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We study the behavior of the geometry of vanishing 	ow (GVF) and its system size dependence
at different incident energies. We ˇnd that the geometry of vanishing 	ow is sensitive to the incident
energy. We also study the role of isospin degree of freedom through Coulomb potential, symmetry
energy and nucleonÄnucleon cross sections. Our study reveals that isospin degree of freedom through
nucleonÄnucleon cross section plays a dominant role compared to Coulomb potential and symmetry
energy.

ˆ§ÊÎ ¥É¸Ö ¶μ¢¥¤¥´¨¥ £¥μ³¥É·¨¨ ¨¸Î¥§ ÕÐ¥£μ ¶μÉμ±  ¨ ¥£μ ¢¥²¨Î¨´Ò ¶·¨ · §²¨Î´ÒÌ ´ Î ²Ó´ÒÌ
Ô´¥·£¨ÖÌ. “¸É ´μ¢²¥´  §´ Î¨É¥²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ £¥μ³¥É·¨¨ ¨¸Î¥§ ÕÐ¥£μ ¶μÉμ±  μÉ ´ Î ²Ó´μ°
Ô´¥·£¨¨. ’ ±¦¥ ¨¸¸²¥¤Ê¥É¸Ö ·μ²Ó ¨§μ¸¶¨´μ¢ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸ ¶μ³μÐÓÕ ÊÎ¥É  ±Ê²μ´μ¢¸±μ£μ
¶μÉ¥´Í¨ ² , Ô´¥·£¨¨ ¸¨³³¥É·¨¨ ¨ ¸¥Î¥´¨° ¢§ ¨³μ¤¥°¸É¢¨Ö ´Ê±²μ´μ¢. �μ± § ´μ, ÎÉμ ¨§μ¸¶¨´μ¢Ò¥
¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ÊÎÉ¥´´Ò¥ ¸ ¶μ³μÐÓÕ ¸¥Î¥´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ´Ê±²μ´μ¢, ¨£· ÕÉ ¢¥¤ÊÐÊÕ ·μ²Ó
¶μ ¸· ¢´¥´¨Õ ¸ ¨§μ¸¶¨´μ¢Ò³¨ ÔËË¥±É ³¨ ¨§-§  ´ ²¨Î¨Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨ ÊÎ¥É  Ô´¥·£¨¨
¸¨³³¥É·¨¨.

PACS: 25.70.Pq

INTRODUCTION

The collective transverse 	ow is among the most fundamental observables that has a direct
impact on the understanding of medium effects and evolution of a reaction. The collective
transverse 	ow has been reported to be sensitive to the entrance channel parameters such as
incident energy of the projectile [1], colliding geometry [2] as well as to the mass of the
reacting nuclei [3]. As noted by many authors, energy dependence of the transverse 	ow led
to its disappearance at a particular incident energy labelled as the energy of vanishing 	ow
(EVF) [4]. At EVF, attractive mean ˇeld potential balances the repulsive nucleonÄnucleon
scattering resulting in net disappearance of the 	ow. The EVF has been found to be sensitive
to the mass of the colliding nuclei [5,6]. The colliding geometry, on the other hand, also plays
a signiˇcant role in the collective 	ow and its disappearance as well as in various heavy-
ion phenomena like multifragmentation, stopping, etc. [7]. As one moves away from the
perfectly central collisions, the transverse 	ow ˇrst increases, reaching a maximum at semi-
central collisions, then decreases and ˇnally becomes negative at peripheral collisions. This

1E-mail: sakshigautm@gmail.com



On the Isospin Effects in the Geometry of Vanishing Flow in Heavy-Ion Collisions 367

trend can be understood based on the binary collisions. The value of the impact parameter
where the collective 	ow switches from the positive to negative value has been termed as the
geometry of vanishing 	ow (GVF) [8]. At the same time, with the upcoming and existing
radioactive ion beam (RIB) facilities around the world [9], isospin physics has been studied
extensively during last one decade. The detailed investigations revealed that the isospin
effects noted in the collective 	ow and EVF are due to the competition between the Coulomb
potential, symmetry energy and nucleonÄnucleon cross section [10]. Though good amount of
work has been reported on the isospin effect in transverse momentum and its EVF, no study
is available that investigates the isospin effects on GVF.

We, therefore, aim to ˇnd out the role of isospin degree of freedom in the GVF. This
study is carried out within the framework of isospin-dependent quantum molecular dynamics
(IQMD) model [7, 11] which is described brie	y below.

1. THE MODEL

The IQMD model treats different charge states of nucleons, deltas and pions explicitly,
as inherited from the VlasovÄUehlingÄUhlenbeck (VUU) model. The IQMD model has been
used successfully for the analysis of a large number of observables from low to relativistic
energies. The isospin degree of freedom enters into the calculations via symmetry potential,
cross sections and Coulomb interaction.

In this model, baryons are represented by Gaussian-shaped density distributions
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The nucleons of the target and projectile interact by two- and three-body Skyrme forces,
Yukawa potential and Coulomb interactions. In addition, a symmetry potential between
protons and neutrons corresponding to the BetheÄWeizséacker mass formula has also been
included. The hadrons propagate using the Hamilton equations of motion:
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The baryon potential Vij , in the above relation, reads as
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Here t4 = 4C and C = 32 MeV, Zi and Zj denote the charges of ith and jth baryon, and T3i

and T3j are their respective T3 components (i.e., 1/2 for protons and −1/2 for neutrons).
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2. RESULTS AND DISCUSSIONS

For the present study, we simulated several thousand events of the symmetric reactions
40Ca+ 40Ca, 58Ni+ 58Ni, 93Nb+ 93Nb, 118Sn + 118Sn and 131Xe+ 131Xe at incident ener-
gies between 40 and 150 MeV/nucleon. We used a soft equation of state along with standard
energy and isospin-dependent nucleonÄnucleon cross section. As noted in [11], the cross
section for the neutronÄproton scattering is three times larger compared to neutronÄneutron
or protonÄproton cross section (labeled as σiso). The reactions are followed till the transverse
	ow saturates.

The ®directed transverse momentum 〈pdir
x 〉¯ used in the calculations reads as [12]

〈pdir
x 〉 =

1
A

A∑
i=1

sign {y(i)} px(i), (5)

where y(i) and px(i) are, respectively, the rapidity and momentum of the ith particle.
In Fig. 1, we display the impact parameter dependence of 〈pdir

x 〉 at 150 (panel a),
100 (panel b) and 40 (panel c) MeV/nucleon for different colliding systems. From the
ˇgure, we see that at 100 and 150 MeV/nucleon, 〈pdir

x 〉 rises as we move away from the
central collisions. After reaching a maximum at semi-central geometries, it decreases and ˇ-
nally becomes negative at peripheral collisions due to the absence of binary nucleonÄnucleon

Fig. 1. Impact parameter dependence of transverse in-plane 	ow 〈pdir
x 〉 at 150 (a), 100 (b) and 40 (c)

MeV/nucleon for various systems. Lines are only to guide eye
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collisions. The impact parameter at which the transverse 	ow becomes zero is labeled as the
geometry of vanishing 	ow (GVF).

On the contrary, at a very low incident energy of 40 MeV/nucleon (Fig. 1, c), 〈pdir
x 〉 remains

negative throughout the range of colliding geometry primarily due to the absence of the binary
collisions at such a low incident energy. In this case, the attractive mean ˇeld keeps transverse
momentum in the negative domain for the entire span of the impact parameter. As noted,
the transition in the 	ow from positive to negative values happens at high incident energies
of 100 and 150 MeV/nucleon.

Fig. 2. a) System size dependence of the geometry of vanishing 	ow (GVF) at two incident energies
of 100 (circles) and 150 (triangles) MeV/nucleon. Lines represent a power law behavior (∝ Aτ ).

b) The percentage change in 〈pdir
x 〉 (total (diamonds) and collision contribution (left triangles)) (labeled

as Δ〈pdir
x 〉, %) for 40Ca+ 40Ca and 131Xe + 131Xe

In Fig. 2, a, we display the system size dependence of GVF at incident energies of 100
and 150 MeV/nucleon. From the ˇgure, we see that GVF increases with the increase in
the incident energy. As we move towards higher incident energies, enhanced occurrence
of binary collisions keeps the transverse 	ow positive longer and pushes GVF. The rise in
the GVF is greater for the lighter systems compared to heavier ones. To see the role of
the incident energy in GVF, we further calculated the total 〈pdir

x 〉 and 〈pdir
x 〉 due to colli-

sions (labeled as 〈pdir
x 〉coll) for the reactions 40Ca+ 40Ca and 131Xe+ 131Xe. In Fig. 2, b, we

display the percentage change in total 〈pdir
x 〉 and in collision contribution at b/bmax = 0.2(

Δ〈pdir
x 〉% =

(
〈pdir

x 〉150 − 〈pdir
x 〉100

〈pdir
x 〉100

)
· 100

)
in total 	ow and due to collision contribution.

From the ˇgure, we see that Δ〈pdir
x 〉% (for both the total 	ow and collision contribution)

is much larger for lighter nuclei compared to heavier one, although the number of binary
collisions scales with the mass of the system. This may be due to the dominance of the
Coulomb potential in heavier systems. We also see that GVF follows a mass power law
behavior (αAτ ) at both incident energies. The power law parameter τ is 0.27 (labeled
as τ150) and 0.38 (labeled as τ100) at 150 and 100 MeV/nucleon, respectively.

Present isospin effects come into picture through three channels, namely, Coulomb po-
tential, symmetry energy and nn cross sections; therefore, as a next step, we investigate the
relative importance of all these mechanisms. First, we investigate the role the Coulomb poten-
tial plays in GVF and its mass dependence. We calculated the GVF for all colliding systems at
100 MeV/nucleon by excluding the Coulomb potential from our calculations. The results are
displayed in Fig. 3 (half-ˇlled circles). From the ˇgure, we see that the omission of Coulomb
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Fig. 3. The system size dependence of GVF

without Coulomb potential (half-ˇlled sym-
bols). Here all reactions are performed at an

incident energy of 100 MeV/nucleon. Lines

represent a power law behavior (∝ Aτ )

potential pushes GVF towards smaller impact pa-
rameter. This happens because in the absence of
Coulomb potential, repulsive interactions turn out
to be weaker. One also notices that the Coulomb
potential has a sizeable effect on heavier pair.

Next, we investigate the role of symmetry en-
ergy for GVF by calculating the transverse 	ow for
the two extreme pairs of 40Ca + 40Ca (open circles)
and 131Xe+ 131Xe (open pentagons) without sym-
metry energy at all colliding geometries. The re-
sults are shown in Fig. 4, a. From Fig. 4, a, we see
that the transverse 	ow decreases at all colliding
geometries when the symmetry energy is excluded
from the calculations. This is because symmetry
energy is repulsive in nature and enhances the in-
plane 	ow. When we switch off symmetry energy,
the 	ow naturally diminishes.

In Fig. 4, b, we display the system size dependence of GVF with reference to symmetry
energy. From the ˇgure, we see that GVF still follows a mass dependence power law. The
power law factor τ now becomes 0.46. From the ˇgure, we see a role of symmetry energy for

Fig. 4. a) The impact parameter dependence of 〈pdir
x 〉 with (closed symbols) and without (open sym-

bols) symmetry energy for the two extreme systems 40Ca + 40Ca (circles) and 131Xe+ 131Xe (pen-

tagons). b) The system size dependence of GVF without symmetry energy. Lines represent a power law
behavior (∝ Aτ )
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Fig. 5. (Color online) The time evolution of 〈pdir
x 〉 for 40Ca+ 40Ca reaction for calculations with (a)

and without (b) symmetry energy at 100 MeV/nucleon. Lines are explained in text

40Ca+ 40Ca (N/Z = 1), although symmetry energy contribution is not expected to be present
in this case. To explore this, we calculated the transverse 	ow of particles having ρ/ρ0 � 1
(denoted as BIN 1) and particles having ρ/ρ0 > 1 (denoted as BIN 2), respectively, at all the
time steps. The incident energy was taken to be 100 MeV/nucleon. The results are displayed
in Fig. 5. Solid (dashed) lines represent the 〈pdir

x 〉 of particles lying in BIN 1 (BIN 2). Dotted
lines represent the total 〈pdir

x 〉. Panel a (b) is for calculations with (without) symmetry energy.
From the ˇgure, we see that the total 〈pdir

x 〉 is sensitive to the symmetry energy even for
symmetric systems like 40Ca+ 40Ca with N/Z = 1. This is because during the initial stages
(between about 5Ä15 fm/c), the 〈pdir

x 〉 due to particles in BIN 1 is positive. The duration for
which it remains positive is enhanced when we include the symmetry energy (compare shaded
area in Figs. 5, a and 5, b. This is because in the spectator region (where high-rapidity particles
are present), the repulsive (attractive) symmetry energy for neutrons (protons) will accelerate
the neutrons (protons) away (towards) the overlap zone. Inside the overlap zone, particles
are stopped due to binary collisions. Since these particles belong to the same midrapidity
region, their momenta (due to symmetry potential) will add up to the zero, thus nullifying
the effect of symmetry potential for protons, whereas neutrons will end up in the spectator
rapidity region leading to a net transverse momentum due to the effect of symmetry energy.
After about 15 fm/c, 〈pdir

x 〉 of particles lying in the BIN 1 becomes negative because these
particles will now be attracted towards the central dense zone. These particles will feel the
attractive mean ˇeld potential up to about 25 fm/c after which the high-density phase is over.
The decrease in the total 〈pdir

x 〉 due to the attractive mean ˇeld potential (between 15Ä25 fm/c)
is less when we include the symmetry potential in our calculations (compare the slopes of
dotted curves (total 〈pdir

x 〉) in Figs. 5, a and 5, b between the right edge of shaded area and
vertical line). This is because the neutrons due to the effect of symmetry energy lie in the
spectator rapidity region with momenta away from the overlap zone. The attractive mean
ˇeld potential will have to decelerate those particles ˇrst, make them stop and then accelerate
the particles back towards the overlap zone. After about 30 fm/c, the total 〈pdir

x 〉 follows the
〈pdir

x 〉 of particles lying in BIN 1 because of the expansion phase of the system. This explains
the effect of symmetry energy in a system with N/Z = 1.

Further, to see the role of isospin dependence of nucleonÄnucleon cross section, we make
the cross section isospin-independent by putting σnp = σnn or σpp. The results are displayed
in Fig. 6 (labeled as σnon-iso). In Fig. 6, a, we display the impact parameter dependence
of 〈pdir

x 〉 for the two extreme systems 40Ca+ 40Ca (open circles) and 131Xe+ 131Xe (open
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pentagons). From the ˇgure, we see that when we make the cross section isospin-independent,
the 	ow decreases at all impact parameters. This is because the net magnitude of nucleonÄ
nucleon cross section decreases when we make the cross section isospin-independent. From
the ˇgure, we also see that the decrease in the 	ow is more pronounced at semi-central
collisions compared to that at peripheral collisions. This is due to the reduction in binary
collisions at peripheral geometry, so the effect of isospin dependence of cross section also
decreases.

Fig. 6. a) The impact parameter dependence of 〈pdir
x 〉 for isospin-independent nucleonÄnucleon cross

section for the two extreme systems 40Ca+ 40Ca (open circles) and 131Xe + 131Xe (open pentagons).

b) The system size dependence of GVF for isospin-independent nucleonÄnucleon cross section (open
triangles). Lines represent a power law behavior (∝ Aτ )

In Fig. 6, b, we display the system size dependence of GVF with isospin-independent
nucleonÄnucleon cross section (open triangles). From the ˇgure, we see that GVF fol-
lows a power law behavior for isospin-independent cross section with power law factor
τ = 1.11. GVF decreases by large amount for lighter systems compared to heavier ones,
thereby changing the power law parameter by almost a factor of three.

From Figs. 3 and 6, b, we noticed that GVF decreases when we exclude the Coulomb
potential and also for isospin-independent nn cross section. We also see that the change in
the slope of the system size dependence of GVF is greater when we make the cross section
isospin-independent. To see the relative strength of the Coulomb potential and nn collisions,
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Fig. 7. The 〈pdir
x 〉 for 40Ca + 40Ca (circles) and

131Xe + 131Xe (pentagons) without Coulomb po-

tential (half-ˇlled symbols) and without collisions
(open) at b/bmax = 0.2 and 0.8

we calculate the 	ow without Coulomb po-
tential and also without collisions at a ˇxed
incident energy of 100 MeV/nucleon for the
reactions 40Ca+ 40Ca and 131Xe + 131Xe at
b/bmax = 0.2 (central collisions) and 0.8 (pe-
ripheral). The results are displayed in Fig. 7.
From the ˇgure, we see that the 	ow de-
creases when we exclude the Coulomb poten-
tial (half-ˇlled symbols) and collisions (open
symbols) for both central and peripheral col-
lisions. The reduction in the 	ow due to the
Coulomb potential is greater pronounced at
peripheral collisions. On the other hand, the
	ow decreases more at central collisions in
the absence of nn collisions because of more
relative importance of collisions at central
geometries. We also noted that the decrease
in the 	ow is greater when we exclude col-
lisions at both the colliding geometries than that due to exclusion of Coulomb potential. This
indicates that nn collisions have greater role to play compared to the Coulomb potential
towards isospin effects.

Fig. 8. aÄc) The impact parameter dependence of 〈pdir
x 〉 for 40Ca+ 40Ca, 48Ca + 48Ca and 60Ca + 60Ca

with Esym = 32 (closed symbols) and 0 (open symbols) MeV. d) N/Z dependence of GVF
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Next, to see the role of symmetry energy in GVF with different neutron contents, we
display in Fig. 8 the impact parameter dependence of 〈pdir

x 〉 for the reactions 40Ca + 40Ca
(N/Z = 1), 48Ca+ 48Ca (N/Z = 1.4) and 60Ca+ 60Ca (N/Z = 2) in panels a, b and c,
respectively. From the ˇgure, we see that the 	ow decreases on reducing the strength of the
symmetry energy to zero for all N/Z ratios. In Fig. 8, d, we display the GVF as a function
of N/Z of the system. From the ˇgure, we see that the decrease in the GVF increases with
the increase in the neutron content of the system due to enhanced role of symmetry energy
for higher N/Z ratios.

3. SUMMARY

We have studied the effect of different incident energies on the geometry of vanishing
	ow and its system size dependence. We have studied the role of isospin degree of freedom
by investigating separately the effect of Coulomb potential, symmetry energy and isospin-
dependent nucleonÄnucleon cross section on the geometry of vanishing 	ow and its system
size dependence. We found signiˇcant effect of all the above-mentioned mechanisms. Our
calculations predict that the system size dependence of the geometry of vanishing 	ow is
more sensitive to isospin dependence of nucleonÄnucleon cross section compared to Coulomb
potential and symmetry energy, thus indicating that the geometry of vanishing 	ow can act as
probe to study the role of isospin degree of freedom through nucleonÄnucleon cross sections.

This work is supported by Indo-French project No. 4104-1, a joint venture funded by the
Indian and French governments.
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