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� Í¨μ´ ²Ó´Ò° ¨¸¸²¥¤μ¢ É¥²Ó¸±¨° Ê´¨¢¥·¸¨É¥É
®‚Ò¸Ï Ö Ï±μ²  Ô±μ´μ³¨±¨¯, Œμ¸±¢ 

Š· É±μ μ¶¨¸Ò¢ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ³¥Éμ¤μ³ Ë ±Éμ·¨§ Í¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨,
 ¢Éμ³μ¤¥²Ó´Ò³¨ ¶μÉ¥´Í¨ ² ³¨, ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¨ É¥μ·¨¥° ¸¶¥Í¨ ²Ó´ÒÌ
ËÊ´±Í¨°. �μ¸É·μ¥´Ò ´μ¢Ò¥ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· , ¸¢Ö-
§ ´´Ò¥ ¸ ¶·¥μ¡· §μ¢ ´¨¥³ ”Ê·Ó¥.

A brief description of the relations between the factorization method in quantum
mechanics, self-similar potentials, integrable systems and the theory of special functions is
given. New coherent states of the harmonic oscillator related to the Fourier transformation
are constructed.
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1. �‚�‹�–ˆŸ ��…��’���‚ ˜�Þ„ˆ�ƒ…��
‚ „ˆ‘Š�…’��Œ ‚�…Œ…�ˆ

� ¸¸³μÉ·¨³ ¶·μ¡²¥³Ê ·¥Ï¥´¨Ö ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¢
μ¤´μ³¥·´μ³ ¶·μ¸É· ´¸É¢¥

Lψ(x) = λψ(x), λ, x ∈ R, (1.1)

£¤¥ £ ³¨²ÓÉμ´¨ ´ L ¨³¥¥É ¢¨¤ (¢ ¶μ¤Ìμ¤ÖÐ¥° ´μ·³¨·μ¢±¥ ±μμ·¤¨´ É´μ° ¶¥-
·¥³¥´´μ° x ¨ Ô´¥·£¨¨ λ)

L = −∂2
x + u(x), ∂x :=

d

dx
, u(x) ∈ C∞.
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‡¤¥¸Ó ¤²Ö ±μ´±·¥É¨±¨ Ê± § ´μ, ÎÉμ ¶μÉ¥´Í¨ ² u(x) Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó-
´μ° ¡¥¸±μ´¥Î´μ ¤¨ËË¥·¥´Í¨·Ê¥³μ° ËÊ´±Í¨¥°. �  ¸ ³μ³ ¤¥²¥ ÔÉμ ¢μ¢¸¥ ´¥-
μ¡Ö§ É¥²Ó´μ, ¶μÉ¥´Í¨ ² ³μ¦¥É μ¶¨¸Ò¢ ÉÓ¸Ö · §·Ò¢´μ° ËÊ´±Í¨¥° ¨²¨ ¤ ¦¥
μ¡μ¡Ð¥´´μ° ËÊ´±Í¨¥° Ê³¥·¥´´μ£μ ·μ¸É . �¸´μ¢´ Ö Ë¨§¨Î¥¸± Ö § ¤ Î  ¸μ-
¸Éμ¨É ¢ μ¶·¥¤¥²¥´¨¨ ¸¶¥±É·  Ô´¥·£¨°, É. ¥. §´ Î¥´¨° λ, ¤²Ö ±μÉμ·ÒÌ ¢μ²´μ¢Ò¥
(¨²¨ ¸μ¡¸É¢¥´´Ò¥) ËÊ´±Í¨¨ ψ(x) ²¨¡μ ±¢ ¤· É¨Î´μ ¨´É¥£·¨·Ê¥³Ò, É. ¥. ²¥¦ É
¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ L2(R), ²¨¡μ ¨Ì ·μ¸É ´  ¡¥¸±μ´¥Î´μ¸É¨ μ£· ´¨-
Î¥´ ¸É¥¶¥´´μ° ËÊ´±Í¨¥°.

‘ Î¨¸Éμ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨´É¥·¥¸´μ μÌ · ±É¥·¨§μ¢ ÉÓ ±² ¸¸
¶μÉ¥´Í¨ ²μ¢ u(x), ¤²Ö ±μÉμ·ÒÌ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¢ ®§ ³-
±´ÊÉμ³ ¢¨¤¥¯ ¤²Ö ¢¸¥Ì λ. �Éμ μ§´ Î ¥É, ÎÉμ ¤²Ö ψ(x) ¤μ²¦´μ ¸ÊÐ¥¸É¢μ-
¢ ÉÓ ¢Ò· ¦¥´¨¥ ²¨¡μ ¢ ¢¨¤¥ ± ±μ£μ-²¨¡μ ·Ö¤  ¸ ¶·μ¸ÉÒ³¨ ±μÔËË¨Í¨¥´É ³¨,
²¨¡μ ¢ ¢¨¤¥ μ¶·¥¤¥²¥´´ÒÌ ¨´É¥£· ²μ¢ ¸ Ö¢´μ° ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¥°.
‡¤¥¸Ó ®¶·μ¸Éμ°¯ ¨ ®Ö¢´Ò°¯ μ§´ Î ÕÉ, ÎÉμ ÉμÎ±¨ ¤¨¢¨§μ·  ÔÉ¨Ì ±μÔËË¨Í¨¥´-
Éμ¢ ¨ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ËÊ´±Í¨° ¨§¢¥¸É´Ò ¨ μ¶¨¸Ò¢ ÕÉ¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ-
¸ÉÖ³¨ Î¨¸¥², ¢Ò· ¦ ÕÐ¨³¨¸Ö Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨ (´ ¶·¨³¥·,  ·¨Ë-
³¥É¨Î¥¸±¨³¨ ¨²¨ £¥μ³¥É·¨Î¥¸±¨³¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÖ³¨). ‚ · ³± Ì É ±μ°
¶·μ¡²¥³Ò Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ³μÐÓ ±μ³¶²¥±¸´μ£μ  ´ ²¨§  ¨ · ¸¸³ É·¨¢ ÉÓ
Ê· ¢´¥´¨¥ (1.1) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ x, λ ∈ C ¨ ¸Î¨É ÉÓ u(x) ±μ³¶²¥±¸´μ°  ´ ²¨-
É¨Î¥¸±μ° ËÊ´±Í¨¥° ÌμÉÖ ¡Ò ¢ ± ±μ°-Éμ ±μ³¶ ±É´μ° μ¡² ¸É¨ x.

Šμ´¸É·Ê±É¨¢´Ò° ¶μ¤Ìμ¤ ± ÔÉμ° ¶·μ¡²¥³¥ ¸μ¸Éμ¨É ¢ ¨§ÊÎ¥´¨¨ ¸¨³³¥-
É·¨° Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ´¥ ¤²Ö ±μ´±·¥É´μ£μ ¶μÉ¥´Í¨ ² ,   ¤²Ö ¶·μ¸É· ´-
¸É¢  ¢¸¥Ì ¶μÉ¥´Í¨ ²μ¢ ¸· §Ê. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ Ô¢μ²ÕÍ¨Õ μ¶¥· Éμ·μ¢
˜·ß¤¨´£¥·  ¢ Ê¸²μ¢´μ³ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨ j ∈ Z ¨ ¶μ¸É·μ¨³ ¡¥¸±μ´¥Î´ÊÕ
Í¥¶μÎ±Ê £ ³¨²ÓÉμ´¨ ´μ¢

Lj = −∂2
x + uj(x), Ljψ

(j)(x) = λψ(j)(x), j ∈ Z, (1.2)

¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ±μÉμ·ÒÌ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£μ³ ¤¥°¸É¢¨¥³ ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¶¥·¢μ£μ ¶μ·Ö¤± 

ψ(j+1)(x) = Ajψ
(j)(x), Aj = ∂x + fj(x). (1.3)

�Î¥¢¨¤´μ, ÎÉμ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ uj(x) ¨ fj(x) ¶ ·  Ê· ¢´¥´¨° (1.2) ¨ (1.3)
(ÔÉÊ ¶ ·Ê ¢¢¥² ˆ´Ë¥²Ó¤ [1], ´μ ¢ É¥μ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ É ±¨¥ ¶ ·Ò
´ §Ò¢ ÕÉ¸Ö ®¶ · ³¨ ‹ ±¸ ¯) ¶·μÉ¨¢μ·¥Î É ¤·Ê£ ¤·Ê£Ê. “¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ
¢μ§´¨± ¥É ¸μ¢³¥¸É¨³ Ö ¸¨¸É¥³ , ¨³¥ÕÉ ¢¨¤

Lj+1ψ
(j+1) = Lj+1

[
Ajψ

(j)
]

= λ
[
Ajψ

(j)
]

= AjLjψ
(j) (1.4)

¨ ¶·¨¢μ¤ÖÉ ± ¸μμÉ´μÏ¥´¨Ö³ ¸¶²¥É ´¨Ö ¢ μ¶¥· Éμ·´μ³ ¢¨¤¥

Lj+1Aj = AjLj. (1.5)
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‡¤¥¸Ó ¸²¥¢  ¨ ¸¶· ¢  ¸ÉμÖÉ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò É·¥ÉÓ¥£μ ¶μ·Ö¤± .
�·¨· ¢´¨¢ Ö ËÊ´±Í¨μ´ ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ · §´Ò³¨ ¸É¥¶¥´Ö³¨ ∂x,
¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö

uj+1(x) = uj(x) + 2f ′
j(x), u′

j(x) = 2fj(x)f ′
j(x) − f ′′

j (x),

£¤¥ ÏÉ·¨Ì¨ μ§´ Î ÕÉ ¶·μ¨§¢μ¤´Ò¥ ¶μ x. �¥Ï Ö ¨Ì, ¢Ò¢μ¤¨³ Ö¢´ÊÕ ¸¢Ö§Ó
³¥¦¤Ê uj(x) ¨ fj(x):

uj(x) = f2
j (x) − f ′

j(x) + λj , uj+1(x) = f2
j (x) + f ′

j(x) + λj , (1.6)

£¤¥ λj Ö¢²ÖÕÉ¸Ö ±μ´¸É ´É ³¨ ¨´É¥£·¨·μ¢ ´¨Ö.
‹¥£±μ Ê¢¨¤¥ÉÓ, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ · §·¥Ï¥´¨Ö Ê¸²μ¢¨° ¸μ¢³¥¸É´μ¸É¨ ³Ò

¶·¨Ï²¨ ± ¥¸É¥¸É¢¥´´μ° Ë ±Éμ·¨§ Í¨¨ £ ³¨²ÓÉμ´¨ ´μ¢

Lj = A+
j Aj + λj , Lj+1 = AjA

+
j + λj , (1.7)

£¤¥ μ¶¥· Éμ· A+
j Ö¢²Ö¥É¸Ö Ëμ·³ ²Ó´Ò³ Ô·³¨Éμ¢Ò³ ¸μ¶·Ö¦¥´¨¥³ Aj :

A+
j = −∂x + fj(x), A+

j Lj+1 = LjA
+
j . (1.8)

…¸²¨ λj ∈ R ¨ fj(x) ´¥ ¸μ¤¥·¦ É ¸¨´£Ê²Ö·´μ¸É¥°, Éμ A†
j = A+

j ¨ L†
j = Lj .

‡ ³¥´¨¢ j ´  j + 1 ¢ ¶¥·¢μ³ ¢Ò· ¦¥´¨¨ ¢ (1.6) ¨ ¶·¨· ¢´Ö¢ ¢Éμ·μ³Ê
¢Ò· ¦¥´¨Õ, ¶μ²ÊÎ ¥³ Ë ±Éμ·¨§ Í¨μ´´ÊÕ Í¥¶μÎ±Ê ˆ´Ë¥²Ó¤  [1]

A+
j+1Aj+1 + λj+1 = AjA

+
j + λj (1.9)

¨²¨
f2

j+1(x) − f ′
j+1(x) + λj+1 = f2

j (x) + f ′
j(x) + λj , (1.10)

μ¶·¥¤¥²ÖÕÐÊÕ μ¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ³¥Éμ¤  Ë ±Éμ·¨§ Í¨¨ ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¨, ¶¥·¢μ´ Î ²Ó´μ ¸Ëμ·³Ê²¨·μ¢ ´´μ£μ ˜·ß¤¨´£¥·μ³ ´  ±μ´±·¥É´ÒÌ ¶·¨-
³¥· Ì ¢ [2,3].

ˆ¸Éμ·¨Î¥¸±¨ ¶·¥μ¡· §μ¢ ´¨Ö, μÉμ¡· ¦ ÕÐ¨¥ ·¥Ï¥´¨Ö μ¤´¨Ì ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ ·¥Ï¥´¨Ö ¤·Ê£¨Ì ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨°, μÉ²¨Î´ÒÌ μÉ ´ Î ²Ó´ÒÌ, ¡Ò²¨ · ¸¸³μÉ·¥´Ò § ¤μ²£μ ¤μ ¸μ-
§¤ ´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. ‚ ²¨É¥· ÉÊ·¥ ¶μ ¨´É¥£·¨·Ê¥³Ò³ ¸¨¸É¥³ ³ ¨Ì
¶·¨´ÖÉμ ´ §Ò¢ ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö³¨ „ ·¡Ê. �¥·¥°¤¥³ ± μ¶¨¸ ´¨Õ ¸ÊÉ¨ ³¥-
Éμ¤  Ë ±Éμ·¨§ Í¨¨.

2. Œ…’�„ ”�Š’��ˆ‡�–ˆˆ

� ¸¸³μÉ·¨³, ± ± Ë ±Éμ·¨§ Í¨Ö £ ³¨²ÓÉμ´¨ ´μ¢ ´  ¶·μ¨§¢¥¤¥´¨¥ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¶¥·¢μ£μ ¶μ·Ö¤±  ¶μ³μ£ ¥É μ¶·¥¤¥²¨ÉÓ ¤¨¸±·¥É´Ò°
¸¶¥±É· ¤²Ö ·Ö¤  ¶·μ¸ÉÒÌ μ¶¥· Éμ·μ¢ ˜·ß¤¨´£¥·  μ¤´μ³¥·´μ° ±¢ ´Éμ¢μ° ³¥-
Ì ´¨±¨. „¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ ÔÉμ£μ ³¥Éμ¤  ¡Ò²μ ¶·¥¤¸É ¢²¥´μ ¢ Ìμ·μÏμ ¨§-
¢¥¸É´μ³ ¸É ·μ³ μ¡§μ·¥ [4].
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Š²ÕÎ¥¢Ò³ ¶·¨³¥·μ³ Ö¢²Ö¥É¸Ö μ¤´μ³¥·´Ò° ±¢ ´Éμ¢Ò° £ ·³μ´¨Î¥¸±¨° μ¸-
Í¨²²ÖÉμ· Å ¶·μ¸É¥°Ï Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö ¸¨¸É¥³ , ¨³¥ÕÐ Ö Ê´¨¢¥·-
¸ ²Ó´Ò° Ì · ±É¥·. ƒ ³¨²ÓÉμ´¨ ´ ÔÉμ° ¸¨¸É¥³Ò ¢ ¶μ¤Ìμ¤ÖÐ¥° ´μ·³¨·μ¢±¥
± ´μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É ¨ ¥¤¨´¨Í Ô´¥·£¨¨ (� = ω = m = 1) ¨³¥¥É ¢¨¤

L =
1
2

(
p2 + x2

)
, [x, p] = xp − px = i, i2 = −1. (2.1)

‡ ¤ Î  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö £ ³¨²ÓÉμ´¨ ´ , Lψ = λψ, μ¶·¥¤¥-
²Ö¥É ¤μ¶Ê¸É¨³Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨ ¸¨¸É¥³ λ. …¸²¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
ψ Ö¢²ÖÕÉ¸Ö ´μ·³¨·Ê¥³Ò³¨ ¢¥±Éμ· ³¨ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, Éμ μ´¨
μ¶¨¸Ò¢ ÕÉ ¤¨¸±·¥É´Ò° (¨²¨ ÉμÎ¥Î´Ò°) ¸¶¥±É·. „²Ö  ¡¸μ²ÕÉ´μ ´¥¶·¥·Ò¢-
´μ£μ ¸¶¥±É·  ψ ²¥¦¨É ¢ μ¸´ Ð¥´´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ¸μ¤¥·¦ Ð¥³
μ¡μ¡Ð¥´´Ò¥ ËÊ´±Í¨¨ Ê³¥·¥´´μ£μ ·μ¸É  (¸²ÊÎ ° ¸¨´£Ê²Ö·´μ ´¥¶·¥·Ò¢´μ£μ
¸¶¥±É·  ³Ò ´¥ § É· £¨¢ ¥³). Œμ¦´μ ¶¥·¥°É¨ ¢ ±μμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¢
±μÉμ·μ³ x ∈ R, p = −i∂x ¨ ψ = ψ(x). ’μ£¤  Lψ = λψ ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥
˜·ß¤¨´£¥· , ¨³¥ÕÐ¥£μ ¢¨¤ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤± ,
μ¡Ð¥¥ ·¥Ï¥´¨¥ ±μÉμ·μ£μ ¤²Ö μ¶¥· Éμ·  (2.1) ´ Ìμ¤¨É¸Ö ¢ É¥·³¨´ Ì ¢Ò·μ-
¦¤¥´´μ° £¨¶¥·£¥μ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨. �μ·³¨·Ê¥³Ò¥ ¸²ÊÎ ¨ ψ(x) ∈ L2(R)
²¥£±μ ¢Ò¤¥²ÖÕÉ¸Ö ¨ ¶·¨¢μ¤ÖÉ ± ³´μ£μÎ²¥´ ³ �·³¨É .

�¤´ ±μ ÔÉμÉ ¶ÊÉÓ ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢Ò£²Ö¤¨É Î·¥§-
³¥·´μ Ê¸²μ¦´¥´´Ò³. …¥ ³μ¦´μ ·¥Ï¨ÉÓ Î¨¸Éμ  ²£¥¡· ¨Î¥¸±¨³ ¸¶μ¸μ¡μ³. ” ±-
Éμ·¨§Ê¥³ £ ³¨²ÓÉμ´¨ ´ (2.1)

L = a+a +
1
2
, a+ =

−ip + x√
2

, a =
ip + x√

2
. (2.2)

�¶¥· Éμ·Ò L, a, a+ μ¡· §ÊÕÉ ¶·μ¸ÉÊÕ  ²£¥¡·Ê ‹¨, ´ §Ò¢ ¥³ÊÕ  ²£¥¡·μ° ƒ¥°-
§¥´¡¥·£ , ±μÉμ· Ö ¢ÒÉ¥± ¥É ¨§ ± ´μ´¨Î¥¸±¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥-
´¨° (2.1):

[a, a+] = 1, [L, a] = −a, [L, a+] = a+. (2.3)

�¡μ§´ Î¨³ |0〉 μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¸¨¸É¥³Ò, ¨²¨ ¢ ±ÊÊ³, μ¶·¥¤¥²Ö¥³Ò° ± ±
´Ê²¥¢ Ö ³μ¤  μ¶¥· Éμ·  a, a|0〉 = 0. 	Ê¤¥³ ¸Î¨É ÉÓ ÔÉμ ¸μ¸ÉμÖ´¨¥ ´μ·³¨-
·μ¢ ´´Ò³ ´  ¥¤¨´¨ÍÊ, 〈0|0〉 = 1. ’μ£¤  ´ Ìμ¤¨³ ¶μ²´ÊÕ μ·Éμ´μ·³¨·μ¢ ´-
´ÊÕ ¸¨¸É¥³Ê ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ³¨²ÓÉμ´¨ ´  ¶·μ¸ÉÒ³ ¶μ¸²¥¤μ¢ É¥²Ó-
´Ò³ ¤¥°¸É¢¨¥³ ¶μ¢ÒÏ ÕÐ¥£μ μ¶¥· Éμ·  a+:

L|n〉 = λn|n〉, λn = n +
1
2
, |n〉 =

1√
n!

(a+)n |0〉, 〈n|m〉 = δnm. (2.4)

„¥°¸É¢¨Ö ¶μ¢ÒÏ ÕÐ¥£μ a+ ¨ ¶μ´¨¦ ÕÐ¥£μ a μ¶¥· Éμ·μ¢ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨°
Ö¢´Ò° ¢¨¤:

a+|n〉 =
√

n + 1 |n + 1〉, a|n〉 =
√

n |n − 1〉. (2.5)
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‚ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥³ a =
∂x + x√

2
, a+ =

−∂x + x√
2

¨,

¸μμÉ¢¥É¸É¢¥´´μ,

ψn(x) := 〈x|n〉 =
Hn(x)√
2nn!

√
π

e−x2/2, Hn(x) = (−1)n e−x2 dn

dxn
ex2

, (2.6)

£¤¥ Hn(x) Å μ·Éμ£μ´ ²Ó´Ò¥ ³´μ£μÎ²¥´Ò �·³¨É .
‚ ÔÉμ³ ¶·¨³¥·¥ μ¤¨´ ¨ ÉμÉ ¦¥ μ¶¥· Éμ· a ¶¥·¥¢μ¤¨É μ¸Í¨²²ÖÉμ· ¸ n-£μ

Ê·μ¢´Ö ´  Ê·μ¢¥´Ó ¸ ´μ³¥·μ³ n − 1. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ³¥Éμ¤  Ë ±Éμ·¨§ Í¨¨
¢¨¤ ¶μ´¨¦ ÕÐ¥£μ (¨²¨ ¶μ¢ÒÏ ÕÐ¥£μ) μ¶¥· Éμ·  § ¢¨¸¨É μÉ ´μ³¥·  Ê·μ¢´Ö.
� ¸¸³μÉ·¨³ ´Ê²¥¢Ò¥ ³μ¤Ò μ¡μ¡Ð¥´´ÒÌ ¶μ´¨¦ ÕÐ¨Ì μ¶¥· Éμ·μ¢ Aj (1.3):

Ajψ
(j)
vac = 0 → ψ(j)

vac(x) = exp

⎛
⎝−

x∫
x0

fj(y) dy

⎞
⎠ . (2.7)

�·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥ ¶μ¸²¥¤μ¢ É¥²Ó´Ò¥ ´Ê²¥¢Ò¥ ³μ¤Ò, ´ Î¨´ Ö ¸ j = 0 ¨
§ ¢¥·Ï Ö ± ±¨³-Éμ ´μ³¥·μ³ N > 0, Ö¢²ÖÕÉ¸Ö ´μ·³¨·Ê¥³Ò³¨ ËÊ´±Í¨Ö³¨,

ψ
(j)
vac ∈ L2(R), É. ¥. μ¶¨¸Ò¢ ÕÉ ¸μ¸ÉμÖ´¨Ö ¤¨¸±·¥É´μ£μ ¸¶¥±É· . ’μ£¤ 

Ljψ
(j)
vac = λjψ

(j)
vac

¨ ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö λj μ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ Ô´¥·£¨Ö³ μ¸´μ¢´ÒÌ
¸μ¸ÉμÖ´¨° £ ³¨²ÓÉμ´¨ ´μ¢ Lj . �¡μ¡Ð¥´´Ò¥ ¶μ¢ÒÏ ÕÐ¨¥ μ¶¥· Éμ·Ò A+

j ¶μ-
§¢μ²ÖÕÉ ¶μ¸É·μ¨ÉÓ μ¸É ²Ó´Ò¥ ¢μ§¡Ê¦¤¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò. � ¸¸³μÉ·¨³

¸μ¸ÉμÖ´¨¥ ψ
(j)
1 := A+

j ψ
(j+1)
vac . „²Ö ´¥£μ

Ljψ
(j)
1 = A+

j Lj+1ψ
(j+1)
vac = λj+1A

+
j ψ(j+1)

vac = λj+1ψ
(j)
1 ,

É. ¥. λj+1 Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ μ¶¥· Éμ·  Lj (¢Éμ·Ò³ Ê·μ¢´¥³
¤¨¸±·¥É´μ£μ ¸¶¥±É· ).

� ¸¸³μÉ·¨³ μ¶¥· Éμ·Ò Ô¢μ²ÕÍ¨¨, μ¶¨¸Ò¢ ÕÐ¨¥ · §¢¨É¨¥ ¢ ¤¨¸±·¥É´μ³
¢·¥³¥´¨ ´  n > 0 Ï £μ¢,

M
(n)
j := Aj+n−1 · · ·Aj+1Aj , M

(n)+
j := A+

j A+
j+1 · · ·A+

j+n−1. (2.8)

„²Ö ´¨Ì ¸¶· ¢¥¤²¨¢Ò ¸²¥¤ÊÕÐ¨¥ ¸¶²¥É ÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö, ¢ÒÉ¥± ÕÐ¨¥ ¨§
· ¢¥´¸É¢ (1.5) ¨ (1.8),

Lj+nM
(n)
j = M

(n)
j Lj, M

(n)+
j Lj+n = LjM

(n)+
j . (2.9)

‹¥£±μ ¢Ò¢¥¸É¨ μ¶¥· Éμ·´Ò¥ Ë ±Éμ·¨§ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö

M
(n)+
j M

(n)
j =

n−1∏
k=0

(Lj − λj+k), M
(n)
j M

(n)+
j =

n−1∏
k=0

(Lj+n − λj+k). (2.10)
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‘μ£² ¸μ¢ ´´Ò¥ Ô¢μ²ÕÍ¨μ´´Ò¥ Ê· ¢´¥´¨Ö ¢¶¥·¥¤ ¨ ´ § ¤ ¶μ ¤¨¸±·¥É´μ³Ê ¢·¥-
³¥´¨ ¢Ò£²Ö¤ÖÉ É ±:

ψ(j+n) = M
(n)
j ψ(j), ψ(j) =

n−1∏
k=0

(λ − λj+k)−1 M
(n)+
j ψ(j+n). (2.11)

’ ±¦¥ ¨§  ²£¥¡· ¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨° ¸¶²¥É ´¨Ö (2.9) ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³
¢ÒÉ¥± ¥É, ÎÉμ ¢¸¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ψ(j+k) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨-
Ö³¨ ´ Î ²Ó´μ£μ £ ³¨²ÓÉμ´¨ ´  Lj ¶μ¸²¥ ¶μ¤Ìμ¤ÖÐ¥£μ Î¨¸²  Ï £μ¢ j → j−1:

Ljψ
(j)
n = λj+nψ(j)

n , ψ(j)
n := M

(n)+
j ψ(j+n)

vac ,

É. ¥. λj , λj+1, . . . μ¶¨¸Ò¢ ÕÉ ¤¨¸±·¥É´Ò° ¸¶¥±É· £ ³¨²ÓÉμ´¨ ´  Lj . „²Ö ¢¥·-

´μ¸É¨ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö É·¥¡Ê¥É¸Ö ´μ·³¨·Ê¥³μ¸ÉÓ ËÊ´±Í¨°, ψ
(j)
n ∈ L2(R),

n = 0, 1, . . . �·¨ ÔÉμ³ ´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉμ ¶μ²´Ò° ¤¨¸±·¥É´Ò° ¸¶¥±É·,
É. ¥. ÎÉμ ¢ ´¥³ ´¥É ¶·μ¶Ê¸±μ¢ ± ±¨Ì-²¨¡μ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. �·μ¢¥·± 
Ê¸²μ¢¨Ö ´μ·³¨·Ê¥³μ¸É¨ É·¥¡Ê¥É §´ ´¨Ö  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° fj(x) ¨ μÉ¸ÊÉ-
¸É¢¨Ö ¸¨´£Ê²Ö·´μ¸É¥° ¶μÉ¥´Í¨ ²μ¢ ´  ±μ´¥Î´μ° ·¥ ²Ó´μ° μ¸¨.

…¸²¨ ¨´É¥·¥¸μ¢ ÉÓ¸Ö μ¡Ð¨³¨ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· , Éμ μ¡· -
É¨³ ¢´¨³ ´¨¥ ´  ÉμÉ Ë ±É, ÎÉμ ¤ ´´Ò° Ëμ·³ ²¨§³ ¶μ§¢μ²Ö¥É, ¨¸Ìμ¤Ö ¨§ ¶μ²-
´μ£μ ·¥Ï¥´¨Ö ± ±μ£μ-²¨¡μ ´ Î ²Ó´μ£μ Ê· ¢´¥´¨Ö L0ψ

(0) = λψ(0), ¶μ¸É·μ¨ÉÓ
´μ¢Ò¥ ÉμÎ´μ ·¥Ï ¥³Ò¥ Ê· ¢´¥´¨Ö Lmψ(m) = λψ(m), m ∈ Z. �·¨ ÔÉμ³ ¤¨¸-
±·¥É´Ò° ¸¶¥±É· μ¶¥· Éμ·μ¢ Lm, m > 0, ¶μÎÉ¨ ¸μ¢¶ ¤ ¥É ¸μ ¸¶¥±É·μ³ L0 Å
¸É¨· ÕÉ¸Ö Éμ²Ó±μ ¶¥·¢Ò¥ m ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. �Î¥¢¨¤´μ, ¨¸Ìμ¤Ö ¨§ £ -
³¨²ÓÉμ´¨ ´  ¸ § ¤ ´´Ò³ ¸¶¥±É·μ³ L ³μ¦´μ ¶μ¸É·μ¨ÉÓ ´μ¢Ò¥ £ ³¨²ÓÉμ´¨ ´Ò
´¥ ¸ Ê¤ ²¥´´Ò³¨,  , ´ μ¡μ·μÉ, ¸μ ¢¸É ¢²¥´´Ò³¨ ´μ¢Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥-
´¨Ö³¨ Å ¤²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ μ¡¥·´ÊÉÓ ¶·μÍ¥¤Ê·Ê ¶¥·¥Ë ±Éμ·¨§ Í¨¨. …¸²¨

´ ·ÊÏ¨ÉÓ Ê¸²μ¢¨¥, ÎÉμ ψ
(j)
vac Ö¢²ÖÕÉ¸Ö ´μ·³¨·Ê¥³Ò³¨ ËÊ´±Í¨Ö³¨, Éμ ³μ¦´μ

¸É·μ¨ÉÓ ¨§μ¸¶¥±É· ²Ó´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò ¸ μÉ²¨Î ÕÐ¨³¨¸Ö ¶μÉ¥´Í¨ ² ³¨.
	μ²¥¥ Éμ£μ, ³μ¦´μ ¤μ¡ ¢²ÖÉÓ ¨²¨ Ê¤ ²ÖÉÓ ´¥μ¡Ìμ¤¨³μ¥ Î¨¸²μ ¤¨¸±·¥É´ÒÌ
Ê·μ¢´¥° ´¥ Éμ²Ó±μ ¸ ´ ¨³¥´ÓÏ¨³¨ §´ Î¥´¨Ö³¨ Ô´¥·£¨¨, ´μ ¸ ´¥±μÉμ·Ò³¨
μ£· ´¨Î¥´¨Ö³¨ ¨ ¢ ¶·μ¨§¢μ²Ó´μ° Î ¸É¨ ¸¶¥±É·  [5]. �μÔÉμ³Ê Ë ±Éμ·¨§ Í¨-
μ´´ÊÕ Í¥¶μÎ±Ê ˆ´Ë¥²Ó¤  ³μ¦´μ ´ §Ò¢ ÉÓ Í¥¶μÎ±μ° ¸¶¥±É· ²Ó´ÒÌ ¶·¥μ¡· -
§μ¢ ´¨° Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· .

�Î¥¢¨¤´μ, ÎÉμ Î ¸ÉÓ ·¥Ï¥´¨° ¶·¨ ¶¥·¥Ìμ¤¥ μÉ L0 ± Lm, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨Ì μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨Ö³ λ, ®¶·μ¶ ¤ ¥É¯. Šμ´±·¥É´μ, ¶·¨ λ = λj , j =
0, 1, . . . , m − 1, Éμ²Ó±μ μ¤´μ ¨§ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö Lmψ(m) =
λψ(m), m > 0, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ M

(m)
0 ψ(0), É ± ± ± ËÊ´±Í¨¨ ψ

(0)
vac,

A+
0 ψ

(1)
vac, . . . , A

+
0 · · ·A+

m−2ψ
(m−1)
vac μ¶¨¸Ò¢ ÕÉ ´Ê²¥¢Ò¥ ³μ¤Ò μ¶¥· Éμ·  Ô¢μ²Õ-

Í¨¨ M
(m)
0 . �¤´ ±μ Ö¢´Ò° ¢¨¤ ÔÉ¨Ì ´¥¤μ¸É ÕÐ¨Ì ·¥Ï¥´¨° ²¥£±μ ¢μ¸¸É ´μ-

¢¨ÉÓ. �Ê¸ÉÓ ψ1, ψ2 Å ¤¢  ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Lψ = λψ ¤²Ö
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± ±μ£μ-Éμ Ë¨±¸¨·μ¢ ´´μ£μ λ, É. ¥. W (ψ1, ψ2) = ψ1ψ
′
2 − ψ′

1ψ2 �= 0. …¸²¨
¨§¢¥¸É´μ Éμ²Ó±μ ·¥Ï¥´¨¥ ψ1(x), Éμ ¢Éμ·μ¥ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö
¶¥·¢μ£μ ¶μ·Ö¤± , μ¶·¥¤¥²Ö¥³μ£μ ¢·μ´¸±¨ ´μ³ W = const ¶μ Ëμ·³Ê²¥

ψ2(x) = ψ1(x)

x∫
x0

dy

ψ2
1(y)

.

3. �‚’�Œ�„…‹œ�›… ��’…�–ˆ�‹›

�¸´μ¢Ò ³¥Éμ¤  Ë ±Éμ·¨§ Í¨¨ ¡Ò²¨ § ²μ¦¥´Ò ˜·ß¤¨´£¥·μ³, ´μ Ê´¨¢¥·-
¸ ²Ó´Ò° ¶μ¤Ìμ¤ ± ´¥³Ê ¡Ò² · §· ¡μÉ ´ ˆ´Ë¥²Ó¤μ³ [1] ¡² £μ¤ ·Ö Ëμ·³Ê²¨-
·μ¢±¥ Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ (1.10), ±μÉμ·ÊÕ Ê¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

f ′
j(x) + f ′

j+1(x) + f2
j (x) − f2

j+1(x) = μj , μj := λj+1 − λj . (3.1)

Š²ÕÎ¥¢Ò³ ³μ³¥´Éμ³ ¡Ò²μ ¶·¥¤²μ¦¥´¨¥ · ¸¸³μÉ·¥ÉÓ ¢ ÔÉμ° Í¥¶μÎ±¥ ¸¨³-
¢μ² j ´¥ ± ± ¤¨¸±·¥É´ÊÕ ¶¥·¥³¥´´ÊÕ,   ± ± ´¥¶·¥·Ò¢´Ò° ¶ · ³¥É· ¨ É· ±-
Éμ¢ ÉÓ (3.1) ± ± ¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´oe Ê· ¢´¥´¨¥ ¶μ ¤¢Ê³ (¢ μ¡Ð¥³
¸²ÊÎ ¥ ±μ³¶²¥±¸´Ò³) ¶¥·¥³¥´´Ò³ x ¨ j.

‘μμÉ¢¥É¸É¢¥´´μ, ³μ¦´μ ¨¸± ÉÓ ·¥Ï¥´¨Ö Í¥¶μÎ±¨ (3.1) ¢ ¢¨¤¥ ±μ´¥Î´μ£μ

²μ· ´μ¢¸±μ£μ ·Ö¤  ¶μ ¶¥·¥³¥´´μ° j, fj(x) =
M∑

n=−N

an(x)jn, ¤²Ö ± ±¨Ì-Éμ

Í¥²ÒÌ N ¨ M . �± § ²μ¸Ó, ÎÉμ ·¥Ï¥´¨Ö É ±μ£μ ¢¨¤  ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ±μ´¥Î´ÒÌ
N ¨ M , Éμ²Ó±μ ¥¸²¨ N = M = 1, É. ¥. ¤²Ö ¸²¥¤ÊÕÐ¥£μ  ´§ Í  μ¡μ¡Ð¥´´μ£μ
· §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ:

fj(x) =
a(x)

j
+ b(x) + c(x)j. (3.2)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¢ (3.1) ¶μÖ¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö ¤²Ö ±μ-
ÔËË¨Í¨¥´Éμ¢ a(x), b(x), c(x) ¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λj . �É¨ Ê· ¢´¥-
´¨Ö ·¥Ï ÕÉ¸Ö ¢ Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨ÖÌ ¨ ¶·¨¢μ¤ÖÉ ± ¸¶¥±É· ³ ¢¨¤  λj ∝
j, j2, αj2 +β/j2, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ £ ·³μ´¨Î¥¸±μ³Ê μ¸Í¨²²ÖÉμ·Ê, ¶μÉ¥´Í¨ ²Ê
�¥Ï²ÖÄ’¥²²¥· , ±Ê²μ´μ¢¸±μ° § ¤ Î¥ ¨ É. ¤. „¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ ¢μ§´¨± ÕÐ¨Ì
¸¨¸É¥³ ¤ ´μ ˆ´Ë¥²Ó¤μ³ ¨ • ²²μ³ [4], ¨ ³Ò ´¥ ¡Ê¤¥³ §¤¥¸Ó ¥£μ ¶μ¢Éμ·ÖÉÓ.

�·¥¤¸É ¢¨³ ¤·Ê£μ° ±² ¸¸ ·¥Ï¥´¨° (3.1), ±μÉμ·Ò¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ  ¢-
Éμ³μ¤¥²Ó´Ò³¨. � ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¨¥ ¸¨³³¥É·¨¨ Í¥¶μÎ±¨ ˆ´Ë¥²Ó¤ . ‚μ-
¶¥·¢ÒÌ, ¶μ¸±μ²Ó±Ê ´¥É Ö¢´μ° § ¢¨¸¨³μ¸É¨ μÉ ¶¥·¥³¥´´μ° j, ¨³¥¥É¸Ö É· ´¸²Ö-
Í¨μ´´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ: ¸¤¢¨£ ¶μ ¤¨¸±·¥É´μ³Ê ¢·¥³¥´¨ j → j + N, N ∈ Z,
μÉμ¡· ¦ ¥É ·¥Ï¥´¨Ö ÔÉμ° Í¥¶μÎ±¨ ´  ¤·Ê£¨¥ ¥¥ ·¥Ï¥´¨Ö. „·Ê£ Ö ¶·μ¸É Ö
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¸¨³³¥É·¨Ö ± ¸ ¥É¸Ö ±μμ·¤¨´ É´μ° ¶¥·¥³¥´´μ° ¨ ¸¢Ö§ ´  ¸  ËË¨´´Ò³¨ ¶·¥-
μ¡· §μ¢ ´¨Ö³¨ x → qx + h. � ¨³¥´´μ, ¶·¥μ¡· §μ¢ ´¨¥

x → qx + h, fj(x) → qfj(qx + h), μj → q2μj

μÉμ¡· ¦ ¥É § ¤ ´´Ò¥ ·¥Ï¥´¨Ö Í¥¶μÎ±¨ (3.1) ´  ¤·Ê£¨¥ ¥¥ ·¥Ï¥´¨Ö.
�¡Ð¨¥ £²Ê¡μ±μ ´¥É·¨¢¨ ²Ó´Ò¥  ¢Éμ³μ¤¥²Ó´Ò¥ ·¥Ï¥´¨Ö Í¥¶μÎ±¨ (3.1)

μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ¸¶¥Í¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
±μ³¡¨´ Í¨¨ ¤¢ÊÌ ¶·¨¢¥¤¥´´ÒÌ É·¨¢¨ ²Ó´ÒÌ ¸¨³³¥É·¨° [6] (¸³. É ±¦¥ [7]):

fj+N (x) = qfj(qx + h), μj+N = q2μj . (3.3)

ˆ¸¶μ²Ó§ÊÖ ¸¢μ¡μ¤Ê ¢ μ¶·¥¤¥²¥´¨¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Å ¢μ§³μ¦´μ¸É¨
¸¤¢¨´ÊÉÓ ¨Ì ´  ¶·μ¨§¢μ²Ó´ÊÕ ¶μ¸ÉμÖ´´ÊÕ λ → λ + const, Ëμ·³Ê ¤¨¸±·¥É-
´μ£μ ¸¶¥±É· , ¢ÒÉ¥± ÕÐÊÕ ¨§ ¢Éμ·μ£μ · ¢¥´¸É¢  ¢ (3.3), ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

λkN+m = λmq2k, m = 0, 1, . . . , N − 1, k = 0, 1, . . . , (3.4)

É. ¥. ¶·¥¤¶μ² £ ¥³Ò° ¤¨¸±·¥É´Ò° ¸¶¥±É· ¸μ¸Éμ¨É ¨§ ¸Ê¶¥·¶μ§¨Í¨¨ N £¥μ-
³¥É·¨Î¥¸±¨Ì ¶·μ£·¥¸¸¨° ¸ ¨´±·¥³¥´Éμ³ q2 ¶·¨ Ê¸²μ¢¨¨, ÎÉμ λj , q ∈ R ¨
λ0 < λ1 < . . . < λN−1 ¨ ÎÉμ ¶μÉ¥´Í¨ ²Ò uj(x) = f2

j (x) − f ′
j(x) + λj ´¥

¸μ¤¥·¦ É ¸¨´£Ê²Ö·´μ¸É¥° ¶·¨ x ∈ R. ‚ ¶·¨´Í¨¶¥, ¨¸É¨´´μ¥ Î¨¸²μ £¥μ³¥-
É·¨Î¥¸±¨Ì ¶·μ£·¥¸¸¨° ¢ ¸¶¥±É·¥ ³μ¦¥É ¡ÒÉÓ ¨ ³¥´ÓÏ¥ N , ÔÉμ § ¢¨¸¨É μÉ
±μ´±·¥É´μ£μ ¢Ò¡μ·  ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²μ¢.

�μ¸±μ²Ó±Ê ¤¨¸±·¥É´Ò° ¸¶¥±É· λn ´¥ ³μ¦¥É · ¸É¨ ¡Ò¸É·¥¥, Î¥³ n2 ¶·¨
n → ∞, ¤²Ö ·¥ ²Ó´μ° Ë¨§¨Î¥¸±μ° ¸¨ÉÊ Í¨¨ ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ Ê¸²μ¢¨¥
0 < q2 < 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ §´ Î¥´¨¥ ¸¶¥±É· ²Ó´μ£μ ¶ · ³¥É·  λ = 0 Ö¢²Ö¥É¸Ö
ÉμÎ±μ° ´ ±μ¶²¥´¨Ö ¤¨¸±·¥É´μ£μ ¸¶¥±É· ,   ¶·¨ λ > 0 ¤μ²¦¥´ ´ Ìμ¤¨ÉÓ¸Ö ´¥-
¶·¥·Ò¢´Ò° ¸¶¥±É·. �Éμ ¢¸¥ ± Î¥¸É¢¥´´Ò¥ · ¸¸Ê¦¤¥´¨Ö, É·¥¡ÊÕÐ¨¥ ¸É·μ£μ£μ
¤μ± § É¥²Ó¸É¢  ¶ÊÉ¥³ ¨¸¸²¥¤μ¢ ´¨Ö  ´ ²¨É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ËÊ´±Í¨° fj(x),
¢ Éμ³ Î¨¸²¥ ¢ÒÎ¨¸²¥´¨¥³ ¨Ì  ¸¨³¶ÉμÉ¨±¨ ¶·¨ x → ±∞.

4. Š‚��’�‚›… �‹ƒ…	�›
(��…��’����Ÿ �‚’�Œ�„…‹œ��‘’œ)

Œμ¦´μ ¶¥·¥Ëμ·³Ê²¨·μ¢ ÉÓ μ¶¨¸ ´´ÊÕ ËÊ´±Í¨μ´ ²Ó´ÊÕ  ¢Éμ³μ¤¥²Ó´μ¸ÉÓ
´  μ¶¥· Éμ·´μ³ Ö§Ò±¥. � ²μ¦¨³  ¡¸É· ±É´μ¥ μ£· ´¨Î¥´¨¥

Lj+N = q2ULjU
−1 + μ, (4.1)

£¤¥ U Ö¢²Ö¥É¸Ö ´¥±μÉμ·Ò³ μ¡· Ð ¥³Ò³ μ¶¥· Éμ·μ³,   q2 ¨ μ Å ´¥±μÉμ-
·Ò¥ ¶μ¸ÉμÖ´´Ò¥. …¸²¨ ¸¤¥² ÉÓ ¸¤¢¨£ Lj → Lj + μ/(1 − q2), Éμ ¶·¨ q2 �= 1
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¶μ¸ÉμÖ´´ÊÕ μ ³μ¦´μ Ê¸É· ´¨ÉÓ ¨§ · ¸¸³μÉ·¥´¨Ö. �¡μ§´ Î¨³ L := L0,

B := U−1M
(N)
0 , B+ := M

(N)+
0 U . ’μ£¤  ¨§ ¸μμÉ´μÏ¥´¨° (2.9) ¨ (2.10)

¢ÒÉ¥± ¥É

LB+ = q2B+L + μB+, BL = q2LB + μB,

(4.2)

B+B =
N−1∏
j=0

(L − λj), BB+ =
N−1∏
j=0

(q2L + μ − λj).

�·¨ N = 1 ÔÉμ ´¥ ÎÉμ ¨´μ¥, ± ±  ²£¥¡·  q-£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· 

AA+ − q2A+A = 1,

A =
B√

μ + λ0(q2 − 1)
, A+ : =

B+√
μ + λ0(q2 − 1)

.
(4.3)

� ¸±μ²Ó±μ ¨§¢¥¸É´μ  ¢Éμ·Ê, ¤ ´´ Ö  ²£¥¡·  ¢¶¥·¢Ò¥ ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ² ¸Ó
¶·¨ μ¡¸Ê¦¤¥´¨¨ ¤μ¢μ²Ó´μ Ô±§μÉ¨Î¥¸±μ£μ ¸Õ¦¥É  ¢ ¸É ÉÓ¥ ¸ ´ §¢ ´¨¥³ ®� · -
¸ÉμÌ ¸É¨± ¯ [8]. ‘¶μ· ¤¨Î¥¸±¨ μ´  ¢μ§´¨± ²  ¥Ð¥ ¢ ´¥±μÉμ·ÒÌ ¤·Ê£¨Ì μ¡² -
¸ÉÖÌ [9, 10], μ¤´ ±μ ¸É ²  Ï¨·μ±μ ¶μ¶Ê²Ö·´μ° Éμ²Ó±μ ¶μ¸²¥ · ¡μÉÒ [11],
¶μÖ¢¨¢Ï¥°¸Ö ´  Ëμ´¥ μ¡Ð¥£μ ¨´É¥·¥¸  ± ±¢ ´Éμ¢Ò³ £·Ê¶¶ ³. �·¥¤¸É ¢²¥´-
´ Ö ¢ÒÏ¥  ²£¥¡· ¨Î¥¸± Ö ¸Ì¥³  ¶μ ¢Ò¢μ¤Ê ±¢ ´Éμ¢ÒÌ  ²£¥¡· ¨¸Ìμ¤Ö ¨§ ³¥Éμ¤ 
Ë ±Éμ·¨§ Í¨¨ ¡Ò²  ¶μ¸É·μ¥´  ¢ [12Ä14].

„²Ö  ²£¥¡·Ò (4.3) ¥¸É¥¸É¢¥´´μ μ¶·¥¤¥²¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢ ¢¨¤¥

H = A+A − 1
1 − q2

=
L − μ

1−q2

μ + λ0(q2 − 1)
, L = B+B + λ0, (4.4)

±μÉμ·Ò° Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Ö³ HA+ = q2A+H ¨ AH = q2HA. ‚ μ¡-
Ð¥° ¸¨ÉÊ Í¨¨ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¨ ´¥Ê´¨É ·´Ò° ¸²ÊÎ °, ±μ£¤  A+ �= A†.
‚ Î ¸É´μ¸É¨, ÔÉμ ¶·μ¨¸Ìμ¤¨É ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ ±μ³¶²¥±¸´ÒÌ q ∈ C, ¢±²ÕÎ -
ÕÐ¨Ì ¢ ¸¥¡Ö ´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò¥  ·¨Ë³¥É¨Î¥¸±¨¥ ¸¨¸É¥³Ò, ±μ£¤  q Ö¢²Ö¥É¸Ö
¶·¨³¨É¨¢´Ò³ ±μ·´¥³ ¥¤¨´¨ÍÒ, qm = 1, m ∈ Z�0.

…¸²¨ ¢§ÖÉÓ Ëμ·³ ²Ó´μ¥ ¢ ±ÊÊ³´μ¥ ¸μ¸ÉμÖ´¨¥ A|0〉 = 0, 〈0|0〉 = 1, Éμ
q- ´ ²μ£μ³ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Ö¢²ÖÕÉ¸Ö ¸²¥-
¤ÊÕÐ¨¥ Ëμ·³ ²Ó´Ò¥ ¢¥±Éμ·Ò £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ :

|n〉 =
(A+)n√

[n]q2 !
|0〉, [n]q2 =

1 − q2n

1 − q2
, [n]q2 ! = [1]q2 [2]q2 · · · [n]q2 , (4.5)

¸μ ¸¶¥±É·μ³, ±μÉμ·Ò° ¢Ò¢μ¤¨É¸Ö Î¨¸Éμ  ²£¥¡· ¨Î¥¸±¨,

H |n〉 = λn|n〉, λn =
q2n

q2 − 1
, 〈n|m〉 = δnm. (4.6)
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�·¨ ÔÉμ³ ¤μ¶Ê¸É¨³Ò μ¡  ¸²ÊÎ Ö: 0 < q2 < 1 ¨ q2 > 1. �¤´ ±μ ±μ´±·¥É´Ò¥
·¥ ²¨§ Í¨¨ μ¶¥· Éμ·´μ°  ²£¥¡·Ò ´ ±² ¤Ò¢ ÕÉ μ¶·¥¤¥²¥´´Ò¥ μ£· ´¨Î¥´¨Ö ´ 
·¥ ²Ó´Ò° ¸¶¥±É· ¸μ¸ÉμÖ´¨° £ ³¨²ÓÉμ´¨ ´  H . ‚ Î ¸É´μ¸É¨, ¤²Ö μ¡ÒÎ´μ£μ
Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¤μ¶Ê¸É¨³ Éμ²Ó±μ ¢Ò¡μ· 0 < q2 < 1.

5. ‘�…–ˆ�‹œ�›… ‘‹“—�ˆ

� ¸¸³μÉ·¨³ Î ¸É´Ò¥ ¸²ÊÎ ¨  ¢Éμ³μ¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢, ¤²Ö ±μÉμ·ÒÌ
¨§¢¥¸É´μ ²¨¡μ ¶μ²´μ¥ ·¥Ï¥´¨¥ ¸¶¥±É· ²Ó´μ° § ¤ Î¨, ²¨¡μ ¨³¥¥É¸Ö ÌμÉÓ ± ± Ö-
Éμ ¶μ²¥§´ Ö ¨´Ëμ·³ Í¨Ö μ ´¨Ì.

�Ê¸ÉÓ
q = 1, μ = 0, U = 1, [L, B] = [L, B+] = 0. (5.1)

�É¨ μ£· ´¨Î¥´¨Ö, É·¥¡ÊÕÐ¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´¥É·¨¢¨ ²Ó´μ£μ ¨´É¥£· ²  ¤¢¨-
¦¥´¨Ö ¢ ¢¨¤¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ·  N -£μ ¶μ·Ö¤± , ¶·¨¢μ¤ÖÉ (¤²Ö
´¥Î¥É´ÒÌ N ¨, ¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ, ¤²Ö Î¥É´ÒÌ N ) ± ±μ´¥Î´μ§μ´-
´Ò³ ¶μÉ¥´Í¨ ² ³, μ¶¨¸Ò¢ ¥³Ò³ £¨¶¥·Ô²²¨¶É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨. �μ² £ Ö
N = 2n + 1 ¨²¨ N = 2n, ¨³¥¥³

uj(x) = −2∂2
x log Θ(x),

Θ(x) =
∑

m1,...,mn∈Z

exp

⎡
⎣2πi

⎛
⎝ n∑

k,�=1

Ak�mkm� +
n∑

k=1

Bk(x)mk

⎞
⎠

⎤
⎦ .

(5.2)

Œ É·¨Í  ±¢ §¨¶¥·¨μ¤μ¢ Aij É¥É -ËÊ´±Í¨¨ �¨³ ´  ·μ¤  n ¨ ¶¥·¥³¥´´Ò¥
Bk(x), ²¨´¥°´μ § ¢¨¸ÖÐ¨¥ μÉ x, μ¶·¥¤¥²ÖÕÉ Ëμ·³Ê ¶μÉ¥´Í¨ ²  ¨ ¸¶¥±É·
£ ³¨²ÓÉμ´¨ ´  [15].

� ¸¸³μÉ·¥´¨¥ ÔÉ¨Ì ¶μÉ¥´Í¨ ²μ¢ ´  μ¸´μ¢¥ ¶¥·¨μ¤¨Î¥¸±μ° ·¥¤Ê±Í¨¨ Í¥-
¶μÎ±¨ ˆ´Ë¥²Ó¤  ¨  ´ ²¨§  ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ± ± ¢¶μ²´¥ ¨´É¥£·¨·Ê¥³μ° ¸¨¸É¥³Ò ¤ ´μ ¢ · ¡μÉ Ì [16] ¶·¨ μj = 0
¨ ¢ [17] ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ λj+N = λj . �μÉ¥´Í¨ ² (5.2) ´ §Ò¢ ¥É¸Ö ®±μ-
´¥Î´μ§μ´´Ò³¯, ¶μ¸±μ²Ó±Ê ¶μ¤· §Ê³¥¢ ¥É¸Ö ·¥Ï¥´¨¥ ¸¶¥±É· ²Ó´μ° § ¤ Î¨ ¸
¶¥·¨μ¤¨Î¥¸±¨³¨ ¨²¨ ±¢ §¨¶¥·¨μ¤¨Î¥¸±¨³¨ ´¥¸¨´£Ê²Ö·´Ò³¨ ¶μÉ¥´Í¨ ² ³¨,
¸¶¥±É· ±μÉμ·ÒÌ ¸μ¤¥·¦¨É ±μ´¥Î´μ¥ Î¨¸²μ · §·¥Ï¥´´ÒÌ (¨²¨ § ¶·¥Ð¥´´ÒÌ)
§μ´ ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· . ‘¶¥±É· ²Ó´ Ö § ¤ Î  ¤·Ê£μ£μ É¨¶ , ¸¢Ö§ ´´ Ö ¸ £· -
´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ¸¨´£Ê²Ö·´ÒÌ ÉμÎ± Ì ¶μÉ¥´Í¨ ² , ¤²Ö ±μÉμ·μ° ¸¶¥±É·
Ö¢²Ö¥É¸Ö Î¨¸Éμ ¤¨¸±·¥É´Ò³, μ¡¸Ê¦¤ ² ¸Ó ¢ · ¡μÉ¥ [18].

“¦¥ ¸²ÊÎ ° ¢Ò¡μ·  U ¢ ¢¨¤¥ μ¶¥· Éμ·  Î¥É´μ¸É¨ U = P , Pg(x) = g(−x),
ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É μ¶¥· Éμ·Ê ¤¨² É Í¨¨ Ug(x) = g(qx) ¶·¨ q = −1, ¢Ò§Ò¢ ¥É
μ¶·¥¤¥²¥´´Ò¥ É·Ê¤´μ¸É¨ ¢ μ¶¨¸ ´¨¨ Ö¢´μ£μ ¢¨¤  ¶μÉ¥´Í¨ ²μ¢. �Î¥¢¨¤´μ, ÎÉμ
¢ ÔÉμ³ ¸²ÊÎ ¥ B2 ¨ (B+)2 ¡Ê¤ÊÉ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ μ¶¥· Éμ· ³¨ 2N -£μ
¶μ·Ö¤± , ±μ³³ÊÉ¨·ÊÕÐ¨³¨ ¸ £ ³¨²ÓÉμ´¨ ´μ³. …¸²¨ ¢§ÖÉÓ ´¥±μÉμ·Ò¥ Î¥É´Ò¥
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±μ´¥Î´μ§μ´´Ò¥ ¶μÉ¥´Í¨ ²Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥  ´É¨¸¨³³¥É·¨Î´Ò³ ËÊ´±Í¨Ö³
fj(−x) = −fj(x), Éμ ÔÉμ ¤ ¥É ·¥Ï¥´¨¥ § ¤ Î¨, ´μ ¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨
¤·Ê£¨Ì ·¥Ï¥´¨° μ¸É ¥É¸Ö μÉ±·ÒÉÒ³.

�Ê¸ÉÓ

q = 1, μ �= 0, U = 1, [L, B+] = μB+, [L, B] = −μB. (5.3)

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μÉ¥´Í¨ ²Ò μ¡μ¡Ð ÕÉ ¶μÉ¥´Í¨ ² £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ· , ¢μ§´¨± ÕÐ¨° ¶·¨ N = 1. ’μÉ Ë ±É, ÎÉμ ±μ³³ÊÉ Éμ·´Ò¥  ²£¥¡·Ò
É¨¶  (5.3) ¸¢Ö§ ´Ò ¸ É· ´¸Í¥´¤¥´É´Ò³¨ ËÊ´±Í¨Ö³¨ �¥´²¥¢¥, ¡Ò² Ê¸É ´μ-
¢²¥´ ¢ · ¡μÉ¥ [19]. ‚ μ¶¨¸ ´´μ° ´ ³¨ ¸¨ÉÊ Í¨¨ ¶·¨ ¶¥·¨μ¤¨Î¥¸±μ³ § ³Ò± -
´¨¨ ¸ N = 3 ¶μÉ¥´Í¨ ² ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ �¥´²¥¢¥-IV [20],   ¤²Ö
N = 4 Ê¦¥ É·¥¡Ê¥É¸Ö ËÊ´±Í¨Ö �¥´²¥¢¥-V ¸ ´¥¡μ²ÓÏ¨³ μ£· ´¨Î¥´¨¥³ [21].
”μ·³ ²Ó´μ ¸¶¥±É· ¸¢Ö§´ÒÌ ¸μ¸ÉμÖ´¨° ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´μ¢
¸μ¸Éμ¨É ¨§ ¸Ê¶¥·¶μ§¨Í¨¨ N  ·¨Ë³¥É¨Î¥¸±¨Ì ¶·μ£·¥¸¸¨°. �¤´ ±μ ÔÉμ ÊÉ¢¥·-
¦¤¥´¨¥ § ¢¨¸¨É μÉ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ¨ Ê¦¥ ¶·¨ N = 2 μ´μ ´¥¢¥·´μ ¨§-
§  ¸¨´£Ê²Ö·´μ¸É¨ ¢μ§´¨± ÕÐ¥£μ ¶μÉ¥´Í¨ ² . ’ ±μ° ¦¥ ¸¶¥±É· ¸μμÉ¢¥É¸É¢Ê¥É
¢Ò¡μ·Ê q = −1, É. ¥. ±μ£¤  U ¥¸ÉÓ μ¶¥· Éμ· Î¥É´μ¸É¨, Uf(x) = f(−x), ´μ
É¥¶¥·Ó ´ ¤μ Ê³¥ÉÓ ¢Ò¤¥²ÖÉÓ ·¥Ï¥´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³¨ ¸¢μ°¸É¢ ³¨ Î¥É´μ¸É¨
¸·¥¤¨ ËÊ´±Í¨° É¨¶  �¥´²¥¢¥, ¢μ§´¨± ÕÐ¨Ì ¨§ Ê¸²μ¢¨Ö § ³Ò± ´¨Ö ¸ ¶¥·¨μ-
¤μ³ 2N [7].

�Ê¸ÉÓ h ∈ R ¨

q = 1, U = eh∂x , Uf(x) = f(x + h), U † = U−1 = e−h∂x . (5.4)

�¡Ð¥¥ ·¥Ï¥´¨¥ ¢ ± ±μ³-²¨¡μ Ö¢´μ³ ¢¨¤¥ ´¥¨§¢¥¸É´μ. �Î¥¢¨¤´μ, ÎÉμ ¶·¨
ÔÉμ³ ¢μ§´¨± ¥É É· ´¸²ÖÍ¨μ´´ Ö h-¤¥Ëμ·³ Í¨Ö É· ´¸Í¥´¤¥´Éμ¢ �¥´²¥¢¥ ¨ ¨Ì
μ¡μ¡Ð¥´¨°. � ¶·¨³¥·, ¶·¨ N = 1 ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨
f(x) := f0(x):

f ′(x) + f ′(x + h) + f2(x) − f2(x + h) = μ. (5.5)

�·¨ μ = 0 ¶μ²ÊÎ ¥³ Ëμ·³Ê²Ê ¸²μ¦¥´¨Ö ¤²Ö Ô²²¨¶É¨Î¥¸±μ° ËÊ´±Í¨¨ ‚¥°¥·-
ÏÉ· ¸¸  ℘(x):

f(x) = −1
2

℘′(x − x0) − ℘′(h)
℘(x − x0) − ℘(h)

.

�É³¥É¨³, ÎÉμ ÔÉ  ËÊ´±Í¨Ö ´¥ μ¶·¥¤¥²¥´  ¢ ¶·¥¤¥²¥ h → 0, ÎÉμ ¤¥³μ´¸É·¨-
·Ê¥É Éμ´±μ¸É¨ ±μ´±·¥É´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ ·¥ ²¨§ Í¨° μ¶¥· Éμ·´ÒÌ  ²£¥¡·,
´¥ ¶¥·¥Ìμ¤ÖÐ¨Ì ¤·Ê£ ¢ ¤·Ê£ , ± ± ÔÉμ ¶·¥¤¶μ² £ ÕÉ ´ ¨¢´μ ¢§ÖÉÒ¥ ¶·¥¤¥²Ò.
„²Ö ¸²ÊÎ Ö μ �= 0 ¢ · ¡μÉ¥ [22] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¤²Ö ¶μ¤Ìμ¤ÖÐ¨Ì £· ´¨Î-
´ÒÌ Ê¸²μ¢¨° f(x) Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥°, ³¥·μ³μ·Ë´μ° ´  ¢¸¥°
±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨, ÎÉμ Ö¢²Ö¥É¸Ö ¡μ²ÓÏμ° ·¥¤±μ¸ÉÓÕ ¤²Ö ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´ÒÌ Ê· ¢´¥´¨°.
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�·¨ ¶·μ¨§¢μ²Ó´ÒÌ N ¨ μ = 0 ¢μ§´¨± ¥É ²Õ¡μ¶ÒÉ´ Ö ¤¥Ëμ·³ Í¨Ö μ¡-
Ð¨Ì £¨¶¥·Ô²²¨¶É¨Î¥¸±¨Ì ËÊ´±Í¨°, ¤μ ¸¨Ì ¶μ· ´¥ ¨¸¸²¥¤μ¢ ´´ Ö ¤μ²¦´Ò³
μ¡· §μ³, ¶μ¸±μ²Ó±Ê ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö Ö¢²Ö¥É¸Ö ´¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò°,  
¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´Ò° μ¶¥· Éμ·.

�Ê¸ÉÓ U = qx∂x ¨ qm = 1 (´¥Ê´¨É ·´Ò° ¸²ÊÎ °). ’μ£¤ 

Um = 1, [L, Bm] = [L, (B+)m] = 0. (5.6)

‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ ¥³ ¸¶¥Í¨ ²Ó´Ò° ±² ¸¸ ±μ´¥Î´μ§μ´´ÒÌ ¶μÉ¥´Í¨ ²μ¢
(¶μ¸±μ²Ó±Ê Bm, (B+)m Ö¢²ÖÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ μ¶¥· Éμ· ³¨), Ì · ±-
É¥·¨§ÊÕÐ¨°¸Ö ´ ²¨Î¨¥³ μ¸¥° ¸¨³³¥É·¨¨ m-£μ ¶μ·Ö¤±  [23].

�Ê¸ÉÓ q ∈ C× ¶·¨´¨³ ¥É ¶·μ¨§¢μ²Ó´Ò¥ §´ Î¥´¨Ö, Éμ£¤  ¸ÊÐ¥¸É¢Ê¥É É·¨-
¢¨ ²Ó´μ¥ Î ¸É´μ¥ ·¥Ï¥´¨¥ ¢¨¤  fj(x) = const,   ¨³¥´´μ:

U±1 = q±x∂x , U±1f(x) = f(q±1x),
(5.7)

f2
j = −λj , uj(x) = 0, Lj = −∂2

x.

‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ¨²¨ É·¨¢¨ ²Ó´ÊÕ ¸¢μ¡μ¤´ÊÕ ±¢ ´Éμ¢ÊÕ Î ¸É¨ÍÊ, ¤²Ö
±μÉμ·μ° ¨³¥¥É¸Ö £²Ê¡μ±μ ´¥É·¨¢¨ ²Ó´ Ö ¶μ²¨´μ³¨ ²Ó´ Ö  ²£¥¡·  ¸¨³³¥É·¨¨,
¸μ¢¶ ¤ ÕÐ Ö ¶·¨ N = 1 ¸  ²£¥¡·μ° q-£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

„·Ê£μ° ¸²ÊÎ ° ¶·μ¸ÉÒÌ Ö¢´μ ¨§¢¥¸É´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ¸μμÉ¢¥É¸É¢Ê¥É ±·¨-
¸É ²Ó´μ³Ê ¡ §¨¸Ê ¢ ±¢ ´Éμ¢ÒÌ  ²£¥¡· Ì q = 0. „²Ö ´¥¸¨´£Ê²Ö·´ÒÌ  ¢Éμ-
³μ¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ÔÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ fN(x) = 0, ÎÉμ ¢μ¢¸¥ ´¥
μ§´ Î ¥É, ÎÉμ ËÊ´±Í¨¨ fj(x), j = 0, . . . , N − 1, É·¨¢¨ ²Ó´Ò. �  ¸ ³μ³ ¤¥²¥ ¢
ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨¨ fN−n(x) ¶·¨¢μ¤ÖÉ ± Ìμ·μÏμ ¨§¢¥¸É´Ò³ n-¸μ²¨Éμ´´Ò³
¶μÉ¥´Í¨ ² ³ Ê· ¢´¥´¨Ö Šμ·É¥¢¥£  Ä ¤¥ ”·¨§  (Š¤”), · ¸¸³μÉ·¥´´Ò³ ´¨¦¥.

�¡Ð¨° ¸²ÊÎ °  ¢Éμ³μ¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢

U±1 = q±x∂x , U±1f(x) = f(q±1x), q �= 0, qm �= 1,

¸μμÉ¢¥É¸É¢Ê¥É (´¥¶·¥·Ò¢´Ò³) q-¤¥Ëμ·³¨·μ¢ ´´Ò³ ËÊ´±Í¨Ö³ �¥´²¥¢¥ (¶·¨
N = 3, 4) ¨ ¨Ì μ¡μ¡Ð¥´¨Ö³ ´  É· ´¸Í¥´¤¥´ÉÒ ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤± . �·¨
N = 1, h = 0 Ê¸²μ¢¨Ö (3.3) Ô±¢¨¢ ²¥´É´Ò ·¥¤Ê±Í¨¨ fj(x) = qjf(qjx), λj =
λ0q

2j , ¢¶¥·¢Ò¥ ¶μ¸É·μ¥´´μ° ¢ [24]. ‚ ÔÉμ° ¸¨ÉÊ Í¨¨ ¶· ±É¨Î¥¸±¨ ¶μ²´μ-
¸ÉÓÕ μÉ¸ÊÉ¸É¢Ê¥É ¨´Ëμ·³ Í¨Ö μ £²μ¡ ²Ó´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ¸¢μ°¸É¢ Ì ËÊ´±-
Í¨° fj(x). �·¨ N = 1 ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ £· ´¨Î´ÒÌ
Ê¸²μ¢¨ÖÌ ËÊ´±Í¨Ö f(x) Ö¢²Ö¥É¸Ö ³¥·μ³μ·Ë´μ° ´  ¢¸¥° ±μ³¶²¥±¸´μ° ¶²μ¸±μ-
¸É¨,  ´ ²μ£¨Î´μ ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨Ö (5.5). �É³¥É¨³, ÎÉμ μ¡Ð¨° μ¶¥· Éμ· U
´¥ Ö¢²Ö¥É¸Ö Ê´¨É ·´Ò³. ’μ²Ó±μ μ¶¥· Éμ· Uf(x) = |q|1/2f(qx) ¡Ê¤¥É Ê´¨É ·-
´Ò³ ¶·¨ 0 < q < 1 ¨ −1 < q < 0.
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6. Š�ƒ…�…�’�›… ‘�‘’�Ÿ�ˆŸ

‚ · ¡μÉ¥ [25] ˜·ß¤¨´£¥· ¶μ¸É·μ¨² ¶¥·¥¶μ²´¥´´ÊÕ ¸¨¸É¥³Ê ¸μ¸ÉμÖ´¨°
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· , ´ §¢ ´´ÒÌ ±μ£¥·¥´É´Ò³¨, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö
´μ·³¨·μ¢ ´´Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ¶μ´¨¦ ÕÐ¥£μ μ¶¥· Éμ· 

A|α〉 = α|α〉, α ∈ C, 〈α|α〉 = 1. (6.1)

‚  ²£¥¡· ¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨

|α〉 = eαa†−α∗a|0〉 = exp
(
−1

2
|α|2

) ∞∑
n=1

αn

√
n!
|n〉. (6.2)

‚ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ÔÉ¨ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö ¡ ´ ²Ó´μ ¸¤¢¨´Ê-
Éμ° Ëμ·³μ° ¢ ±ÊÊ³´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨

ψα(x) := 〈x|α〉 = exp
(
−1

2
|α|2 − 1

2
α2 +

√
2αx − 1

2
x2

)
. (6.3)

” ±Éμ·¨§ Í¨Ö £ ³¨²ÓÉμ´¨ ´  (2.2) Ö¢²Ö¥É¸Ö ¶·¨´Í¨¶¨ ²Ó´μ ¢ ¦´μ° ¢
¶·¥¤¸É ¢²¥´´ÒÌ Ëμ·³Ê² x. �¤´ ±μ, ± ± § ³¥Î¥´μ ¢ [6,12], ÔÉ  Ë ±Éμ·¨§ Í¨Ö
£²Ê¡μ±μ ´¥μ¤´μ§´ Î´ . ‚ Î ¸É´μ¸É¨, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ·´Ò¥ ³´μ-
¦¨É¥²¨ ¢ (2.2), ¶·¨¢μ¤ÖÐ¨¥ ± Éμ³Ê ¦¥ ¸ ³μ³Ê £ ³¨²ÓÉμ´¨ ´Ê, ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

A+ =
−ip + x√

2
U(p, x), A = V (p, x)

ip + x√
2

, U(p, x)V (p, x) = 1.

…¸²¨ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò μ¶¥· Éμ·Ò A ¨ A+ ¡Ò²¨ Ô·³¨Éμ¢μ ¸μ¶·Ö¦¥´Ò ¤·Ê£
± ¤·Ê£Ê, Éμ Éμ£¤  V (p, x) = U(p, x)† ¨ U(p, x)U(p, x)† = 1, É. ¥. U(p, x)
Ö¢²Ö¥É¸Ö Ê´¨É ·´Ò³ μ¶¥· Éμ·μ³. ‚ ¶·¨´Í¨¶¥, U ³μ¦¥É ¨³¥ÉÓ ¶·μ¨§¢μ²Ó-
´ÊÕ ¤μ¶Ê¸É¨³ÊÕ Ëμ·³Ê, ´ ¶·¨³¥· ¡ÒÉÓ ±μ´¥Î´μ-· §´μ¸É´Ò³ ¨²¨ ¨´É¥£· ²Ó-
´Ò³ μ¶¥· Éμ·μ³. Š²ÕÎ¥¢μ° ¢μ¶·μ¸ Å ± ±μ° Ö¢´Ò° ¢¨¤ ¡Ê¤¥É ¨³¥ÉÓ μ¶¥-
· Éμ· AA+ = U(p, x)†(L + 1/2)U(p, x)? �μÉ·¥¡Ê¥³, ÎÉμ¡Ò  ²£¥¡·  ƒ¥°§¥´-
¡¥·£  (2.3) ¸μÌ· ´¨² ¸Ó, É. ¥. ÎÉμ¡Ò ´ Ï¥ ¶·¥μ¡· §μ¢ ´¨¥ ¡Ò²μ ± ´μ´¨Î¥¸±¨³,
[A, A+] = 1. �Éμ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ:

U(p, x)†(p2 + x2)U(p, x) = p2 + x2.

�¶¨Ï¥³ ¤¢  ¶·μ¸É¥°Ï¨Ì ¶·¨³¥·  ´¥É·¨¢¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ U(p, x),
Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¤ ´´μ³Ê · ¢¥´¸É¢Ê. ‚μ-¶¥·¢ÒÌ, ÔÉμ μ¶¥· Éμ· Î¥É´μ¸É¨ P ,

U(p, x) = U(p, x)† = P, Px = −xP, Pp = −pP, P 2 = 1, (6.4)
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±μÉμ·Ò° ¸μμÉ¢¥É¸É¢Ê¥É  ¢Éμ³μ¤¥²Ó´μ³Ê ¶μÉ¥´Í¨ ²Ê, · ¸¸³μÉ·¥´´μ³Ê ¢ÒÏ¥
¶·¨ N = 1, q = −1, μ = 1. ‚μ-¢Éμ·ÒÌ, ÔÉμ μ¶¥· Éμ· ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥
U † = F , U = F−1,

[Ff ](y) :=
1√
2π

∞∫
−∞

eiyxf(x) dx, F2 = P, F4 = 1, (6.5)

¶·¨¢μ¤ÖÐ¨° ± ¸¨³¶²¥±É¨Î¥¸±μ³Ê μÉ· ¦¥´¨Õ,

FxF−1 = p, FpF−1 = −x, (6.6)

¨ ¸μÌ· ´ÖÕÐ¨° ± ´μ´¨Î¥¸±μ¥ ±μ³³ÊÉ Í¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ xp − px = i.
‚Ò¡μ· μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ U † = F−1,

[F−1f ](y) =
1√
2π

∞∫
−∞

e−iyxf(x) dx, (6.7)

¶·¨¢μ¤¨É ± ¤·Ê£μ³Ê ¸¨³¶²¥±É¨Î¥¸±μ³Ê μÉ· ¦¥´¨Õ (±μ³¡¨´ Í¨¨ ¶·Ö³μ£μ ¶·¥-
μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ ¨ Î¥É´μ¸É¨)

F−1xF = −p, F−1pF = x.

Šμ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö,  ¸¸μÍ¨¨·μ¢ ´´Ò¥ ¸ ¶μ´¨¦ ÕÐ¨³ μ¶¥· Éμ·μ³
A = U−1a, μ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨¥³

A|α〉U = α|α〉U ¨²¨ a|α〉U = αU |α〉U . (6.8)

‚Ò¡μ· U = P ¡Ò² · ¸¸³μÉ·¥´ ¢ [7], ¨ μ´ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥° ¸Ê¶¥·¶μ§¨-
Í¨¨ ± ´μ´¨Î¥¸±¨Ì ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨° (®Ï·ß¤¨´£¥·μ¢¸±μ³Ê ±μÉÊ¯):

|α〉P =
e−πi/4 |iα〉 + eπi/4 | − iα〉√

2
. (6.9)

‚ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ψ
(U)
α (x) := 〈x|α〉U ¨³¥¥³

ψ(P )
α (x) =

√
2

π1/4
exp

(
α2 − |α|2 − x2

2

)
cos

(√
2αx − π

4

)
. (6.10)

�μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ¶μ¤μ¡´ÒÌ ¸Ê¶¥·¶μ§¨Í¨° ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨°,  
É ±¦¥ ¸¶¨¸μ± ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ²¨É¥· ÉÊ·Ò ¶·¨¢¥¤¥´Ò ¢ ¸É ÉÓ¥ [7]. �É-
³¥É¨³, ÎÉμ ¢ ÔÉμ° · ¡μÉ¥ ¶μ¸É·μ¥´μ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ μ¡μ¡Ð¥´¨¥ ¸μ-
¸ÉμÖ´¨° (6.9), É ±¦¥ ¸¢Ö§ ´´μ¥ ¸ μ¶¥· Éμ·μ³ Î¥É´μ¸É¨ ¶μ¸·¥¤¸É¢μ³ ¢Ò¡μ· 
U = cosϕ + iP sin ϕ, ´μ ³Ò ´¥ ¡Ê¤¥³ ¥£μ §¤¥¸Ó · ¸¸³ É·¨¢ ÉÓ.
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‚Ò¡μ· U = F±1 ¸μμÉ¢¥É¸É¢Ê¥É ¨´É¥£·o¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³

(
d

dx
+ x

)
ψ(F±1)

α (x) =
α

π1/2

∞∫
−∞

e±ixyψ(F±1)
α (y) dy, x ∈ R, α ∈ C,

(6.11)
±μÉμ·Ò¥ · ´¥¥ ´¥ · ¸¸³ É·¨¢ ²¨¸Ó ¢ ²¨É¥· ÉÊ·¥. �μ·³¨·Ê¥³Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì
Ê· ¢´¥´¨° ´ Ìμ¤ÖÉ¸Ö ¸ ¶μ³μÐÓÕ Ìμ·μÏμ ¨§¢¥¸É´μ£μ Ë ±É , ÎÉμ ¸μ¡¸É¢¥´´Ò³¨
ËÊ´±Í¨Ö³¨ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ Ö¢²ÖÕÉ¸Ö ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ £ ·³μ´¨Î¥-
¸±μ£μ μ¸Í¨²²ÖÉμ·  (2.6)

L|n〉 =
(

n +
1
2

)
|n〉, F|n〉 = εn|n〉, εn = eπi n/2 = in. (6.12)

� §²μ¦¨³ |α〉F±1 ¢ ·Ö¤ ¶μ ¸μ¸ÉμÖ´¨Ö³ |n〉, μ¡· §ÊÕÐ¨³ ¡ §¨¸ £¨²Ó¡¥·-

Éμ¢  ¶·μ¸É· ´¸É¢ , |α〉F±1 =
∞∑

n=0

c±n |n〉. �μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ Ê· ¢´¥-

´¨Ö (6.11), ¶μ²ÊÎ ¥³ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¶¥·¢μ£μ ¶μ·Ö¤±  ´  ±μÔË-
Ë¨Í¨¥´ÉÒ c±n , ±μÉμ·Ò¥ ²¥£±μ ·¥Ï ÕÉ¸Ö. ‚ ·¥§Ê²ÓÉ É¥ ´ Ìμ¤¨³

|α〉F±1 = e−|α|2/2
∞∑

n=0

αn

√
n!

e±πin(n−1)/4|n〉, F±1〈α|α〉F±1 = 1.

�É¨ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ É ±¦¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ±μ´¥Î´μ° ¸Ê¶¥·¶μ-
§¨Í¨¨ ± ´μ´¨Î¥¸±¨Ì ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨°

|α〉F =
1
2
(
|eπi/4α〉 − eπi/4| e3πi/4α〉 + | e5πi/4α〉 + eπi/4| e7πi/4α〉

)
,

ψ(F)
α (x) = exp

[
−1

2
(|α|2 + x2)

] (
exp

(
− i

2
α2

)
cosh ((1 + i)αx) +

+ exp
(

i
2
α2 +

πi
4

)
sinh ((1 − i)αx)

)
(6.13)

¨

|α〉F−1 =
1
2
(
e−πi/4| eπi/4α〉 + | e3πi/4α〉 − e−πi/4| e5πi/4α〉 + | e7πi/4α〉

)
,

ψ(F−1)
α (x) = exp

[
−1

2
(|α|2 + x2)

] (
exp (i/2)α2 cosh ((1 − i)αx) +

+ exp (−i/2)α2 − πi
4

sinh ((1 + i)αx)
)
.

(6.14)

�É³¥É¨³, ÎÉμ ψ
(F−1)
α (x) = (ψ(F)

α∗ (x))∗, £¤¥ §¢¥§¤μÎ±  μ¡μ§´ Î ¥É ±μ³¶²¥±¸´μ¥
¸μ¶·Ö¦¥´¨¥.
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’ ±¨³ μ¡· §μ³, ³Ò ´ Ï²¨ ¢¸¥ ·¥Ï¥´¨Ö ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° (6.11), ¶·¨´ ¤²¥¦ Ð¨¥ L2(R). ˆ´É¥·¥¸´μ ¡Ò²μ ¡Ò μÌ · ±É¥·¨§μ¢ ÉÓ
¤·Ê£¨¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨°, ²¥¦ Ð¨¥ ¢ ¡μ²¥¥ μ¡Ð¨Ì ËÊ´±Í¨μ´ ²Ó´ÒÌ
¶·μ¸É· ´¸É¢ Ì, ¨²¨ ´ °É¨ ¨Ì (  É ±¦¥ Ê· ¢´¥´¨Ö (6.18) ´¨¦¥) μ¡Ð¥¥ ·¥Ï¥-
´¨¥,  ´ ²μ£¨Î´μ¥ ËÊ´±Í¨Ö³ ¶ · ¡μ²¨Î¥¸±μ£μ Í¨²¨´¤·  (¨²¨ ¢Ò·μ¦¤¥´´Ò³
£¨¶¥·£¥μ³¥É·¨Î¥¸±¨³ ËÊ´±Í¨Ö³), Ì · ±É¥·¨§ÊÕÐ¨³ μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö ˜·ß¤¨´£¥·  ¤²Ö ¶μÉ¥´Í¨ ²  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

Šμ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö (6.9) μ¶¨¸Ò¢ ÕÉ ¸Ê¶¥·¶μ§¨Í¨¨ ®³ ±·μ¸±μ¶¨Î¥-
¸±¨Ì¯ ¸μ¸ÉμÖ´¨°, ¨³¥ÕÐ¨Ì μ¶·¥¤¥²¥´´Ò¥ Î¨¸Éμ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ Ô±¸-
¶¥·¨³¥´É ²Ó´Ò¥ ¶·μÖ¢²¥´¨Ö. � ¸±μ²Ó±μ  ¢Éμ·Ê ¨§¢¥¸É´μ, ¸μ¸ÉμÖ´¨Ö ®Ï·ß¤¨´-
£¥·μ¢¸±¨Ì ±μÉμ¢¯ (6.13) ¨ (6.14), ¸¢Ö§ ´´Ò¥ ¸ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ”Ê·Ó¥, ¥Ð¥
´¥ μ¡¸Ê¦¤ ²¨¸Ó ¢ ²¨É¥· ÉÊ·¥. �μÔÉμ³Ê ²Õ¡μ¶ÒÉ´μ ¡Ò²μ ¡Ò ¶·μ ´ ²¨§¨·μ¢ ÉÓ
¨Ì ¢μ§³μ¦´μ¥ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ ¶·μÖ¢²¥´¨¥.

�¡Ð¨³ ¶·¥μ¡· §μ¢ ´¨¥³ ¸¨³³¥É·¨¨ U(p, x) ¢ (6.4), ¢±²ÕÎ ÕÐ¨³ ¢ ¸¥¡Ö
¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¸²ÊÎ ¨, Ö¢²Ö¥É¸Ö ¶μ¢μ·μÉ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ´  ¶·μ-
¨§¢μ²Ó´Ò° Ê£μ² ϕ ∈ R,

U(ϕ)†xU(ϕ) = x cos ϕ + p sin ϕ, U(ϕ)†pU(ϕ) = −x sin ϕ + p cosϕ. (6.15)

�Éμ ´¥ ÎÉμ ¨´μ¥, ± ± Ô¢μ²ÕÍ¨Ö ¢ ¨¸±Ê¸¸É¢¥´´μ³ ¢·¥³¥´¨ ϕ ¸μ£² ¸´μ Ê· ¢´¥-
´¨Õ ˜·ß¤¨´£¥· 

i∂tψ(t) = Lψ(t), ψ(t) = U(t)ψ(0), U(t) = e−itL, t = ϕ. (6.16)

‘¶· ¢¥¤²¨¢μ¸ÉÓ (6.15) μÎ¥´Ó ²¥£±μ ¤μ± § ÉÓ ´  Ê·μ¢´¥ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö. „¥°¸É¢¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê U † = U−1 = eitL,

a(ϕ) := eiϕLa e−iϕL, ∂ϕa(ϕ) = i eiϕL[L, a] e−iϕL = −ia(ϕ). (6.17)

�¥Ï Ö ÔÉμ Ê· ¢´¥´¨¥ ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ a(0) := a, ´ Ìμ¤¨³ a(ϕ) = e−iϕa.
�´ ²μ£¨Î´μ, a+(ϕ) = eiϕLa+e−iϕL = eiϕa+, ÎÉμ ¢ ±μ³¡¨´ Í¨¨ ¤ ¥É (6.15).

„²Ö ÔÉμ£μ μ¡Ð¥£μ ¸²ÊÎ Ö Ê· ¢´¥´¨¥ (6.8), μ¶·¥¤¥²ÖÕÐ¥¥ ±μ£¥·¥´É´Ò¥ ¸μ-
¸ÉμÖ´¨Ö, ¶·¨´¨³ ¥É ³ ±¸¨³ ²Ó´μ ¸²μ¦´Ò° ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò° ¢¨¤:

(
d

dx
+ x

)
ψ(U)

α (x) = e−iϕL ψ(U)
α (x) =

√
2α

∞∫
−∞

K(x, y; ϕ)ψ(U)
α (y) dy, (6.18)

£¤¥ Ö¤·μ ¨´É¥£· ²Ó´μ£μ μ¶¥· Éμ·  ¢ ¶· ¢μ° Î ¸É¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° Ö¢´Ò°
¢¨¤:

K(x, y; ϕ) =
1√

2πi sinϕ
exp

[
i
(x2 + y2) cosϕ − 2xy

2 sinϕ

]
. (6.19)

�Éμ Ö¤·μ ¡Ò²μ ¶μ¸É·μ¥´μ Œ¥Ì²¥·μ³ §  60 ²¥É ¤μ μÉ±·ÒÉ¨Ö ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¨ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° § ³¥´¥ ϕ → −iϕ. ‘ ³μ ¨´É¥-
£· ²Ó´μ¥ ¶·¥μ¡· §μ¢ ´¨¥, ¸ÉμÖÐ¥¥ ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (6.18), ³μ¦´μ
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¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ®¤·μ¡´μ¥¯ μ¡μ¡Ð¥´¨¥ ¸É ´¤ ·É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö
”Ê·Ó¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¢Ò¡μ·Ê ¶ · ³¥É·  ϕ = ±π/2 (¸³., ´ ¶·¨³¥·, [28]).

�μ·³¨·Ê¥³μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (6.18) μ¤´μ§´ Î´μ ´ Ìμ¤¨É¸Ö · §²μ¦¥-
´¨¥³ ¶μ ¡ §¨¸Ê ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μ¶¥· Éμ·  L ¨ ·¥Ï¥´¨¥³ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ ·¥±Ê··¥´É´μ£μ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö, ÎÉμ ¶·¨-
¢μ¤¨É ± ¢Ò· ¦¥´¨Õ

|α〉U = exp
(
−1

2
|α|2

) ∞∑
n=0

αn

√
n!

exp
[
−iϕ

n(n − 1)
2

]
|n〉, U = e−iϕL. (6.20)

„²Ö ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ϕ ÔÉ¨ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ê¦¥ ´¥²Ó§Ö
§ ¶¨¸ ÉÓ ¢ ¢¨¤¥ ±μ´¥Î´μ° ±μ³¡¨´ Í¨¨ ± ´μ´¨Î¥¸±¨Ì ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ-
´¨° Å μ´¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¶·¨³¥· μ¡μ¡Ð¥´´ÒÌ ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨°
’¨ÉÊ² ¥· Äƒ² Ê¡¥· , μ¡¸Ê¦¤ ¢Ï¨Ì¸Ö ¢ [7]. �μ¤Î¥·±´¥³, ÎÉμ §¤¥¸Ó ϕ Å ÔÉμ
´¥ ·¥ ²Ó´μ¥ ¢·¥³Ö ¢ Ê· ¢´¥´¨¨ ˜·ß¤¨´£¥· ,   μ¡ÒÎ´Ò° ¶ · ³¥É·, Ì · ±É¥·¨-
§ÊÕÐ¨° ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ (6.20). …¸²¨ · ¸¸³μÉ·¥ÉÓ Ô¢μ²ÕÍ¨Õ ¢ ·¥ ²Ó´μ³
¢·¥³¥´¨, Éμ μ´  ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

|α, t〉U := e−itL |α〉U = exp
(
−1

2
|α|2

) ∞∑
n=0

αn

√
n!

×

× exp
[
−iϕ

n(n − 1)
2

]
exp

[
−it

(
n +

1
2

)]
|n〉 = e−i(t/2)| e−itα〉U .

� ¸¸³μÉ·¨³ É¥¶¥·Ó ±· É±μ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¡Ð¥£μ ±² ¸¸   ¢Éμ³μ-
¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢. �·¥¤¶μ²μ¦¨³, ÎÉμ 0 < q2 < 1. ’μ£¤  ¤²Ö ´¥£ É¨¢´ÒÌ
§´ Î¥´¨° Ô´¥·£¨¨, λ < 0, ¶μ´¨¦ ÕÐ¨³ μ¶¥· Éμ·μ³ Ö¢²Ö¥É¸Ö B. ‘μμÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³ [7]:

B|α〉(k)
− = α|α〉(k)

− , 〈x|α〉(k)
− ∝ 0ϕN−1(. . . ; q2, z)ψk(x), (6.21)

£¤¥ ψk(x), k = 0, . . . , N − 1, Ö¢²ÖÕÉ¸Ö ¶¥·¢Ò³¨ N ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨
L,   μ¶¥· Éμ·´Ò°  ·£Ê³¥´É z ¶·μ¶μ·Í¨μ´ ²¥´ ¶μ¢ÒÏ ÕÐ¥³Ê μ¶¥· Éμ·Ê B+.
�É¨ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö μ¡ÒÎ´Ò³¨ ¡ §¨¸´Ò³¨ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨³¨ ·Ö-
¤ ³¨ 0ϕN−1 [26].

�·¨ λ > 0 ¶μ´¨¦ ÕÐ¨³ μ¶¥· Éμ·μ³ Ö¢²Ö¥É¸Ö B+, ÎÉμ ¶·¨¢μ¤¨É ± ±μ£¥-
·¥´É´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¶·¨´Í¨¶¨ ²Ó´μ ´μ¢μ£μ É¨¶  [7]:

B+|α〉(s)+ = α|α〉(s)+ , s ∈ Z. (6.22)

�É¨ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö ¤¢Ê¸Éμ·μ´´¨³¨ ¡ §¨¸´Ò³¨ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨³¨
·Ö¤ ³¨ 0ψN−1 ¨²¨ ¨´É¥£· ² ³¨ � ³ ´Ê¤¦ ´ .
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�Ê¸ÉÓ N = 1, u(x) = 0, 0 < q < 1 ¨

U = q1/2+x∂x , U † = U−1 = q−1/2−x∂x .

’μ£¤  μ¶¥· Éμ·Ò

A = q−x∂x−1/2

(
∂x +

1√
1 − q2

)
,

A+ =

(
−∂x +

1√
1 − q2

)
qx∂x+1/2

(6.23)

Ê¤μ¢²¥É¢μ·ÖÕÉ q-μ¸Í¨²²ÖÉμ·´μ°  ²£¥¡·¥ AA+ − q2A+A = 1. „²Ö ÔÉμ° É·¨¢¨-
 ²Ó´μ° ¸¨¸É¥³Ò Å ¸¢μ¡μ¤´μ° ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Å ¸ÊÐ¥-
¸É¢ÊÕÉ ´μ·³¨·Ê¥³Ò¥ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö A+ψ+

α (x) = αψ+
α (x), ψ+

α (x) ∈
L2(R). �´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ·¥Ï¥´¨Ö μ¶¥·¥¦ ÕÐ¥£μ Ê· ¢´¥´¨Ö ¶ ´Éμ-
£· Ë  [27]

∂xψ+
α (x) = −αq−3/2ψ+

α (q−1x) +
q−1√
1 − q2

ψ+
α (x), (6.24)

¤μ¶Ê¸± ÕÐ¥£μ ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ·¥Ï¥´¨°, ¶·¨´ ¤²¥¦ Ð¨Ì L2(R). �¡¸Ê-
¦¤¥´¨¥ Ö¢´μ£μ ¢¨¤  ÔÉ¨Ì ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨° ¨ ·Ö¤  ¨Ì ¸¢μ°¸É¢ ¶·¨¢¥¤¥´μ
¢ [7]. � ¸±μ²Ó±μ ¨§¢¥¸É´μ  ¢Éμ·Ê, ¢μ§³μ¦´μ¥ Ë¨§¨Î¥¸±μ¥ ¶·μÖ¢²¥´¨¥ ÔÉ¨Ì
¸μ¸ÉμÖ´¨° ¢ ±¢ ´Éμ¢μ° μ¶É¨±¥ ¥Ð¥ ´¥ μ¡¸Ê¦¤ ²μ¸Ó.

7. ‘�‹ˆ’��›

� ¸¸³μÉ·¨³ É¥¶¥·Ó Ô¢μ²ÕÍ¨Õ ¶μÉ¥´Í¨ ²μ¢ ¢ ¤·Ê£μ³ ´¥¶·¥·Ò¢´μ³ ¢·¥-
³¥´¨ uj(x) → uj(x, t), ´¥ ¨³¥ÕÐÊÕ μÉ´μÏ¥´¨Ö ± ¢·¥³¥´´μ° Ô¢μ²ÕÍ¨¨ ¢
Ê· ¢´¥´¨¨ ˜·ß¤¨´£¥·  ¨ μ¶·¥¤¥²Ö¥³ÊÕ ¸²¥¤ÊÕÐ¨³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ § -
±μ´μ³:

∂tψ
(j)(x, t) = Djψ

(j)(x, t), Dj := −4∂3
x + 6uj(x, t)∂x + 3∂xuj(x, t). (7.1)

‘ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ §¤¥¸Ó t Å ÔÉμ ¶·μ¸Éμ ¶ · ³¥É· ¶μÉ¥´Í¨-
 ² . ‘μ¢³¥¸É¨³μ¸ÉÓ (7.1) ¸ Ê· ¢´¥´¨¥³ ˜·ß¤¨´£¥·  ¶·¨¢μ¤¨É ± μ¶¥· Éμ·´μ³Ê
¸μμÉ´μÏ¥´¨Õ ∂tLj = [Dj, Lj ], ±μÉμ·μ¥ Ô±¢¨¢ ²¥´É´μ Ê· ¢´¥´¨Õ Šμ·É¥¢¥£  Ä
¤¥ ”·¨§  [29]

∂tuj(x, t) − 6uj(x, t)∂xuj(x, t) + ∂3
xuj(x, t) = 0. (7.2)
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�É³¥É¨³, ÎÉμ § ±μ´ Ô¢μ²ÕÍ¨¨ (7.1) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ ¸ ¶μ³μÐÓÕ ¶·¥¤¥²Ó-
´μ£μ ¶¥·¥Ìμ¤  ¶μ ¤¨¸±·¥É´μ³Ê ¢·¥³¥´¨ j ¢ Í¥¶μÎ±¥ ˆ´Ë¥²Ó¤ . „²Ö ÔÉμ£μ ¤μ-
¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ Ô¢μ²ÕÍ¨Õ ¶μ j ´  É·¨ Ï £  ¶μ ¢·¥³¥´¨ j → j + 3,
μ¶·¥¤¥²¨ÉÓ t = jh ¨ · ¸¸³μÉ·¥ÉÓ ¶·¥¤¥² h → 0 ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ t

¢ Ô¢μ²ÕÍ¨¨ ψ(t/h+3) = M
(3)
t/hψ(t/h). �·¨ ¸¶¥Í¨ ²Ó´μ³ ¶μ¤¡μ·¥ ¤¨ËË¥·¥´-

Í¨ ²Ó´μ£μ μ¶¥· Éμ·  É·¥ÉÓ¥£μ ¶μ·Ö¤±  M
(3)
t/h ¢μ§´¨± ¥É ¸μμÉ´μÏ¥´¨¥ (7.1).

‘¤¥² ¥³ ¶μ¤¸É ´μ¢±Ê fj = −∂x log φ
(j)
0 ¢ μ¶·¥¤¥²¥´¨¨ ¶μÉ¥´Í¨ ²μ¢ uj =

f2
j − f ′

j + λj . �Éμ ¶·¨¢μ¤¨É ± ²¨´¥°´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ

−∂2
xφ

(j)
0 + ujφ

(j)
0 = λjφ

(j)
0 , (7.3)

É. ¥. φ
(j)
0 ¥¸ÉÓ ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Lj ¤²Ö λ = λj ¨

ψ(j+1) =
φ

(j)
0 ∂xψ(j) − ψ(j)∂xφ

(j)
0

φ
(j)
0

=
W (φ(j)

0 , ψ(j))

φ
(j)
0

. (7.4)

�Ê¸ÉÓ φ
(j)
k , k = 0, . . . , n−1, Ö¢²ÖÕÉ¸Ö Ëμ·³ ²Ó´Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±-

Í¨Ö³¨ μ¶¥· Éμ·  Lj ¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ λj+k , É. ¥. Ljφ
(j)
k = λj+kφ

(j)
k .

’μ£¤  ¸μ£² ¸´μ · ¡μÉ¥ [30]

uj+n(x, t) = uj(x, t) − 2∂2
x log W (φ(j)

0 , . . . , φ
(j)
n−1), (7.5)

£¤¥ W (φ0, . . . , φn−1) = det (∂i
xφk) ¥¸ÉÓ ¢·μ´¸±¨ ´ n ËÊ´±Í¨° φk(x). �´ ²μ-

£¨Î´μ ³μ¦´μ § ¶¨¸ ÉÓ ¢ Ö¢´μ³ ¢¨¤¥

fj+n(x, t) = −∂x log
W

(
φ

(j)
0 , . . . , φ

(j)
n

)
W

(
φ

(j)
0 , . . . , φ

(j)
n−1

) , (7.6)

ψ(j+n+1)(x, t) =
W

(
φ

(j)
0 , . . . , φ

(j)
n , ψ(j)

)
W

(
φ

(j)
0 , . . . , φ

(j)
n

) = M
(n+1)
j ψ(j)(x, t). (7.7)

�¥·¥³¥´´ Ö t ´¥ ¨£· ¥É ± ±μ°-²¨¡μ ·μ²¨ ¢ · ¸¸³μÉ·¥´¨¨ ¶·¥μ¡· §μ¢ ´¨°
„ ·¡Ê (7.5), É. ¥. μ´  ¶μ²´μ¸ÉÓÕ ´¥§ ¢¨¸¨³  μÉ ¤¨¸±·¥É´μ£μ ¢·¥³¥´¨, ¨¸¶μ²Ó-
§μ¢ ´´μ£μ ¢ Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¥ ˆ´Ë¥²Ó¤ . �μÔÉμ³Ê, ¥¸²¨ uj(x, t)
Ê¤μ¢²¥É¢μ·Ö¥É Š¤”-Ê· ¢´¥´¨Õ, Éμ uj+n(x, t) É ±¦¥ ¡Ê¤¥É ·¥Ï¥´¨¥³ ÔÉμ£μ
Ê· ¢´¥´¨Ö. ‘μμÉ¢¥É¸É¢¥´´μ, ´ Î¨´ Ö ¸ ¶·μ¸Éμ£μ ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö,
³μ¦´μ ¸É·μ¨ÉÓ ¢¸¥ ¡μ²¥¥ ¨ ¡μ²¥¥ ¸²μ¦´Ò¥ ·¥Ï¥´¨Ö.

� ¨¡μ²¥¥ · Ë¨´¨·μ¢ ´´μ¥ μ¶¨¸ ´¨¥ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¤μ¸É¨£ ¥É¸Ö
¢ É¥·³¨´ Ì É ± ´ §Ò¢ ¥³μ° É Ê-ËÊ´±Í¨¨, ±μÉμ· Ö Ê¦¥ ¶μÖ¢²Ö² ¸Ó ¢ÒÏ¥ ¢
´¥Ö¢´μ³ ¢¨¤¥. �´  ¢¢μ¤¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

uj(x, t) = −2∂2
x log τj(x, t). (7.8)
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�É  ËÊ´±Í¨Ö ¢¥¸Ó³  Ê¤μ¡´ , ¶μ¸±μ²Ó±Ê ¥¥ ´Ê²¨ μ¶·¥¤¥²ÖÕÉ ¶μ²Õ¸Ò ¢Éμ·μ£μ
¶μ·Ö¤±  ¶μÉ¥´Í¨ ²  ¶μ x. …¸²¨ τj(x, t) Ö¢²Ö¥É¸Ö £μ²μ³μ·Ë´μ° ËÊ´±Í¨¥°
¸¢μ¨Ì  ·£Ê³¥´Éμ¢ x ¨ t, ± ± ÔÉμ ¡Ò²μ ¢ ¸²ÊÎ ¥ ±μ´¥Î´μ§μ´´ÒÌ ¶μÉ¥´Í¨ -
²μ¢ (5.2), Éμ ¶μÉ¥´Í¨ ²Ò Ö¢²ÖÕÉ¸Ö ³¥·μ³μ·Ë´Ò³¨ ËÊ´±Í¨Ö³¨ ´  ¢¸¥° ±μ³-
¶²¥±¸´μ° ¶²μ¸±μ¸É¨, ÎÉμ Ö¢²Ö¥É¸Ö ¸¨²Ó´Ò³ μ£· ´¨Î¥´¨¥³ ´  ±² ¸¸ · ¸¸³ -
É·¨¢ ¥³ÒÌ ¶μÉ¥´Í¨ ²μ¢. ‘μμÉ´μÏ¥´¨Ö (7.6) ¨ (7.7) ¶·¨´¨³ ÕÉ ¸ÊÐ¥¸É¢¥´´μ
¡μ²¥¥ ±μ³¶ ±É´Ò° ¢¨¤ ¢ É¥·³¨´ Ì τ -ËÊ´±Í¨¨:

τj+n = W (φ(j)
0 , . . . , φ

(j)
n−1)τj , fj = −∂x log τj+1/τj . (7.9)

‚ É¥·³¨´ Ì ¤·Ê£μ° Ê¤μ¡´μ° § ¢¨¸¨³μ° ¶¥·¥³¥´´μ° ³μ¦´μ § ¶¨¸ ÉÓ

ρj := −∂x log τj , uj = 2∂xρj , fj = ρj+1 − ρj . (7.10)

‚ ·¥§Ê²ÓÉ É¥ É ±μ° § ³¥´Ò ·μ²Ó Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ ¶·¨´¨³ ¥É ´ 
¸¥¡Ö ¸¢Ö§Ó ³¥¦¤Ê uj(x) ¨ fj(x):

d

dx
(ρj+1 + ρj) − (ρj+1 − ρj)2 = λj . (7.11)

�É³¥É¨³, ÎÉμ Ê ÔÉμ£μ Ê· ¢´¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É ¶·μ¸É Ö ¸¤¢¨£μ¢ Ö ¸¨³³¥É·¨Ö
ρj(x) → ρj(x) + cx + const, λj → λj + 2c.

�¢Éμ³μ¤¥²Ó´Ò¥ ¶μÉ¥´Í¨ ²Ò Ì · ±É¥·¨§ÊÕÉ¸Ö μÎ¥´Ó ¶·μ¸ÉÒ³¨ μ£· ´¨Î¥-
´¨Ö³¨ ´  τ -ËÊ´±Í¨Õ, τj+N (x, t) = τj(qx, q3t), ¨²¨ ρj+N (x, t) = qρj(qx, q3t),
¨ ´  ¸¶¥±É· ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥ λj+N = q2λj . �·¨ N = 1 ÔÉμ ¶·¨¢μ¤¨É ±
¸³¥Ï ´´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê ¨ q-· §´μ¸É´μ³Ê ´¥²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ
¢¨¤ 

dρ(x)
dx

+ q
dρ(qx)

dx
− (qρ(qx) − ρ(x))2 = μ, (7.12)

£¤¥ ρ(x) := ρ0(x) ¨ μ := λ0.

�·¨ u0(x, t) = 0 ¢μ§Ó³¥³ λj = −k2
j /4, θj := kjx−k3

j t+θ
(0)
j , kj , θ

(0)
j ∈ R, ¨

φ
(0)
2j = cosh

1
2
θ2j(x, t), φ

(0)
2j+1 = sinh

1
2
θ2j+1(x, t), j = 0, 1, . . . , n − 1.

(7.13)
�ÉμÉ ¢Ò¡μ· ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ un(x, t) Ö¢²Ö¥É¸Ö ´¥¸¨´£Ê²Ö·´Ò³ ¡¥§μÉ· ¦ -
É¥²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³, ´ §Ò¢a¥³Ò³ n-¸μ²¨Éμ´´Ò³ ·¥Ï¥´¨¥³ Š¤”-Ê· ¢´¥´¨Ö
¨ μ¶¨¸Ò¢ ÕÐ¨³ Ê¥¤¨´¥´´Ò¥ ¢μ²´Ò ´  ³¥²±μ° ¢μ¤¥ [31]. �·¨ ÔÉμ³ k2

j ¶·μ-

¶μ·Í¨μ´ ²Ó´Ò  ³¶²¨ÉÊ¤ ³ ¨ ¸±μ·μ¸ÉÖ³ ¸μ²¨Éμ´μ¢,   θ
(0)
j μ¶¨¸Ò¢ ÕÉ Ë §Ò

¸μ²¨Éμ´μ¢ (É. ¥. ¨Ì ¢§ ¨³´μ¥ · ¸¶μ²μ¦¥´¨¥ ¶·¨ t = 0). �μ³¨³μ ¶·¨¢¥¤¥´´μ£μ
¢ÒÏ¥ ¢·μ´¸±¨ ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¤·Ê£¨¥ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö
n-¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°. � ¶·¨³¥·,
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¤²Ö Š¤”-Ê· ¢´¥´¨Ö ³μ¦´μ § ¶¨¸ ÉÓ

un(x, t) = − 2∂2
x log τn(x, t), τn(x, t) = det C,

Cij = δij +
2
√

kikj

ki + kj
e(θi+θj)/2.

(7.14)

‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¶·¨¢μ¤¨É¸Ö ¤·Ê£μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¨³¥ÕÐ¥¥ Ö·±ÊÕ Ë¨-
§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ.

8. –…��—Šˆ ˆ‡ˆ�ƒ� ˆ �…˜…’�—�›‰ Š“‹���‚‘Šˆ‰ ƒ�‡

‚ 1971 £. �. •¨·μÉ  [32] ´ Ï¥² ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö n-¸μ²¨-
Éμ´´μ° É Ê-ËÊ´±Í¨¨ (7.14):

τn =
∑

σi=0,1

exp

⎛
⎝ ∑

0�i<j�n−1

Aijσiσj +
n−1∑
i=0

θiσi

⎞
⎠, eAij =

(ki − kj)2

(ki + kj)2
, (8.1)

£¤¥ ¶¥·¥³¥´´Ò¥ Aij μ¶¨¸Ò¢ ÕÉ Ë §Ò · ¸¸¥Ö´¨Ö ¸μ²¨Éμ´μ¢. „²Ö ¸¶¥Í¨ ²¨¸Éμ¢
¶μ ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ´¥ ¸μ¸É ¢²Ö¥É É·Ê¤  Ê¢¨¤¥ÉÓ ¢ ¢Ò· ¦¥´¨¨ (8.1)
¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê μ¤´μ³¥·´μ£μ ·¥Ï¥ÉμÎ´μ£μ £ § . �·¨ ÔÉμ³ ¶¥·¥³¥´´Ò¥
σi Ö¢²ÖÕÉ¸Ö Î¨¸² ³¨ § ¶μ²´¥´¨Ö ÖÎ¥¥± ·¥Ï¥É±¨ ¸ ´μ³¥·μ³ i. �·¨ σi = 0
ÖÎ¥°±  ¸¢μ¡μ¤´ ,   ¶·¨ σi = 1 ÖÎ¥°±  § ´ÖÉ  ³μ²¥±Ê²μ°. �·¨ ÔÉμ³ ±μÔËË¨-
Í¨¥´ÉÒ Aij ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö i-° ¨ j-° ³μ²¥±Ê²
¤·Ê£ ¸ ¤·Ê£μ³,   ¶¥·¥³¥´´Ò¥ θi Ö¢²ÖÕÉ¸Ö ²μ± ²Ó´Ò³¨ Ì¨³¨Î¥¸±¨³¨ ¶μÉ¥´Í¨ -
² ³¨. �¥¸³μÉ·Ö ´  μÎ¥¢¨¤´μ¸ÉÓ É ±μ° ¨´É¥·¶·¥É Í¨¨, ÔÉÊ ¶·Ö³ÊÕ ¸¢Ö§Ó ³¥¦¤Ê
¸μ²¨Éμ´´Ò³¨ ·¥Ï¥´¨Ö³¨ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¨ ¸É É¨¸É¨-
Î¥¸±¨³¨ ¸Ê³³ ³¨ μ¡´ ·Ê¦¨²¨ Éμ²Ó±μ ¢ 1997 £. ¢ · ¡μÉ¥ [33] (¸³. É ±¦¥ [34]).

‘¤¥² ¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ si = 2σi − 1 = ±1 ¢ ¢Ò· ¦¥´¨¨ (8.1). �Éμ
¶·¨¢μ¤¨É ± μ¤´μ³¥·´μ° ³μ¤¥²¨ ˆ§¨´£  ¸ ´¥²μ± ²Ó´Ò³ μ¡³¥´´Ò³ ¢§ ¨³μ¤¥°-
¸É¢¨¥³:

τn = eϕZn, ϕ =
1
4

∑
i<j

Aij +
1
2

n−1∑
j=0

θj ,

Zn =
∑

si=±1

e−βE , E =
∑

0�i<j�n−1

Jijsisj −
∑

0�i=�n−1

Hisi, (8.2)

βJij = −1
4

Aij , βHi =
1
2
θi +

1
4

∑
0�j �=i�n−1

Aij , β =
1

kT
.

‚ ÔÉμ° ± ·É¨´¥ ¶¥·¥³¥´´ Ö si Ö¢²Ö¥É¸Ö ¸¶¨´μ³, · ¸¶μ²μ¦¥´´Ò³ ¢ ÖÎ¥°±¥ ¸
´μ³¥·μ³ i, Jij Å ÔÉμ μ¡³¥´´Ò¥ ±μ´¸É ´ÉÒ,   Hi Å ÔÉμ ´¥μ¤´μ·μ¤´μ¥ (É. ¥.
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§ ¢¨¸ÖÐ¥¥ μÉ i) ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥. �·¨ ÔÉμ³ ¨§ Ö¢´μ£μ ¢¨¤  ³¥¦³μ²¥±Ê-
²Ö·´μ£μ ¶μÉ¥´Í¨ ²  ∝ Aij ¨²¨ μ¡³¥´´ÒÌ ±μ´¸É ´É Jij ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢¥´´μ¥
μ£· ´¨Î¥´¨¥ ´  ¶·¨¢¥¤¥´´ÊÕ ¨´É¥·¶·¥É Í¨Õ ¸μ²¨Éμ´´μ° É Ê-ËÊ´±Í¨¨ ± ±
¡μ²ÓÏμ° ± ´μ´¨Î¥¸±μ° ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ·¥Ï¥ÉμÎ´μ£μ £ §  ¨²¨ ¸É É¨-
¸É¨Î¥¸±μ° ¸Ê³³Ò ´¥²μ± ²Ó´μ° ³μ¤¥²¨ ˆ§¨´£  ¢μ ¢´¥Ï´¥³ ³ £´¨É´μ³ ¶μ²¥.
� ¨³¥´´μ Å É¥³¶¥· ÉÊ·  ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö Ë¨±¸¨·μ¢ ´´μ°.

� ¸¸³μÉ·¨³ É¥¶¥·Ó  ¢Éμ³μ¤¥²Ó´ÊÕ ¡¥¸±μ´¥Î´μ-¸μ²¨Éμ´´ÊÕ ¸¨¸É¥³Ê, É. ¥.
¶·¥¤¥² n → ∞, ¶·¨ ¸²¥¤ÊÕÐ¥³  ¢Éμ³μ¤¥²Ó´μ³ μ£· ´¨Î¥´¨¨ ´  ¶ · ³¥É·Ò
¸μ²¨Éμ´μ¢:

θj+N (x, t) = θj(qx, q3t), ¨²¨ kj+N = qkj , θ
(0)
j+N = θ

(0)
j . (8.3)

�·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¨³¥¥³ τj+N (x, t) = τj(qx, q3t). ‚μ§Ó³¥³ ¶·¥¤¥²Ó´Ò°
¡¥¸±μ´¥Î´μ-¸μ²¨Éμ´´Ò° ¶μÉ¥´Í¨ ² u∞(x, t). �´ μ¡² ¤ ¥É É ±¨³ μÎ¥¢¨¤´Ò³
¸¢μ°¸É¢μ³, ÎÉμ ¶·¥μ¡· §μ¢ ´¨¥ · ¸ÉÖ¦¥´¨Ö ±μμ·¤¨´ É x → qx ¨ ¢·¥³¥´¨
t → q3t ¨´¤ÊÍ¨·Ê¥É ¶·¥μ¡· §μ¢ ´¨¥ ¶μÉ¥´Í¨ ²  u∞(x, t) → q2u∞(qx, q3t),
±μÉμ·μ¥ ¸É¨· ¥É N ¸μ²¨Éμ´μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì N ´¨¦´¨³ ¸μ¡¸É¢¥´´Ò³ §´ -
Î¥´¨Ö³ £ ³¨²ÓÉμ´¨ ´ .

‘ ÉμÎ±¨ §·¥´¨Ö ³μ¤¥²¨ ˆ§¨´£ , ¶·¥¤¸É ¢²¥´´μ° ¢ÒÏ¥,  ¢Éμ³μ¤¥²Ó´μ¸ÉÓ
¸¶¥±É·  £ ³¨²ÓÉμ´¨ ´  Ô±¢¨¢ ²¥´É´  É· ´¸²ÖÍ¨μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ μ¡³¥´-
´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸¶¨´μ¢ Ji+N,j+N = Jij ¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö
Hj+N = Hi. �Éμ μ£· ´¨Î¥´¨¥ ¶·¨¢μ¤¨É ± ¢μ§³μ¦´μ¸É¨ ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ
¸¢μ¡μ¤´ÊÕ Ô´¥·£¨Õ ´  ÖÎ¥°±Ê ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥, É. ¥.  ¸¨³¶Éμ-
É¨±Ê ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò Zn ¶·¨ n → ∞. ‚ Î ¸É´μ¸É¨, ¶·¨ ³¨´¨³ ²Ó´μ³
¶¥·¨μ¤¥ N = 1, ¶·¨¢μ¤ÖÐ¥³ ± μ¤´μ·μ¤´μ³Ê ³ £´¨É´μ³Ê ¶μ²Õ Hi = H , ¢μ§-
´¨± ¥É ¢Ò· ¦¥´¨¥ [33]

m(H) = ∂βH log Zn = lim
n→∞

n−1
n−1∑
i=0

〈si〉 = lim
n→∞

n−1∂βH log Zn =

=

⎛
⎝1 − 1

π

π∫
0

θ2
1(ν, q2) dν

θ2
4(ν, q2) cosh2 βH − θ2

1(ν, q2) sinh2 βH

⎞
⎠ tanhβH, (8.4)

£¤¥ θ1,4(ν, q2) Å É¥É -ËÊ´±Í¨¨ Ÿ±μ¡¨. �´ ²μ£¨Î´ Ö ± ·É¨´  ¨³¥¥É ³¥¸Éμ ¸
¸μ²¨Éμ´´Ò³¨ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö Š ¤μ³Í¥¢ Ä�¥É¢¨ Ï¢¨²¨ (Š�) ¨ ·Ö¤ 
¤·Ê£¨Ì ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°. �¥¸³μÉ·Ö ´  μ¤´μ³¥·´μ¸ÉÓ ³μ¤¥²¨, §  ¸Î¥É
´¥²μ± ²Ó´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ ¢μ§´¨± ¥É ´¥-
É·¨¢¨ ²Ó´Ò° Ë §μ¢Ò° ¶¥·¥Ìμ¤, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ÔËË¥±É¨¢´μ° É¥³¶¥· ÉÊ·¥
T = 0, ¨´¤ÊÍ¨·μ¢ ´´μ° ¢ ¶·¥¤¥²¥ q → 1 [35].

‘ ³ Ö μ¡Ð Ö ± ·É¨´ , ¸¢Ö§ ´´ Ö ¸ ¢ÒÏ¥¶·¨¢¥¤¥´´μ° Ë¨§¨Î¥¸±μ° ¨´-
É¥·¶·¥É Í¨¥°, Å ÔÉμ ¸¢Ö§Ó ¸ ¤¢Ê³¥·´Ò³ ±Ê²μ´μ¢¸±¨³ £ §μ³ ´  ¶²μ¸±μ¸É¨
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¸ · §²¨Î´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨. „¥°¸É¢¨É¥²Ó´μ, · ¸¸³μÉ·¨³ ¡μ²ÓÏÊÕ
± ´μ´¨Î¥¸±ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê n § ·Ö¦¥´´ÒÌ Î ¸É¨Í ´  ¶²μ¸±μ¸É¨, ±μ-
Éμ·Ò¥ ³μ£ÊÉ ´ Ìμ¤¨ÉÓ¸Ö Éμ²Ó±μ ¢ ¤¨¸±·¥É´μ³ ´ ¡μ·¥ ÉμÎ¥± ´  ´¥±μÉμ·μ°
·¥Ï¥É±¥ Γ,

Zn =
∑

σ(zi)=0,1

exp

⎛
⎝1

2

∑
i�=j

W (zi, zj)σ(zi)σ(zj) +
∑
zi∈Γ

θ(zi)σ(zi)

⎞
⎠ , (8.5)

£¤¥ zj = xj + iyj Å ±μμ·¤¨´ ÉÒ Ê§²μ¢ ·¥Ï¥É±¨ Γ, σ(zi) = 1, ¥¸²¨ ¢ ÉμÎ±¥ zi

´ Ìμ¤¨É¸Ö ±Ê²μ´μ¢¸± Ö Î ¸É¨Í  ¸ § ·Ö¤μ³ q(zi), ¨ σ(zi) = 0, ¥¸²¨ ÔÉ  ÉμÎ± 
´  ·¥Ï¥É±¥ ¸¢μ¡μ¤´ . �·¨ ÔÉμ³

W (z, z′) = −βEn, En = q(z) q(z′)V (z, z′),
(8.6)

V (z, z′) = − ln |z − z′|,

£¤¥ En ¥¸ÉÓ Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö n ±Ê²μ´μ¢¸±¨Ì Î ¸É¨Í ´  ¶²μ¸±μ¸É¨.
Š·μ³¥ Éμ£μ,

θ(z) = μ(z) − β (q(z)v(z) + q(z)φ(z)) , (8.7)

£¤¥ v(z) μ¶¨¸Ò¢ ¥É ¢§ ¨³μ¤¥°¸É¢¨¥ § ·Ö¤μ¢ ¸ ¨Ì ¨¸±Ê¸¸É¢¥´´Ò³¨ μ¡· § ³¨,
¢μ§´¨± ÕÐ¨³¨ ¨§-§  £· ´¨Î´ÒÌ Ê¸²μ¢¨° (¶·μ¢μ¤ÖÐ Ö £· ´¨Î´ Ö ¶μ¢¥·Ì´μ¸ÉÓ
¨²¨ ¤¨Ô²¥±É·¨±), φ(z) Å ¢´¥Ï´¥¥ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥,   μ(z) ¥¸ÉÓ ²μ± ²Ó´Ò°
Ì¨³¨Î¥¸±¨° ¶μÉ¥´Í¨ ².

‘¶¥Í¨ ²Ó´Ò³ ¶μ¤¡μ·μ³ ·¥Ï¥É±¨ Γ, É¨¶  £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¨ ¢´¥Ï-
´¨Ì ¶μ²¥°, ¸¢Ö§¨ ³¥¦¤Ê ±μ³¶²¥±¸´Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ¶ · ³¥É· ³¨ ki ¨ ±μ-
μ·¤¨´ É ³¨ zi ³μ¦´μ ¢μ¸¶·μ¨§¢¥¸É¨ n-¸μ²¨Éμ´´Ò¥ É Ê-ËÊ´±Í¨¨, Zn = τn,
· §²¨Î´ÒÌ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°, ¢±²ÕÎ ÕÐ¨Ì Ê· ¢´¥´¨Ö
Š¤”, Š�, Í¥¶μÎ±¨ ’μ¤Ò ¨ É. ¤. „¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ ÔÉμ° ¸¢Ö§¨ ¤ ´μ ¢ · -
¡μÉ¥ [36].

ˆ³¥ÕÉ¸Ö ¤·Ê£¨¥ ¢ ¦´Ò¥ ¶·¨³¥´¥´¨Ö ¸μ²¨Éμ´μ¢, ¶μ± §Ò¢ ÕÐ¨¥ ¨Ì ³´μ-
£μ²¨±¨° Ì · ±É¥·. � ¶·¨³¥·, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μÉ¥´Í¨ ²Ò ¤ ÕÉ Î ¸É¨Î´μ¥
·¥Ï¥´¨¥ ¶·μ¡²¥³Ò �¤ ³ ·  μ ¶μ¸É·μ¥´¨¨ ¢μ²´μ¢ÒÌ μ¶¥· Éμ·μ¢, Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨Ì ¶·¨´Í¨¶Ê ƒÕ°£¥´¸  [37]. ˆÌ ¢Ò·μ¦¤¥´´ Ö Ëμ·³  μ¶¨¸Ò¢ ¥É ·¥-
Ï¥´¨¥ Ô²¥±É·μ¸É É¨Î¥¸±¨Ì ¶·μ¡²¥³ ¤²Ö Î ¸É¨Í ¸ · §²¨Î´Ò³¨ § ·Ö¤ ³¨ ´ 
¶²μ¸±μ¸É¨ [38, 39]. ‚²μ¦¥´¨¥ ³¥Éμ¤  Ë ±Éμ·¨§ Í¨¨ ¢ ¤¢Ê³¥·´Ò¥ Ê· ¢´¥-
´¨Ö ˜·ß¤¨´£¥·  ¶μ²¥§´μ ¤²Ö ¶μ¸É·μ¥´¨Ö ÉμÎ´ÒÌ ·¥Ï¥´¨° ´¥±μÉμ·ÒÌ ·¥-
¤ÊÍ¨·μ¢ ´´ÒÌ § ¤ Î ¤¨´ ³¨±¨ ¦¨¤±μ¸É¥° (¶·μ¡²¥³Ò •¥²¥Ä˜μÊ ¸ ¢ ·Ó¨·Ê-
¥³Ò³¨ ±μÔËË¨Í¨¥´É ³¨) [40]. “¶μ³Ö´¥³ É ±¦¥, ÎÉμ ¸μ²¨Éμ´´Ò¥ ¸¨¸É¥³Ò
¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ £ § , μ¶¨¸ ´´Ò¥ ¢ÒÏ¥, ¸¢Ö§ ´Ò ¸ ² ¶² ¸μ¢¸±¨³ ·μ-
¸Éμ³ [41].
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�¢μ²ÕÍ¨Ö ¢μ ¢·¥³¥´¨ (1.3) ´ ·ÊÏ ¥É ´μ·³¨·μ¢±Ê ¢μ²´μ¢ÒÌ ËÊ´±Í¨°,
É. ¥. ¥¸²¨ ´ Î ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´μ·³¨·μ¢ ´Ò ´  ¥¤¨´¨ÍÊ, Éμ ¸¤¢¨£ ¶μ
¢·¥³¥´¨ ´ ·ÊÏ ¥É ÔÉμ ¸¢μ°¸É¢μ. „²Ö Ê¸É· ´¥´¨Ö ÔÉμ£μ ´¥¤μ¸É É±  ´¥μ¡Ìμ¤¨³μ
¶¥·¥´μ·³¨·μ¢ ÉÓ § ±μ´ Ô¢μ²ÕÍ¨¨

ψ(j+1)(x) =
Aj√
λ − λj

ψ(j)(x), ψ(j)(x) =
A+

j√
λ − λj

ψ(j+1)(x). (9.1)

’¥¶¥·Ó ²¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ´μ·³¨·μ¢±  ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ³¨²ÓÉμ´¨-
 ´μ¢ ´¥ ³¥´Ö¥É¸Ö:

∞∫
−∞

|ψ(j+N)(x)|2 dx =

∞∫
−∞

|ψ(j)(x)|2 dx = 1,

¶·¨ Ê¸²μ¢¨¨, ÎÉμ ´¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ´Ê²¥¢Ò¥ ³μ¤Ò μ¶¥· Éμ·μ¢ Ô¢μ²ÕÍ¨¨.
� ¸¸³ É·¨¢ Ö ¸¤¢¨£ ¶μ ¢·¥³¥´¨ ´  ¤¢  Ï £ 

ψ(j+1)(x) =
Aj√
λ − λj

Aj−1√
λ − λj−1

ψ(j−1)(x)

¨ Ê¸É· ´ÖÖ ¶·μ¨§¢μ¤´Ò¥ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢ ¶· ¢μ° Î ¸É¨ ²¨¡μ ¸ ¶μ³μÐÓÕ
Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· , ²¨¡μ ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨° (9.1), ¶μ²ÊÎ ¥³ É·¥Ì-
Î²¥´´μ¥ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥

√
λ − λjψ

(j+1)(x) − (fj(x) + fj−1(x))ψ(j)(x) +

+
√

λ − λj−1ψ
(j−1)(x) = 0, (9.2)

¢ ±μÉμ·μ³ ±μμ·¤¨´ É  x ¢Ìμ¤¨É ± ± Ë¨±¸¨·μ¢ ´´Ò° ¶ · ³¥É·,   λ ¶μ-¶·¥¦-
´¥³Ê μ¸É ¥É¸Ö ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³. ’ ±¨³ μ¡· §μ³, ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ
´ Î ²Ó´μ£μ ¶μÉ¥´Í¨ ²  u0(x) ·¥Ï¥´¨Ö Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ ˆ´Ë¥²Ó¤ 
¸  ´ ²¨É¨Î¥¸±μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ ¤¨¸±·¥É´μ£μ ¢·¥³¥´¨ j ¶·¨¢μ¤ÖÉ ± ±μ´¥Î´μ-
· §´μ¸É´μ³Ê Ê· ¢´¥´¨Õ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ j, ±μÉμ·μ¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± · §´μ¸É´Ò°  ´ ²μ£ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· .

ƒ ·³μ´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ· ¤ ¥É ¸ ³Ò° ¶·μ¸Éμ° ¶·¨³¥·, ±μ£¤  ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨ ¤¨¸±·¥É´μ£μ ¸¶¥±É·  μ¶¨¸Ò¢ ÕÉ¸Ö μ·Éμ£μ´ ²Ó´Ò³¨ ³´μ£μÎ²¥´ ³¨.
‚¸¥ μ·Éμ£μ´ ²Ó´Ò¥ ³´μ£μÎ²¥´Ò Ê¤μ¢²¥É¢μ·ÖÕÉ É·¥ÌÎ²¥´´μ³Ê ·¥±Ê··¥´É´μ³Ê
¸μμÉ´μÏ¥´¨Õ, ±μÉμ·μ¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ [43]

pn+1(x) + unpn−1(x) + bnpn(x) = xpn(x),
(9.3)

n � 0, p−1 = 0, p0 = 1,
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¶μ·μ¦¤ ÕÐ¥³ ³μ´¨Î¥¸±¨¥ ³´μ£μÎ²¥´Ò pn(x) = xn + . . . Œ¥·  μ·Éμ£μ´ ²Ó-
´μ¸É¨ ¡Ê¤¥É ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ°, ¥¸²¨ ·¥±Ê··¥´É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ
¶·¨´¨³ ÕÉ ±μ´¥Î´Ò¥ §´ Î¥´¨Ö ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ μ£· ´¨Î¥´¨Ö³ un, bn ∈ R,
un > 0.

…¸²¨ μÉ± § ÉÓ¸Ö μÉ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¢ (9.3) ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¶μ²¨´μ-
³¨ ²Ó´μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° pn(x), n ∈ Z, Éμ ³Ò ¶μ²ÊÎ ¥³ ¤¨¸±·¥É´μ¥
Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ´  ·¥Ï¥É±¥ ¢¸¥Ì Í¥²ÒÌ Î¨¸¥². �·¨³¥´¥´¨¥ ³¥Éμ¤ 
Ë ±Éμ·¨§ Í¨¨ ± · §´μ¸É´Ò³ Ê· ¢´¥´¨Ö³ ¢Éμ·μ£μ ¶μ·Ö¤±  ´  μ¸´μ¢¥ ®¸É ·ÒÌ¯
μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μÎ²¥´μ¢ ¢¶¥·¢Ò¥ · ¸¸³μÉ·¥´μ ¢ · ¡μÉ¥ [42]. �¤´ ±μ ÔÉμ
¤¥² ²μ¸Ó ¢ ¤ÊÌ¥ ˜·ß¤¨´£¥· , É. ¥. ¸ ¶μ³μÐÓÕ ±μ´±·¥É´ÒÌ ¨§¢¥¸É´ÒÌ ·¥Ï ¥-
³ÒÌ Ê· ¢´¥´¨°. �μ¤Ìμ¤ ¢ ¤ÊÌ¥ ˆ´Ë¥²Ó¤  · ¸¸³ É·¨¢ ²¸Ö §´ Î¨É¥²Ó´μ ¶μ§¤´¥¥
¸ ÉμÎ±¨ §·¥´¨Ö Í¥¶μÎ±¨ ’μ¤Ò ¨ ¤·Ê£¨Ì ¤¨¸±·¥É´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³.

� ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¨¥ · §´μ¸É´Ò¥ Ê· ¢´¥´¨Ö ¶μ ¤¢Ê³ ¤¨¸±·¥É´Ò³ ¶¥·¥-
³¥´´Ò³ n ¨ j:

pj+1
n (x) =

pj
n+1(x) + Cj+1

n pj
n(x)

x − λj+1
, (9.4)

pj−1
n (x) = pj

n(x) + Aj
npj

n−1(x), (9.5)

£¤¥ Aj
n, Cj+1

n Å ´¥±μÉμ·Ò¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ. �É¨ Ê· ¢´¥´¨Ö
Ö¢²ÖÕÉ¸Ö ¤¨¸±·¥É´Ò³¨  ´ ²μ£ ³¨ Ô¢μ²ÕÍ¨μ´´ÒÌ § ±μ´μ¢ ¤²Ö μ¡ÒÎ´μ£μ Ê· ¢-
´¥´¨Ö ˜·ß¤¨´£¥·  (2.11) ¶·¨ ¸¤¢¨£ Ì j → j ± 1. “¸²μ¢¨¥ ¸μ¢³¥¸É¨³μ¸É¨
§ ±μ´μ¢ (9.4) ¨ (9.5) ¶·¨¢μ¤¨É ± É·¥ÌÎ²¥´´μ³Ê ¸μμÉ´μÏ¥´¨Õ (9.3), ¢ ±μÉμ-
·μ³ ¢¸¥³ ¶¥·¥³¥´´Ò³, §  ¨¸±²ÕÎ¥´¨¥³ x, ´¥μ¡Ìμ¤¨³μ ¤μ¡ ¢¨ÉÓ μ¤¨´ ±μ¢Ò°
¢¥·Ì´¨° ¨´¤¥±¸ j. �·¨ ÔÉμ³ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸²¥¤ÊÕÐ Ö ¸¢Ö§Ó ³¥¦¤Ê ·¥±Ê·-
·¥´É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨:

uj
n = Aj

nCj
n, bj

n = Aj
n+1 + Cj

n + λj . (9.6)

�´ ²μ£ Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ ˆ´Ë¥²Ó¤  ¨³¥¥É ¢¨¤ ¸¨¸É¥³Ò ¤¢ÊÌ Ê· ¢-
´¥´¨°

Aj+1
n Cj+1

n−1 = Aj
nCj

n,

Aj+1
n + Cj+1

n + λj+1 = Aj
n+1 + Cj

n + λj , (9.7)

±μÉμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö Í¥¶μÎ±μ° ’μ¤Ò ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³. Œμ¦´μ ¶¥·¥-
Ëμ·³Ê²¨·μ¢ ÉÓ ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨Ö ¨ ´  μ¶¥· Éμ·´μ³ Ö§Ò±¥,
±μ£¤  Lj Ö¢²ÖÕÉ¸Ö ´¥ μ¶¥· Éμ· ³¨ ˜·ß¤¨´£¥· ,   É·¥Ì¤¨ £μ´ ²Ó´Ò³¨ ³ -
É·¨Í ³¨ Ÿ±μ¡¨. ’μ£¤  Ê· ¢´¥´¨Ö (9.6) ¨ (9.7) ¡Ê¤ÊÉ Ô±¢¨¢ ²¥´É´Ò É¥³ ¦¥
μ¶¥· Éμ·´Ò³ ¸μμÉ´μÏ¥´¨Ö³ (1.9), ´μ ³Ò μ¶Ê¸± ¥³ ÔÉμ μ¶¨¸ ´¨¥.

‚ · ³± Ì É¥μ·¨¨ μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μÎ²¥´μ¢ ¸μμÉ´μÏ¥´¨Ö (9.4) ´ §Ò¢ -
ÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ Š·¨¸ÉμËË¥²Ö, ¶μ¸±μ²Ó±Ê μ´¨ ¶μ·μ-
¦¤ ÕÉ Ö¤¥·´Ò¥ ³´μ£μÎ²¥´Ò Š·¨¸ÉμËË¥²Ö (É. ¥. μ´¨ μÉμ¡· ¦ ÕÉ ³´μ£μÎ²¥´Ò
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¢ ³´μ£μÎ²¥´Ò) [43]. ‘μμÉ´μÏ¥´¨Ö (9.5) ´ §Ò¢ ÕÉ¸Ö ¶·¥μ¡· §μ¢ ´¨Ö³¨ ƒ¥·μ-
´¨³Ê¸  [44], ¨ ¶·¨ ´¥±μÉμ·ÒÌ μ¡¸ÉμÖÉ¥²Ó¸É¢ Ì μ´¨ Ö¢²ÖÕÉ¸Ö μ¡· É´Ò³¨ ±
¶·¥μ¡· §μ¢ ´¨Ö³ Š·¨¸ÉμËË¥²Ö. — ¸Éμ ¢¸¥ ÔÉ¨ ¶·¥μ¡· §μ¢ ´¨Ö ´ §Ò¢ ÕÉ¸Ö
¤¨¸±·¥É´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ „ ·¡Ê, ÌμÉÖ ¨¸Éμ·¨Î¥¸±¨ ± ± · § ¶·¥μ¡· §μ-
¢ ´¨Ö „ ·¡Ê ¤μ²¦´Ò ´ §Ò¢ ÉÓ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ Š·¨¸ÉμË-
Ë¥²Ö (ÎÉμ μÉ· ¦¥´μ ¢ ´ §¢ ´¨¨ ¸É ÉÓ¨ Œ. ƒ.Š·¥°´  [5]). �É³¥É¨³ É ±¦¥, ÎÉμ
¨§μ¸¶¥±É· ²Ó´ Ö ¢¥·¸¨Ö λj = const Ê· ¢´¥´¨° (9.7) ¡Ò²  ¶μ¸É·μ¥´  § ¤μ²£μ
¤μ ¢¸¶²¥¸±  ¨´É¥·¥¸  ± É¥μ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¢ · ³± Ì Î¨¸²¥´´ÒÌ
³¥Éμ¤μ¢ ¶·¨±² ¤´μ£μ  ´ ²¨§  [45].

„¨¸±·¥É´Ò°  ´ ²μ£  ´§ Í  (3.2) ¤²Ö Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ ˆ´Ë¥²Ó¤ 
¡Ò² ¶μ¸É·μ¥´ ¢ · ¡μÉ Ì [46, 47]. ŒÒ ´¥ ¡Ê¤¥³ ¶·¨¢μ¤¨ÉÓ ¥£μ §¤¥¸Ó, ± ± ¨
¤¨¸±·¥É´Ò¥  ´ ²μ£¨  ¢Éμ³μ¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢ (3.3), É ± ± ± ÔÉμ ¶μÉ·¥-
¡Ê¥É ³´μ£μ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ¡ÑÖ¸´¥´¨°. �É³¥É¨³ Éμ²Ó±μ, ÎÉμ ÔÉμÉ  ´§ Í
¢μ¸¶·μ¨§¢μ¤¨É ´ ¨¡μ²¥¥ μ¡ÐÊÕ ¸¨¸É¥³Ê ±² ¸¸¨Î¥¸±¨Ì μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μ-
Î²¥´μ¢, ¶μ¸É·μ¥´´ÊÕ �¸±¨ ¨ ‚¨²Ó¸μ´μ³, ¨, ¶μ³¨³μ ÔÉμ£μ, μ´ ¶μ·μ¦¤ ¥É ´¥-
±μÉμ·ÊÕ ¤·Ê£ÊÕ ¸¨¸É¥³Ê μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μÎ²¥´μ¢. ‘¨¸É¥³ É¨Î¥¸±μ¥ · ¸-
¸³μÉ·¥´¨¥ ¸¶¥±É· ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¤²Ö μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μÎ²¥´μ¢ ´ 
μ¸´μ¢¥ ËÊ´±Í¨¨ ‘É¨²ÉÓ¥¸  ¤ ´μ ¢ ¸É ÉÓ¥ [48].

‚ · ¡μÉ¥ [49] ¶μ¸É·μ¥´  ´ ¨¡μ²¥¥ μ¡Ð Ö Ë ±Éμ·¨§ Í¨μ´´ Ö Í¥¶μÎ± , ¸¢Ö-
§ ´´ Ö ¸ ¶μ²¨´μ³¨ ²Ó´Ò³¨ ¸¨¸É¥³ ³¨ ¨²¨, Ô±¢¨¢ ²¥´É´μ, ¸ ¡¨μ·Éμ£μ´ ²Ó-
´Ò³¨ · Í¨μ´ ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨. ’ ³ ¦¥ ¤²Ö ´¥¥ ¡Ò² ´ °¤¥´  ´§ Í μ¡μ¡-
Ð¥´´μ£μ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ, ±μÉμ·Ò° ¶·¨¢¥² ± ¶·¨´Í¨¶¨ ²Ó´μ ´μ¢μ³Ê
¸¥³¥°¸É¢Ê ±² ¸¸¨Î¥¸±¨Ì ¡¨μ·Éμ£μ´ ²Ó´ÒÌ ËÊ´±Í¨°, ¢Ò· ¦ ÕÐ¨Ì¸Ö Î¥·¥§ Ô²-
²¨¶É¨Î¥¸±¨¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ [50]. �·¥¤¸É ¢²¥´¨¥ ÔÉμ£μ ´μ¢μ£μ
±² ¸¸  ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨, ´ Ï¥¤Ï¥£μ ¢ ¦´¥°Ï¥¥
¶·¨³¥´¥´¨¥ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [51], É ±¦¥ ¢ÒÌμ¤¨É §  · ³±¨ ¤ ´´μ£μ
μ¡§μ· .

10. �‚’�Œ�„…‹œ��‘’œ ˆ ‘�…–ˆ�‹œ�›… ”“�Š–ˆˆ

’μÎ´μ ·¥Ï ¥³Ò¥ ³μ¤¥²¨ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° ¨£· ÕÉ ¢ ¦´ÊÕ ³¥Éμ¤μ²μ-
£¨Î¥¸±ÊÕ ·μ²Ó. �´¨ ¶μ§¢μ²ÖÕÉ ± ± μ¶·¥¤¥²¨ÉÓ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ¸ ³¨Ì
³μ¤¥²¥°, É ± ¨ ³ É¥³ É¨Î¥¸±¨ ¸É·μ£μ μ¡μ¸´μ¢ ÉÓ ¨Ì ¶·¥¤¸± § ´¨Ö. � ¸Ï¨-
·¥´¨¥ ±·Ê£  É ±¨Ì ¶·¨³¥·μ¢ Ö¢²Ö¥É¸Ö Í¥´É· ²Ó´μ° § ¤ Î¥° ³ É¥³ É¨Î¥¸±μ°
Ë¨§¨±¨. �·¨ ÔÉμ³ ´¥μ¡Ìμ¤¨³μ ¶μÖ¸´¨ÉÓ, ÎÉμ μ§´ Î ¥É É¥·³¨´ ®ÉμÎ´μ¥ ·¥-
Ï¥´¨¥¯, ³μ¦´μ ²¨ ¶·¨¤ ÉÓ ¥³Ê ³ É¥³ É¨Î¥¸±¨ μ¸³Ò¸²¥´´μ¥ μ¶·¥¤¥²¥´¨¥, ´¥
¶·¥¤¶μ² £ ÕÐ¥¥ ¸¸Ò²μ± ´  ¨´ÉÊ¨É¨¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö? Š²ÕÎ¥¢Ò³¨ μ¡Ñ¥±-
É ³¨ §¤¥¸Ó ¸²Ê¦ É Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨ ¨ ¨Ì μ¡μ¡Ð¥´¨Ö, ¨§¢¥¸É´Ò¥ ± ±
¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨. ‘ Ô²¥³¥´É ·´Ò³¨ ËÊ´±Í¨Ö³¨ ¢¸¥ Ö¸´μ Å ÔÉμ ±μ³¡¨-
´ Í¨¨ (´ §Ò¢ ¥³Ò¥ ¢ ³ É¥³ É¨±¥ ®¶μ²Ö³¨¯) · Í¨μ´ ²Ó´ÒÌ, ¸É¥¶¥´´ÒÌ, Ô±¸-
¶μ´¥´Í¨ ²Ó´ÒÌ ¨ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¨ μ¡· É´ÒÌ ± ´¨³ ËÊ´±Í¨°
(´ ¶·¨³¥· · ¤¨± ²μ¢, ²μ£ ·¨Ë³μ¢ ¨ É. ¤.). � ¢μÉ Ê´¨¢¥·¸ ²Ó´μ£μ μ¶·¥¤¥²¥-
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´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ´¥É. “É¨²¨É ·´μ Å ÔÉμ ËÊ´±Í¨¨, ¶·¨¢¥¤¥´´Ò¥ ¢
¸¶· ¢μÎ´ÒÌ ¶μ¸μ¡¨ÖÌ. �¤´ ±μ É·¥¡Ê¥É¸Ö Ì · ±É¥·¨§ Í¨Ö ¨Ì μ¡Ð¨Ì ¸¢μ°¸É¢,
±μÉμ· Ö ¶μ§¢μ²¨²  ¡Ò ±μ´¸É·Ê±É¨¢´Ò° ¶μ¨¸± ´μ¢ÒÌ É ±¨Ì ¶μ²¥§´ÒÌ ËÊ´±-
Í¨°, § ¸²Ê¦¨¢ ÕÐ¨Ì ³¥¸Éμ ¢ ¸¶· ¢μÎ´¨± Ì.

‘ÊÐ¥¸É¢Ê¥É ³´μ£μ ¸¶· ¢μÎ´¨±μ¢ ¨ ÊÎ¥¡´¨±μ¢ ¶μ ¸¶¥Í¨ ²Ó´Ò³ ËÊ´±Í¨Ö³,
´ ¶·¨³¥· [26,52,53]. �¤´ ±μ ¤ ¦¥ ¸ ³Ò° ¶μ¸²¥¤´¨° ¶·μ¥±É É ±μ£μ ³ ¸ÏÉ ¡ ,
§ ¢¥·Ï¥´´Ò° ¶μ¸²¥ ¤¥¸ÖÉ¨ ²¥É · ¡μÉÒ [54], ´¥ ¶μ±·Ò¢ ¥É É ±¨¥ Ìμ·μÏμ ¨§-
¢¥¸É´Ò¥ ËÊ´±Í¨¨, ± ± É· ´¸Í¥´¤¥´ÉÒ �¥´²¥¢¥ ¨²¨ Ô²²¨¶É¨Î¥¸±¨¥ £¨¶¥·£¥μ-
³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ [50]. 	μ²¥¥ Éμ£μ, ´¨ μ¤´  ¨§ ÔÉ¨Ì ±´¨£ ´¥ ¸μ¤¥·¦¨É
¸¶¨¸±  Ëμ·³ ²Ó´ÒÌ É·¥¡μ¢ ´¨°, ±μÉμ·Ò³ ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ ËÊ´±Í¨Ö ¤²Ö
Éμ£μ, ÎÉμ¡Ò ¡ÒÉÓ ®¸¶¥Í¨ ²Ó´μ°¯. �¡ÒÎ´μ μ¡¸Ê¦¤ ÕÉ¸Ö ± ±¨¥-²¨¡μ ±² ¸¸Ò
ËÊ´±Í¨° ¸¶¥Í¨Ë¨Î¥¸±μ£μ ¢¨¤  ¨²¨ μ¡² ¤ ÕÐ¨Ì Ì · ±É¥·´Ò³¨ ¸¢μ°¸É¢ ³¨,
É ±¨¥ ± ± £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥, Ô²²¨¶É¨Î¥¸±¨¥, ³μ¤Ê²Ö·´Ò¥ ËÊ´±Í¨¨ ¨ É. ¤.
„²Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¥¸É¥¸É¢¥´´μ μ¦¨¤ ÉÓ, ÎÉμ ¥¥ ¨§¢¥¸É´μ¥ ²μ± ²Ó´μ¥
¶μ¢¥¤¥´¨¥ ¤μ²¦´μ ¶μ§¢μ²¨ÉÓ ¢ÒÎ¨¸²¨ÉÓ  ¸¨³¶ÉμÉ¨±Ê ´  ¡¥¸±μ´¥Î´μ¸É¨, É. ¥.
¶·μ¡²¥³  ¶¥·¥¸¢Ö§±¨  ¸¨³¶ÉμÉ¨± ¤μ²¦´  ¡ÒÉÓ ·¥Ï ¥³μ°. ’ ±μ° ¶μ¤Ìμ¤ ±
¸¶¥Í¨ ²Ó´Ò³ ËÊ´±Í¨Ö³ Ì · ±É¥·¥´ ¤²Ö ¨¸¸²¥¤μ¢ ´¨° ËÊ´±Í¨° É¨¶  �¥´²¥¢¥
¨ μ¡Ð¥° É¥μ·¨¨ μ¡Ð¨Ì ¨§μ³μ´μ¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨° [55].

’¥μ·¨Ö £·Ê¶¶ ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨  ²£¥¡·Ò ¶·¥¤μ¸É ¢²ÖÕÉ ¤μ¸É ÉμÎ´μ
¡μ£ ÉÒ° ´ ¡μ· ¸·¥¤¸É¢ ¤²Ö ¶μ¸É·μ¥´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°, ´μ ¨¸Éμ·¨Î¥-
¸±¨ É¥μ·¨Ö ¨Ì ¶·¥¤¸É ¢²¥´¨° ¢ μ¸´μ¢´μ³ ¤ ¥É ¨´É¥·¶·¥É Í¨Õ Ê¦¥ ¨§¢¥¸É-
´ÒÌ ËÊ´±Í¨° [56]. ’¥³ ´¥ ³¥´¥¥ μ¡Ð¨° ¶μ¤Ìμ¤, μ¸´μ¢ ´´Ò° ´  £·Ê¶¶ Ì
¸¨³³¥É·¨°, Ö¢²Ö¥É¸Ö Í¥´É· ²Ó´Ò³ ¢ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°. ‚ Î ¸É-
´μ¸É¨, ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ XIX ¢. ¶μÖ¢¨²¨¸Ó ¶·¨ · §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ
¢ μÎ¥´Ó ¶·μ¸ÉÒÌ (¨, É ±¨³ μ¡· §μ³, ¶μ²¥§´ÒÌ ¨ Ê´¨¢¥·¸ ²Ó´ÒÌ) Ê· ¢´¥´¨ÖÌ
¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ. � μ¸´μ¢μ° · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¸²Ê¦ É ¸¨³-
³¥É·¨¨ ÔÉ¨Ì Ê· ¢´¥´¨°, ¶μ§¢μ²ÖÕÐ¨¥ ¢Ò¤¥²¨ÉÓ ·¥Ï¥´¨Ö, ¨´¢ ·¨ ´É´Ò¥ μÉ-
´μ¸¨É¥²Ó´μ ÔÉ¨Ì ¸¨³³¥É·¨°. ‚ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±-
Í¨¨ ¶μÖ¢²ÖÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥  ¢Éμ³μ¤¥²Ó´ÒÌ ·¥¤Ê±Í¨° ¡¥¸±μ´¥Î´ÒÌ Í¥¶μ-
Î¥± ¸¶¥±É· ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¤²Ö ²¨´¥°´ÒÌ § ¤ Î ´  ¸μ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö.

�Éμ μ¶·¥¤¥²¥´¨¥ ¨´É¥·¶·¥É¨·Ê¥É ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ± ± μ¡Ñ¥±ÉÒ,
¶·¨¢Ö§ ´´Ò¥ ± Ë¨±¸¨·μ¢ ´´Ò³ ÉμÎ± ³ · §²¨Î´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¨ ¤¨¸±·¥É´ÒÌ
¶·¥μ¡· §μ¢ ´¨°, μÉμ¡· ¦ ÕÐ¨Ì ¶·μ¸É· ´¸É¢μ ·¥Ï¥´¨° ¢§ÖÉμ° ¸¶¥±É· ²Ó´μ°
¶·μ¡²¥³Ò ´  ¸¥¡Ö. ˆ§¢¥¸É´μ, ÎÉμ É ±μ° ¶μ¤Ìμ¤ Ìμ·μÏμ · ¡μÉ ¥É ¢ ¸²ÊÎ ¥
¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° μ¤´μ° ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ°, ´μ ¤ ¦¥ ¤²Ö ´¨Ì μ´
´¥ ¶·¥É¥´¤Ê¥É ´  ¶μ±·ÒÉ¨¥ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¸²ÊÎ ¥¢. �·¨ ÔÉμ³ μÉ³¥É¨³, ÎÉμ
É ±¨¥ ËÊ´±Í¨¨ ³μ£ÊÉ § ¢¨¸¥ÉÓ μÉ ¡¥¸±μ´¥Î´μ£μ Î¨¸²  ¶ · ³¥É·μ¢. ‘ μ¤´μ°
¸Éμ·μ´Ò, ÔÉμ μ¶·¥¤¥²¥´¨¥ ¶·¨¢Ö§ ´μ ± É¥μ·¨¨ ¶μ²´μ¸ÉÓÕ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨-
¸É¥³ [29], ¤²Ö ±μÉμ·μ° ¶μ¨¸±  ¢Éμ³μ¤¥²Ó´ÒÌ ·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ Ô¢μ²ÕÍ¨-
μ´´ÒÌ Ê· ¢´¥´¨° Ö¢²Ö¥É¸Ö ¸É ´¤ ·É´μ° § ¤ Î¥°. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸ ÉμÎ±¨
§·¥´¨Ö ¸ ³¨Ì ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ÔÉμÉ ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ¸³¥¦´ÒÌ μÉ´μ-
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Ï¥´¨ÖÌ Å ²¨´¥°´ÒÌ ¨²¨ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨ÖÌ, ¸¢Ö§Ò¢ ÕÐ¨Ì ¸¶¥Í¨ ²Ó´Ò¥
ËÊ´±Í¨¨ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¨Ì ¶ · ³¥É·μ¢.

�·μ¸Ê³³¨·Ê¥³ ¶μ²ÊÔ¢·¨¸É¨Î¥¸±ÊÕ ¸Ì¥³Ê ¶μ¸É·μ¥´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±-
Í¨°, ¨¸¶μ²Ó§μ¢ ´´ÊÕ ¢ÒÏ¥. ‚ ± Î¥¸É¢¥ § É· ¢±¨ ¡¥·¥É¸Ö ²¨´¥°´ Ö ¸¶¥±É· ²Ó-
´ Ö § ¤ Î , μ¶·¥¤¥²Ö¥³ Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨, ±μ´¥Î´μ-· §´μ¸É´Ò³¨ ¨²¨ ¨´-
É¥£· ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ ( ¢Éμ· ´¥ · ¡μÉ ² ¸ ¶μ¸²¥¤´¨³ É¨¶μ³ ¸¶¥±É· ²Ó´ÒÌ
§ ¤ Î). �  ¶μ²´μ³ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨° ÔÉμ£μ Ê· ¢´¥´¨Ö ¸É·μÖÉ¸Ö ¤·Ê£¨¥ ²¨-
´¥°´Ò¥ Ê· ¢´¥´¨Ö ¶μ ¶¥·¥³¥´´Ò³, ¢Ìμ¤ÖÐ¨³ ± ± ¶ · ³¥É·Ò. ’μ ¥¸ÉÓ ¨ÐÊÉ¸Ö
´¥É·¨¢¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò, ¶μ¤ ¤¥°¸É¢¨¥³ ±μÉμ·ÒÌ ¶·μ¸É· ´¸É¢μ ·¥Ï¥´¨° ´ -
Î ²Ó´μ£μ Ê· ¢´¥´¨Ö μÉμ¡· ¦ ¥É¸Ö ¸ ³μ ´  ¸¥¡Ö.

“¸²μ¢¨¥ ¸μ¢³¥¸É¨³μ¸É¨ ¢§ÖÉμ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¶·¨¢μ¤¨É
± ´¥²¨´¥°´Ò³ ¸μμÉ´μÏ¥´¨Ö³ ¤²Ö ËÊ´±Í¨°, ¢Ìμ¤ÖÐ¨Ì ± ± ¸¢μ¡μ¤´Ò¥ ±μÔË-
Ë¨Í¨¥´ÉÒ. …¸²¨ μ¡  Ê· ¢´¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥, Éμ ¢μ§´¨± ÕÉ Ê· ¢´¥´¨Ö
É¨¶  Š¤”, Š� ¨ É. ¤. ‚μ§³μ¦´Ò ¸³¥Ï ´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´Ò¥
¸²ÊÎ ¨ É¨¶  Í¥¶μÎ¥± ˆ´Ë¥²Ó¤  ¨²¨ ’μ¤Ò. “· ¢´¥´¨Ö,  ´ ²μ£¨Î´Ò¥ Í¥¶μÎ±¥
’μ¤Ò ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³ (9.7), ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ²´μ¸ÉÓÕ · §´μ¸É´Ò³
¸Ì¥³ ³, ³¥´ÖÕÐ¨³ ¸¶¥±É· ²Ó´Ò¥ ¤ ´´Ò¥ ´ Î ²Ó´μ° ²¨´¥°´μ° ¸¶¥±É· ²Ó´μ°
§ ¤ Î¨ ¶·¥¤¶¨¸ ´´Ò³ μ¡· §μ³. „ ²¥¥ ¶·μ¢μ¤¨É¸Ö  ´ ²¨§ ¤¨¸±·¥É´ÒÌ ¨ ´¥-
¶·¥·Ò¢´ÒÌ ¸¨³³¥É·¨° ¶μ²ÊÎ¥´´ÒÌ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ¶μ³μÐÓÕ ²¨-
¥¢¸±¨Ì É¥μ·¥É¨±μ-£·Ê¶¶μ¢ÒÌ ³¥Éμ¤μ¢ [57], μÉμ¡· ¦ ÕÐ¨Ì ¶·μ¸É· ´¸É¢μ ¨Ì
·¥Ï¥´¨° ´  ¸¥¡Ö. �  § ±²ÕÎ¨É¥²Ó´μ³ ÔÉ ¶¥ ¸É·μÖÉ¸Ö  ¢Éμ³μ¤¥²Ó´Ò¥ ·¥Ï¥-
´¨Ö ¶μ²ÊÎ¥´´ÒÌ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°, ¨´¢ ·¨ ´É´ÒÌ μÉ´μ¸¨É¥²Ó´μ ¢§ÖÉÒÌ
¶·¥μ¡· §μ¢ ´¨° ¸¨³³¥É·¨¨. ‚ ·¥§Ê²ÓÉ É¥ É ±¨Ì ·¥¤Ê±Í¨° ¢μ§´¨± ÕÉ § ³±´Ê-
ÉÒ¥ ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´ÒÌ,
¤¢Ê³¥·´ÒÌ · §´μ¸É´ÒÌ ¨ É. ¤. Ê· ¢´¥´¨°, ·¥Ï¥´¨Ö ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ ®´¥-
²¨´¥°´Ò¥¯ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ (´ ¶·¨³¥· μ¶¨¸ ´´Ò¥ ¢ÒÏ¥ ´¥¶·¥·Ò¢´Ò¥
q- ´ ²μ£¨ ËÊ´±Í¨° �¥´²¥¢¥). �¥Ï¥´¨Ö ¸ ³¨Ì ´ Î ²Ó´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°
¸ ±μÔËË¨Í¨¥´É ³¨, Ë¨±¸¨·Ê¥³Ò³¨ Ê± § ´´Ò³¨  ¢Éμ³μ¤¥²Ó´Ò³¨ ËÊ´±Í¨Ö³¨,
μ¶·¥¤¥²ÖÕÉ ®²¨´¥°´Ò¥¯ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ (´ ¶·¨³¥· ËÊ´±Í¨¨ £¨¶¥·£¥μ-
³¥É·¨Î¥¸±μ£μ É¨¶ ). �μ¸²¥¤´¨¥ ¤¢  Ï £  É·¥¡ÊÕÉ ¶·¨¢²¥Î¥´¨Ö Ô¢·¨¸É¨Î¥¸±¨Ì
· ¸¸Ê¦¤¥´¨°, É ± ± ± ¶μ²´μ¸ÉÓÕ ·¥£Ê²Ö·´Ò° ¸¶μ¸μ¡ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì § ¤ Î ¥Ð¥ μÉ¸ÊÉ¸É¢Ê¥É. � ¶·¨³¥·,  ´§ ÍÒ μ¡μ¡Ð¥´´μ£μ · §¤¥²¥´¨Ö
¶¥·¥³¥´´ÒÌ, ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ [46,47] ¤²Ö ¶μ¸É·μ¥´¨Ö ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μ-
Ï¥´¨°  ¸¸μÍ¨¨·μ¢ ´´ÒÌ ³´μ£μÎ²¥´μ¢ �¸±¨Ä‚¨²Ó¸μ´  ¨ ¢ [49] ¶·¨ μÉ±·ÒÉ¨¨
Ô²²¨¶É¨Î¥¸±¨Ì ¡¨μ·Éμ£μ´ ²Ó´ÒÌ · Í¨μ´ ²Ó´ÒÌ ËÊ´±Í¨°, ¥Ð¥ ´¥ ´ Ï²¨ ·¥-
£Ê²Ö·´μ£μ É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ μ¶¨¸ ´¨Ö.

„·Ê£¨³ ¢ ¦´Ò³ ¸μ¸É ¢²ÖÕÐ¨³ Ô²¥³¥´Éμ³ ÔÉμ° ¸Ì¥³Ò ¶μ¸É·μ¥´¨Ö ¸¶¥-
Í¨ ²Ó´ÒÌ ËÊ´±Í¨° Ö¢²Ö¥É¸Ö É¥μ·¨Ö É· ´¸Í¥´¤¥´É´μ¸É¨. ˆ§¢¥¸É´μ, ÎÉμ ËÊ´±-
Í¨¨ �¥´²¥¢¥ É· ´¸Í¥´¤¥´É´Ò ´ ¤ ¤¨ËË¥·¥´Í¨μ´ ²Ó´Ò³¨ ¶μ²Ö³¨, ¶μ¸É·μ¥´-
´Ò³¨ ¸ ¶μ³μÐÓÕ ±μ´¥Î´μ£μ Î¨¸²  · ¸Ï¨·¥´¨° �¨± · Ä‚¥¸¸¨μ ´ ¤ ¶μ²¥³
· Í¨μ´ ²Ó´ÒÌ ËÊ´±Í¨°. �´ ²μ£¨Î´μ ´¥μ¡Ìμ¤¨³μ ¢ÒÖ¸´ÖÉÓ, ± ±μ³Ê ¤¨ËË¥-
·¥´Í¨ ²Ó´μ³Ê ¨²¨ ±μ´¥Î´μ-· §´μ¸É´μ³Ê ¶μ²Õ ¶·¨´ ¤²¥¦ É ´ °¤¥´´Ò¥ ·¥Ï¥-
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´¨Ö ¢§ÖÉμ£μ Ê· ¢´¥´¨Ö, ¢ Î ¸É´μ¸É¨, μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ¶·¨´ ¤²¥¦ É ²¨ μ´¨
¶μ²Õ ±μÔËË¨Í¨¥´Éμ¢ ÔÉμ£μ Ê· ¢´¥´¨Ö. ’ ±, ¤μ ¸¨Ì ¶μ· μÉ±·ÒÉ  ¶·μ¡²¥³  ¨´-
É¥·¶·¥É Í¨¨  ¢Éμ³μ¤¥²Ó´ÒÌ ·¥Ï¥´¨° Í¥¶μÎ±¨ ¸¶¥±É· ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨°
ˆ´Ë¥²Ó¤  ¸ ÉμÎ±¨ §·¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ° ¨²¨ · §´μ¸É´μ° É¥μ·¨¨ ƒ ²Ê .

‡�Š‹�—…�ˆ…

ˆÉ ±, ³Ò μ¶¨¸ ²¨ ´¥¸±μ²Ó±μ ¢ ¦´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ËÊ´±Í¨°,
¢μ§´¨± ÕÐ¨Ì ¶·¨  ¢Éμ³μ¤¥²Ó´μ° ·¥¤Ê±Í¨¨ Ë ±Éμ·¨§ Í¨μ´´μ° Í¥¶μÎ±¨ ˆ´-
Ë¥²Ó¤ , ¢ ·¥Ï ¥³ÒÌ § ¤ Î Ì ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¢ ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ,
¸μ²¨Éμ´ Ì, Í¥¶μÎ± Ì ˆ§¨´£  ¨ ¤¢Ê³¥·´μ³ ±Ê²μ´μ¢¸±μ³ £ §¥. Š·μ³¥ Éμ£μ, ¶·¥¤-
¸É ¢²¥´ ·Ö¤ ¨§ÖÐ´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì ±μ´¸É·Ê±Í¨° ¢ ±μ´É¥±¸É¥ É¥μ·¨¨ ¸¶¥Í¨-
 ²Ó´ÒÌ ËÊ´±Í¨°, q-¤¥Ëμ·³¨·μ¢ ´´ÒÌ  ²£¥¡· ¨ ´¥μ¡ÒÎ´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´μ-
· §´μ¸É´ÒÌ Ê· ¢´¥´¨°. ˜¨·μÉ  ¶·¨²μ¦¥´¨°  ¢Éμ³μ¤¥²Ó´ÒÌ ¸¨¸É¥³ ¨ μ¡Ð¨°
¨´É¥·¥¸ ± ´¨³ ¶·¨¢¥²¨ ‚. 	.�·¨¥§¦¥¢  ¨  ¢Éμ·  ± ¨¤¥¥ μ·£ ´¨§ Í¨¨ ¡μ²Ó-
Ïμ° ±μ´Ë¥·¥´Í¨¨, ¶μ¸¢ÖÐ¥´´μ° ¸μμÉ¢¥É¸É¢ÊÕÐ¥° É¥³ É¨±¥. �É  ±μ´Ë¥·¥´-
Í¨Ö ¶·μÌμ¤¨²  ¢ É¥Î¥´¨¥ ¤¢ÊÌ ´¥¤¥²Ó ¢ ‹’” �ˆŸˆ ²¥Éμ³ 1998 £., ¨ ¥¥
·¥§Ê²ÓÉ ÉÒ μÉ· ¦¥´Ò ¢ É·Ê¤ Ì [58]. �¢Éμ· £²Ê¡μ±μ ¡² £μ¤ ·¥´ ‚ÖÎ¥¸² ¢Ê
	μ·¨¸μ¢¨ÎÊ §  ¨¸±·¥´´¨° ¨´É¥·¥¸ ± ¥£μ ¨¸¸²¥¤μ¢ ´¨Ö³ ¨ μ¡ÐÊÕ ¨´É¥²²¥±ÉÊ-
 ²Ó´ÊÕ ¶μ¤¤¥·¦±Ê ´  ¶·μÉÖ¦¥´¨¨ ¢¸¥£μ ¢·¥³¥´¨, ±μÉμ·μ¥ μ´¨ ¡Ò²¨ §´ ±μ³Ò.

�·¥¤¸É ¢²¥´´Ò° ´¨¦¥ ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò ´¥ ¶·¥É¥´¤Ê¥É ´  ¶μ²´μÉÊ. ˆ³¥-
¥É¸Ö ³´μ£μ ¤·Ê£¨Ì μ¡§μ·μ¢ ¶¥·¥¸¥± ÕÐ¨Ì¸Ö É¥³, ¢ Î ¸É´μ¸É¨ [59Ä61]. �¤¨´
¨§ ¨´É¥·¥¸´ÒÌ ¸Õ¦¥Éμ¢, ¶·μ¶ÊÐ¥´´ÒÌ §¤¥¸Ó, ¸μ¸Éμ¨É ¢ ±· ¸¨¢μ° Ë¨§¨Î¥¸±μ°
¨´É¥·¶·¥É Í¨¨ ³¥Éμ¤  Ë ±Éμ·¨§ Í¨¨ ¢ · ³± Ì ±μ´Í¥¶Í¨¨ ¸Ê¶¥·¸¨³³¥É·¨¨,
μ± § ¢Ï¥°¸Ö ¢¥¸Ó³  ¶·μ¤Ê±É¨¢´μ°. �¥·¸μ´ ²Ó´μ ¤²Ö  ¢Éμ·  ÔÉμ ¶·¨²μ¦¥´¨¥
¸Ò£· ²μ ±²ÕÎ¥¢ÊÕ ·μ²Ó ¢ ¸³¥´¥ É¥³ É¨±¨ ¨¸¸²¥¤μ¢ ´¨°, ´ Î ¢Ï¥°¸Ö ¸ · -
¡μÉÒ [62]. ‚ Î ¸É´μ¸É¨, · §¢¨É¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨¤¥° ¶·¨¢¥²μ ± ¨´É¥·-
¶·¥É Í¨¨ ¶μ²¨´μ³¨ ²Ó´ÒÌ ¸μμÉ´μÏ¥´¨° (2.10) ± ± ´¥²¨´¥°´μ° ·¥ ²¨§ Í¨¨
 ²£¥¡·Ò ¸Ê¶¥·¸¨³³¥É·¨¨ [63]. �μ¤·μ¡´Ò° μ¡§μ· É ±μ£μ μ¡μ¡Ð¥´¨Ö ¸Ê¶¥·-
¸¨³³¥É·¨Î´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¤ ´ ¢ [61].

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ ‹ ¡μ· Éμ·¨¨ §¥·± ²Ó´μ° ¸¨³³¥É·¨¨
�ˆ“ ‚˜�, £· ´É �· ¢¨É¥²Ó¸É¢  �”, ¤μ£μ¢μ· º14.641.31.0001.
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