸¶μ²μ¦¨ÉÓ ´  ²μ³ ´μ°
²¨´¨¨, ¶·Ö³Ò¥ ÊÎ ¸É±¨ ±μÉμ·μ° ¶·μÌμ¤ÖÉ ¶μ ¢¥·É¨± ²Ó´Ò³ ¨ £μ·¨§μ´É ²Ó´Ò³
·¥¡· ³ ·¥Ï¥É±¨ ¸¶· ¢  ´ ²¥¢μ ¨ ¸¢¥·ÌÊ ¢´¨§:

B = {b(τ) = (x, t) ∈ Z
2 : b(τ + 1) = (x − 1, t) ¨²¨ b(τ + 1) = (x, t + 1)}τ∈Z.

Œ´μ¦¥¸É¢μ ÉμÎ¥± ±¢ ¤· É´μ° ·¥Ï¥É±¨, ²¥¦ Ð¨Ì ´  É ±μ° ²¨´¨¨, ¡Ê¤¥³ ´ §Ò-
¢ ÉÓ £· ´¨Í¥°. ‚ É ±μ³ ¸²ÊÎ ¥ ¡Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ±μ´Ë¨£Ê· Í¨Ö (x, t) ²¥¦¨É
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´  £· ´¨Í¥ B, ¨ § ¶¨¸Ò¢ ÉÓ (x, t) ⊂ B ∗. �·μ¸É¥°Ï¨³¨ ¶·¨³¥· ³¨ £· ´¨Í
Ö¢²ÖÕÉ¸Ö ¶μ¤³´μ¦¥¸É¢  ¢¥·Ï¨´ ·¥Ï¥É±¨, ²¥¦ Ð¨¥ ´  £μ·¨§μ´É ²Ó´μ° ¨²¨
¢¥·É¨± ²Ó´μ° ¶·Ö³μ°, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ³´μ¦¥¸É¢ ³ ¸ Ë¨±¸¨·μ¢ ´´μ° ¶·μ-
¸É· ´¸É¢¥´´μ° b(τ) = (x, τ) ¨ ¢·¥³¥´´μ° b(τ) = (−τ, t), τ ∈ Z, ±μμ·¤¨-
´ É ³¨.

’ ±¦¥ ¡Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ±μ´Ë¨£Ê· Í¨Ö (x, t) ∈ DN ¶·¥¤Ï¥¸É¢Ê¥É ±μ´-
Ë¨£Ê· Í¨¨ (x′, t′) ∈ DN , ¨ μ¡μ§´ Î ÉÓ (x, t) � (x′, t′), ¥¸²¨ ÉμÎ±¨ (x, t)
²¥¦ É ²¨¡μ (´¥¸É·μ£μ) ¢ÒÏ¥, ²¨¡μ (´¥¸É·μ£μ) ²¥¢¥¥ ÉμÎ¥± (x′, t′), É. ¥. ¤²Ö
¢¸¥Ì i = 1, . . . , N ¢Ò¶μ²´¥´μ ÌμÉÖ ¡Ò μ¤´μ ¨§ ´¥· ¢¥´¸É¢ xi � x′

i, ti � t′i.
�μ¤μ¡´Ò³ μ¡· §μ³ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ Éμ ¦¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μ´Ë¨£Ê· Í¨¨
(x, t) ∈ DN ¨ £· ´¨ÍÒ B ¨²¨ ¤²Ö ¤¢ÊÌ £· ´¨Í B ¨ B′: ¢ ¶¥·¢μ³ ¸²ÊÎ ¥ § -
¶¨¸Ó (x, t) � B μ§´ Î ¥É, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (x, t) � (x′, t′) ¢Ò¶μ²´¥´μ ¤²Ö
²Õ¡μ° ±μ´Ë¨£Ê· Í¨¨ (x′, t′) ⊂ B,   ¢μ ¢Éμ·μ³, B � B′, ÎÉμ ÔÉμ ¢¥·´μ ¤²Ö
²Õ¡μ° ¶ ·Ò ±μ´Ë¨£Ê· Í¨° (x, t) ⊂ B ¨ (x′, t′) ⊂ B′, ²¥¦ Ð¨Ì ´  £· ´¨Í Ì
¸μμÉ¢¥É¸É¢¥´´μ.

�μ  ´ ²μ£¨¨ ¸ ËÊ´±Í¨¥° ƒ·¨´  Gt(x|x0), μ¶¨¸Ò¢ ÕÐ¥° ¢¥·μÖÉ´μ¸ÉÓ ±μ´-
Ë¨£Ê· Í¨¨ Î ¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò° ³μ³¥´É ¢·¥³¥´¨, ³μ¦´μ ¤²Ö ²Õ¡μ° ¶ ·Ò
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μ´Ë¨£Ê· Í¨° (x0, t0), (x, t) ∈ DN μ¶·¥¤¥²¨ÉÓ
μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ ƒ·¨´  G((x, t)|(x0 , t0)) ± ± ¸É É¸Ê³³Ê ¢§ ¨³μ¤¥°¸É¢Ê-
ÕÐ¨Ì ¶ÊÉ¥°, ¶μ¶ ·´μ ¸μ¥¤¨´ÖÕÐ¨Ì ÉμÎ±¨ ÔÉ¨Ì ±μ´Ë¨£Ê· Í¨°. �± §Ò¢ ¥É¸Ö,
¢ ¸²ÊÎ ¥ q = ν = 0 ¤²Ö ¶ ·Ò ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μ´Ë¨£Ê· Í¨°
(x0, t) � (x, t′) É ± Ö ¸É É¸Ê³³  É ±¦¥ ¨³¥¥É ¤¥É¥·³¨´ ´É´Ò° ¢¨¤

G((x, t)|(x0, t0)) = det {Fi−j(xi − x0
j , ti − t0j)}0�i,j�N , (44)

£¤¥ ËÊ´±Í¨Ö Fn(x, t), ¢¢¥¤¥´´ Ö ¢ (42), ¤μ²¦´  ¡ÒÉÓ ¤μμ¶·¥¤¥²¥´  ¤²Ö μÉ·¨-
Í É¥²Ó´ÒÌ ¢·¥³¥´

Fn(x, t) = 0, t < 0. (45)

�É  Ëμ·³Ê²  ¤ ¥É ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ Î ¸É¨ÍÒ, ´ Î ¢Ï¨¥ ¡²Ê¦¤ ÉÓ ¢ Ê§² Ì
(x0

1, . . . , x
0
N ) ¢ ³μ³¥´ÉÒ (t01, . . . , t

0
N ) ¨ ¶·Ò£ ÕÐ¨¥ ¢¶¥·¥¤ ¶μ ¶· ¢¨² ³ ���‡

¸ μ¡· É´Ò³ ¶μÎ ¸É¨Î´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢²¥´¨¥³ ∗∗, μ± ¦ÊÉ¸Ö ¢ Ê§-
² Ì (x1, . . . , xN ) ± ³μ³¥´É ³ (t1, . . . , tN ) ¸μμÉ¢¥É¸É¢¥´´μ. �·¨ ÔÉμ³, ¶· ¢¤ ,
¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¥¸²¨ ´¥±μÉμ· Ö Î ¸É¨Í  (¸ ´μ³¥·μ³ i) ¢Ò¡Ò²  ¨§ Ô¢μ-
²ÕÍ¨¨ ¢ ³μ³¥´É ti, Éμ, ´ Î¨´ Ö ¸ ÔÉμ£μ ³μ³¥´É , É. ¥. ¶·¨ t � ti, μ¸É ¢Ï¨¥¸Ö
Î ¸É¨ÍÒ ¸ ´μ³¥· ³¨ j > i ¤¢¨¦ÊÉ¸Ö ± ± ¸¨¸É¥³  (N − i) Î ¸É¨Í, ´¨Î¥£μ ´¥

∗‘É·μ£μ £μ¢μ·Ö, §´ ± ⊂, μ¡μ§´ Î ÕÐ¨° ¶μ¤³´μ¦¥¸É¢μ, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¨¸¶μ²Ó§μ¢ ´ ´¥
¸μ¢¸¥³ ±μ··¥±É´μ, ¶μ¸±μ²Ó±Ê ÉμÎ±¨ ¢ (x, t) ³μ£ÊÉ ¸μ¢¶ ¤ ÉÓ. ’¥³ ´¥ ³¥´¥¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ
¥£μ ¤²Ö μ¡μ§´ Î¥´¨Ö Éμ£μ Ë ±É , ÎÉμ ¢¸¥ ÉμÎ±¨ (x, t) ²¥¦ É ´  £· ´¨Í¥ B.

∗∗’μ ¥¸ÉÓ Î ¸É¨Í  ³μ¦¥É ¶·Ò£´ÊÉÓ ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p, ²¨¡μ ¥¸²¨ ¢ ¤ ´´Ò° ³μ³¥´É
¢ Éμ³ ¦¥ Ê§²¥ ´¥É Î ¸É¨Í ¸ ³¥´ÓÏ¨³¨ ´μ³¥· ³¨, ²¨¡μ ¥¸²¨ ¢¸¥ É ±¨¥ Î ¸É¨ÍÒ É ±¦¥ ·¥Ï¨²¨
¶·Ò£ ÉÓ.
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�¨¸. 3. �¥·¥Ìμ¤ ¨§ ´ Î ²Ó´μ° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ±μ´Ë¨£Ê· Í¨¨ ((x0
1, t

0
1),

(x0
2, t

0
2), (x

0
3, t

0
3)) ¢ ±μ´¥Î´ÊÕ ±μ´Ë¨£Ê· Í¨Õ ((x1, t1), (x2, t2), (x3, t3)) ´  £· ´¨Í¥ B,

¨§μ¡· ¦¥´´μ° Î¥·´μ° ²μ³ ´μ° ²¨´¨¥°, ¶·μÌμ¤ÖÐ¥° ¶μ ·¥Ï¥É±¥ ¸ ¸¥¢¥·μ-¢μ¸Éμ±  ´ 
Õ£μ-§ ¶ ¤. � ¸¸³μÉ·¥´Ò ¸μ¡ÒÉ¨Ö, ¢ ±μÉμ·ÒÌ Î ¸É¨ÍÒ ¤¥² ÕÉ μ¡Ö§ É¥²Ó´Ò° Ï £ ¢¶¥·¥¤
(¶μ± § ´ ÏÉ·¨Ìμ¢μ° ²¨´¨¥°) ¨§ ¢¥·Ï¨´ ´  ¢¥·É¨± ²Ó´ÒÌ ÊÎ ¸É± Ì £· ´¨ÍÒ

§´ ÕÐ¨Ì μ ¢Ò¡Ò¢Ï¨Ì Î ¸É¨Í Ì. „·Ê£¨³¨ ¸²μ¢ ³¨, ¥¸²¨ ¸²¥¤ÊÕÐ Ö Î ¸É¨Í 
μ± ¦¥É¸Ö ¢ Ê§²¥ xi ¢ ³μ³¥´É t � ti, Éμ ¤²Ö ´¥¥ ¢¥·μÖÉ´μ¸É¨ ¢Ò¶·Ò£´ÊÉÓ ¨§
Ê§²  ¨²¨ μ¸É ÉÓ¸Ö ¢ Ê§²¥ ¡Ê¤ÊÉ · ¢´Ò p ¨ (1 − p) ¸μμÉ¢¥É¸É¢¥´´μ, ¡¥§μÉ´μ-
¸¨É¥²Ó´μ ± Éμ³Ê Ë ±ÉÊ, ÎÉμ ¢ ÔÉμ³ Ê§²¥ ¶·¨¸ÊÉ¸É¢μ¢ ²  ¢Ò¡Ò¢Ï Ö Î ¸É¨Í .
�Éμ³Ê Ê¸²μ¢¨Õ ³μ¦´μ Ê¤μ¢²¥É¢μ·¨ÉÓ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³, ¥¸²¨ ¶μÉ·¥¡μ-
¢ ÉÓ, ÎÉμ¡Ò ¢Ò¡Ò¢ ÕÐ Ö Î ¸É¨Í  ¢Ò¶·Ò£¨¢ ²  ¨§ Ê§²  ¢ ¸²¥¤ÊÕÐ¨° Ê§¥² ¢
³μ³¥´É ¢Ò¡Ò¢ ´¨Ö. ‘ ÊÎ¥Éμ³ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ£μ Ê¶μ·Ö¤μÎ¥´¨Ö ±μ-
´¥Î´ÒÌ ±μμ·¤¨´ É Î ¸É¨Í É ±μ¥ Ê¸²μ¢¨¥ μ¡¥¸¶¥Î¨¢ ¥É μÉ¸ÊÉ¸É¢¨¥ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í¥° ¸ ´μ³¥·μ³ i ¸ Î ¸É¨Í ³¨ ¸ ´μ³¥· ³¨ j > i ¢ ³μ³¥´ÉÒ
¢·¥³¥´¨ tj � t � ti.

“¤μ¡´μ ¶¥·¥Ëμ·³Ê²¨·μ¢ ÉÓ Ê¸²μ¢¨Ö ¢Ò¡Ò¢ ´¨Ö Î ¸É¨Í ¢ É¥·³¨´ Ì ¶¥-
·¥Ìμ¤  Î¥·¥§ § ¤ ´´ÊÕ £· ´¨ÍÊ (·¨¸. 3). �Î¥¢¨¤´μ, ¤²Ö ²Õ¡μ° £· ´¨ÍÒ B
¨ ±μ´Ë¨£Ê· Í¨¨ (x0, t0) ∈ DN É ±μ°, ÎÉμ (x0, t0) � B, Î ¸É¨ÍÒ ¢Ò°¤ÊÉ
§  ¶·¥¤¥²Ò ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° μ¡² ¸É¨, μ£· ´¨Î¥´´μ° £· ´¨Í¥° B,
¸ ¢¥·μÖÉ´μ¸ÉÓÕ ¥¤¨´¨Í . ‚¢¥¤¥³ ¢¥·μÖÉ´μ¸ÉÓ GB((x, t)|(x0 , t0)) ±μ´Ë¨£Ê· -
Í¨¨ (x, t) ∈ B ¶μ§¨Í¨°, Î¥·¥§ ±μÉμ·Ò¥ Î ¸É¨ÍÒ ¶μ±¨´ÊÉ ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´ÊÕ μ¡² ¸ÉÓ {(x, t) � B}, μ£· ´¨Î¥´´ÊÕ £· ´¨Í¥° B. “¸²μ¢¨Ö ¢Ò-
¡Ò¢ ´¨Ö Î ¸É¨Í ¶·¨ É ±μ° Ëμ·³Ê²¨·μ¢±¥ μ§´ Î ÕÉ ¸²¥¤ÊÕÐ¥¥. �·¨ ÊÌμ¤¥
¸ £· ´¨ÍÒ Î¥·¥§ ÉμÎ±Ê b(τ) = (x, t), ¨§ ±μÉμ·μ° £· ´¨Í  ¶·μ¤μ²¦ ¥É¸Ö ¢´¨§,
b(τ +1) = (x, t+1), Î ¸É¨Í  μ¡Ö§ ´  ¸¤¥² ÉÓ ¶·Ò¦μ± ¢¶¥·¥¤ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p,
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Éμ£¤  ± ± Î¥·¥§ £μ·¨§μ´É ²Ó´Ò° ÊÎ ¸Éμ± £· ´¨ÍÒ, b(τ + 1) = (x − 1, t), μ¡ 
¢μ§³μ¦´ÒÌ ¨¸Ìμ¤  ¸ μ¡Ð¥° ¢¥·μÖÉ´μ¸ÉÓÕ 1 ¶·¨¢μ¤ÖÉ ± ÊÌμ¤Ê ¸ £· ´¨ÍÒ. ’ -
±¨³ μ¡· §μ³, ¨¸±μ³ Ö ¢¥·μÖÉ´μ¸ÉÓ ¢ÒÌμ¤  §  £· ´¨ÍÊ Î¥·¥§ ±μ´Ë¨£Ê· Í¨Õ
b = (x, t) ¨³¥¥É ¢¨¤

GB(b|b0) ≡ πB(b)G(b|b0), (46)

£¤¥ πB(b) =
N∏

i=1

πB(bi), bi = (xi, ti) ¨

πB(b(i)) =

{
p, ¥¸²¨ b(i + 1) = (x, t + 1),
1, ¥¸²¨ b(i + 1) = (x + 1, t).

�¤´¨³ ¨§ ¶μ²¥§´ÒÌ ¸¢μ°¸É¢ É ±¨³ μ¡· §μ³ μ¶·¥¤¥²¥´´μ° ËÊ´±Í¨¨ ƒ·¨´ 
Ö¢²Ö¥É¸Ö ³ ·±μ¢¸±μ¥ ¸¢μ°¸É¢μ, μ¡μ¡Ð ÕÐ¥¥ ³ ·±μ¢¸±μ¥ ¸¢μ°¸É¢μ μ¡ÒÎ´ÒÌ
ËÊ´±Í¨° ƒ·¨´ : ¸¢¥·É±  ¤¢ÊÌ ËÊ´±Í¨° ƒ·¨´  ¤ ¥É ¸´μ¢  ËÊ´±Í¨Õ ƒ·¨´ .
„·Ê£¨³¨ ¸²μ¢ ³¨, ¥¸²¨ § ¤ ´Ò ¤¢¥ £· ´¨ÍÒ B′ � B ¨ ¤¢¥ ±μ´Ë¨£Ê· Í¨¨
b0 � B′ ¨ b ⊂ B, Éμ ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ

GB(b|b0) =
∑

b′∈DN :b′⊂B′

GB′
(b|b′)GB(b′

+|b0), (47)

£¤¥

(b′+)i =

{
b′i, ¥¸²¨ πB(b′i) = 1,

b′i + (1, 1), ¥¸²¨ πB(b′i) = p.

‚ § ±²ÕÎ¥´¨¥ § ³¥É¨³, ÎÉμ μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ƒ·¨´  ¶μ§¢μ²Ö¥É ¨§ÊÎ ÉÓ
¸É É¨¸É¨±Ê ¸μ¡ÒÉ¨°, ¶·μ¨¸Ìμ¤ÖÐ¨Ì ´¥ Éμ²Ó±μ ¢ · §´ÒÌ ÉμÎ± Ì ¶·μ¸É· ´¸É¢ ,
´μ ¨ ¢ · §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨.

3. „…’…�Œˆ���’�›‰ ���–…‘‘
ˆ Š���…‹Ÿ–ˆ���›… ”“�Š–ˆˆ

•μÉÖ ¶μ²ÊÎ¥´´Ò¥ Ëμ·³Ê²Ò ¤²Ö ËÊ´±Í¨° ƒ·¨´  ¤ ÕÉ ÉμÎ´Ò¥ ¢¥·μÖÉ´μ¸É¨
N -Î ¸É¨Î´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μ´Ë¨£Ê· Í¨°, μ´¨ ¸μ¤¥·¦ É ³´μ-
¦¥¸É¢μ ¨§¡ÒÉμÎ´μ° ¨´Ëμ·³ Í¨¨ ¤²Ö μ¶¨¸ ´¨Ö Ë¨§¨±¨ ¶·μ¨¸Ìμ¤ÖÐ¨Ì Ö¢²¥-
´¨°. ‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö ¡μ²¥¥ ¨´Ëμ·³ É¨¢´Ò³ Ö¢²Ö²μ¸Ó ¡Ò μ¶¨¸ ´¨¥ ¶μ¢¥-
¤¥´¨Ö μÉ¤¥²Ó´ÒÌ Î ¸É¨Í, ¢ ¸¨ÉÊ Í¨¨, ±μ£¤  μ¡Ð¥¥ Î¨¸²μ Î ¸É¨Í ´  ·¥Ï¥É±¥
μÎ¥´Ó ¢¥²¨±μ. ‚ · ¡μÉ Ì [75Ä78] ¡Ò² · §· ¡μÉ ´ ³¥Éμ¤ ¢ÒÎ¨¸²¥´¨Ö ³´μ£μ-
ÉμÎ¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶μ²μ¦¥´¨° ¶·μ¨§¢μ²Ó-
´μ£μ Î¨¸²  Î ¸É¨Í ¢ ¸¨¸É¥³ Ì ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ Î ¸É¨Í, μ¸´μ¢ ´´Ò°
´  É¥μ·¨¨ ¤¥É¥·³¨´ ´É´ÒÌ ¶·μÍ¥¸¸μ¢. ‡¤¥¸Ó ³Ò ±· É±μ ¨§²μ¦¨³ ·¥§Ê²ÓÉ ÉÒ,
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¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ Ì [40,41], μ ¢ÒÎ¨¸²¥´¨¨ É ±¨Ì · ¸¶·¥¤¥²¥´¨° ¤²Ö ´ ¨¡μ-
²¥¥ μ¡Ð¨Ì ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ μ¡² ¸É¥°, ¸ÊÐ¥¸É¢¥´´μ ¨¸¶μ²Ó§ÊÕÐ¨¥
¶μ´ÖÉ¨Ö £· ´¨Í ¨ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ƒ·¨´ .

� Î´¥³ ¸ · ¸¸³μÉ·¥´¨Ö ¸¨¸É¥³Ò ¸ ±μ´¥Î´Ò³ Î¨¸²μ³ Î ¸É¨Í N , ÎÉμ¡Ò
¢¶μ¸²¥¤¸É¢¨¨ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê N → ∞. „²Ö ¢Ò¢μ¤  · ¸¶·¥¤¥²¥´¨Ö ¶μ²μ¦¥-
´¨Ö μ¤´μ° Î ¸É¨ÍÒ ´Ê¦´μ ¸μ¢³¥¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ²μ¦¥´¨° ¢¸¥Ì Î ¸É¨Í,
§ ¤ ¢ ¥³μ¥ ËÊ´±Í¨¥° ƒ·¨´  ¢ ¸²ÊÎ ¥ Ë¨±¸¨·μ¢ ´´μ° ´ Î ²Ó´μ° ±μ´Ë¨£Ê-
· Í¨¨, ¶·μ¸Ê³³¨·μ¢ ÉÓ ¶μ ¢μ§³μ¦´Ò³ ¶μ²μ¦¥´¨Ö³ ¢¸¥Ì μ¸É ²Ó´ÒÌ Î ¸É¨Í.
�μ¤μ¡´μ¥ ¸Ê³³¨·μ¢ ´¨¥, ¶·μ¢¥¤¥´´μ¥ ¢ · ¡μÉ Ì [70,79], ¶μ§¢μ²¨²μ ¶·¨°É¨ ±
 ´ ²μ£Ê Ëμ·³Ê², ¶μ²ÊÎ¥´´ÒÌ · ´¥¥ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¸É É¨¸É¨±¨ ¤¨ £· ³³

´£  ¨ ´¥Ê¡Ò¢ ÕÐ¨Ì ¶μ¤¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¥° ¢ μ¡μ¡Ð¥´´ÒÌ ¶¥·¥¸É ´μ¢-
± Ì [14]. �¤´ ±μ ¡μ²¥¥ ÔËË¥±É¨¢´Ò³ μ± §Ò¢ ¥É¸Ö ¤·Ê£μ° ¶μ¤Ìμ¤ Å ¶·¥¤-
¸É ¢¨ÉÓ ËÊ´±Í¨Õ ƒ·¨´  ± ± Î ¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ Ëμ·³ ²Ó´μ£μ · ¸¶·¥¤¥-
²¥´¨Ö ¡μ²ÓÏ¥£μ Î¨¸²  ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, ±μÉμ·μ¥, ¡Ê¤ÊÎ¨ ¤¥É¥·³¨´ ´É´Ò³
ÉμÎ¥Î´Ò³ ¶·μÍ¥¸¸μ³, ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢ÒÎ¨¸²ÖÉÓ ¸· §Ê ¢¸¥ ³´μ£μÉμÎ¥Î´Ò¥
±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨.

„²Ö ÔÉμ£μ § ³¥É¨³ ¸´ Î ² , ÎÉμ ¥¸²¨ § ¤ ´  ´¥±μÉμ· Ö £· ´¨Í  B, Éμ ¢¸¥ ¥¥
¢¥·Ï¨´Ò b = (x, t) ∈ B ³μ¦´μ ¶ · ³¥É·¨§μ¢ ÉÓ μ¤´¨³ ¶ · ³¥É·μ³ τ = t− x,
¶·μ¡¥£ ÕÐ¨³ ³´μ¦¥¸É¢μ Í¥²ÒÌ Î¨¸¥² Z. ’μ£¤  N -ÉμÎ¥Î´ Ö ±μ´Ë¨£Ê· Í¨Ö
b ∈ DN , ²¥¦ Ð Ö ´  £· ´¨Í¥, b ⊂ B, § ¤ ¥É¸Ö N -±μ³¶μ´¥´É´Ò³ ´ ¡μ·μ³
Í¥²ÒÌ Î¨¸¥² τ = (τ1 � . . . � τN ) É ±¨Ì, ÎÉμ bi = (x(τi), t(τi)),   μ ËÊ´±Í¨¨
ƒ·¨´  (46) ³μ¦´μ ¤Ê³ ÉÓ ± ± μ · ¸¶·¥¤¥²¥´¨¨ ¢¥·μÖÉ´μ¸É¥° É ±¨Ì ´ ¡μ·μ¢.

�± §Ò¢ ¥É¸Ö, ÎÉμ ÔÉμ · ¸¶·¥¤¥²¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Î¥·¥§ · ¸¶·¥¤¥²¥-
´¨¥ ÉμÎ¥Î´ÒÌ ±μ´Ë¨£Ê· Í¨° ´  É ± ´ §Ò¢ ¥³μ° N -£· ´¨Í¥ B = (B1, . . . ,BN),
Ö¢²ÖÕÐ¥°¸Ö ¤¨§ÑÕ´±É´Ò³ μ¡Ñ¥¤¨´¥´¨¥³ N ±μ¶¨° ¨¸Ìμ¤´μ° £· ´¨ÍÒ B, ¨²¨,
ÎÉμ Éμ ¦¥ ¸ ³μ¥, ´  ¶μ¤³´μ¦¥¸É¢ Ì Z × {1, . . . , N}. � ¸¸³μÉ·¨³ §´ ±μ¶¥·¥-
³¥´´ÊÕ ³¥·Ê ¢¨¤ 

M(T ) =
1

ZN

N−1∏
n=0

det [φn(τn
i , τn+1

j )]n+1
i,j=1 det [ΨN

N−i(τ
N
j )]Ni,j=1, (48)

±μÉμ· Ö ¶·¨¸¢ ¨¢ ¥É ¢¥·μÖÉ´μ¸É¨ ÉμÎ¥Î´Ò³ ³´μ¦¥¸É¢ ³

T =
⊔

1�n�N

{τn
n < τn

n−1 < . . . < τn
1 } ⊂ Z�τ0 × {1, . . . , N}. (49)

‡¤¥¸Ó ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ËÊ´±Í¨¨

φn(z, y) =
{

πBn+1(bn+1(y)), y � z,
0, y < z

(50)

¤²Ö Í¥²ÒÌ Î¨¸¥² x, y ∈ Z�τ0 , ¶ · ³¥É·¨§ÊÕÐ¨Ì ÉμÎ±¨ bk(y) ∈ Bk, k =
1, . . . , N , ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ¶¨ÖÌ £· ´¨ÍÒ B ¨ ËÊ´±Í¨¨

ΨN
k (τ) = (−1)kF̃−k(bN (τ) − b0

N−k), (51)
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μ¶·¥¤¥²Ö¥³Ò¥ ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ (42) ¶·¨ ²Õ¡ÒÌ Í¥²ÒÌ §´ Î¥-
´¨ÖÌ ¶ · ³¥É·  t ∈ Z, ¢ μÉ²¨Î¨¥ μÉ ¨¸Ìμ¤´ÒÌ ËÊ´±Í¨° Fn(x, t), ¸μ¢¶ ¤ Õ-
Ð¨Ì ¸ F̃n(x, t) ¶·¨ t � 0 ¨ · ¢´ÒÌ ´Ê²Õ ¶·¨ t < 0. —¨¸²  τ j

i ¶·¨´¨³ ÕÉ
Í¥²Ò¥ §´ Î¥´¨Ö, μ£· ´¨Î¥´´Ò¥ ¸´¨§Ê Í¥²Ò³ Î¨¸²μ³ τ0, ¢Ò¡· ´´Ò³ É ±, ÎÉμ
ΨN

k (τ0) = 0. ‚ É¥·³¨´ Ì £· ´¨ÍÒ B Î¨¸²μ τ0 Å ÔÉμ É ±μ° ´μ³¥· Ê§² 
(b(τ0)) £· ´¨ÍÒ, ÎÉμ ¢¸¥ Ê§²Ò ¸ ³¥´ÓÏ¨³¨ ´μ³¥· ³¨ ´¥¤μ¸É¨¦¨³Ò Î ¸É¨-
Í ³¨, ¡Ê¤ÊÎ¨ · ¸¶μ²μ¦¥´Ò ²¨¡μ ¸²¨Ï±μ³ ¤ ²¥±μ μÉ ´ Î ²Ó´μ£μ ¶μ²μ¦¥´¨Ö ¢
¶·μ¸É· ´¸É¢¥, ²¨¡μ · ´ÓÏ¥, Î¥³ ¢·¥³Ö μÉ¶· ¢²¥´¨Ö. �μ ¶μ¸É·μ¥´¨Õ £· ´¨ÍÒ
É ±μ¥ §´ Î¥´¨¥ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É. ZN Å ´μ·³¨·μ¢μÎ´ Ö ±μ´¸É ´É .

—¨¸²  τn
i , i = 1, . . . , n, μÉμ¡· ¦ ÕÉ¸Ö ¢ ¶μ²μ¦¥´¨Ö bn(τn

i ) ´  Bn. �μ-
ÔÉμ³Ê ³¥·  ´  ÉμÎ¥Î´ÒÌ ¶μ¤³´μ¦¥¸É¢ Ì N -£· ´¨ÍÒ B μ¶·¥¤¥²Ö¥É¸Ö ± ± μ¡· §
M(T ) ¶μ¤ ¤¥°¸É¢¨¥³ ÔÉμ£μ μÉμ¡· ¦¥´¨Ö. Šμμ·¤¨´ ÉÒ ´  ·¥Ï¥É±¥ bn(τn

j ),
1 � j � n � N , ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±μμ·¤¨´ ÉÒ ¢¸¶μ³μ£ É¥²Ó´ÒÌ
Î ¸É¨Í, ´Ê³¥·Ê¥³ÒÌ ¨´¤¥±¸μ³ j, ¦¨¢ÊÐ¨Ì ´  £· ´¨Í¥ Bn. Š·μ³¥ Éμ£μ, ³Ò
¢¢¥²¨ Ë¨±É¨¢´ÊÕ ¶¥·¥³¥´´ÊÕ τn−1

n , 1 � n � N , ¸ Ë¨±¸¨·μ¢ ´´Ò³ §´ Î¥´¨¥³
τn−1
n = τ0. „²Ö ²Õ¡μ£μ §´ Î¥´¨Ö τ j

i ∈ Z�τ0 ¢Ò¶μ²´¥´μ ¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢μ:

φn(τn
n+1, τ

n+1
j ) ≡ πBn+1(bn+1(τn+1

j )), j = 1, . . . , n + 1. (52)

—Éμ¡Ò ¸¢Ö§ ÉÓ ËÊ´±Í¨Õ ƒ·¨´  GB(b|b0) (46) ¸ ³¥·μ° M(T ) (48), Ëμ·-
³Ê²Ò (44), (46) ¶¥·¥¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò

GB(b|b0) =
∑
A

∏
1�i�n�N

πBn (bn(τn
i )) × (−1)

N(N−1)
2 ×

× det [F̃−N+1+i(bN (τN
j+1) − b0

N−i)]
N−1
i,j=0 (53)

¶μ ³´μ¦¥¸É¢Ê

A = {τ j
i ∈ Z�τ0 , 2 � i � j � N |τ j

i � τ j−1
i , τ j

i > τ j+1
i+1 }.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¸Ê³³Ò ¢ ± ¦¤μ° ¸É·μ±¥ ³ É·¨ÍÒ ¶μ¤ §´ ±μ³ μ¶·¥¤¥²¨É¥²Ö ³Ò
§ ³¥Î ¥³, ÎÉμ ËÊ´±Í¨¨ F̃n(x, t) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³¨
¸³¥¦´μ¸É¨:

F̃n(x, t) = F̃n+1(x − 1, t) − F̃n+1(x, t), (54)

pF̃n(x, t) = F̃n+1(x, t + 1) − F̃n+1(x, t), (55)

±μÉμ·Ò¥ ¢ É¥·³¨´ Ì ±μμ·¤¨´ É ´  £· ´¨Í Ì ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ± ± μ¤´μ
¸μμÉ´μÏ¥´¨¥:

πB(b(τ))F̃n(b(τ)) = F̃n+1(b(τ + 1)) − F̃n+1(b(τ)). (56)

ˆ¸¶μ²Ó§ÊÖ ÔÉμ ¸μμÉ´μÏ¥´¨¥, ³Ò ¢¨¤¨³, ÎÉμ ± ¦¤μ¥ ¸Ê³³¨·μ¢ ´¨¥ Ê³¥´ÓÏ ¥É
´  ¥¤¨´¨ÍÊ ´¨¦´¨° ¨´¤¥±¸ ¢ ËÊ´±Í¨ÖÌ F̃n,   £· ´¨Î´Ò¥ Î²¥´Ò ¸μ±· Ð ÕÉ¸Ö
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¸ ¸μ¸¥¤´¥° ¸É·μ±μ° ¢μ ¢¸¥Ì ¸Ê³³¨·μ¢ ´¨ÖÌ, ±·μ³¥ ¸ ³μ£μ ¶μ¸²¥¤´¥£μ, ¢ ±μ-
Éμ·μ³ £· ´¨Î´Ò¥ Î²¥´Ò § ´Ê²ÖÕÉ¸Ö ¢ ¸¨²Ê ¢Ò¡μ·  τ0. �μ¸²¥¤´¨° Ï £ Å
Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¸Ê³³¨·μ¢ ´¨¥ ¢ (53) ³μ¦´μ · ¸¶·μ¸É· ´¨ÉÓ ´  ¡μ²ÓÏ¥¥ ³´μ-
¦¥¸É¢μ

Ã = {τ j
i ∈ Z�τ0 , 2 � i � j � N |τ j

i < τ j
i−1},

¶μÉ·¥¡μ¢ ¢, ÎÉμ¡Ò ¸² £ ¥³Ò¥ ¸μ¢¶ ¤ ²¨ ¸μ ¸² £ ¥³Ò³¨ ¢ (53) ¢ A
⋂

Ã ¨ § ´Ê-
²Ö²¨¸Ó ¢ Ã\A. �Éμ É·¥¡μ¢ ´¨¥ ¨ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ μ¶·¥¤¥²¨É¥-
²¥° ¢ (48). ‚ ¨Éμ£¥ ÊÉ¢¥·¦¤¥´¨¥ μ ¸¢Ö§¨ ËÊ´±Í¨¨ ƒ·¨´  ¨ ³¥·Ò M(T ) ¨³¥¥É
¢¨¤

GB(b|b0) = M
(

N⋃
k=1

{τk
1 = τk}

)
.

Š²ÕÎ¥¢μ¥ ÊÉ¢¥·¦¤¥´¨¥, ±μÉμ·μ¥ ¤¥² ¥É ¶¥·¥Ìμ¤ ± ³¥·¥ M(T ) § ³¥Î -
É¥²Ó´μ ÔËË¥±É¨¢´Ò³, Å ´ ¡²Õ¤¥´¨¥, ÎÉμ ³¥·  M(T ) ¤¥É¥·³¨´ ´É´ . �Éμ
μ§´ Î ¥É, ÎÉμ n-ÉμÎ¥Î´ Ö ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö

ρn(a1, . . . , an) = M ((a1, . . . , an) ⊂ T ),

μ¶·¥¤¥²Ö¥³ Ö ± ± ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ ¢ ¸²ÊÎ °´μ° ÉμÎ¥Î´μ° ±μ´Ë¨£Ê· Í¨¨
T ¶·¨¸ÊÉ¸É¢Ê¥É ¶μ¤³´μ¦¥¸É¢μ a = (a1, . . . , an) ¤²Ö ²Õ¡μ£μ n ∈ N, ¤ ¥É¸Ö
¤¥É¥·³¨´ ´Éμ³ ³ É·¨ÍÒ n × n

ρn(a1, . . . , an) = det {K(ai, aj)}1�i,j�n, (57)

³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±μÉμ·μ° ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¥¤¨´¸É¢¥´´ÊÕ ËÊ´±Í¨Õ
K(a, a′) ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ ´  Ã × Ã, ´ §Ò¢ ¥³ÊÕ ±μ··¥²ÖÍ¨μ´´Ò³ Ö¤·μ³.

ˆ´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¢¥·μÖÉ´μ¸É¨, Ì · ±É¥·¨§ÊÕÐ¨¥ ¶·μ¨¸Ìμ¤ÖÐ¥¥ ¢
§ ¤ ´´ÒÌ ¶μ¤³´μ¦¥¸É¢ Ì Ã. �·μ¸É¥°Ï¥° ¨§ É ±¨Ì ¢¥·μÖÉ´μ¸É¥° Ö¢²Ö¥É¸Ö
¢¥·μÖÉ´μ¸ÉÓ ¶Ê¸ÉμÉÒ, É. ¥. ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ ¢ ¸²ÊÎ °´μ° ÉμÎ¥Î´μ° ±μ´-
Ë¨£Ê· Í¨¨ T ´¥ ¸μ¤¥·¦¨É¸Ö ÉμÎ¥± ³´μ¦¥¸É¢  A′ ⊂ Ã. ’ ± Ö ¢¥·μÖÉ´μ¸ÉÓ
³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¸ ¶μ³μÐÓÕ ¶·¨´Í¨¶ 
¢±²ÕÎ¥´¨Ö ¨¸±²ÕÎ¥´¨Ö

M
(
A′
⋂

T = ∅
)

= 1 −
∑

ai∈A′

ρ1(a1) +
∑

a1 �=a2∈A′

ρ2(a1, a2)−

−
∑

a1 �=a2 �=a3∈A′

ρ2(a1, a2) + . . .

�μ¤¸É ¢¨¢ ¢³¥¸Éμ ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¨Ì ¤¥É¥·³¨´ ´É´Ò° ¢¨¤ (57),
§ ³¥É¨³, ÎÉμ ¡¥¸±μ´¥Î´ Ö ¸Ê³³  ¸¢μ· Î¨¢ ¥É¸Ö ¢ ¤¥É¥·³¨´ ´É ”·¥¤£μ²Ó³ 
μ¶¥· Éμ·  ¸ Ö¤·μ³ K(x, y), ¤¥°¸É¢ÊÕÐ¥£μ ´  ËÊ´±Í¨¨ ´  A′,

M
(
A′
⋂

T = ∅
)

= det (1 − K)l2(A′). (58)



504 ��‚�‹�–Šˆ‰ �.Œ.

“É¢¥·¦¤¥´¨¥ μ ¤¥É¥·³¨´ ´É´μ¸É¨ ³¥·Ò M(T ) ¨§¢¥¸É´μ ± ± É¥μ·¥³ 
�°´ ·¤ ÄŒ¥ÉÒ [30]. …£μ ³μ¦´μ μ¡μ¸´μ¢ ÉÓ, ¨¸¶μ²Ó§ÊÖ  ·£Ê³¥´ÉÒ, μ¸´μ¢ ´-
´Ò¥ ´  É¥μ·¥³¥ 1, ±μÉμ·Ò¥ É ±¦¥ ¶μ§¢μ²ÖÕÉ ¢Ò¢¥¸É¨ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö
Ö¤·  [31,76]. „²Ö ÔÉμ£μ ¢¢¥¤¥³ ¸¢¥·É±¨

φ(n1,n2)(x, y) =
{

(φn1 ∗ φn1+1 ∗ . . . ∗ φn2−1)(x, y), n1 < n2,
0, n1 � n2,

(59)

£¤¥ (a ∗ b)(x, y) =
∑

z∈Z�τ0

a(x, z) b(z, y), ¨

Ψn
n−j(τ) = (φn,N ∗ ΨN

N−j)(τ). (60)

� ÉμÎ¥Î´ÒÌ ±μ´Ë¨£Ê· Í¨ÖÌ T ³μ¦´μ ¤Ê³ ÉÓ ± ± μ ´ ¡μ·¥ ±μμ·¤¨´ É
¢¸¶μ³μ£ É¥²Ó´ÒÌ Î ¸É¨Í,   μ ± ¦¤μ³ μ¶·¥¤¥²¨É¥²¥ ¢ Ëμ·³Ê²¥ (48) Å ± ± μ
¸É É¸Ê³³¥ ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° ¢ ¸³Ò¸²¥ É¥μ·¥³Ò ŠŒ‹ƒ‚. ’μ£¤  ¶·μ-
¨§¢¥¤¥´¨¥ ¢ (48) ¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ ¸²¥¤ÊÕÐÊÕ ± ·É¨´Ê (·¨¸. 4). ‘´ Î ²  ¶ÊÉ¨
N Î ¸É¨Í · ¸¶·μ¸É· ´ÖÕÉ¸Ö ¶μ ¤¢Ê³¥·´μ° ·¥Ï¥É±¥, ´¥ ¶¥·¥¸¥± Ö¸Ó, ¶μ±  ´¥
¤μ¸É¨£´ÊÉ £· ´¨ÍÒ B, É· ±ÉÊ¥³μ° ± ± BN . „ ²¥¥ ¢¸¥ Î ¸É¨ÍÒ ¶¥·¥Ìμ¤ÖÉ, ¸μ-
Ì· ´ÖÖ ¶μ·Ö¤μ±, ¨§ ÉμÎ¥± ´  BN ¢ ÉμÎ±¨ ´  BN−1, ¶·¨Î¥³ ¶¥·¢ Ö Î ¸É¨Í 
ÊÌμ¤¨É ¢ ¶μ§¨Í¨Õ ¸ ´μ³¥·μ³ τN−1

N = τ0. �¸É ²Ó´Ò¥ Î ¸É¨ÍÒ ¶¥·¥¸± ±¨-
¢ ÕÉ ´  ¸²¥¤ÊÕÐÊÕ £· ´¨ÍÊ BN−2, ¢ Éμ³ Î¨¸²¥ ¢Éμ· Ö Î ¸É¨Í  ¤μ¸É¨£ ¥É
τN−2
N−2 = τ0. �¸É ¢Ï¨¥¸Ö N − 2 Î ¸É¨ÍÒ ¶¥·¥Ìμ¤ÖÉ ´  BN−3 ¨ É. ¤., ¶μ± 

± ¦¤ Ö Î ¸É¨Í  ´¥ μÉ¶· ¢¨É¸Ö ¢ ¶μ§¨Í¨Õ ¸ ´μ³¥·μ³ τ0 ¢¤μ²Ó ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥° £· ´¨ÍÒ, § ± ´Î¨¢ Ö ¶μ¸²¥¤´¥° Î ¸É¨Í¥°, ÊÌμ¤ÖÐ¥° ¢ ÉμÎ±Ê ¸ ´μ³¥·μ³
τ0 Ë¨±É¨¢´μ° £· ´¨ÍÒ B0, Í¥²¨±μ³ ¸μ¸ÉμÖÐ¥° ¨§ ÔÉμ° ¥¤¨´¸É¢¥´´μ° ÉμÎ±¨.

�¨¸. 4. „¥É¥·³¨´ ´É´Ò° ¶·μÍ¥¸¸ ¢ É¥·-
³¨´ Ì ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° ¤²Ö
¸¨¸É¥³Ò c N = 3 Î ¸É¨Í ³¨. Šμ¶¨¨
B1, . . . ,B3 £· ´¨ÍÒ B Å ¢¥·É¨± ²Ó´Ò¥
²¨´¨¨, ¶μ± § ´´Ò¥ ¶Ê´±É¨·μ³,   £· -
´¨Í  B0 ¸μ¸Éμ¨É ¨§ ¥¤¨´¸É¢¥´´μ° ÉμÎ±¨
¸ ´μ³¥·μ³ τ 0

1 = τ0. �ÊÉ¨, ¸μ¥¤¨-
´ÖÕÐ¨¥ ÉμÎ±¨ ´ Î ²Ó´μ° ±μ´Ë¨£Ê· -
Í¨¨ b0

1, . . . , b
0
3 ¸ ÉμÎ± ³¨ τ 3

1 , . . . , τ 3
3 £· -

´¨ÍÒ B3, ¨³¥ÕÉ ¢¥¸ Ψ3
1, . . . , Ψ

3
3 ¸μμÉ-

¢¥É¸É¢¥´´μ. ‚¥¸ ¶¥·¥Ìμ¤  ³¥¦¤Ê ¢¥·Ï¨-
´ ³¨ ¸ ´μ³¥· ³¨ τ i

1, τ
i+1
2 ¸μ¸¥¤´¨Ì ±μ-

¶¨° Bi+1 ¨ Bi · ¢¥´ φi(τ
i
1, τ

i+1
2 ). —¥·-

´Ò¥ ±·Ê¦±¨ ¶μ± §Ò¢ ÕÉ ¶μ²μ¦¥´¨Ö Î -
¸É¨Í ¨¸Ìμ¤´μ£μ ¶·μÍ¥¸¸ 
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’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Ö φn(z, y) ¡Ê¤¥É ¨£· ÉÓ ·μ²Ó ¢¥¸  ¶¥·¥Ìμ¤  ³¥¦¤Ê ÉμÎ-
± ³¨ bn+1(y) ¨ bn(x) ¤¢ÊÌ ¸μ¸¥¤´¨Ì £· ´¨Í Bn+1 ¨ Bn. ‘μμÉ¢¥É¸É¢¥´´μ,
φ(n1,n2)(x, y) ¡Ê¤¥É ¨³¥ÉÓ ¸³Ò¸² ¢¥¸  ¶¥·¥Ìμ¤  ³¥¦¤Ê ÉμÎ± ³¨ £· ´¨Í Bn1 ¨
Bn2 , ¶ · ³¥É·¨§Ê¥³Ò³¨ Î¨¸² ³¨ x ¨ y ¢ (59). ‚ ¸¢μÕ μÎ¥·¥¤Ó,  ·£Ê³¥´É ËÊ´±-
Í¨¨ Ψn

n−j(τ) ¶ · ³¥É·¨§Ê¥É ÉμÎ±¨ £· ´¨ÍÒ Bn,   ¸ ³  ËÊ´±Í¨Ö (60) ¨£· ¥É
·μ²Ó ¢¥¸  ¶¥·¥Ìμ¤  ¨§ ´ Î ²Ó´μ° ÉμÎ±¨ b0

j ¢ ÉμÎ±Ê b(τ) £· ´¨ÍÒ Bn. Šμ´Ë¨-
£Ê· Í¨¨ N Î ¸É¨Í ´ Ï¥£μ ¨¸Ìμ¤´μ£μ ¶·μÍ¥¸¸  ¢ É ±μ° ± ·É¨´¥ ¸μμÉ¢¥É¸É¢ÊÕÉ
N ¶μ²μ¦¥´¨Ö³ Î ¸É¨ÍÒ ¸ ´μ³¥·μ³ 1 ´  ± ¦¤μ° ¨§ N £· ´¨Í.

‡ Ë¨±¸¨·Ê¥³ 1 � k � N · §²¨Î´ÒÌ Í¥²ÒÌ Î¨¸¥² (1 � n1 < n2 < . . .
nk < N) ¨ ´ ¡μ· ¨§ s = s1 + . . . + sk ÉμÎ¥± ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì £· ´¨Í Ì ¸

´μ³¥· ³¨ τ =
{(

τni
1 < . . . < τni

si

)}k

i=1
.

� Ï  § ¤ Î  Å ¢ÒÎ¨¸²¨ÉÓ ±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±Í¨Õ ¤²Ö ³¥·Ò M, ±μ-
Éμ· Ö ¢ É¥·³¨´ Ì ¶ÊÉ¥° ¥¸ÉÓ ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ ´ Ï¨ ¶ÊÉ¨ ¶·μ°¤ÊÉ Î¥·¥§
ÉμÎ±¨ ¨§ ³´μ¦¥¸É¢  τ . �¥·¥¤ É¥³ ± ± μ¡· É¨ÉÓ¸Ö ± ¢ÒÎ¨¸²¥´¨Õ É ±μ° ¢¥·μ-
ÖÉ´μ¸É¨, ¶μ¶·μ¡Ê¥³ ¢ÒÎ¨¸²¨ÉÓ ´μ·³¨·μ¢μÎ´Ò° ±μÔËË¨Í¨¥´É ZN ³¥·Ò M,
¨²¨ ¸É É¸Ê³³Ê  ´¸ ³¡²Ö ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥°. ‘μ£² ¸´μ É¥μ·¥³¥ ŠŒ‹ƒ‚
μ´  ¤ ¥É¸Ö μ¶·¥¤¥²¨É¥²¥³ ³ É·¨ÍÒ

ZN = detM,

³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±μÉμ·μ°

Mij =
∑

τ

φj−1(τ
j−1
j , τ)Ψj

j−i(τ), 1 � i, j � N (61)

¤ ÕÉ¸Ö ¢¥¸ ³¨ ¶¥·¥Ìμ¤μ¢ ¨§ ´ Î ²Ó´ÒÌ ÉμÎ¥± b0 = (b0
1, . . . , b

0
N) ¢ ±μ´¥Î-

´Ò¥ ÉμÎ±¨ b(τ0) = (bN−1(τ0), . . . , b0(τ0)) ¢ ¶μ§¨Í¨ÖÌ ¸ ´μ³¥·μ³ τ0 £· ´¨Í
BN−1, . . . ,B0 ¸μμÉ¢¥É¸É¢¥´´μ.

—Éμ¡Ò É¥¶¥·Ó ¢ÒÎ¨¸²¨ÉÓ ¨¸±μ³ÊÕ ¢¥·μÖÉ´μ¸ÉÓ, ¤μ¡ ¢¨³ ± ³´μ¦¥¸É¢ ³
´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ÉμÎ¥± ¶ÊÉ¥° ÉμÎ±¨ ´  £· ´¨Í Ì ¸ ´μ³¥· ³¨ ¨§ ³´μ¦¥-
¸É¢  τ (·¨¸. 5) ¨ ¢ÒÎ¨¸²¨³ ¸É É¸Ê³³Ê ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶ÊÉ¥° ¨§ (b0,b(τ ))
¢ (b(τ0),b(τ )), £¤¥ ¶μ¤ b(τ ) ¢ μ¡¥¨Ì ¸±μ¡± Ì ³Ò ¶μ´¨³ ¥³ ³´μ¦¥¸É¢μ ¢¥·-
Ï¨´ £· ´¨Í, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ´μ³¥· ³ ¨§ ´ ¡μ·  τ . ‘ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ± 
É ± Ö ¸É É¸Ê³³  ¤ ¥É¸Ö μ¶·¥¤¥²¨É¥²¥³ ¡²μÎ´μ° ³ É·¨ÍÒ ¢¨¤ 

M̃ =

(
[b0 → b(τ0)] [b(τ ) → b(τ0)]
[b0 → b(τ )] [b(τ ) → b(τ )]

)
,

£¤¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¡²μ±μ¢ ¤ ÕÉ¸Ö ¢¥¸ ³¨ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ÉμÎ± ³¨
³´μ¦¥¸É¢ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì. ‘μμÉ¢¥É¸É¢¥´´μ ¨³¥¥³

[b0 → b(τ0)] = M

Å ¨¸Ìμ¤´ Ö ³ É·¨Í  (61),

[b0 → b(τ )]i,(n,j) = Ψn
n−i(τ

n
j ).
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�¨¸. 5. �ÊÉ¨ ´  £· Ë¥, ¨¸¶μ²Ó§Ê¥³Ò¥ ¤²Ö
¢ÒÎ¨¸²¥´¨Ö ¤¢ÊÌÉμÎ¥Î´μ° ±μ··¥²ÖÍ¨μ´-
´μ° ËÊ´±Í¨¨ ρ2((τ, 3), (τ ′, 1)). ‚ÒÎ¨-
¸²¥´¨¥ ¸μ¸Éμ¨É ¢ ´ Ìμ¦¤¥´¨¨ (´μ·³¨·μ-
¢ ´´μ°) ¸É É¸Ê³³Ò ¶ÊÉ¥°, ¶·μÌμ¤ÖÐ¨Ì
Î¥·¥§ ÉμÎ±¨ τ , τ ′ ´  £· ´¨Í Ì B3 ¨
B1 ¸μμÉ¢¥É¸É¢¥´´μ. „²Ö ÔÉμ£μ ³Ò Ë¨±¸¨-
·Ê¥³ ¤μ¶μ²´¨É¥²Ó´Ò¥ ¶ ·Ò ´ Î ²Ó´ÒÌ ¨
±μ´¥Î´ÒÌ ÉμÎ¥± (Î¥·´Ò¥ ±·Ê¦±¨)

‡¤¥¸Ó ¢Éμ·μ° ³ É·¨Î´Ò° ¨´¤¥±¸ ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ±μ³¶μ´¥´É, ¶μ¸±μ²Ó±Ê Ô²¥-
³¥´ÉÒ ³´μ¦¥¸É¢  τ ´Ê³¥·ÊÕÉ¸Ö ¤¢Ê³Ö Î¨¸² ³¨, ´μ³¥·μ³ £· ´¨ÍÒ n ¨ ´μ³¥-
·μ³ ÉμÎ±¨ ´  £· ´¨Í¥ j. ‚¥¸ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ÉμÎ± ³¨ ³´μ¦¥¸É¢  τ ¨³¥¥É
¢¨¤

[b(τ ) → b(τ )](x,n1),(y,n2) = φn1,n2(x, y).

� ±μ´¥Í, ¶¥·¥Ìμ¤ ¨§ ÉμÎ±¨ ¸ ´μ³¥·μ³ τn
j £· ´¨ÍÒ Bn ¢ ÉμÎ±Ê ¸ ´μ³¥·μ³

τ0 £· ´¨ÍÒ l = 0, . . . , N − 1 ¤ ¥É¸Ö ¸¢¥·É±μ°

[b(τ ) → b(τ0)](n,j),l+1 = (φl ∗ φl+1,n)(τ0, τ
n
j ).

‚μμ¡Ð¥ £μ¢μ·Ö, ¢μ§³μ¦´Ò · §´Ò¥ ¢ ·¨ ´ÉÒ ¶μ¸É·μ¥´¨Ö ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö
¶ÊÉ¥° ¨§ (b0,b(τ )) ¢ (b(τ0),b(τ )). �μÔÉμ³Ê, ± ± ¸²¥¤Ê¥É ¨§ É¥μ·¥³Ò 1,
μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ M̃ · ¢¥´ §´ ±μ¶¥·¥³¥´´μ° ¸Ê³³¥ ¶μ ¢¸¥³ ¢ ·¨ ´É ³
¨§ ¶· ¢μ° Î ¸É¨ Ëμ·³Ê²Ò (5). �¤´ ±μ, ¶μ¸³μÉ·¥¢ ¢´¨³ É¥²Ó´μ ´  ¢μ§³μ¦-
´Ò¥ ¶¥·¥Ìμ¤Ò, ³μ¦´μ Ê¢¨¤¥ÉÓ, ÎÉμ ¢¸¥ ´¥´Ê²¥¢Ò¥ ¸² £ ¥³Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ
¶¥·¥¸É ´μ¢± ³, Î¥É´μ¸ÉÓ ±μÉμ·ÒÌ · ¢´  Î¥É´μ¸É¨ s = |τ | Î¨¸²  ÉμÎ¥± ¢ ³´μ-
¦¥¸É¢¥ τ . ’μ£¤  ¨¸±μ³ Ö ¢¥·μÖÉ´μ¸ÉÓ ¨³¥¥É ¢¨¤

M(τ ⊂ T ) = (−1)s det M̃

det M
,

μÉ±Ê¤ , ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê ¤²Ö μ¶·¥¤¥²¨É¥²Ö ¡²μÎ´μ° ³ É·¨ÍÒ

det
(

A B
C D

)
= detAdet (D − CA−1B),

¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê.
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’¥μ·¥³  2. (�°´ ·¤ÄŒ¥É  [30], 	μ·μ¤¨´Ä� °´¸ [31])

M(τ ⊂ T ) = det
1�m,l�k

1�in,jn�rn,n=1,...,k

{
K
(
nk, τnm

im
; nl, τ

nl

jl

)}
,

£¤¥

K(n1, x; n2, y) = −φ(n1,n2)(x, y)+
∑

1�i,j�N

Ψn1
n1−i(x)M−1

ij (φj−1 ∗φj,n2)(τ0, y),

£¤¥ ¢· §·¥§ ¸ μ¶·¥¤¥²¥´¨¥³ (59) ¸¢¥·É±  ¶μ¤ ¸Ê³³μ° ¢ ¸²ÊÎ ¥ j = n2 ¶μ´¨³ -
¥É¸Ö ± ± (φn2−1 ∗ φj,n2)(τ0, y) = φn2−1(τ0, y) ¨ (φn2−1 ∗ φj,n2)(τ0, y) = 0 ¶·¨
j > n2. �μÔÉμ³Ê ¢ ¸Ê³³Ê ¶μ j ¢´μ¸ÖÉ ¢±² ¤ ²¨ÏÓ Î²¥´Ò ¸ 1 � j � n2.

�É  Ëμ·³Ê²  ¸²μ¦´  ¢¢¨¤Ê Éμ£μ, ÎÉμ μ¡· Ð¥´¨¥ ³ É·¨ÍÒ M Å ´¥¶·μ¸É Ö
§ ¤ Î . �¤´ ±μ § ³¥É¨³, ÎÉμ ¸¢¥·É±  ¶μ¸²¥¤´¥£μ ¸μ³´μ¦¨É¥²Ö ¶μ¤ §´ ±μ³
¸Ê³³Ò ¸ ËÊ´±Í¨¥° Ψn

n−j(x) ¤ ¥É ³ É·¨Î´Ò° Ô²¥³¥´É

Mji =
∑

x∈Z�τ0

(φj−1 ∗ φj,n)(τ0, y)Ψn
n−j(y)

¤²Ö j < n � N ¨ É ± ± ±
N∑

i=1

M−1
ki Mij = δkj , ËÊ´±Í¨Ö

Φn
n−i(x) =

n2−1∑
j=1

M−1
ij (φj−1 ∗ φj,n)(τ0, x)

Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Õ μ·Éμ£μ´ ²Ó´μ¸É¨∑
τ∈Z�τ0

Φn
i (τ)Ψn

j (τ) = δi,j (62)

¨ ³μ¦¥É ¡ÒÉÓ ¶μ¸É·μ¥´  ¸ ¶μ³μÐÓÕ ¶·μÍ¥¸¸  μ·Éμ£μ´ ²¨§ Í¨¨ ƒ· ³³ Ä
˜³¨¤É .

‘²¥¤¸É¢¨¥. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ËÊ´±Í¨°

{(φ0 ∗ φ(1,n))(τ0
1 , τ), . . . , (φn−2 ∗ φn−1,n)(τn−2

n−1 , τ), φn−1(τn−1
n , τ)}, (63)

±μÉμ·Ò¥, ¡Ê¤ÊÎ¨ ²¨´¥°´μ-´¥§ ¢¨¸¨³Ò³¨, μ¡· §ÊÕÉ ¡ §¨¸ ¢ n-³¥·´μ³ ²¨´¥°-
´μ³ ¶·μ¸É· ´¸É¢¥ Vn. ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö μ·Éμ£μ´ ²Ó´μ¸É¨ (62), ¶μ-
¸É·μ¨³ ¤·Ê£μ° ¡ §¨¸ Vn {Φn

j (τ), j = 0, . . . , n − 1}. …¸²¨ φn(τn
n+1, τ) =

cnΦn
0 (τ) ¸ ´¥±μÉμ·Ò³¨ cn �= 0, n = 1, . . . , N , Éμ Ö¤·μ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

K(n1, τ1; n2, τ2) = −φ(n1,n2)(τ1, τ2) +
n2∑

k=1

Ψn1
n1−k(τ1)Φn2

n2−k(τ2). (64)
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’ ±¨³ μ¡· §μ³, § ¤ Î  ¶μ¸É·μ¥´¨Ö ±μ··¥²ÖÍ¨μ´´μ£μ Ö¤·  ¸¢μ¤¨É¸Ö ± § ¤ Î¥
¶μ¸É·μ¥´¨Ö ËÊ´±Í¨° Φn

i (τ), μ·Éμ£μ´ ²Ó´ÒÌ ËÊ´±Í¨Ö³ Ψn
j (τ). �´  ³μ¦¥É

¡ÒÉÓ ·¥Ï¥´  Ö¢´μ ¤²Ö ´¥¸±μ²Ó±¨Ì ¸¶¥Í¨ ²Ó´ÒÌ É¨¶μ¢ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°. ‚
Î ¸É´μ¸É¨, ³Ò ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ¢ ´ Î ²Ó´Ò° ³μ³¥´É
¢·¥³¥´¨ ¢¸¥ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ μ¤´μ³ Ê§²¥:

b0 = ((0, 0), . . . , (0, 0)).

‡ ³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥ ¶·μÍ¥¸¸  ¸ ‚�� ¸ μ¡· É´Ò³ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¡´μ¢-
²¥´¨¥³, ±μÉμ·Ò° ³Ò · ¸¸³ É·¨¢ ¥³, ¤¢¨¦¥´¨¥ ¶¥·¢ÒÌ N Î ¸É¨Í ´¥ § ¢¨¸¨É
μÉ Î ¸É¨Í ¸ ¡μ²ÓÏ¨³¨ ´μ³¥· ³¨. �μÔÉμ³Ê μ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ É Ì ³μ¦´μ
¤Ê³ ÉÓ ± ± μ ¸É É¨¸É¨±¥ ¶¥·¢ÒÌ N Î ¸É¨Í ¢ ¸¨¸É¥³¥, £¤¥ ¢ ´ Î ²Ó´Ò° ³μ³¥´É
¢ μ¤´μ³ Ê§²¥ ¸μ¤¥·¦¨É¸Ö ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ Î ¸É¨Í. �¶Ê¸± Ö ¶μ¤·μ¡´μ¸É¨,
¶·¨¢¥¤¥³ ¸· §Ê μÉ¢¥É ¤²Ö Ö¤· 

K(n1, τ1; n2, τ2) =
∮
Γ1

dv

2πiv

∮
Γ0,v

dw

2πiw
×

×

(
1 − p

(
w − 1

w

))t(τ1)

(
1 − p

(
v − 1

v

))t(τ2)

(w − 1)n1

(v − 1)n2

wx(τ1)

vx(τ1)

(w − v)(1/v + 1/π2 − 1)
−

− 1(n2 > n1)
∮

Γ0,1

dw

2πiw2

(
1 − p

(
w − 1

w

))t(τ1)−t(τ2)

wx(τ1)−x(τ2)

(w − 1)n2−n1(1/w + 1/π2 − 1)
, (65)

£¤¥ π2 ≡ πB(b(τ2)),   ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¢μ¤¨É¸Ö ¶μ § ³±´ÊÉÒ³ ±μ´ÉÊ· ³ Γω,
£¤¥ ω Å ´ ¡μ· μ¸μ¡¥´´μ¸É¥° ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö, ±μÉμ·Ò¥ ¤μ²¦´Ò
¶μ¶ ¤ ÉÓ ¢´ÊÉ·Ó ±μ´ÉÊ· .

—Éμ¡Ò ¢¥·´ÊÉÓ¸Ö ± ¸É É¨¸É¨±¥ ¶μ²μ¦¥´¨° Î ¸É¨Í ¶·μÍ¥¸¸  ¸ ‚��, ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö ¢¥·μÖÉ´μ¸É¨ ¶Ê¸ÉμÉÒ, ¶μ²ÊÎ¥´´μ¥ ¢ ¢¨¤¥ ¤¥É¥·-
³¨´ ´É  ”·¥¤£μ²Ó³  (58). ‚§Ö¢ ¢ ± Î¥¸É¢¥ ¶μ¤³´μ¦¥¸É¢  A′ ³´μ¦¥¸É¢μ

A′ =

{
k⋃

i=1

{τni
1 > ak}

}
,

¶μ²ÊÎ¨³ · ¸¶·¥¤¥²¥´¨¥ ÉμÎ¥± b = (b1(τ1
1 ), . . . , bN(τN

1 )) ¢ÒÌμ¤  Î¥·¥§ £· ´¨ÍÊ
Î ¸É¨Í ¢ ¶·μÍ¥¸¸¥ ¸ ‚�� ¸ ´μ³¥· ³¨ n1, . . . , nk:

P

(
b|(τn1 � a1}

⋂
· · ·

⋂
{τnk

� ak})
)

= det (1 − χaKχa))l2({n1,...,nm}×Z),
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£¤¥ χa(x1, . . . , xk) =
k∏

i=1

Ix>ai Å ¶·μ¥±Éμ·Ò ´  ¶μ²Ê¡¥¸±μ´¥Î´Ò¥ ¶μ¤³´μ¦¥-

¸É¢  Í¥²ÒÌ Î¨¸¥².
Š ¸± § ´´μ³Ê ¢ ÔÉμ³ · §¤¥²¥ ¸²¥¤Ê¥É ¤μ¡ ¢¨ÉÓ, ÎÉμ ÔÉμÉ ·¥§Ê²ÓÉ É μ¡μ¡-

Ð ¥É¸Ö ¸ μ¤´μ° £· ´¨ÍÒ ´  ¶·μ¨§¢μ²Ó´ÊÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢²μ¦¥´´ÒÌ
£· ´¨Í. ’ ± ¦¥ ± ± ¤²Ö μ¤´μ° £· ´¨ÍÒ ³Ò ¸É ·Éμ¢ ²¨ ¸ Ëμ·³Ê²Ò ¤²Ö ËÊ´±-
Í¨¨ ƒ·¨´ , μÉ ±μÉμ·μ° ¶¥·¥Ìμ¤¨²¨ ± ¸Ê³³¥ ¶μ ±μμ·¤¨´ É ³ ¢¸¶μ³μ£ É¥²Ó´ÒÌ
Î ¸É¨Í, ¤²Ö · ¸¸³μÉ·¥´¨Ö ´¥¸±μ²Ó±¨Ì £· ´¨Í ´Ê¦´μ ¸É ·Éμ¢ ÉÓ ¸μ ¸¢¥·É±¨
¢¤μ²Ó ÔÉ¨Ì £· ´¨Í ´¥¸±μ²Ó±¨Ì ËÊ´±Í¨° ƒ·¨´ , ¶μ¤μ¡´μ° ¸¢¥·É±¥ ¢ Ëμ·-
³Ê²¥ (47), ±μÉμ· Ö ¶·¥¢· Ð ¥É¸Ö ¢ · ¸Ï¨·¥´´ÊÕ ¸Ê³³Ê ¶μ ¢¸¶μ³μ£ É¥²Ó´Ò³¨
¶¥·¥³¥´´Ò³, ¨³¥ÕÐÊÕ ¢¨¤ Î ¸É´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤¥É¥·³¨´ ´É´μ£μ ¶·μ-
Í¥¸¸ . ‚ ·¥§Ê²ÓÉ É¥ Ê¤ ¥É¸Ö ¢Ò· §¨ÉÓ ¢ ¢¨¤¥ Ë·¥¤£μ²Ó³μ¢¸±¨Ì ¤¥É¥·³¨´ ´Éμ¢
É ±¨¥ ¸μ¢³¥¸É´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ´  £· ´¨Í Ì, ¢ ±μÉμ·ÒÌ ´μ³¥·  Î -
¸É¨Í ¸É·μ£μ ¢μ§· ¸É ÕÉ ¢ ¶·¥¤¥² Ì μ¤´μ° £· ´¨ÍÒ ¨ ´¥¸É·μ£μ ¢μ§· ¸É ÕÉ ¶·¨
¶¥·¥Ìμ¤¥ ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ £· ´¨Í ³¨. ’ ± Ö ±μ´¸É·Ê±Í¨Ö ¶μ§¢μ²Ö¥É
¨§¡ ¢¨ÉÓ¸Ö μÉ É·¥¡μ¢ ´¨Ö Ê¶μ·Ö¤μÎ¥´´μ¸É¨ ¢·¥³¥´ ¢ÒÌμ¤ , É ± ÎÉμ μ¸É ¥É¸Ö
²¨ÏÓ É·¥¡μ¢ ´¨¥ ¸² ¡μ° Ê¶μ·Ö¤μÎ¥´´μ¸É¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É. ‚Ò-
· ¦¥´¨¥ (65) ¤²Ö ±μ··¥²ÖÍ¨μ´´μ£μ Ö¤·  ¶·¨ ÔÉμ³ μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³, ±·μ³¥
¶·¨¸ÊÉ¸É¢¨Ö ´¥Ö¢´μ° § ¢¨¸¨³μ¸É¨ ±μμ·¤¨´ É xi(τ) ¨ ¢·¥³¥´¨ ti(τ) ± ± ËÊ´±-
Í¨° τ , μÉ Éμ£μ, ´  ± ±μ° ¨³¥´´μ £· ´¨Í¥ ¦¨¢ÊÉ ¤ ´´Ò¥ ±μμ·¤¨´ ÉÒ.

4. �‘ˆŒ�’�’ˆ—…‘Šˆ‰ ���‹ˆ‡: ��…„…‹œ��Ÿ
ƒˆ„��„ˆ��ŒˆŠ� ˆ “�ˆ‚…�‘�‹œ�›… ”‹“Š’“�–ˆˆ

Š ± Ê¦¥ μ¡¸Ê¦¤ ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ¶μ¢¥¤¥´¨¥ É¥·³μ¤¨´ ³¨Î¥¸±μ° ¸¨-
¸É¥³Ò ´  ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì ³μ¦¥É ¡ÒÉÓ μÌ · ±É¥·¨§μ¢ ´μ É¨¶¨Î´Ò³¨ §´ -
Î¥´¨Ö³¨ É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¨ ¨Ì Ê´¨¢¥·¸ ²Ó´Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨
¢μ±·Ê£ ÔÉ¨Ì §´ Î¥´¨°. Š ± ¡Ò²μ ¶μ± § ´μ, ¢ μÉ¸ÊÉ¸É¢¨¥ ¤²¨´´ÒÌ ±μ··¥²ÖÍ¨°
¸Í¥´ ·¨° É ±μ£μ ¶μ¢¥¤¥´¨Ö ¢¥¸Ó³  ¶·μ¸É. ˆ³¥ÕÉ¸Ö ¤¢  Ì · ±É¥·´ÒÌ ³ ¸-
ÏÉ ¡ , É¥·³μ¤¨´ ³¨Î¥¸±¨° ¨ Ë²Ê±ÉÊ Í¨μ´´Ò°, ¶μ¢¥¤¥´¨¥ ´  ±μÉμ·ÒÌ ¤¨±ÉÊ-
¥É¸Ö ‡	— ¨ –�’ ¸μμÉ¢¥É¸É¢¥´´μ.

‚ μÉ²¨Î¨¥ μÉ ¸¨¸É¥³ ¢ ¸μ¸ÉμÖ´¨¨ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ · ¢´μ¢¥¸¨Ö ¢ ´¥-
· ¢´μ¢¥¸´ÒÌ ¸¨¸É¥³ Ì ¥¸ÉÓ ¶μÉμ±¨, ±μÉμ·Ò¥ ¶¥·¥´μ¸ÖÉ ¨´Ëμ·³ Í¨Õ μ Ë²Ê±-
ÉÊ Í¨ÖÌ ³¥¦¤Ê · §²¨Î´Ò³¨ Î ¸ÉÖ³¨ ¸¨¸É¥³Ò, ÎÉμ ³μ¦¥É §´ Î¨É¥²Ó´μ ¶μ¢²¨-
ÖÉÓ ´  ¸Í¥´ ·¨° ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò ´  ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì, ¶·¨¢μ¤Ö ± ¶μÖ¢²¥-
´¨Õ ´μ¢ÒÌ Ì · ±É¥·´ÒÌ ³ ¸ÏÉ ¡μ¢ ¨ Ê´¨¢¥·¸ ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°. �¤¨´
¨§ Ì · ±É¥·´ÒÌ ¶·¨³¥·μ¢ ´¥· ¢´μ¢¥¸´μ£μ Ê´¨¢¥·¸ ²Ó´μ£μ ¶μ¢¥¤¥´¨Ö ¤ ÕÉ ¸¨-
¸É¥³Ò, μ¡Ñ¥¤¨´Ö¥³Ò¥ ¢ ±² ¸¸ Ê´¨¢¥·¸ ²Ó´μ¸É¨ Š ·¤ · Ä� ·¨§¨Ä† ´£ . ˆ¸Éμ-
·¨Î¥¸±¨ ¶μ´ÖÉ¨¥ ÔÉμ£μ ±² ¸¸  ¢μ§´¨±²μ ¶·¨ μ¶¨¸ ´¨¨ ¸±¥°²¨´£μ¢μ£μ ¶μ¢¥¤¥-
´¨Ö ¸²ÊÎ °´μ£μ ·μ¸É  ¶μ¢¥·Ì´μ¸É¥°, É ±¨Ì ± ± £· ´¨ÍÒ ³¥¦¤Ê · §²¨Î´Ò³¨
Ë § ³¨ ¢¥Ð¥¸É¢ , Ë·μ´ÉÒ £μ·¥´¨Ö, ¢Ò¸ÒÌ ´¨Ö, ¸³ Î¨¢ ´¨Ö, ±·¨¸É ²²¨§ Í¨¨,
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£· ´¨ÍÒ ±μ²μ´¨° ¡ ±É¥·¨° ¨ É. ¤. ‚ μ¡Ð¥³ ¨ Í¥²μ³ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉμÉ
±² ¸¸ μ¡Ñ¥¤¨´Ö¥É Ê¶·Ê£¨¥ ¶μ¢¥·Ì´μ¸É¨ ¨²¨ ²¨´¨¨ ¶μ¤ ¤¥°¸É¢¨¥³ ¸²ÊÎ °´μ°
¸¨²Ò ¸ μ£· ´¨Î¥´´Ò³¨ ±μ··¥²ÖÍ¨Ö³¨.

‚ É¥μ·¨¨ Ëμ·³  · ¸ÉÊÐ¥£μ Ë·μ´É  μ¶¨¸Ò¢ ¥É¸Ö ¢Ò¸μÉμ° ht(x), ËÊ´±-
Í¨¥° ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É x, ¶ · ³¥É·¨§ÊÕÐ¨Ì ÉμÎ±¨ ¶μ¤²μ¦±¨, ¨
¢·¥³¥´¨ t. ‘±¥°²¨´£μ¢μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ¢Ò¸μÉÒ ¢ ¸¨¸É¥³ Ì ±² ¸¸  Ê´¨-
¢¥·¸ ²Ó´μ¸É¨ Š ·¤ · Ä� ·¨§¨Ä† ´£  Ì · ±É¥·¨§Ê¥É¸Ö ¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨
±·¨É¨Î¥¸±¨³¨ ¨´¤¥±¸ ³¨, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò, ´ ¶·¨³¥·, ± ± ¨´-
¤¥±¸ Ï¥·Ï ¢μ¸É¨ ζ ¨ ¤¨´ ³¨Î¥¸±¨° ¨´¤¥±¸ z. ‚ ¸¨¸É¥³¥ ¸ ²¨´¥°´Ò³ · §³¥-
·μ³ L ÔÉμ, ´ ¶·¨³¥·, ¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ ´  ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì, t � tc,

Ï¨·¨´  wt =
√

E(ht(x)2 − h̄2
t ) ¸´ Î ²  ¶²μ¸±μ£μ Ë·μ´É , w0 = 0, ¸É ¡¨²¨-

§¨·Ê¥É¸Ö ´  ¢¥²¨Î¨´ Ì ¶μ·Ö¤±  Lζ , Éμ£¤  ± ± ´  ³ ²ÒÌ ¢·¥³¥´ Ì, t � tc,
μ´  ´¥ § ¢¨¸¨É μÉ L ¨ · ¸É¥É ¸μ ¢·¥³¥´¥³ ¶μ ¸É¥¶¥´´μ³Ê § ±μ´Ê. ‡¤¥¸Ó
h̄t Å ¸·¥¤´ÖÖ ¶μ ¶·μ¸É· ´¸É¢Ê ¢Ò¸μÉ  Ë·μ´É . �¥·¥Ìμ¤, ¶·μ¨¸Ìμ¤ÖÐ¨° ´ 
Ì · ±É¥·´ÒÌ ¢·¥³¥´ Ì tc � Lz, ´ §Ò¢ ¥É¸Ö μÏ¥·Ï ¢²¨¢ ´¨¥³. „¢   ¸¨³¶Éμ-
É¨Î¥¸±¨Ì ·¥¦¨³  ³μ¦´μ μ¡Ñ¥¤¨´¨ÉÓ ¢ · ³± Ì ¥¤¨´μ£μ ¸±¥°²¨´£μ¢μ£μ  ´§ Í 
”Ô³¨²¨Ä‚¨¸¥±  [80]

wt = LζΦ
(

t

Lz

)
,

£¤¥ Φ(x) Å ¸±¥°²¨´£μ¢ Ö ËÊ´±Í¨Ö ¸  ¸¨³¶ÉμÉ¨± ³¨ Φ(x) � x1/z , x → 0 ¨
Φ(x) → const, x → ∞. ‚ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥ ¢³¥¸Éμ ζ ¨ z Ê¤μ¡´¥¥ ¨¸¶μ²Ó-
§μ¢ ÉÓ ¤·Ê£ÊÕ ¶ ·Ê ±·¨É¨Î¥¸±¨Ì ¨´¤¥±¸μ¢ α = ζ/z ¨ β = 1/z, μÉ¢¥Î ÕÐ¨Ì
§  ¸É¥¶¥´´μ° ·μ¸É Ë²Ê±ÉÊ Í¨° ht − h̄t � tα ¨ ¤¨´ ³¨Î¥¸±μ° ±μ··¥²ÖÍ¨μ´-
´Ò° ¤²¨´Ò ξ(t) � tβ , ±μÉμ· Ö μ¶·¥¤¥²Ö¥É Ì · ±É¥·´Ò° ³ ¸ÏÉ ¡ · ¸¸ÉμÖ´¨°,
´  ±μÉμ·ÒÌ · §²¨Î´Ò¥ ÊÎ ¸É±¨ Ë·μ´É  ´¥É·¨¢¨ ²Ó´μ ¸±μ··¥²¨·μ¢ ´Ò ³¥¦¤Ê
¸μ¡μ°.

�μ¶ÒÉ±  ´ °É¨ ³¨´¨³ ²Ó´ÊÕ ¨ ´ ¨¡μ²¥¥ Ê´¨¢¥·¸ ²Ó´ÊÕ ³μ¤¥²Ó, ¶·¨´ ¤-
²¥¦ ÐÊÕ ± ±² ¸¸Ê Š ·¤ · Ä� ·¨§¨Ä† ´£ , ¶·¨¢¥²  ± ¶μÖ¢²¥´¨Õ μ¤´μ¨³¥´-
´μ£μ Ê· ¢´¥´¨Ö [4]

∂h

∂t
= ν

∂2h

∂x2
+

λ

2

(
∂h

∂x

)2

+ η(x, t). (66)

‡¤¥¸Ó h(x, t) Å ¢Ò¸μÉ  · ¸ÉÊÐ¥£μ Ë·μ´É ,   η(x, t) Å ¡¥²Ò° ÏÊ³, É. ¥.
¸²ÊÎ °´μ¥ £ Ê¸¸μ¢μ ¶μ²¥ ¸ ´Ê²¥¢Ò³ ¸·¥¤´¨³

Eη(x, t) = 0

¨ ±μ¢ ·¨ Í¨¥°

Eη(x, t) η(x′, t′) = Dδ(x − x′) δ(t − t′),
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  λ, ν ¨ D Å · §³¥·´Ò¥ ¶ · ³¥É·Ò § ¤ Î¨. ’μÎ´Ò¥ ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò ζ ¨
z, μ¶¨¸Ò¢ ÕÐ¨¥ ¸±¥°²¨´£μ¢μ¥ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¢ ¸²ÊÎ ¥
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ · §³¥·´μ¸É¨ d = 1+1, ¡Ò²¨ ´ °¤¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
 ·£Ê³¥´Éμ¢, μ¸´μ¢ ´´ÒÌ ´  ¸¨³³¥É·¨ÖÌ ÔÉμ£μ Ê· ¢´¥´¨Ö ¨ ·¥´μ·³£·Ê¶¶¥, Ê¦¥
¢ ¸É ÉÓ¥ [4]. ‡´ Î¥´¨¥ ζ = 1/2 μÉ· ¦ ¥É ÉμÉ Ë ±É, ÎÉμ ¸É Í¨μ´ ·´μ¥ ·¥Ï¥´¨¥
¢ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥ ¥¸ÉÓ ¶·μ¸Éμ ¡·μÊ´μ¢¸±μ¥ ¤¢¨¦¥´¨¥ hst(x) =

√
ABx ¸

 ³¶²¨ÉÊ¤μ°
A = D/(2ν), (67)

¨, ¢ Î ¸É´μ¸É¨,
V(hst(x) − hst(y)) = A|x − y|, (68)

£¤¥ V(ξ) Å ¤¨¸¶¥·¸¨Ö ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ξ. ‚ ´¥¸É Í¨μ´ ·´μ³ ·¥¦¨³¥ ¸É -
É¨¸É¨±  ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (66) ¤¥³μ´¸É·¨·Ê¥É ¡μ²¥¥ ¡μ£ Éμ¥ ¸±¥°²¨´£μ¢μ¥
¶μ¢¥¤¥´¨¥, μ¡Ð¨° ¢¨¤ ±μÉμ·μ£μ, μ¤´ ±μ, ³μ¦´μ ¶·¥¤¸± § ÉÓ ¨¸Ìμ¤Ö ¨§ ¶·μ-
¸Éμ£μ  ´ ²¨§  · §³¥·´μ¸É¥°. �¦¨¤ ¥É¸Ö, ÎÉμ ´  ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì, t → ∞,
Ë²Ê±ÉÊ Í¨¨ ¢Ò¸μÉÒ ¢μ±·Ê£ ¸·¥¤´¥£μ · ¸ÉÊÉ ¸μ ¢·¥³¥´¥³, ¨§³¥·Ö¥³Ò³ ¢ ¥¤¨-
´¨Í Ì, ¶·μ¶μ·Í¨μ´ ²Ó´ÒÌ (|λ|A2)−1, ¶μ ¸É¥¶¥´´μ³Ê § ±μ´Ê ¸ ¶μ± § É¥²¥³ α.
‡ ¶¨Ï¥³ ÔÉμ Î¥·¥§ ¸²¥¤ÊÕÐÊÕ ¸±¥°²¨´£μ¢ÊÕ £¨¶μÉ¥§Ê:

ht(x) − Eht(x) =
(
|λ|A2

2
t

)α

X + o(t), (69)

£¤¥ ¤¢μ°±  ¢ §´ ³¥´ É¥²¥ ¤μ¡ ¢²¥´  ¤²Ö ±· ¸μÉÒ ¤ ²Ó´¥°Ï¨Ì Ëμ·³Ê². �¥§Ê²Ó-
É É ¤¥²¥´¨Ö μÉ±²μ´¥´¨Ö ËÊ´±Í¨¨ ¢Ò¸μÉÒ μÉ ¸·¥¤´¥£μ ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
³ ¸ÏÉ ¡´Ò° (· §³¥·´Ò°) Ë ±Éμ· ¤ ¥É ¡¥§· §³¥·´ÊÕ ¸²ÊÎ °´ÊÕ ¢¥²¨Î¨´Ê X ,
±μÉμ· Ö ¶·¥É¥´¤Ê¥É ´  ·μ²Ó Ê´¨¢¥·¸ ²Ó´μ° ¢ · ³± Ì ±² ¸¸  Š ·¤ · Ä� ·¨§¨Ä
† ´£ . Š ± ¶μ± §Ò¢ ¥É ´μ¢¥°Ï Ö ¨¸Éμ·¨Ö · §¢¨É¨Ö É¥μ·¨¨, · ¸¶·¥¤¥²¥´¨¥
ÔÉμ° ¢¥²¨Î¨´Ò ¢¸¥ ¥Ð¥ § ¢¨¸¨É μÉ £²μ¡ ²Ó´μ° Ëμ·³Ò ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°,
¢Ò¦¨¢ ÕÐ¥° ¢ ¸±¥°²¨´£μ¢μ³ ¶·¥¤¥²¥. �¤´ ±μ μ´μ μ± §Ò¢ ¥É¸Ö ´¥ÎÊ¢¸É¢¨-
É¥²Ó´μ ± ³¨±·μ¸±μ¶¨Î¥¸±¨³ ¤¥É ²Ö³ ¤¨´ ³¨±¨ Ë·μ´É . ‘²ÊÎ °´ Ö ¢¥²¨Î¨´ 
X ¢¸¥ ¥Ð¥ § ¢¨¸¨É μÉ ±μμ·¤¨´ ÉÒ x. …¸²¨ ´  ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì ³Ò ¡Ê¤¥³
· ¸¸³ É·¨¢ ÉÓ · ¸ÉÊÐ¨° ¸μ ¢·¥³¥´¥³ ¶·μ¸É· ´¸É¢¥´´Ò° ³ ¸ÏÉ ¡, ¨§³¥·ÖÖ
· ¸¸ÉμÖ´¨¥ ¢ ¥¤¨´¨Í Ì ¤¨´ ³¨Î¥¸±μ° ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò

ξ(t) =
1
A

(
|λ|A2

2
t

)β

, (70)

Éμ ¶μ²ÊÎ¨³ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´ X (u), ¶·¥-
É¥´¤ÊÕÐ¥¥ ´  ·μ²Ó Ê´¨¢¥·¸ ²Ó´μ£μ ¤²Ö É¥μ·¨¨ Š ·¤ · Ä� ·¨§¨Ä† ´£  ¸²Ê-
Î °´μ£μ ¶·μÍ¥¸¸ . ‚ § ¢¨¸¨³μ¸É¨ μÉ ±μ´±·¥É´μ£μ ¢¨¤  ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°
μ¤´μÉμÎ¥Î´μ¥ · ¸¶·¥¤¥²¥´¨¥ X (u) ³μ¦¥É § ¢¨¸¥ÉÓ ¨²¨ ´¥ § ¢¨¸¥ÉÓ μÉ u, ´μ
¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  u ÔÉ¨ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò μ± §Ò¢ ÕÉ¸Ö
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´¥É·¨¢¨ ²Ó´μ ¸±μ··¥²¨·μ¢ ´Ò ³¥¦¤Ê ¸μ¡μ°. —Éμ¡Ò ¶μ²´μ¸ÉÓÕ μÌ · ±É¥·¨-
§μ¢ ÉÓ ¸²ÊÎ °´Ò° ¶·μÍ¥¸¸ X (u), ´Ê¦´μ ´ °É¨ ¢¸¥ ¸μ¢³¥¸É´Ò¥ · ¸¶·¥¤¥²¥´¨Ö
¢¥²¨Î¨´ (X (u1), . . . ,X (uk)) ¶·¨ ¢¸¥Ì k ∈ N. 	μ²¥¥ μ¡Ð¨° ¢μ¶·μ¸ ± ¸ -
¥É¸Ö ¨ ¸μ¢³¥¸É´ÒÌ · ¸¶·¥¤¥²¥´¨° ËÊ´±Í¨¨ ¢Ò¸μÉÒ Ë·μ´É  ¢ · §²¨Î´ÒÌ ÉμÎ-
± Ì ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ¶²μ¸±μ¸É¨. �μ¤μ¡´Ò¥ Ê´¨¢¥·¸ ²Ó´Ò¥ ¸²ÊÎ °-
´Ò¥ ¶·μÍ¥¸¸Ò É ±¦¥ ¢μ§´¨± ÕÉ ¨ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¸±¥°²¨´£μ¢ÒÌ ¶·¥¤¥²μ¢
ËÊ´±Í¨¨ ¢Ò¸μÉÒ (¨²¨ ¤·Ê£¨Ì ´ ¡²Õ¤ ¥³ÒÌ) ¢¤μ²Ó ¶ÊÉ¥° ´  ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´μ° ¶²μ¸±μ¸É¨.

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Š ·¤ · Ä� ·¨§¨Ä† ´£  ¢ ¸³Ò¸²¥ ´ Ìμ¦¤¥´¨Ö ¢¸¥Ì
³´μ£μÉμÎ¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨° Å ´¥¶·μ¸É Ö § ¤ Î , ±μÉμ· Ö ¤μ ¸¨Ì ¶μ· ´¥
·¥Ï¥´  ¶μ²´μ¸ÉÓÕ. �¤´ ±μ ¢¸¥ ¸± § ´´μ¥ ¢ÒÏ¥ μÉ´μ¸¨É¥²Ó´μ ¸±¥°²¨´£μ¢μ£μ
¶μ¢¥¤¥´¨Ö ¥£μ ·¥Ï¥´¨° ³μ¦¥É ¡ÒÉÓ ¢ · ¢´μ° ¸É¥¶¥´¨ μÉ´¥¸¥´μ ¨ ± ¤·Ê£¨³
³μ¤¥²Ö³ ¢ Éμ³ ¦¥ ±² ¸¸¥ Ê´¨¢¥·¸ ²Ó´μ¸É¨. ˆ³¥´´μ ¶μ¨¸± Ê´¨¢¥·¸ ²Ó´ÒÌ · ¸-
¶·¥¤¥²¥´¨° ¨ ¶·μÍ¥¸¸μ¢ ¶μ¸²Ê¦¨² ³μÉ¨¢ Í¨¥° ¤²Ö ¶μ¨¸±  ÉμÎ´ÒÌ ·¥Ï¥´¨°
¸¨¸É¥³ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ³Ò μ¦¨¤ ¥³, ÎÉμ ¸±¥°-
²¨´£μ¢Ò° ¶·¥¤¥² ³´μ£μÉμÎ¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨°, ¶μ²ÊÎ¥´´ÒÌ ¢ ¶·¥¤Ò¤ÊÐ¥³
¶μ¤· §¤¥²¥, ¡Ê¤¥É É ±¦¥ Ê´¨¢¥·¸ ²Ó´Ò³. —Éμ¡Ò ¸Ëμ·³Ê²¨·μ¢ ÉÓ ÔÉ¨ ÊÉ¢¥·-
¦¤¥´¨Ö, μ¡¸Ê¤¨³ ¸´ Î ²  ¸±¥°²¨´£μ¢Ò¥ £¨¶μÉ¥§Ò μ Éμ³, ± ± Ê¸É·μ¥´  ¤¨´ -
³¨±  Ë·μ´É , ¸¢Ö§ ´´μ£μ ¸ ´ Ï¥° ¸¨¸É¥³μ° Î ¸É¨Í, ´  ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì.

—Éμ¡Ò ¸μμÉ´¥¸É¨ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ¸μ ¸±¥°²¨´£μ¢Ò³¨ ¶·¥¤¸± § ´¨Ö³¨ ¤²Ö
· ¸ÉÊÐ¥£μ Ë·μ´É , μ¶¨¸Ò¢ ¥³μ£μ Ê· ¢´¥´¨¥³ Š ·¤ · Ä� ·¨§¨Ä† ´£ , ¸μ¶μ-
¸É ¢¨³ ±μ´Ë¨£Ê· Í¨¨ Î ¸É¨Í n(t) = {ni(t)}i∈L ´  Í¥²μÎ¨¸²¥´´μ° ·¥Ï¥É±¥
L = Z ¨ ´¥¢μ§· ¸É ÕÐÊÕ ¸ÉÊ¶¥´Î ÉÊÕ ËÊ´±Í¨Õ ¢Ò¸μÉÒ ht(x) ∈ Z ´  R, ¶·¨-
´¨³ ÕÐÊÕ Éμ²Ó±μ Í¥²Ò¥ §´ Î¥´¨Ö, ±μÉμ·Ò¥ ³¥´ÖÕÉ¸Ö ¸± Î±μ³, Ê³¥´ÓÏ Ö¸Ó
´  ni(t) ¢ Í¥²μÎ¨¸²¥´´ÒÌ §´ Î¥´¨ÖÌ x = i, É. ¥.

ht(i + 0) − ht(i) = ni(t), ∀i ∈ Z

(·¨¸. 6). ‡ ¤ ¢ §´ Î¥´¨¥ ËÊ´±Í¨¨ ¢Ò¸μÉÒ ¢ ± ±μ°-´¨¡Ê¤Ó μ¤´μ° ÉμÎ±¥, ¶μ
ÔÉμ³Ê ¸μμÉ´μÏ¥´¨Õ ³μ¦´μ μ¤´μ§´ Î´μ ¢μ¸¸É ´μ¢¨ÉÓ ¢¸Õ ËÊ´±Í¨Õ. � ¶·¨-
³¥·, ¤²Ö ±μ´Ë¨£Ê· Í¨°, μ£· ´¨Î¥´´ÒÌ ¸¶· ¢ , £¤¥ ni(t) = 0 ¤²Ö ¤μ¸É ÉμÎ´μ
¡μ²ÓÏ¨Ì i, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ lim

x→∞
ht(x) = 0. ’μ£¤  ¢ ´ Î ²Ó´Ò° ³μ³¥´É

· ¸¸³μÉ·¥´´μ° ¢ÒÏ¥ Ô¢μ²ÕÍ¨¨, ±μ£¤  ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ Î ¸É¨Í ´ Ìμ¤¨É¸Ö ¢
Ê§²¥ i = 0,

h0(x) =

{
∞, x � 0,

0, x > 0,

Ë·μ´É ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ²ÊÎ¥°, ¢ÒÌμ¤ÖÐ¨Ì ¨§ μ¤´μ° ÉμÎ±¨ ¶μ¤ ¶·Ö³Ò³ Ê£²μ³.
„ ²Ó´¥°Ï Ö Ô¢μ²ÕÍ¨Ö Ë·μ´É  ¸²¥¤Ê¥É ¨§ ¶· ¢¨² Ô¢μ²ÕÍ¨¨ Î ¸É¨Í. �  ± ¦-
¤μ³ Ï £¥ ¢·¥³¥´¨ ³Ò ¶·μÌμ¤¨³ ¢¸Õ ¸¨¸É¥³Ê ¸¶· ¢  ´ ²¥¢μ ¨ ¢ ± ¦¤Ò° ¢´Ê-
É·¥´´¨° Ê£μ² ¢ ¶μ§¨Í¨¨ i ¤μ¡ ¢²Ö¥³ mi−1 ¥¤¨´¨Î´ÒÌ ±¢ ¤· É¨±μ¢ ¸ ¢¥·μÖÉ-
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�¨¸. 6. ‘μμÉ¢¥É¸É¢¨¥ ±μ´Ë¨£Ê· Í¨¨ Î ¸É¨Í ¨ ²¨´¨¨ · ¸ÉÊÐ¥£μ Ë·μ´É . �μ± § ´  ±μ´-
Ë¨£Ê· Í¨Ö, ¢ ±μÉμ·μ° ¸ ³Ò° ²¥¢Ò° Ê§¥² ¸μ¤¥·¦¨É ¡¥¸±μ´¥Î´μ ³´μ£μ Î ¸É¨Í. …¸²¨
¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¢¸¥ Ê§²Ò ¸¶· ¢  μÉ ¶μ± § ´´ÒÌ ¶Ê¸ÉÒ, Éμ μ¸É ¢Ï¨¥¸Ö §  ¶·¥¤¥-
² ³¨ ·¨¸Ê´±  Î ¸É¨ Ë·μ´É  Å ¤¢  ²ÊÎ , · ¸Ìμ¤ÖÐ¨¥¸Ö ¢¶· ¢μ ¨ ¢¢¥·Ì ¶μ¤ ¶·Ö³Ò³
Ê£²μ³

´μ¸ÉÓÕ ϕ(mi−1|ni−1),

ht+1(x) = ht(x) + mi−1, x ∈ [i − 1, i).

’μÉ Ë ±É, ÎÉμ 0 � mi−1 � ni−1, ¸μÌ· ´Ö¥É ËÊ´±Í¨Õ ¢Ò¸μÉÒ ´¥¢μ§· ¸É Õ-
Ð¥°. ‚ Î ¸É´μ¸É¨, ¢ · ¸¸³μÉ·¥´´μ³ ´ ³¨ ¸²ÊÎ ¥ ν = 0 ± ¦¤Ò° ¸²¥¤ÊÕÐ¨°
±¢ ¤· É¨± ¢ ¤ ´´μ° ¶μ§¨Í¨¨ ¤μ¡ ¢²Ö¥É¸Ö ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p, ¶μ±  ²¨¡μ ¤μ¡ ¢-
²¥´¨¥ ´¥ μ¸É ´μ¢¨É¸Ö ¸ ¢¥·μÖÉ´μ¸ÉÓÕ (1 − p), ²¨¡μ ¢Ò¸μÉ  ¢ ¤ ´´μ° ¶μ§¨Í¨¨
´¥ ¤μ· ¸É¥É ¤μ ¢Ò¸μÉÒ ´  ¶·¥¤Ò¤ÊÐ¥³ ¥¤¨´¨Î´μ³ ¶μ²Ê¨´É¥·¢ ²¥.

Š ± ¢Ò£²Ö¤¨É É¨¶¨Î´ Ö Ëμ·³  É ±μ£μ Ë·μ´É  ´  ¡μ²ÓÏμ³ ³ ¸ÏÉ ¡¥ ¨
¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì? �± §Ò¢ ¥É¸Ö, ÎÉμ É ± ¦¥, ± ± ¨ ¢ · ¢´μ¢¥¸´μ° ¸¨ÉÊ -
Í¨¨, ¢ ¸¨¸É¥³¥ ¥¸ÉÓ ¤¢  Ì · ±É¥·´ÒÌ ³ ¸ÏÉ ¡ , μÉ¢¥Î ÕÐ¨Ì §  ¶·¥¤¥²Ó-
´ÊÕ Ëμ·³Ê (‡	—) ¨ Ì · ±É¥·´Ò¥ Ë²Ê±ÉÊ Í¨¨ (–�’). �  ³ ¸ÏÉ ¡¥ ‡	—,
x ∼ t → ∞, É¨¶¨Î´ Ö Ëμ·³  Ë·μ´É  μ¶·¥¤¥²Ö¥É¸Ö Ô°²¥·μ¢¸±μ° £¨¤·μ¤¨-
´ ³¨±μ° ¸¨¸É¥³Ò Î ¸É¨Í, ±μÉμ· Ö ¤¨±ÉÊ¥É¸Ö § ±μ´ ³¨ ¸μÌ· ´¥´¨Ö ¸¨¸É¥³Ò.
‚ ´ Ï¥³ ¸²ÊÎ ¥ ¥¤¨´¸É¢¥´´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö Å ÔÉμ § ±μ´ ¸μÌ· ´¥´¨Ö
Î ¸É¨Í, ±μÉμ·Ò° ¶·¥¤¶μ² £ ¥É, ÎÉμ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ρ(x) ´  ·¥Ï¥É±¥ Ê¤μ¢²¥-
É¢μ·Ö¥É Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨

∂tρ(x, t) + ∂xj(x, t) = 0.

‡¤¥¸Ó j(x, t) Å Éμ± Î ¸É¨Í Î¥·¥§ ÉμÎ±Ê x ¢ ³μ³¥´É ¢·¥³¥´¨ t. Š²ÕÎ¥¢μ°
Ë ±É, ¶μ§¢μ²ÖÕÐ¨° § ³±´ÊÉÓ ÔÉμ Ê· ¢´¥´¨¥, Å £¨¶μÉ¥§  ²μ± ²Ó´μ° ±¢ §¨-
¸É Í¨μ´ ·´μ¸É¨, ±μÉμ· Ö ¶·¥¤¶μ² £ ¥É, ÎÉμ ´  ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì ´¥¸É Í¨μ-
´ ·´ Ö ¸¨¸É¥³  Î ¸É¨Í ²μ± ²Ó´μ ¢¥¤¥É ¸¥¡Ö ± ± ¡¥¸±μ´¥Î´ Ö ¸É Í¨μ´ ·´ Ö
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É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´ Ö ¸¨¸É¥³  ¸ ¶²μÉ´μ¸ÉÓÕ Î ¸É¨Í, · ¢´μ° ²μ± ²Ó-
´μ° ¶²μÉ´μ¸É¨ ¢ ´¥¸É Í¨μ´ ·´μ° ¸¨¸É¥³¥. ‚ Î ¸É´μ¸É¨, ÔÉμ ¢Ò· ¦ ¥É¸Ö ¢ Éμ³,
ÎÉμ Éμ± j(x, t) § ¢¨¸¨É μÉ ±μμ·¤¨´ É ¨ ¢·¥³¥´¨ Éμ²Ó±μ Î¥·¥§ § ¢¨¸¨³μ¸ÉÓ μÉ
¶²μÉ´μ¸É¨ ρ(x, t),   ¢¨¤ ÔÉμ° § ¢¨¸¨³μ¸É¨ ¤ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ ³¥¦¤Ê Éμ-
±μ³ ¨ ¶²μÉ´μ¸ÉÓÕ Î ¸É¨Í ¢ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥, ¢ ±μÉμ·μ° Ê¸É ´μ¢¨²μ¸Ó
É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´μ¥ ¸É Í¨μ´ ·´μ¥ ¸μ¸ÉμÖ´¨¥

j(x, t) = jst(ρ(x, t)).

„ ²¥¥ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ jst(ρ) Å ¢Ò¶Ê±² Ö ËÊ´±Í¨Ö ¶·¨ ρ > 0 ¨
jst(0) = 0. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨

∂tρ + j′st(ρ) ∂xρ = 0, (71)

±μÉμ·μ¥ ·¥Ï ¥É¸Ö ³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨±. „²Ö ´ Î ²Ó´ÒÌ Ê¸²μ¢¨° ρ(x, 0) =
∞ · Ix�0 ¢¸¥ Ì · ±É¥·¨¸É¨±¨ Å ÔÉμ ²ÊÎ¨ ¢ ¶²μ¸±μ¸É¨ x − t, ¢ÒÌμ¤ÖÐ¨¥ ¨§
´ Î ²  ±μμ·¤¨´ É (x, t) = (0, 0) ¢ ¶¥·¢Ò° ±¢ ¤· ´É. �¥Ï¥´¨¥ ¤²Ö ËÊ´±Í¨¨
¶²μÉ´μ¸É¨ ρ(x, t) = ρ(χ) Å ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° χ = x/t, ¶μ²ÊÎ ¥³ Ö μ¡· -
Ð¥´¨¥³ ¸μμÉ´μÏ¥´¨Ö

j′st(ρ) = χ (72)

¢ μ¡² ¸É¨ 0 < χ < j′∞(0) ¨

ρ(χ) = 0
¶·¨ χ � j′∞(0).

—Éμ¡Ò ¸¢Ö§ ÉÓ ÔÉμ ·¥Ï¥´¨¥ ¸ ¶μ²μ¦¥´¨¥³ xn(t) Î ¸É¨ÍÒ ¸ ´μ³¥·μ³ n ¢
³μ³¥´É ¢·¥³¥´¨ t, § ³¥É¨³, ÎÉμ ·μ¢´μ n Î ¸É¨Í ´ Ìμ¤ÖÉ¸Ö ´¥¸É·μ£μ ¶· ¢¥¥
Ê§²  xn(t). �·¥¤¶μ²μ¦¨³, ÎÉμ ¶μ²μ¦¥´¨¥ Î ¸É¨ÍÒ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° xn(t) =
tχ(θ) μÉ´μÏ¥´¨Ö θ = n/t. ’μ£¤ 

θ =

j′st(0)∫
χ

ρ(y) dy = −χρ −
j′st(0)∫
χ

yρ′(y) dy = −χρ + jst(ρ), (73)

£¤¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ § ³¥´Ê ¶¥·¥³¥´´ÒÌ y → ρ(y), § ¤ ¢ ¥³ÊÕ ¸μμÉ´μÏ¥-
´¨¥³ (72), ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ Î ¸ÉÖ³. ‘μ¶μ¸É ¢²ÖÖ Ê· ¢´¥´¨Ö (72) ¨ (73),
§ ±²ÕÎ ¥³, ÎÉμ

θ(χ) = inf
ρ∈(0,∞)

(−χρ + jst(ρ))

Å ³¨´Ê¸ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  ËÊ´±Í¨¨ j(ρ). �μ¸±μ²Ó±Ê ¢Ò¸μÉ   ¸¸μ-
Í¨¨·μ¢ ´´μ£μ Ë·μ´É  ¢ ¶μ§¨Í¨¨ x = χt ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥ ± ± Î¨¸²μ Î ¸É¨Í,
¶·μÏ¥¤Ï¨Ì Î¥·¥§ ¤ ´´ÊÕ ÉμÎ±Ê, θ(χ) ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥ ± ± ¥£μ ¶·¥¤¥²Ó´ Ö
Ëμ·³ , ¶μÖ¢²ÖÕÐ Ö¸Ö ¢  ´ ²μ£¥ ‡	—:

lim
t→∞

ht(χt)
t

= θ(χ). (74)
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‚ μ¡· É´ÊÕ ¸Éμ·μ´Ê, ¶μ¸±μ²Ó±Ê ¶·¨ ´¥´Ê²¥¢μ° ¶²μÉ´μ¸É¨ θ(χ) Å ³μ´μÉμ´´ Ö
ËÊ´±Í¨Ö, dθ/dχ = −ρ < 0, ¥¥ ³μ¦´μ μ¡· É¨ÉÓ ¢ μ¡² ¸É¨ 0 < χ < j′∞(0), É ±
ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ ¥³ ËÊ´±Í¨Õ χ(θ), ¢μ§´¨± ÕÐÊÕ ¢  ´ ²μ£¥ ‡	—
¤²Ö xn(t):

lim
t→∞

xθt(t)
t

= χ(θ). (75)

‡¤¥¸Ó, ¶μ¸±μ²Ó±Ê ¨¸¶μ²Ó§Ê¥³Ò¥  ·£Ê³¥´ÉÒ ¨³¥ÕÉ Î¨¸Éμ Ô¢·¨¸É¨Î¥¸±¨°
Ì · ±É¥·, ³Ò ´¥ ¤¥² ¥³ ÊÉ¢¥·¦¤¥´¨° μ É¨¶¥ ¸Ìμ¤¨³μ¸É¨ ¸²ÊÎ °´ÒÌ ¢¥²¨-
Î¨´. ‘ÊÐ¥¸É¢ÊÕÐ¨¥ ¤μ± § É¥²Ó¸É¢  ¤²Ö ±μ´±·¥É´ÒÌ ¶·¨³¥·μ¢ ¶·¥¤¶μ² £ ÕÉ
¸Ìμ¤¨³μ¸ÉÓ ¶μÎÉ¨ ´ ¢¥·´μ¥.

„²Ö ¶μ²ÊÎ¥´¨Ö Ö¢´ÒÌ Ëμ·³Ê² ¤²Ö ËÊ´±Í¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì ρ, χ ¨ θ, ¤²Ö
³μ¤¥²¥° ¸ ��‚ ¸ ¢¥·μÖÉ´μ¸ÉÖ³¨ ¶¥·¥¸±μ±  (28) ¢μ¸¶μ²Ó§Ê¥³¸Ö É¥³ Ë ±Éμ³,
ÎÉμ ¢ ¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨ ¢ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥ Î¨¸²  § ¶μ²´¥´¨Ö ´¥-
§ ¢¨¸¨³Ò,   μ¤´μÊ§¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¨³¥¥É ¢¨¤ (32):

Pst(ni = k) =
zkf(k)
z(z)

,

£¤¥ ¸É Í¨μ´ ·´Ò° ¢¥¸ f(k) =
k∑

l=0

v(l)w(k − l) ¥¸ÉÓ ¸¢¥·É±  ¤¢ÊÌ ´ ¡μ·μ¢ ¶ -

· ³¥É·μ¢ v(l) ¨ w(l), Î¥·¥§ ¶·μ¨§¢¥¤¥´¨Ö ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¢¥·μÖÉ´μ¸É¨
¶¥·¥¸±μ±μ¢ ϕ(m|n) = v(m)w(n−m)/f(n), z Å  ±É¨¢´μ¸ÉÓ, ¶ · ³¥É· · ¸¶·¥-
¤¥²¥´¨Ö, §´ Î¥´¨¥ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É ¸·¥¤´ÕÕ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í,   z(z) Å
μ¤´μÊ§¥²Ó´ Ö ¸É É¸Ê³³ , μ¶·¥¤¥²Ö¥³ Ö ± ± ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ¸É Í¨μ´ ·-
´ÒÌ ¢¥¸μ¢ z(z) =

∑
n�0

znf(n). ‘¢Ö§Ó ¸·¥¤´¥° ¶²μÉ´μ¸É¨ Î ¸É¨Í ¸  ±É¨¢´μ¸ÉÓÕ

¤ ¥É¸Ö ¸É ´¤ ·É´Ò³ É¥·³μ¤¨´ ³¨Î¥¸±¨³ ¸μμÉ´μÏ¥´¨¥³

ρ = Eni = zf′(z),

£¤¥, ± ± ¨ ¢μ ¢¢¥¤¥´¨¨, ³Ò ¢¢¥²¨ ¸¢μ¡μ¤´ÊÕ Ô´¥·£¨Õ ´  μ¤¨´ Ê§¥² f(z) =
log z(z). ’μ± ¢ ¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³  ±É¨¢´μ¸É¨ z,
³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ± ± ¸·¥¤´¥¥ Î¨¸²μ Î ¸É¨Í, ¢ÒÌμ¤ÖÐ¨Ì ¨§ Ê§² 

jst(ρ(z)) = E

ni∑
m=0

mϕ(m|ni) = z
d

dz
log v(z),

£¤¥ v(z) =
∑
n�0

znv(n) Å ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ¶ · ³¥É·  v(n). �μ¤¸É ¢²ÖÖ

¤²Ö ¸²ÊÎ Ö q = ν = 0 ¨ μ = p

z(z) =
1

1 − z
,

v(z) =
1

1 − pz
,
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¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò:

ρ =
z

1 − z
, (76)

jst =
pz

1 − pz
, (77)

θ =
(1 − p)pz2

(pz − 1)2
, (78)

χ =
p(z − 1)2

(pz − 1)2
, (79)

± ± ËÊ´±Í¨¨  ±É¨¢´μ¸É¨ z, ¶·¨´¨³ ÕÐ¥° §´ Î¥´¨Ö ¢ ¤¨ ¶ §μ´¥ z ∈ [0, 1),
±μ£¤  §´ Î¥´¨Ö ¶²μÉ´μ¸É¨ ¶·μ¡¥£ ÕÉ μÉ ´Ê²Ö ¤μ ¡¥¸±μ´¥Î´μ¸É¨. �·¨ ´¥μ¡Ìμ-
¤¨³μ¸É¨ ´ Ìμ¦¤¥´¨Ö Ö¢´μ° § ¢¨¸¨³μ¸É¨ ²Õ¡μ° ¨§ ¢¥²¨Î¨´ μÉ ²Õ¡μ° ¤·Ê£μ°
´¥μ¡Ìμ¤¨³μ ¨¸±²ÕÎ¨ÉÓ ¶ · ³¥É· z ¨§ Ê· ¢´¥´¨°. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ÔÉμ ·¥-
Ï ¥³ Ö § ¤ Î , ¸¢μ¤¨³ Ö ± ·¥Ï¥´¨Õ ±¢ ¤· É´ÒÌ Ê· ¢´¥´¨°. �¤´ ±μ ¢ μ¡Ð¥³
¸²ÊÎ ¥, ´ ¶·¨³¥· ¶·¨ ´¥´Ê²¥¢ÒÌ ¶ · ³¥É· Ì q ¨ ν, ¢Ò· ¦¥´¨¥ ËÊ´±Í¨° ¢
¶ · ³¥É·¨Î¥¸±μ³ ¢¨¤¥ Î¥·¥§ ¢§ ¨³´ÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ ¶ · ³¥É·  z Å ÔÉμ
¥¤¨´¸É¢¥´´Ò° ¸¶μ¸μ¡ § ¶¨¸ ÉÓ ¨Ì ¢ μÉ´μ¸¨É¥²Ó´μ ¶·μ¸Éμ³ ¢¨¤¥. „ ²¥¥ ³Ò
Î ¸Éμ ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö ± ±μ°-²¨¡μ ¨§ ÔÉ¨Ì ¢¥²¨Î¨´, · ¸¸³ É·¨¢ Ö ¥¥ ± ±
ËÊ´±Í¨Õ μ¤´μ° ¨§ μ¸É ¢Ï¨Ì¸Ö,   É ±¦¥ ¥¥ ¶·μ¨§¢μ¤´Ò³¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³Ò
¡Ê¤¥³ ¶¨¸ ÉÓ, ´ ¶·¨³¥·, χ(θ) ¨²¨ θ(χ), χ′(θ) ¨ É. ¤., É ±, ÎÉμ¡Ò ¨§ μ¡μ§´ Î¥-
´¨° ¡Ò²μ Ö¸´μ, ± ± Ö ¨§ ¢¥²¨Î¨´ ¨£· ¥É ·μ²Ó ËÊ´±Í¨¨,   ± ± Ö Å  ·£Ê³¥´É .

�¡· É¨³¸Ö É¥¶¥·Ó ± Ë²Ê±ÉÊ¨·ÊÕÐ¥° Î ¸É¨ μ¡¸Ê¦¤ ¥³ÒÌ ¸²ÊÎ °´ÒÌ ¢¥²¨-
Î¨´, μÉ¢¥Î ÕÐ¨Ì –�’. —Éμ¡Ò ¸μμÉ´¥¸É¨ ÉμÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸μ ¸±¥°²¨´£μ¢μ°
£¨¶μÉ¥§μ° (69), μ¸´μ¢ ´´μ° ´   ´ ²¨§¥ Ê· ¢´¥´¨Ö Š ·¤ · Ä� ·¨§¨Ä† ´£ ,
´¥μ¡Ìμ¤¨³μ ¢Ò· §¨ÉÓ · §³¥·´Ò¥ ±μ´¸É ´ÉÒ Î¥·¥§ ¶ · ³¥É·Ò Ë·μ´É , ¸μ¶μ-
¸É ¢²¥´´μ£μ ¸¨¸É¥³¥ Î ¸É¨Í. ƒ¨¶μÉ¥§ , ±μÉμ· Ö ¶μ§¢μ²Ö¥É ÔÉμ ¤¥² ÉÓ, μ¸´μ-
¢ ´  ´  ¶·μ¸Éμ³ ´ ¡²Õ¤¥´¨¨ [81,82]: ¨§ É·¥Ì ¶ · ³¥É·μ¢ Ê· ¢´¥´¨Ö Š ·¤ · Ä
� ·¨§¨Ä† ´£  ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¤¢  · §³¥·´ÒÌ ¨´¢ ·¨ ´É , ±μÉμ·Ò¥ ´¥ ³¥-
´ÖÕÉ¸Ö ¶·¨ ³ ¸ÏÉ ¡´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ. �¤¨´ ¨§ ´¨Ì Å A, μ¶·¥¤¥²¥´´Ò°
¢ (67),   ¢Éμ·μ° Å ±μÔËË¨Í¨¥´É ´¥²¨´¥°´μ¸É¨ λ ¨§ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (66).
‚¸Ö · §³¥·´ Ö § ¢¨¸¨³μ¸ÉÓ ¸·¥¤´¨Ì ¢¥²¨Î¨´, Ì · ±É¥·¨§ÊÕÐ¨Ì ¸É É¨¸É¨±Ê
Ë²Ê±ÉÊ Í¨° · ¸ÉÊÐ¥£μ Ë·μ´É , μ¶¨¸Ò¢ ¥³μ£μ Ê· ¢´¥´¨¥³ Š ·¤ · Ä� ·¨§¨Ä
† ´£ , ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±μ³¡¨´ Í¨¨ ÔÉ¨Ì ¤¢ÊÌ ¶ · ³¥É·μ¢, ÎÉμ, ¢ Î ¸É´μ¸É¨,
¸μ£² ¸Ê¥É¸Ö ¸μ ¸±¥°²¨´£μ¢μ° £¨¶μÉ¥§μ° (69). �¥§μ´´μ μ¦¨¤ ÉÓ, ÎÉμ ÔÉμÉ Ë ±É
¸¶· ¢¥¤²¨¢ ¤²Ö ¢¸¥Ì · ¸ÉÊÐ¨Ì Ë·μ´Éμ¢ ¢ Í¥²μ³ ±² ¸¸¥ Ê´¨¢¥·¸ ²Ó´μ¸É¨. �¤-
´ ±μ, ÎÉμ¡Ò ¨³ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö, ´Ê¦´μ ¶·¨¤ ÉÓ ¨´¢ ·¨ ´É ³ Ê´¨¢¥·¸ ²Ó´Ò°
¸³Ò¸², ´¥ μ£· ´¨Î¥´´Ò° ¶·¨³¥´¨³μ¸ÉÓÕ Ê· ¢´¥´¨Ö (66). „¥°¸É¢¨É¥²Ó´μ, ¶ -
· ³¥É· A ³μ¦´μ ¶μ´¨³ ÉÓ ± ±  ³¶²¨ÉÊ¤Ê ¤¨¸¶¥·¸¨¨ (68). —Éμ¡Ò ¶·μ¨´É¥·-
¶·¥É¨·μ¢ ÉÓ ±μÔËË¨Í¨¥´É ´¥²¨´¥°´μ¸É¨, ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ·¥Ï¥´¨¥ Ê· ¢-
´¥´¨Ö Š ·¤ · Ä� ·¨§¨Ä† ´£  ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³, ¶μ²ÊÎ¥´´Ò³ ¨§ ¸É Í¨μ-
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´ ·´μ£μ ¤μ¡ ¢²¥´¨¥³ ¶μ¸ÉμÖ´´μ£μ ´ ±²μ´  κ, h0(x) = Bx +κx. ’ ±μ° Ë·μ´É
¡Ê¤¥É ¤¢¨£ ÉÓ¸Ö ¸ ¶μ¸ÉμÖ´´μ° ¸±μ·μ¸ÉÓÕ vint(κ) = E(dht(x)/dt) ¸μ ¸²¥¤ÊÕÐ¥°
§ ¢¨¸¨³μ¸ÉÓÕ μÉ ´ ±²μ´ : λ = v′′int(κ). ‚ É¥·³¨´ Ì ¸¨¸É¥³Ò Î ¸É¨Í ¸·¥¤´ÖÖ
¸±μ·μ¸ÉÓ  ¸¸μÍ¨¨·μ¢ ´´μ£μ Ë·μ´É  ¸μμÉ¢¥É¸É¢Ê¥É Éμ±Ê, vint = jst(ρ),   ´ -
±²μ´ Å ¶²μÉ´μ¸É¨ Î ¸É¨Í, ρ = κ, É ± ÎÉμ ¤²Ö ±μÔËË¨Í¨¥´É  ´¥²¨´¥°´μ¸É¨
¡Ê¤¥³ ¨³¥ÉÓ

λ =
d2jst(ρ)

dρ2
.

„²Ö ´ Ï¥° ¸¨¸É¥³Ò ¸ ��‚ ¢¥²¨Î¨´Ò A ¨ λ É ±¦¥ ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¢ É¥·-
³¨´ Ì Ì · ±É¥·¨¸É¨± ¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò Î ¸É¨Í ¨ § ¶¨¸ ÉÓ
Î¥·¥§  ±É¨¢´μ¸ÉÓ z. ‚ Î ¸É´μ¸É¨, · §´μ¸ÉÓ ¢Ò¸μÉ Ë·μ´É  ¢ ¤¢ÊÌ ÉμÎ± Ì
¶μ¤ §´ ±μ³ ¤¨¸¶¥·¸¨¨ · ¢´  ¸Ê³³¥ Î¨¸¥² § ¶μ²´¥´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Ê§² ³¨

ht(x) − ht(y) =
y∑

i=x+1

ni. �μ¸±μ²Ó±Ê ¢ ¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨ Î¨¸²  § ¶μ²-

´¥´¨Ö · §´ÒÌ Ê§²μ¢ ´¥§ ¢¨¸¨³Ò, Éμ ¤¨¸¶¥·¸¨Ö ¸Ê³³Ò ¤ ¥É¸Ö ¸Ê³³μ° ¤¨¸¶¥·-
¸¨° ¢ ± ¦¤μ³ Ê§²¥, É. ¥.

A = Vni =
(

z
d

z

)2

f(z) = z
dρ

dz
.

�μ¤¸É ¢²ÖÖ ¢ ¶μ¸²¥¤´¨¥ ¤¢  ¸μμÉ´μÏ¥´¨Ö Ê· ¢´¥´¨Ö (76)Ä(79), ¶μ²ÊÎ ¥³

A =
z

(1 − z)2

¨

λ = −2(1 − p)p(1 − z)3

(1 − pz)3
.

‡ Ë¨±¸¨·Ê¥³ ¶μ²μ¦¥´¨¥ x = χt ´  ³ ±·μ¸±μ¶¨Î¥¸±μ° Ï± ²¥ ¨ ¶μ¸³μÉ·¨³ ´ 
¸¥³¥°¸É¢μ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ ¢Ò¸μÉÒ
Ë·μ´É  ¢ · §²¨Î´ÒÌ ÉμÎ± Ì ¢ μ±·¥¸É´μ¸É¨ ÔÉμ£μ ¶μ²μ¦¥´¨Ö ´  · ¸¸ÉμÖ´¨ÖÌ
¶μ·Ö¤±  ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò (70). �μ¸²¥ ¸Ê³³¨·μ¢ ´¨Ö ¢¸¥£μ ¢ÒÏ¥¸± § ´-
´μ£μ ´ Ï  ¸±¥°²¨´£μ¢ Ö £¨¶μÉ¥§  ¤²Ö ¢Ò¸μÉÒ Ë·μ´É  ¶·¨´¨³ ¥É ¢¨¤ ¸Ê³³Ò
¤¢ÊÌ Î ¸É¥°, Å ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¶μ·Ö¤±  t ¨ ¸²ÊÎ °´μ° ¶μ·Ö¤±  t1/3:

ht(χt + uσc(χ)t2/3) = θ(χ)t + σf (χ)t1/3X (u) + o(t1/3), t → ∞.

‡¤¥¸Ó Ë²Ê±ÉÊ Í¨μ´´Ò° ¨ ±μ··¥²ÖÍ¨μ´´Ò° · §³¥·´Ò¥ ¶ · ³¥É·Ò ¨³¥ÕÉ ¢¨¤

σf =
(
|λ|A2

2

)1/3

=
((1 − p)p)1/3

z2/3

(1 − pz) (1 − z)1/3
,

σc =
1
A

(
|λ|A2

2

)2/3

=
((1 − p)p)2/3

z1/3(1 − z)4/3

(1 − pz)2
.
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‚ Î ¸É´μ¸É¨, ¤²Ö μ¤´μÉμÎ¥Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö ÔÉμ Ô±¢¨¢ ²¥´É´μ ÊÉ¢¥·¦¤¥-
´¨Õ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¶·¥¤¥²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö

FX (a) = lim
t→∞

P

(
ht(χt) − tθ(χ)

σf (χ)t1/3
< a

)
, (80)

  ¤²Ö ³´μ£μÉμÎ¥Î´μ£μ

Fu1,...,un

X (a1, . . . , an) = lim
t→∞

P

(
n⋂

i=1

[
ht(χit) − tθ(χi)

σf (χ)t1/3
< ai

])
, (81)

£¤¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μ¡μ§´ Î¥´¨¥ χi = χ + t−1/3σcui ¤²Ö · §²¨Î´ÒÌ ÉμÎ¥±,
· §¤¥²¥´´ÒÌ · ¸¸ÉμÖ´¨Ö³¨ ¶μ·Ö¤±  ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò. ‡ ³¥É¨³, ÎÉμ
· §³¥·´Ò¥ ¶ · ³¥É·Ò σf (χ) ¨ σc(χ) § ¢¨¸ÖÉ μÉ ÉμÎ±¨ χ = x/t ´  ³ ±·μ¸±μ-
¶¨Î¥¸±μ° Ï± ²¥. ’¥³ ´¥ ³¥´¥¥, ± ± ³Ò Ê¢¨¤¨³ ¨§ ÉμÎ´μ£μ ·¥Ï¥´¨Ö, ²¥¢Ò¥
Î ¸É¨ Ê· ¢´¥´¨° (80), (81) ´¥ § ¢¨¸ÖÉ μÉ ÔÉμ° ÉμÎ±¨, ¸¢¨¤¥É¥²Ó¸É¢ÊÖ μ¡ Ê´¨-
¢¥·¸ ²Ó´μ¸É¨ ¶μ²ÊÎ¥´´ÒÌ · ¸¶·¥¤¥²¥´¨°.

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ³Ò ¸¤¥² ²¨ ÊÉ¢¥·¦¤¥´¨¥ μ ¢¨¤¥ ¸μ¢³¥¸É´μ£μ · ¸-
¶·¥¤¥²¥´¨Ö ÉμÎ¥± ¢ÒÌμ¤  Î ¸É¨Í ¸ £· ´¨ÍÒ, ¶·μ¸É¥°Ï¨³ ¶·¨³¥·μ³ ±μÉμ·μ£μ
Ö¢²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥ ±μμ·¤¨´ É ´¥¸±μ²Ó±¨Ì Î ¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò° ³μ-
³¥´É ¢·¥³¥´¨. �É · ¸¶·¥¤¥²¥´¨Ö ¢Ò¸μÉÒ Ë·μ´É  ³μ¦´μ ¶¥·¥°É¨ ± · ¸¶·¥¤¥-
²¥´¨Õ · §²¨Î´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ, Ì · ±É¥·¨§ÊÕÐ¨Ì  ¸¸μÍ¨¨·μ¢ ´´ÊÕ ¸¨¸É¥³Ê
Î ¸É¨Í. � ¶·¨³¥·, § ³¥É¨³, ÎÉμ ¸μ¡ÒÉ¨¥ xn(t) < a Ô±¢¨¢ ²¥´É´μ ¸μ¡ÒÉ¨Õ
ht(a) < n ¨²¨ P(xn(t) < a) = P(ht(a) < n). �μÔÉμ³Ê ¤²Ö (80) ¡Ê¤¥³ ¨³¥ÉÓ

P(ht(χt) < tθ(χ) + aσf (χ)t1/3) = P(xtθ(χ)+aσf (χ)t1/3 < χt).

ˆ¸Ìμ¤Ö ¨§ § ±μ´  ¡μ²ÓÏ¨Ì Î¨¸¥² (75) ¤²Ö xn(t) ¶·¥¤¶μ²μ¦¨³, ÎÉμ

xθt(t) = tχ(θ) + ξ
θ
,

£¤¥ ξθ = O(t1/3) Å ¸²ÊÎ °´ Ö ¢¥²¨Î¨´ . ’μ£¤ 

P(xtθ(χ)+aσf (χ)t1/3 < χt) =

= P(tχ(θ(χ) + aσf (χ)t−2/3) + ξθ(χ)+aσf (χ)t−2/3 < χt) 	

	 P(ξθ(χ) < aρ−1σf (θ)t1/3),

£¤¥ ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó É¥³ Ë ±Éμ³, ÎÉμ dχ/dθ = −1/ρ,   ¶·¥´¥¡·¥£²¨ ¸¤¢¨-
£μ³ ¢  ·£Ê³¥´É¥ ξθ. ‚ ·¥§Ê²ÓÉ É¥ ¨§ (80) ¨³¥¥³

FX (a) = lim
t→∞

P

(
xθt(t) − tχ(θ)
ρ−1σf (χ)t1/3

< a

)
.
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‚  ´ ²μ£¨Î´ÒÌ  ·£Ê³¥´É Ì ¤²Ö ³´μ£μÉμÎ¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ³Ò ¤μ²¦´Ò
ÊÎ¥¸ÉÓ ¸¤¢¨£¨ ÉμÎ¥± · ¸¸³μÉ·¥´¨Ö μÉ ¨¸Ìμ¤´μ° ³ ±·μ¸±μ¶¨Î¥¸±μ° ¶μ§¨Í¨¨
´  · ¸¸ÉμÖ´¨Ö ¶μ·Ö¤±  ¤¨´ ³¨Î¥¸±μ° ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò ξ(t) = σct

3/2:

Fu1,...,un

X (u) (a1, . . . , an) = lim
t→∞

P

(
n⋂

i=1

[
xtθi(t) − tχ(θi)

ρ−1σf t1/3
< ai

])
,

£¤¥ θi = θ − ρuiσct
−1/3. ‡ ³¥É¨³, ÎÉμ ¢ ¸³¥Ð¥´¨¨ μÉ ³ ±·μ¸±μ¶¨Î¥¸±μ°

¶μ§¨Í¨¨ θ ¶μÖ¢¨²¸Ö ³´μ¦¨É¥²Ó (−ρ) = dθ/dχ.
—Éμ¡Ò μ¡ÑÖ¸´¨ÉÓ, ± ±, §´ Ö ¸μ¢³¥¸É´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢Ò¸μÉ ¶·¨ Ë¨±¸¨-

·μ¢ ´´μ³ ¢·¥³¥´¨, ¶μ²ÊÎ¨ÉÓ · §´μ¢·¥³¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö, ¢μ¸¶μ²Ó§Ê¥³¸Ö
Ö¢²¥´¨¥³ ³¥¤²¥´´μ° ¤¥±μ··¥²ÖÍ¨¨, μÉ±·ÒÉÒ³ ¢ · ¡μÉ Ì [83, 84]. Š ± Ê¦¥
¡Ò²μ § ³¥Î¥´μ, Ì · ±É¥·´ Ö ±μ··¥²ÖÍ¨μ´´ Ö ¤²¨´ , ´  ±μÉμ·μ° ¶·μ¨¸Ìμ¤¨É
¤¥±μ··¥²ÖÍ¨Ö ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, μ¶¨¸Ò¢ ÕÐ¨Ì · ¸ÉÊÐ¨° Ë·μ´É ¢ ±² ¸¸¥
Š ·¤ · Ä� ·¨§¨Ä† ´£ , ¨³¥¥É ¶μ·Ö¤μ± ·μ¸É  ξ(t) � t2/3. ”²Ê±ÉÊ Í¨¨ ¢Ò-
¸μÉ ¢ ÉμÎ± Ì, · §¤¥²¥´´ÒÌ · ¸¸ÉμÖ´¨Ö³¨, ³´μ£μ ³¥´ÓÏ¨³¨ ξ(t), ¶μ²´μ¸ÉÓÕ
¸±μ··¥²¨·μ¢ ´Ò, É. ¥. ¨Ì ³μ¦´μ ¸Î¨É ÉÓ ¨¤¥´É¨Î´Ò³¨ ¸²ÊÎ °´Ò³¨ ¢¥²¨Î¨-
´ ³¨. ”²Ê±ÉÊ Í¨¨ ¢ ÉμÎ± Ì ´  · ¸¸ÉμÖ´¨¨ ¶μ·Ö¤±  ξ(t) Ê¦¥ · §²¨Î´Ò¥, ´¥-
É·¨¢¨ ²Ó´μ ¸±μ··¥²¨·μ¢ ´´Ò¥ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò,   ´  · ¸¸ÉμÖ´¨ÖÌ, ³´μ£μ
¡μ²ÓÏ¨Ì ξ(t), Ë²Ê±ÉÊ Í¨¨ ¢Ò¸μÉÒ ³μ¦´μ ¸Î¨É ÉÓ ´¥§ ¢¨¸¨³Ò³¨. �Éμ μ¸É -
´¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³, ¥¸²¨ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ · §²¨Î´Ò¥ ÉμÎ±¨ ¢ · §´Ò¥
³μ³¥´ÉÒ ¢·¥³¥´¨, ¸ · §´¨Í¥° ¢·¥³¥´ É ±μ£μ ¦¥ ¶μ·Ö¤±  ¶·¨ Ê¸²μ¢¨¨, ÎÉμ · ¸-
¸³ É·¨¢ ¥³Ò¥ ÉμÎ±¨ ´¥ ²¥¦ É ´  μ¤´μ° ¨ Éμ° ¦¥ Ì · ±É¥·¨¸É¨±¥ Ê· ¢´¥´¨Ö
�°²¥·  (71):

x = j′(ρ)t.

‚¤μ²Ó Ì · ±É¥·¨¸É¨±¨ ´ ¡²Õ¤ ¥É¸Ö ³¥¤²¥´´ Ö ¤¥±μ··¥²ÖÍ¨Ö, É. ¥. Ë²Ê±ÉÊ -
Í¨¨ ¢Ò¸μÉÒ δht(x) = (ht(x) − tθ(x/t)) μ¸É ÕÉ¸Ö ¶μ²´μ¸ÉÓÕ ¸±μ··¥²¨·μ¢ ´Ò
¢¶²μÉÓ ¤μ ³ ¸ÏÉ ¡  ¶μ·Ö¤±  O(t). � ¶· ¢²¥´¨Ö ¢¤μ²Ó Ì · ±É¥·¨¸É¨± ´ -
§Ò¢ ÕÉ ¢·¥³Ö¶μ¤μ¡´Ò³¨,   ¢¸¥ μ¸É ²Ó´Ò¥ Å ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´Ò³¨.
�μ²Ó§ÊÖ¸Ó ³¥¤²¥´´μ° ¤¥±μ··¥²ÖÍ¨¥°, ³μ¦´μ ¸¢¥¸É¨ ¸μ¢³¥¸É´Ò¥ · ¸¶·¥¤¥²¥-
´¨Ö Ë²Ê±ÉÊ Í¨° ¢Ò¸μÉ ¢ · §´ÒÌ ÉμÎ± Ì ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ¶²μ¸-
±μ¸É¨, · §¤¥²¥´´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´Ò³¨ ¨´É¥·¢ ² ³¨, ± ¸μ¢³¥¸É´Ò³
· ¸¶·¥¤¥²¥´¨Ö³ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ ¢·¥³¥´¨. „¥°¸É¢¨É¥²Ó´μ, ÊÉ¢¥·¦¤¥´¨¥
μ¡ ¨¤¥´É¨Î´μ¸É¨ § ¶¨¸Ò¢ ¥É¸Ö ± ±

ht+δt(χt) − (t + δt) θ

(
χt

t + δt

)
= ht

(
χt

(
1 +

δt

t

)−1
)

− tθ

(
χt

t + δt

)
.

‚ Î ¸É´μ¸É¨, ¢§Ö¢ δt = sσcχ
−1t2/3, £¤¥ s Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·, § ¤ ÕÐ¨°

μÉ±²μ´¥´¨Ö ¢·¥³¥´¨ ´  Ì · ±É¥·´μ° Ï± ²¥, ¶μ²ÊÎ¨³

ht+sσcχ−1t2/3(tχ + uσct
2/3) = ht

(
χt + uσct

2/3

1 + sσcχ−1t−1/3

)
+
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+ sσcχ
−1t2/3θ

(
χt + uσct

2/3

t + sσcχ−1t2/3

)
	

	
(
t + sσcχ

−1t2/3
)

θ

(
χ + uσct

−1/3

1 + sσcχ−1t−1/3

)
+ δht(χt + (u − s)σct

2/3).

‡ Ë¨±¸¨·Ê¥³ n ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶μ§¨Í¨° (b1, . . . , bn) = ((x1, t1),
. . . , (xn, tn)), £¤¥

xi = tχi = tχ + uiσct
2/3,

ti = t + sσcχ
−1t2/3,

lim
t→∞

P

(
n⋂

i=1

[
hti(xi) − tiθ(xi/ti)

σf (χ)t1/3
< ai

])
= Fu1−s1,...,un−sn

X (u) (a1, . . . , an).

�±¢¨¢ ²¥´É´μ¥ ÊÉ¢¥·¦¤¥´¨¥ μ ¸μ¢³¥¸É´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ²μ¦¥-
´¨° Î ¸É¨Í ¢ · §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

lim
t→∞

P

(
n⋂

i=1

[
xtiθ(xi/ti)(ti) − xi

ρ−1σf (χ)t1/3
< ai

])
= Fu1−s1,...,un−sn

X (u) (a1, . . . , an).

ŒÒ ¢¨¤¨³, ÎÉμ μÉ±²μ´¥´¨Ö μÉ ³ ±·μ¸±μ¶¨Î¥¸±μ° Ï± ²Ò ¢μ ¢·¥³¥´¨ ¨ ¶·μ-
¸É· ´¸É¢¥ ¢Ìμ¤ÖÉ ¸μ¢³¥¸É´μ ¢ ¢¨¤¥ · §´μ¸É¨.

‡ ³¥É¨³, ÎÉμ Ö¢²¥´¨¥ ³¥¤²¥´´μ° ¤¥±μ··¥²ÖÍ¨¨ ¡Ò²μ μÉ±·ÒÉμ ¸ ¶μ³μ-
ÐÓÕ Î¨¸Éμ ¢¥·μÖÉ´μ¸É´ÒÌ  ·£Ê³¥´Éμ¢. „ ²¥¥ ¶·μ¤¥³μ´¸É·¨·Ê¥³ Ëμ·³Ê²Ò ¤²Ö
¸±¥°²¨´£μ¢μ£μ ¶·¥¤¥²  · ¸¶·¥¤¥²¥´¨° ÉμÎ¥± ¢ÒÌμ¤  Î ¸É¨Í ¸ £· ´¨Í. �¥-
§Ê²ÓÉ É ¡Ê¤¥É ¨²²Õ¸É· Í¨¥° Ö¢²¥´¨Ö ³¥¤²¥´´μ° ¤¥±μ··¥²ÖÍ¨¨, ¶μ²ÊÎ¥´´μ°
´ ¶·Ö³ÊÕ ¨§ ÉμÎ´μ£μ ·¥Ï¥´¨Ö.

� · ¸¶·¥¤¥²¥´¨¨ ¢¥·μÖÉ´μ¸É¨ ¢Ò¸μÉÒ Ë·μ´É  ht(x) ³μ¦´μ ¤Ê³ ÉÓ ± ± μ
· ¸¶·¥¤¥²¥´¨¨ ¢·¥³¥´¨, ±μÉμ·μ¥ ´Ê¦´μ Î ¸É¨Í¥ ´μ³¥· h, ÎÉμ¡Ò Ê°É¨ ¤ ²ÓÏ¥
±μμ·¤¨´ ÉÒ x,   μ ¸μ¢³¥¸É´μ³ · ¸¶·¥¤¥²¥´¨¨ (ht1(x), . . . , hn(x)) Å ± ± μ
¥£μ ³´μ£μÎ ¸É¨Î´μ³  ´ ²μ£¥. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ± ± ³Ò μ¡¸Ê¤¨²¨ ¢ÒÏ¥, · ¸-
¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´ (ht(x1), . . . , ht(xn)) ¸¢Ö§ ´μ ¸ · ¸¶·¥¤¥²¥´¨¥³ ±μμ·¤¨-
´ É, ¤μ¸É¨£ ¥³ÒÌ Î ¸É¨Í ³¨ §  ¢·¥³Ö t. ‚¸¶μ³¨´ Ö ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¥£μ
· §¤¥² , ¢¨¤¨³, ÎÉμ μ¡  ÔÉ¨ ¶·¨³¥·  ¤ ÕÉ Î ¸É´Ò¥ ¸²ÊÎ ¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ-
§¨Í¨° ¢ÒÌμ¤  Î ¸É¨Í ¸ Ë¨±¸¨·μ¢ ´´μ° £· ´¨ÍÒ, £¤¥ £· ´¨ÍÒ ¸μμÉ¢¥É¸É¢ÊÕÉ
¶·Ö³Ò³ ²¨´¨Ö³ x = const ¨ t = const ¸μμÉ¢¥É¸É¢¥´´μ. ˆ¸¶μ²Ó§ÊÖ  ·£Ê³¥´ÉÒ,
¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥, ¶μ¶·μ¡Ê¥³ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ÊÉ¢¥·¦¤¥´¨¥ μ ¶·¥¤¥²Ó´μ³
· ¸¶·¥¤¥²¥´¨¨ ±μμ·¤¨´ ÉÒ ¢ÒÌμ¤  ¸ ¶·μ¨§¢μ²Ó´μ° £· ´¨ÍÒ B, ¥¸É¥¸É¢¥´´μ
¶ · ³¥É·¨§Ê¥³μ° ±μμ·¤¨´ Éμ° τ = t−x. ’μÎ´¥¥, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¶μ¸²¥-
¤μ¢ É¥²Ó´μ¸ÉÓ £· ´¨Í {B(L)}L∈N, ±μÉμ·Ò¥ ´  ¡μ²ÓÏμ³ ³ ¸ÏÉ ¡¥ τ = [Lψ],
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L → ∞,  ¶¶·μ±¸¨³¨·ÊÕÉ¸Ö ´¥±μÉμ·μ° £² ¤±μ° ±·¨¢μ° C,

b(τ) = (x(τ), t(τ)) 	 L

(
ζ(ψ) − ψ

2
,
ζ(ψ) + ψ

2

)
.

‡¤¥¸Ó ζ(ψ) Å ´¥±μÉμ· Ö £² ¤± Ö ËÊ´±Í¨Ö, μ¶·¥¤¥²ÖÕÐ Ö ¶·¥¤¥²Ó´ÊÕ Ëμ·³Ê
£· ´¨ÍÒ,   ¶·¨¡²¨§¨É¥²Ó´μ¥ · ¢¥´¸É¢μ μ§´ Î ¥É, ÎÉμ ¶μÉμÎ¥Î´ Ö · §´¨Í  ¶· -
¢μ° ¨ ²¥¢μ° Î ¸É¥° ¶μ·Ö¤±  o(t1/3), É. ¥. ³ ²  ¶μ ¸· ¢´¥´¨Õ ¸ Ë²Ê±ÉÊ Í¨μ´-
´Ò³ ³ ¸ÏÉ ¡μ³. ƒ¥μ³¥É·¨Ö £· ´¨ÍÒ ´ ±² ¤Ò¢ ¥É ´  ËÊ´±Í¨Õ ζ(ψ) μ£· -
´¨Î¥´¨Ö

dx

dτ
=

ζ′(ψ) − 1
2

� 0,

dt

dτ
=

ζ′(ψ) + 1
2

� 0,

É. ¥.

|ζ′(ψ)| � 1. (82)

�¡μ§´ Î¨³ TB
n ¸²ÊÎ °´ÊÕ ¢¥²¨Î¨´Ê, · ¢´ÊÕ ´μ³¥·Ê Ê§²  τ , Î¥·¥§ ±μÉμ·Ò°

Î ¸É¨Í  ¸ ´μ³¥·μ³ n ¢ÒÌμ¤¨É ¸ £· ´¨ÍÒ B,  

ψ(η) = lim
L→∞

TB
[ηL]

L

Å ¥£μ ¶¥·¥³ ¸ÏÉ ¡¨·μ¢ ´´ÊÕ ¶·¥¤¥²Ó´ÊÕ ¢¥²¨Î¨´Ê ¢ ¸³Ò¸²¥ ‡	—. �´  ³μ-
¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´  ± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

(ζ(ψ) − ψ) = χ

(
2η

ζ(ψ) + ψ

)
(ζ(ψ) + ψ), (83)

¶μ²ÊÎ¥´´μ£μ ¶¥·¥¶¨¸Ò¢ ´¨¥³ ‡	— (75) ¢ É¥·³¨´ Ì ψ.
„ ²¥¥, ¶·¨³¥´¨¢  ·£Ê³¥´É,  ´ ²μ£¨Î´Ò° ¨¸¶μ²Ó§μ¢ ´´μ³Ê ¢ÒÏ¥ ¤²Ö ¸¢Ö§¨

· ¸¶·¥¤¥²¥´¨° ht(x) ¨ xn(t), P(TB
n < a) = P(ht(a)(x(a)) < n), ¶μ²ÊÎ¨³

FX (a) = lim
t→∞

P

(
TB

[ηL] − Lψ(η)

ψ′(η)σf (χ)t1/3
< a

)
. (84)

‡¤¥¸Ó · §³¥·´Ò° Ë ±Éμ· ψ′(η) ¸²¥¤Ê¥É ¨§ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¸μμÉ´μÏ¥-
´¨Ö (83) ¨ · ¢¥´

ψ′(η) =
2ρ−1

(ζ′(ψ) + 1) (χ + θρ−1) + (1 − ζ′(ψ))
,
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£¤¥ §´ Î¥´¨Ö θ, ρ = ρ(θ) ¨ χ = χ(θ) ¢ÒÎ¨¸²¥´Ò ¶·¨ §´ Î¥´¨¨  ·£Ê³¥´É 

θ =
n

t
=

2η

ζ(ψ) + ψ
.

—Éμ¡Ò § ¶¨¸ ÉÓ ¶·Ö³μ¥ μ¡μ¡Ð¥´¨¥ Ëμ·³Ê²Ò (84) ¤²Ö ³´μ£μÉμÎ¥Î´ÒÌ · ¸-
¶·¥¤¥²¥´¨°, ±μÉμ·Ò¥ ¶μÉμ³ ³μ¦´μ ¡Ê¤¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ¢ É¥·³¨´ Ì ¸²Ê-
Î °´ÒÌ ¶·μÍ¥¸¸μ¢ ´  ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´ÒÌ ¶ÊÉÖÌ, · ¸¸³μÉ·¨³ ¢³¥¸Éμ
μ¤´μ° ±·¨¢μ°, ±μÉμ· Ö ¡Ò²  § ¤ ´  ËÊ´±Í¨¥° ζ(ψ), μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥-
³¥°¸É¢μ ±·¨¢ÒÌ Cωω∈R

, § ¤ ¢ ¥³ÒÌ ËÊ´±Í¨Ö³¨ ζ(ψ, ω). �·¨ Ë¨±¸¨·μ¢ ´´μ³
§´ Î¥´¨¨ ¶ · ³¥É·  ω ËÊ´±Í¨Ö ζ(ψ, ω), ± ± ¨ · ´ÓÏ¥, § ¤ ¥É £² ¤±ÊÕ ±·¨¢ÊÕ
¢ ¶²μ¸±μ¸É¨ x− t. Šμ£¤  ¶ · ³¥É· ω ¶·μ¡¥£ ¥É ¢¸¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö,
±·¨¢ Ö £² ¤±μ ¤¥Ëμ·³¨·Ê¥É¸Ö, ¸¤¢¨£ Ö¸Ó ¶·¨ Ê¢¥²¨Î¥´¨¨ ω ¢¶· ¢μ ¨ ¢´¨§, É ±
ÎÉμ Cω1 � Cω2 ¤²Ö ²Õ¡ÒÌ ¤¢ÊÌ §´ Î¥´¨° ω1 < ω2. �μ³¥· ³ ±·μ¸±μ¶¨Î¥¸±μ°

¶μ§¨Í¨¨ ¢ÒÌμ¤  Î ¸É¨Í ψ(η, ω) ¸ ´μ³¥·μ³ n = [ηL] ¸ £· ´¨ÍÒ B(L)
ω 	 LCω

¡Ê¤¥É ¶μ-¶·¥¦´¥³Ê ¤ ¢ ÉÓ¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (83), ÌμÉÖ É¥¶¥·Ó ±·μ³¥ § -
¢¨¸¨³μ¸É¨ μÉ ´μ³¥·  Î ¸É¨ÍÒ μ´ ¡Ê¤¥É ËÊ´±Í¨¥° ¥Ð¥ ¨ ¶ · ³¥É·  £· ´¨ÍÒ ω.

’¥¶¥·Ó · ¸¸³μÉ·¨³ £² ¤±¨° ¶ÊÉÓ Γ = {η(r), ω(r)}r∈R ¢ ¶²μ¸±μ¸É¨ η − ω
É ±μ°, ÎÉμ ω′(r) � 0, η′(r) > 0. ’ ±¨³ μ¡· §μ³, ± ¦¤μ° ±·¨¢μ° Cω(r) ¸μ-

¶μ¸É ¢²Ö¥³ Î ¸É¨ÍÊ ¸ ´μ³¥·μ³ [Lη(r)], ¢ÒÌμ¤μ³ ±μÉμ·μ° §  £· ´¨ÍÊ B(L)
ω(r) 	

LCω(r) ³Ò ¡Ê¤¥³ ¨´É¥·¥¸μ¢ ÉÓ¸Ö. ‚μ§Ó³¥³ n ÉμÎ¥± r1, . . . , rn ´  ¶ÊÉ¨ Γ É ±,
ÎÉμ¡Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÉμÎ±¨ ¢ ¶²μ¸±μ¸É¨ x − t μÉ¸ÉμÖ²¨ ¤·Ê£ μÉ ¤·Ê£  ´ 
· ¸¸ÉμÖ´¨Ö ¶μ·Ö¤±  O(L2/3),

ri = r0 + ui

(
dψ

dr

)−1

σcL
−1/3. (85)

‡¤¥¸Ó, ·Ê±μ¢μ¤¸É¢ÊÖ¸Ó É¥³ ¦¥ ¶·¨´Í¨¶μ³, ÎÉμ ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ¢ÒÏ¥, ÎÉμ¡Ò
¶¥·¥Ìμ¤¨ÉÓ ³¥¦¤Ê · ¸¶·¥¤¥²¥´¨Ö³¨ · §²¨Î´ÒÌ ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´, ³Ò ¢±²Õ-
Î¨²¨ ¢ Ï± ²Ê ¶ · ³¥É·  r · §³¥·´Ò° ³´μ¦¨É¥²Ó

dψ

dr
=

ζ(0,1)(1 − χ − θρ−1)ω′ + 2ρ−1η′

(ζ(1,0) + 1)(χ + θρ−1) + (1 − ζ1,0)

∣∣∣∣
r=r0

, (86)

±μÉμ·Ò° ¸´μ¢  ¶μ²ÊÎ ¥É¸Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ Ëμ·³Ê²Ò (83), Éμ²Ó±μ É¥¶¥·Ó
¶μ μÉ´μÏ¥´¨Õ ± r ¸ ÊÎ¥Éμ³ § ¢¨¸¨³μ¸É¨ ζ(ψ, ω) μÉ ¢Éμ·μ£μ  ·£Ê³¥´É . �μ¸²¥
ÔÉμ£μ ÉμÎ±¨, ´Ê³¥·ÊÕÐ¨¥ Î ¸É¨ÍÒ, ¨ £· ´¨ÍÒ ¡¥·ÊÉ¸Ö ¢ ¢¨¤¥ (·¨¸. 7)

ωi = ω(ri), ηi = η(ri).

’μ£¤  ³´μ£μÉμÎ¥Î´Ò°  ´ ²μ£ Ëμ·³Ê²Ò (84) ¡Ê¤¥É ¨³¥ÉÓ ¸²¥¤ÊÕÐ¨° ¢¨¤:

lim
L→∞

P

⎛⎝ n⋂
i=1

⎡⎣T
LCωi

[ηiL] − Lψ(ηi, ωi)

(∂ψ/∂η)σf (χ)t1/3
< ai

⎤⎦⎞⎠ = Fu1,...,un

X (u) (a1, . . . , an). (87)
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�¨¸. 7. � ¸¶·¥¤¥²¥´¨¥ ¶μ§¨Í¨° ¢ÒÌμ¤  ¸ £· ´¨Í ´  ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´μ³ ¶ÊÉ¨
¢ ¶²μ¸±μ¸É¨ x − t. ‘¶²μÏ´Ò³¨ ²¨´¨Ö³¨ ¶μ± § ´Ò ³ ±·μ¸±μ¶¨Î¥¸±¨¥ ¤¥É¥·³¨´¨-
¸É¨Î¥¸±¨¥ É· ¥±Éμ·¨¨ Î ¸É¨Í ¸ ´μ³¥· ³¨ ni = [Lη(ri)], i = 1, 2, 3. �Ê´±É¨·´Ò³¨

±·¨¢Ò³¨ μ¡μ§´ Î¥´Ò £² ¤±¨¥ ¶·¥¤¥²Ó´Ò¥ ²¨´¨¨ É·¥Ì £· ´¨Í, B(L)
ω(ri)

� LCω(ri), ¶μ-

²μ¦¥´¨¥ ±μÉμ·ÒÌ (x, t) � L

(
ζ(ψ,ω(ri)) − ψ

2
,
ζ(ψ, ω(ri)) + ψ

2

)
μ¶·¥¤¥²Ö¥É¸Ö ËÊ´±-

Í¨¥° ζ(ψ, ω) ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¢Éμ·μ£μ  ·£Ê³¥´É . ’μÎ±¨ ¨Ì ¶¥·¥¸¥Î¥´¨°
§ ¤ ÕÉ ±μμ·¤¨´ ÉÒ ψ(ri) ± ± ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (83). ˜É·¨Ìμ¢μ° ²¨´¨¥° μÉ³¥Î¥´
¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´Ò° ¶ÊÉÓ: § ¤ ¢ ËÊ´±Í¨¨ ω(r) ¨ η(r), ³Ò ¸μμÉ¢¥É¸É¢¥´´μ μ¶·¥-
¤¥²Ö¥³ ψ(r) ¤²Ö ¸¥³¥°¸É¢  £· ´¨Í. ”²Ê±ÉÊ Í¨¨ ÉμÎ±¨ ¢ μ±·¥¸É´μ¸É¨ ψ(r) ¸Ìμ¤ÖÉ¸Ö ±
μ¤´μ³Ê Ê´¨¢¥·¸ ²Ó´μ³Ê ¶·¥¤¥²Ê ¶μÎÉ¨ ¤²Ö ¢¸¥Ì ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶ÊÉ¥°

‡ ³¥É¨³, ÎÉμ ±μÔËË¨Í¨¥´É ¶·¨ ¶ · ³¥É·¥ u ¢ Ëμ·³Ê²¥ (83) · ¸Ìμ¤¨É¸Ö, ±μ£¤ 
Î¨¸²¨É¥²Ó ¢ Ëμ·³Ê²¥ (86) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. �Éμ ¸μμÉ¢¥É¸É¢Ê¥É ¸¨ÉÊ Í¨¨,
±μ£¤  ¶ÊÉÓ Γ ²¥¦¨É ´  Ì · ±É¥·¨¸É¨±¥ Ê· ¢´¥´¨Ö �°²¥· , É. ¥. ¢·¥³¥´¨¶μ¤μ-
¡¥´, ¨ μÉ¸ÊÉ¸É¢¨¥ § ¢¨¸¨³μ¸É¨ ¶μ²ÊÎ ÕÐ¥£μ¸Ö ¸²ÊÎ °´μ£μ ¶·μÍ¥¸¸  μÉ ±μμ·-
¤¨´ ÉÒ ´  ¶ÊÉ¨ ´  · ¸¸³ É·¨¢ ¥³μ³ ³ ¸ÏÉ ¡¥ μÉ· ¦ ¥É Ö¢²¥´¨Ö ³¥¤²¥´´μ°
¤¥±μ··¥²ÖÍ¨¨.

‚ÒÏ¥ ³Ò ¶·μ¤¥³μ´¸É·¨·μ¢ ²¨ ´ ¡μ· ¸±¥°²¨´£μ¢ÒÌ £¨¶μÉ¥§ μ ¸Ìμ¤¨³μ-
¸É¨ · §²¨Î´ÒÌ ³´μ£μÉμÎ¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ± μ¤´μ³Ê Ê´¨¢¥·¸ ²Ó´μ³Ê ¶·¥-
¤¥²Ê. —Éμ¡Ò μ¶¨¸ ÉÓ ÔÉμÉ ¶·¥¤¥², ´ ³ ´¥μ¡Ìμ¤¨³μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ·¥§Ê²Ó-
É É ³¨ ÉμÎ´μ£μ ·¥Ï¥´¨Ö, μ¶¨¸ ´´μ£μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥. ’ ³ ¶·¨¢¥¤¥´μ
ÉμÎ´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¢¥·μÖÉ´μ¸É¥° ¢ÒÌμ¤  ¸ £· ´¨Í ¢ ¢¨¤¥ μ¶·¥¤¥²¨É¥²Ö
”·¥¤£μ²Ó³ . —Éμ¡Ò ¨¸¸²¥¤μ¢ ÉÓ, ± Î¥³Ê ¸Ìμ¤¨É¸Ö ÔÉμ ¢Ò· ¦¥´¨¥ ¢ ¸±¥°²¨´-
£μ¢μ³ ¶·¥¤¥²¥ (87), ´Ê¦´μ ¶·μ¨§¢¥¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±¨°  ´ ²¨§ μ¶·¥¤¥²¨-
É¥²Ö ”·¥¤£μ²Ó³ , É¥Ì´¨Î¥¸± Ö Î ¸ÉÓ ±μÉμ·μ£μ ¸μ¸Éμ¨É ¢  ´ ²¨§¥ ¨´É¥£· ²Ó-
´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ±μ··¥²ÖÍ¨μ´´μ£μ Ö¤·  ³¥Éμ¤μ³ ¶¥·¥¢ ²  ¨ ¤μ± § É¥²Ó¸É¢¥
· ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ·Ö¤ , ¶·¥¤¸É ¢²ÖÕÐ¥£μ μ¶·¥¤¥²¨É¥²Ó ”·¥¤£μ²Ó³ .
‡¤¥¸Ó ³Ò μ¶Ê¸É¨³ ¶μ¤·μ¡´μ¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ  ´ ²¨§ . ˆ´É¥·¥¸ÊÕÐ¨°¸Ö
Î¨É É¥²Ó ³μ¦¥É ´ °É¨ ¨Ì ¢ · ¡μÉ Ì [40, 41, 76Ä78]. ŒÒ ¸Ëμ·³Ê²¨·Ê¥³ ²¨ÏÓ
μÉ¢¥É, ¶·¥¤ÑÖ¢¨¢ Ö¢´Ò¥ Ëμ·³Ê²Ò ¶·¥¤¥²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°.
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�¶·¥¤¥²¨³ ¸²ÊÎ °´Ò° ¶·μÍ¥¸¸ �°·¨2, A2(u), ± ± ¸É Í¨μ´ ·´Ò° ¸²ÊÎ °-
´Ò° ¶·μÍ¥¸¸ ¸μ ¸²¥¤ÊÕÐ¨³¨ ±μ´¥Î´μ³¥·´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨:

Prob (A2(u1) < s1, . . . ,A2(um) < sm) =
= det (1 − ηsKAiry2

ηs))L2({n1,...,nm}×R), (88)

£¤¥ KAiry2
Å ¨´É¥£· ²Ó´Ò° μ¶¥· Éμ· ¸ Ö¤·μ³

KAiry2
(ξ1, ζ1; ξ2, ζ2) =

=

⎧⎪⎪⎨⎪⎪⎩
∞∫
0

dλ eλ(ξ2−ξ1)Ai(λ + ζ1)Ai(λ + ζ2), ξ2 � ξ1,

−
0∫

−∞
dλ eλ(ξ2−ξ1)Ai(λ + ζ1)Ai(λ + ζ2), ξ2 > ξ1.

(89)

�¤´μÉμÎ¥Î´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ÔÉμ£μ ¶·μÍ¥¸¸  Ö¢²Ö¥É¸Ö §´ ³¥´¨Éμ¥ · ¸¶·¥-
¤¥²¥´¨¥ ’·¥°¸¨Ä“¨¤μ³  [6], ±μÉμ·μ¥ § ¤ ¥É¸Ö  ´ ²μ£¨Î´Ò³ ¤¥É¥·³¨´ ´Éμ³
”·¥¤£μ²Ó³  ´  L2(R) μÉ μ¶¥· Éμ·  ¸ Ö¤·μ³ �°·¨

KAiry(x, y) =
Ai(x)Ai′(y) − Ai(y)Ai′(x)

x − y
.

� ¸¶·¥¤¥²¥´¨¥ ’·¥°¸¨Ä“¨¤μ³  ¢¶¥·¢Ò¥ ¡Ò²μ μÉ±·ÒÉμ ¢ É¥μ·¨¨ ¸²ÊÎ °´ÒÌ
³ É·¨Í [8], £¤¥ μ´μ μ¶¨¸Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¤μ²¦´Ò³ μ¡· §μ³ ¶¥·¥³ ¸ÏÉ -
¡¨·μ¢ ´´μ£μ ³ ±¸¨³ ²Ó´μ£μ (¨ ³¨´¨³ ²Ó´μ£μ) ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ¸²Ê-
Î °´μ° Ô·³¨Éμ¢μ° ³ É·¨ÍÒ ¨§ £ Ê¸¸μ¢  Ê´¨É ·´μ£μ  ´¸ ³¡²Ö. Œ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ ³ É·¨Í ¨§ É ±μ£μ  ´¸ ³¡²Ö Å ´¥§ ¢¨¸¨³Ò¥ ´μ·³ ²Ó´μ · ¸¶·¥¤¥-
²¥´´Ò¥ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò. …¸²¨ ¦¥ ¤Ê³ ÉÓ μ ³ É·¨Î´ÒÌ Ô²¥³¥´É Ì ± ± μ
´¥§ ¢¨¸¨³ÒÌ ¡·μÊ´μ¢¸±¨Ì ¤¢¨¦¥´¨ÖÌ ¸ É ±¨³ ¦¥ μ¤´μ¢·¥³¥´´�Ò³ · ¸¶·¥¤¥²¥-
´¨¥³ [85], Éμ § ¢¨¸¨³μ¸ÉÓ ³ ±¸¨³ ²Ó´μ£μ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö μÉ ¢·¥³¥´¨
¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ¸Ö  ´¸ ³¡²¥³ �°·¨2.

ˆ¸¶μ²Ó§ÊÖ μ¡μ§´ Î¥´¨Ö, ¢¢¥¤¥´´Ò¥ ¶μ¸²¥ Ëμ·³Ê²Ò (87), ¸Ëμ·³Ê²¨·Ê¥³
¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ (É¥μ·¥³  2.2 [41]).

�Ê¸ÉÓ

r = r0 + u

(
dψ

dr

)−1

σcL
−1/3,

ηu = η(r), ωu = ω(r).

‘²¥¤ÊÕÐ¨° ¶·¥¤¥² ¨³¥¥É ³¥¸Éμ ¢ ¸³Ò¸²¥ ±μ´¥Î´μ³¥·´ÒÌ · ¸¶·¥¤¥²¥´¨°

lim
L→∞

T
LCωu

[Lηu] − Lψ(ηu, ωu)

ψ′(η)σf (χ)t1/3
= A2(u).

�É¸Õ¤  ¢¨¤´μ, ÎÉμ ¸²ÊÎ °´Ò¥ ¢¥²¨Î¨´Ò, μ¶¨¸Ò¢ ÕÐ¨¥ ¶μ²μ¦¥´¨Ö, ¢ ±μÉμ-
·ÒÌ É· ¥±Éμ·¨¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¶¥·¥¸¥± ÕÉ ²¨´¨¨ ¨§ · §²¨Î´ÒÌ
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μ¤´μ¶ · ³¥É·¨Î¥¸±¨Ì ¸¥³¥°¸É¢, ¶μ¸²¥ ¶· ¢¨²Ó´μ£μ ¢Ò¡μ·  ¥¤¨´¨Í ¨§³¥·¥-
´¨Ö ¸Ìμ¤ÖÉ¸Ö ± μ¤´μ³Ê ¨ Éμ³Ê ¦¥ Ê´¨¢¥·¸ ²Ó´μ³Ê ¸²ÊÎ °´μ³Ê ¶·μÍ¥¸¸Ê.
„²Ö ¸¥³¥°¸É¢  ±·¨¢ÒÌ, § ¤ ´´μ£μ ËÊ´±Í¨¥° ζ(ψ, ω), ³ ¸ÏÉ ¡´Ò¥ ³μ¤¥²Ó´μ-
§ ¢¨¸¨³Ò¥ ¶ · ³¥É·Ò ²¥£±μ ¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¨§ ¶·¨¢¥¤¥´´ÒÌ Ëμ·³Ê² ¤²Ö
¶μÎÉ¨ ²Õ¡μ£μ ¢Ò¡μ·  ¶ÊÉ¨ (η(r), ω(r)), ±·μ³¥ ¸²ÊÎ Ö ¢·¥³¥´¨¶μ¤μ¡´ÒÌ ¶ÊÉ¥°,
±μ£¤  ±μ··¥²ÖÍ¨μ´´ Ö ¤²¨´  ¨³¥¥É ¤·Ê£μ° ³ ¸ÏÉ ¡. ‘ ³Ò¥ ¶·μ¸ÉÒ¥ ¶·¨³¥·Ò
ËÊ´±Í¨¨ ζ(ψ, ω) ¢μ¸¶·μ¨§¢μ¤ÖÉ Î ¸É´Ò¥ ¸²ÊÎ ¨ ¸É É¨¸É¨±, ±μÉμ·Ò¥ ¨§ÊÎ -
²¨¸Ó · ´¥¥. � ¶·¨³¥·, ¤²Ö ¸²ÊÎ Ö μ¤´μ° Î¨¸Éμ ¶·μ¸É· ´¸É¢¥´´μ° £· ´¨ÍÒ,
¶μ§¢μ²ÖÕÐ¥£μ μÌ · ±É¥·¨§μ¢ ÉÓ ¸μ¢³¥¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ²μ¦¥´¨° Î -
¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò° ³μ³¥´É ¢·¥³¥´¨ t, ¶μ²μ¦¨³ ζ(ψ, ω) = 2t/L − ψ.
—Éμ¡Ò ¨¸¸²¥¤μ¢ ÉÓ ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ Éμ±μ¢ [40], É. ¥. · ¸¶·¥¤¥²¥´¨Ö
¢·¥³¥´ ¤μ¸É¨¦¥´¨Ö § ¤ ´´μ° ±μμ·¤¨´ ÉÒ x · §²¨Î´Ò³¨ Î ¸É¨Í ³¨, ´Ê¦´μ
· ¸¸³μÉ·¥ÉÓ ζ(ψ, ω) = ψ − 2x/L. —Éμ¡Ò · ¸¸³μÉ·¥ÉÓ ¶μ²μ¦¥´¨Ö Î ¸É¨Í
¢¤μ²Ó ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´ÒÌ ¶ÊÉ¥° [64, 86], ³μ¦´μ ¢±²ÕÎ¨ÉÓ ¢ ζ(ψ, ω)
´¥É·¨¢¨ ²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ ω, ζ(ψ, ω) = ω − ψ. ‡ ³¥É¨³, ÎÉμ ·¥§Ê²ÓÉ ÉÒ
¢ [64, 86] ¶·¥¤¶μ² £ ²¨ ¤μ¶μ²´¨É¥²Ó´μ¥ ¢·¥³¥´´μ¥ Ê¶μ·Ö¤μÎ¥´¨¥ ÉμÎ¥± ´ 
· ¸¸³μÉ·¥´´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´ÒÌ ¶ÊÉÖÌ, Éμ£¤  ± ± ¢ ´ Ï¥³ ¸²ÊÎ ¥
¨¸¶μ²Ó§μ¢ ´¨¥ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ƒ·¨´  ¶μ§¢μ²Ö¥É ¨§¡ ¢¨ÉÓ¸Ö μÉ ÔÉμ£μ
μ£· ´¨Î¥´¨Ö. …Ð¥ μ¤¨´ ¸²ÊÎ °, ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ ± ± Î ¸É´Ò°
¤²Ö ´ Ï¨Ì Ëμ·³Ê², Å ¸²ÊÎ ° ¸μ¢³¥¸É´μ£μ ³´μ£μÉμÎ¥Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö
¶μ²μ¦¥´¨° ¢Ò¤¥²¥´´μ° Î ¸É¨ÍÒ, ¨§ÊÎ ¢Ï¨°¸Ö ¢ [87]. �´ ¸μμÉ¢¥É¸É¢Ê¥É ¸¶¥-
Í¨ ²Ó´μ³Ê ¢Ò¡μ·Ê ¶ÊÉ¨, η(r) = const.

’ ±¨³ μ¡· §μ³, ³Ò ¶·μ¨²²Õ¸É·¨·μ¢ ²¨ ¸Ìμ¤¨³μ¸ÉÓ Ï¨·μ±μ£μ ±² ¸¸ 
¸É É¨¸É¨±, μ¶¨¸Ò¢ ÕÐ¨Ì ¢¥·μÖÉ´μ¸É¨ ¢ÒÌμ¤  ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í § 
¶·μ¨§¢μ²Ó´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ £· ´¨ÍÒ, ± ¶·¥¤¥²Ó´μ³Ê ¶·μÍ¥¸¸Ê
�°·¨2, ±μÉμ·Ò°, ¶·¥¤¶μ²μ¦¨É¥²Ó´μ, Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´Ò³ ¢ ±² ¸¸¥ Š ·-
¤ · Ä� ·¨§¨Ä† ´£ . ‘ÊÐ¥¸É¢ÊÕÉ É ±¦¥ ¨ ¤·Ê£¨¥ ¶·¥¤¥²Ó´Ò¥ ¶·μÍ¥¸¸Ò, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ¤·Ê£μ° £²μ¡ ²Ó´μ° Ëμ·³¥ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°. ˆÌ μ¶¨¸ ´¨¥
¢ÒÌμ¤¨É §  · ³±¨ ´ Ï¥£μ μ¡§μ· .

�² £μ¤ ·´μ¸É¨. �¢Éμ· ÌμÉ¥² ¡Ò μÉ³¥É¨ÉÓ £²Ê¡μ±μ¥ ¢²¨Ö´¨¥, ±μÉμ·μ¥ μ± -
§ ² ‚ÖÎ¥¸² ¢ 	μ·¨¸μ¢¨Î �·¨¥§¦¥¢ ± ± ´  · §¢¨É¨¥ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨,
É ± ¨ ´  Ëμ·³¨·μ¢ ´¨¥ ¸ ³μ£μ  ¢Éμ· . �´ ¡² £μ¤ ·¥´ ¸Ê¤Ó¡¥ §  ¶·¥¤μ¸É ¢-
²¥´´ÊÕ ¢μ§³μ¦´μ¸ÉÓ ´ Ìμ¤¨ÉÓ¸Ö ·Ö¤μ³ ¸ § ³¥Î É¥²Ó´Ò³ ÊÎ¥´Ò³, Î¥²μ¢¥±μ³
¨ ¸É ·Ï¨³ Éμ¢ ·¨Ð¥³, ¤ÊÌμ¢´μ μ¡μ£ Ð ÉÓ¸Ö μÉ μ¡Ð¥´¨Ö ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö
¸ ´¨³. �¢Éμ· É ±¦¥ ¶·¨§´ É¥²¥´ �²¥£Ê ‡ ¡μ·μ´¸±μ³Ê §  ¢´¨³ É¥²Ó´μ¥ ÎÉ¥-
´¨¥ É¥±¸É  ¨ ¶²μ¤μÉ¢μ·´Ò¥ μ¡¸Ê¦¤¥´¨Ö. � ¡μÉ  ¶μ¤¤¥·¦ ´  �””ˆ, £· ´É
º19-01-00726.
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