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IN THE NAMBU-JONA-LASINIO MODEL
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In the Nambu-Jona-Lasinio model the decay widths 7 — (7,7’ (1300))v, were calculated. For
the calculation of the decay width 7 — mv, the standard NJL model was used taking into account
the intermediate axial-vector a1(1260) meson and the extended Nambu—Jona-Lasinio model with the
intermediate a1 (1260) and aj(1640) mesons. These results are in good agreement with each other. For
the calculation of the decay width 7 — 7'v, the extended Nambu—Jona-Lasinio model was used. The
results are in satisfactory agreement with the experimental data.

Numerical estimates for the constants F. and F/ are also in satisfactory agreement with both the
experimental values for Fr and the results obtained by calculations on the lattice.

B mopnenu H m6y-Fon -J1 sunuo (HUJI) Bbrduciens! mupuHBl p cn 108 7 — (m, 7' (1300))vy.
Ipy BBIYMCIEHUN IIUPUHBL P CIT I T — TV UCHONB30B H K K cT HA pTH 9 HWUJI-Momens ¢ ydeTom
IIPOMEXYTOYHOTO KCH JIbHO-BEKTOPHOTO a1(1260)-Me30H , T K M p ciuupenH s mojens H m6y—Fon -
JI 3unmo ¢ npomexyrounsivu a1(1260)- u a}(1640)-Me30H MH. DTH PE3yIbT Th H XONATCA B XOPOIIEM
COIT cuHM JIPYT ¢ ApyroM. il BHIYMCIIEHUS MIMPHMHBI P CII I T — 7' V- WCIOJB30B H P CIUMPEHH 5
momes H m6y-Hon -J1 summo. IToydeHHbIe pesyabT THl H XONATCA B YIOBIETBOPHTETBHOM COTJ CHE
C U3BECTHBIMU SKCIIEPUMEHT JIbHBIMH JI HHBIMH.

YucneHHsle OLEHKH KOHCT HT Fr um F/ T KXe H XOmATCS B YHOBIETBOPUTENBPHOM COITT CHU K K
C ®KCIIEPUMEHT JIbHBIMU 3H YEHMSAMU HId Fr, T K U C Pe3yapT T MH, [1OJYYEHHBIMU IIPU BBIYMCIEHUIX
H pelleTke.

PACS: 11.30.Rd; 13.20.-V; 13.25.-K

INTRODUCTION

In the recently fulfilled works [1-4] a number of decays of the 7 leptons were described.
The intermediate processes with the participation of vector mesons in both ground and radial
excited states were taken into account. For this, the extended NJL model was used [5-8]. This
model allows us to describe all these processes without introducing any additional arbitrary
parameters unlike the methods of other authors [9-12]. The decay widths 7 — 7O,
T — mn ., T — 20 )v., T — Twr, were calculated.
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2E-mail: volkov@theor.jinr.ru
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In this work, we will describe one of the main 7 lepton decays 7 — wv, and give the
estimate for the decay width 7 — 7/(1300)v,.

The calculation of the decay width 7 — 7v, was conducted in both standard and the
extended NJL models. These results are in good agreement with each other. Calculations
of the decay width 7 — #/(1300)v, were performed in the extended NJL model. The
estimates obtained for the decay widths 7 — 7(7/(1300))v, are in satisfactory agreement
with the experimental data [14,16]. The value obtained for F,, = 4.68 MeV is in qualitative
agreement with the estimate obtained by calculation on the lattice [17].

1. LAGRANGIANS OF QUARK-MESON INTERACTIONS

In the extended NJL model, interactions of the 7, 7/(1300) and a1 (1260), a} (1647) mesons
with quarks are of the form

ALE (g, q,a1, 1, m,7') = g(K) | (Aral " = Aeaf T )77+

+ (P~ — Py )77 4% q(k), (1)

=i p).

where a’ and 7’ are the axial-vector and pseudoscalar meson fields in the excited state,

_glsin(ﬁ—l-ﬁo) Y9ps 2
A= Ay T2 )

sin (8 — fo)
sin (2/p)

_ 9p co8(B4B0) | Gps prp2\ €08 (8 — Bo)

Az = S sin (206p) * ; F(kL) sin (26) @)
_ sin(a+ao) sin (o — «ap)

P = Im i Bag) + gmf(ki)m
_ cos(a+ap) cos (@ — ap)

Py = Im n Zag) +97r2f(ki)m

The values of the angles § = 79.85° and By = 61.44° are taken from [6], and the angles
a = 59.38° and oy = 59.06° correspond to the mixing angle taken from the vector meson
sector [18].

The form factors f(k%) used in the extended NJL model have the form

k
f(k?) = (1 + dk?), where k; = k — ( pQ)p is the transverse quark momentum, for light
p
quarks d = —1.784 GeV~2 [6]. Here k and p are the quark and meson momenta, respec-
tively. In the meson rest frame, this formula takes the simple form k£, = (0,k). = and =’
are the pion fields in the ground and first radial excited states. a; and o) are the axial-vector
meson fields in the ground and first radial excited states. g is the field of the u and d quarks

and ¢ = (u,d).
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The quark-meson coupling constants are

2 .2 -1/2 2 —1/2
m= (387 m0) grs = (415" m)) "
3)
-1/2
2 0 My,
9o, = (512( )(mu;md)) = 614; 9y = 9r = F; 5
where the integrals " read
. N (Falki)"
1] = —i— /d4k; . O(A3 — k7 4
m (mq) Z(27T)4 (m?] — k2)m ( 3 J_)7 4)

and the cut-off parameter Az = 1.03 GeV [2,6].
Add here the Lagrangian describing a weak interaction of the lepton and quark current

G _
Lreak — ?W%VT;IVudId% Yyt ©)

These Lagrangians allow us to calculate the decay widths 7 — (77’(1300))v, without
introducing any extra parameters.

2. THE DECAY 7 — 7v,

First, let us calculate the decay width 7 — 7v, in the standard NJL model. Here the
Lagrangian of the quark—meson interaction is

L=qlr s (igem™ +yuay,)lq. (6)

In the standard NJL model the main contribution to the decay width 7 — 7v, is given by
one of the quark-loop diagrams shown in Fig. 1.

T

v
Fig. 1. Feynman diagram describing the 7 — 7, decay

Using the Lagrangian (6) for the amplitude shown in Fig. 1, we obtain the corresponding
expression:

Gr Ak tr (ivs) (k + mu)Yars(k + P+ my)
A‘r~>7ru = —F—=Uyp T alVu
i \/ﬁu VuYV5trGpa| Vi d|/ (2m)4 (m2 — k2)(m2 — (k+p)?)

(N
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Here p is the momentum of the pion, Gp = 1.16637 - 10~ MeV~2 is the Fermi constant,
k is the momentum of the quark in the loop k, m,, is the u quark mass, and |V,,4| = 0.97428
is the cosine of the Cabibbo angle.

We show that without the m—a; transitions this diagram completely determines the decay
width 7 — 7v,. Really, the amplitude (7) corresponding to this diagram is

G m
Arm, = L”7;|V“d| V2g4m, Ir = 27“ = V2F, | p", 8)

where L, = u,7,su- is the lepton current.

Here we used the following ratio:
1
412 = 5>
g2

where
F, =93 MeV, m, =mg =280 MeV.

As a result, we get the well-known formula which can be found, for example, in [13].
Taking into account the m—a; transitions, the coupling constant of the pion with the
quarks g, has the form

6m2\ '
gﬂ:ﬁg:%, where Z—<1— n;“) , )

ay

Mg, = 1230 MeV is the mass of the a; meson.
2.1. The Calculation of the Decay Width 7 — 7. in the Standard NJL Model. The
decay amplitude of 7 — 7(n’)v, has the form

G /
Frmy, = Lu—g|Vud| Flw iy ¥ Fse ) T Fae oy | P'7(T), (10)

(m,m

where F} corresponds to the contribution of the amplitude from the one-loop quark dia-
gram (Fig.1). F3* corresponds to the contribution of the amplitude from the diagram with

intermediate a1(1260) mesons (Fig. 2). Fy ' corresponds to the contribution of the amplitude
from the diagram with intermediate a(1640) mesons
T (Fig. 2).
The model parameters F; and F}/ are determined
by the equation

W F=|Fi + F* + F). (11)

a(al) In the standard NJL model for the quantities F; we
obtain the following values:

Fl=ZF,, FM=(1-2)F, F%=0. (12)

As a result, we get F' = Fi..
Fig. 2. Diagrams describing the 7 — 7 It means that taking into account the m—a; transi-
decay with the intermediate axial-vector tjons, we once again have the standard expression for
mesons the decay amplitude 7 — 7v,.
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The decay width of the 7 — 7w, process is equal to

T( ) Ll o} (13)
T — TV,) = ,
2-2m;,
where ® is the phase volume
E,
= 14
pp— (14
where F,, is determined in the following form:
2 _ 2
B, =" "x (15)
2m.
We also used (p,pr) = m-E,.
For the square of the amplitude, we obtain the following expression:
|F|? = 8G%|Vya*m3E, F2. (16)
This expression is in satisfactory agreement with the experimental data, Ffﬁ‘;{ur =
2.5-10719 MeV, '™ =2.1-107'" MeV [14].

To describe the process 7 — 7'v,, the extended NJL model should be used, that will be
done below. To describe the process 7 — mv,, it is enough to use the standard NJL. model.

2.2. The Decay 7 — wv, in the Extended NJL Model. Using the extended model,
we obtain only minor corrections to formulas from the standard NJL model. Indeed, for
example, we give the expression obtained in the extended model for the amplitude of the
one-loop approximation (Fig. 1).

s sin' (o + ap) Sin. (@ — ) "
sin (2ap) sin (2a) (17)
F3* = D1+ Dy + D3 + Dy, F;1201+02+C3+C4’
where
If
F=_—-2__ — 054, (18)
LI’

Expressions Dy, Do, D3, D4 and Cy, Cs, C5, Cy are shown in (19) and (21), respectively.
Hence, it is easy to see that the contribution to the amplitude of the term which contains the
form factor is negligibly small.

Therefore, for the calculation of the decay width 7 — mv, one can use only the standard
NJL model. Since the angles o and « are close to each other, it is easy to see that part of
the amplitude form factor provides a very small contribution, as compared to the first term,
and can be neglected.

Now we consider the 7 — mv, decay which contains two quark-loop diagrams. The
corresponding quark-loop diagram for this decay is shown in Fig.2. First, we consider the
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diagram with the intermediate a; meson. As a result, we obtain

_ 6m? sin (8 + Bo) sin (8 — fo)
D= =iV { s @0) | sin(20) } Pro
- 6m?2 1 sin (8 + 0o) sin (8 — /o)
Dy = T, gp/2\/§ [ S0 (200) +T S0 (200) ] Dp,
(19
_ 6m? sin (8 + Bo) sin (8 — fo)
D37_ 31\/5|: sin(2ﬂ0) +F sin(250) :|DF11;
_ 6m? 1 sin (8 + 0o) sin (8 — fo)
b= Y’ [ sn@h) | sin(2A) ] D

where Dro, Dp1, DF11, Dpa correspond to the contribution from the second loop in Fig. 2.
They have the following form:

B sin (@ + ag) sin (8 + Bo) ]
DFO - ZFTr |: sin (2040) sin (250) :| ’

/3 sin (6 + fo) sin (e — ag) |
Dr1= \/;\/EFFTr [ sin (20p)  sin (2ap) ] P
(20)

B sin (6 — Bo) sin (e + ag) |
D = VZUF, [ sin (289)  sin(2ag) ]p ’

/3 sin (8 — fBo) sin (a« — o) |
Dpo = \/;Fw [ Sin (260)  sin (2a0) }P .

We proceed to consider the contribution from the diagram with the intermediate a}(1640)
meson. The amplitude comprising the af(1640) meson has the form

= O [ b p (e ],

me, sin (2p) sin (2)

_ 6m2 1 —cos (8 + Bo) —cos (8 — fo)

eS| (T ) T (Fae ) en
. (B + o) (B — o) e

_ bmy, —cos (B + (o —cos (B — By
Gs=- m?, K sin (203) ) tr < sin (260) )] Cri

_ 6m2 1 —cos (B + Bo) —cos (8 — fo)
o=t | (S )+ (Cae e

where Crg, Cr1, Cr11, Cra correspond to the contribution from the second loop in Fig. 2.
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They have the following form:

Cro — ZF [cos(ﬁ—i—ﬁo)sin(oz—l—ao)] o

sin (26p)  sin (2ap)
Cr1 = \/7\/_FF [COS 6+ o) sin (e — ao)} p°,

sin (26p)  sin (2ag)

- cos (B — fo)sin(a+ag)]
Cr11 = VZUF, { sin (23,)  sin (2a0) }p ’

_ /3 cos (B — o) sin (o —ag)]
Cr2 = \/;F7r [ sin (20p)  sin(2ag) ]p '

As a result, after the calculation we get the following values:

(22)

FY=1335MeV, F =—46.76 MeV, FI =59 MeV.

Finally, for F; we obtain F; = 92.8 MeV. It is easy to see that these results are in good
agreement with each other.

3. THE DECAY 7 — 7'v; IN THE EXTENDED NJL MODEL

Now let us consider the decay of 7 — 7’v,. The corresponding quark diagram for this
decay is shown in Fig. 3.

Note that in the vertex with 7/ there are two cases: in the first case, this vertex does not
contain the vertex form factor, and in the second case, this vertex does. As a result, this
amplitude takes the following form:

Ag=1L

Gr cos (a + ap) cos (@ — )
a2V Z |V ZEE & "
*V2 [Vaal V2 sin (2ap) + sin (2a0) P

L 1V,4l(=5.64)p" MeV. (23)
\/_
Besides the one-loop contribution to the decay 7 — 7'v,, an important role is played by
the contributions of the intermediate a;(1260) and a/ (1640) axial-vector mesons. The corre-
sponding two-loop diagrams for this contribution are shown in Fig.4. Here the first loop

T T
w
il i
W a(ah)
v v
Fig. 3. Feynman diagram for the 7 — 7'v, Fig. 4. Feynman diagrams for the 7 —
decay 7'v; decay with the axial-vector transi-

tions
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consists of two parts, one of which does not contain a form factor at the vertices with the
ay (a)) mesons. The second loop of each of the vertices consists of two parts, one of which
comprises a form factor and the other does not.

We first consider the diagram with the intermediate a; meson. As a result, we obtain

a2 sin (8 + Bo) sin (8 — o)
A= Gm"\/i { sin (20p) s sin (20p) } BW Aro,

_ aoo 1 sin (B + Bo) | sin (8 — fo)
Ay = 6mugp/2\/§{ i (350) +T 0 )

B sin (B+ Bo) | .sin (B — Bo)
Az = —6m3v/2 [ S0 (20) +T Sin (260) } BW Ap1,
1 sin (B8 + Bo) | sin (8 — Bo)
9p/2 2 [ sin (2/p) T sin (209)

where Apg, Ap1, Ap11, Apo correspond to the contribution from the second loop in Fig. 4.
They have the following form:

] BW Apq,
(24)

Ay = —6m? ] BW Aps,

Ao = ZFy {Si;fﬁ;;g)) (‘ 02511(1052250))] :
Apy = \/g VZTF, {Si;fﬁ;ﬂf;()) (_ C(ZIEOE;SO)H . 25)
e =V, [ (Lemle o))

3 i - -
Ay — \ﬁF sin (8 — 00) (_cos(a—an)\] o
2 sin (209) sin (2a)
We proceed to consider the contribution from the diagram with the intermediate af(1640)
mesons. The amplitude containing the a}(1640) meson has the form

B = o3 (FERL Y (00 ]y

sin (26) sin (2/3)
st () o (S v
B = —omi 2 () (T ) e

where Brg, Br1, Bri11, Bre correspond to the contributions from the second loop in Fig. 4.
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They have the following form:

Br — ZF, [(_sin (8 + Bo)> (_cos (a+ ao)ﬂ .

sin (209) sin (2ap)

B = [3zrE, [(- LR (enle o))

o =2 () ()]

e [ (5 )

where BW is the Breit-Wigner formula for the intermediate state of the a1(a}) mesons and
has the form

(27)

1

BW , .
= M2, = iMe, (@) Ty (o)

Ve (28)
ai(ay)

For the 7 — 7'v, decay in the extended NJL model we obtain the following value for the

e q a a .
quantities Fy_ ), Fyl ), Falo:

F(I

oy =564, Fgl,=-23-i-639, Fyl, =-459+i-188, (29)

(7")

_ q a a/ _ i
Fro = Ffly + Fyl )+ Fyly = —1.25 — i - 451,

(30
~ ~ 2 ~ 2
Fp = |Fp| = \/Re F. +ImF, =4.68MeV.

Calculations on the lattice gave the following results for F» ~ 2.4 MeV [17]. We can see
that our results are in qualitative agreement with the estimates obtained by calculations on
the lattice.

As a result, the total decay amplitude 7 — 7’1, takes the form

T=-Ao+ A1+ Ay + A3+ Ay + By + Bo + B3 + By. (31)

Considering the decay amplitude 7 — «’v; via one loop (23), for the decay width (13), we
obtain the value of I';_, -/, = 1.04- 10~ 13 MeV. For the decay width via two loops with the
intermediate a; (1260) mesons, we obtain the value of I';_(4,)—r/y, = 3.03-107'% MeV. With
the intermediate a; (1640) mesons we obtain the value of T'; _(q1) .y, = 1.62-107' MeV.
The total decay width of 7 — 7’v, with the interference between the amplitudes (31) is
et ., =221- 101 MeV.

The resulting value for the decay width of 7 — 7’v; is in satisfactory agreement with the
experimental evaluation obtained in [16]. There, the following restrictions on the quantity of
the decay width 7 — 7’v, were obtained, that is, I‘i’f(w,)m = (2.27-4.31) - 10713 MeV.

In addition, the evaluation obtained for F» = 4.68 MeV is in qualitative agreement with
the estimates obtained in the lattice model [17].
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CONCLUSIONS

The decay mechanism 7 — 7, is similar to the decay 7~ — pu~ v, which was described
in [15]. Those calculations were performed in the standard NJL model. It is interesting
to note that in the calculation of these processes in the quark one-loop approximation with
the decay constant F); there appears a factor Z, that is, due to taking into account of m—a;
transitions. To obtain a correct form for the decay amplitude 7 — 7v., it is also necessary to
take into account the two-loop approximation with the intermediate a;(1260) mesons. This
approach takes into account the possibility of the a;—m transition to the intermediate state
with the a; meson. As a result, for the same value of F;; = 93 MeV we obtain satisfactory
agreement with the experimental data in both cases, as the decay 7 — 7, and the decay
m — u~v (11).

It is interesting to note that the calculation of the width 7 — 7, conducted in the
expanded NJL model taking into account the intermediate a;(1260) and af(1640) mesons
leads to the same results for the width of the 7 — 7v,; decay and of the constant F}.. The
extended NJL model allows us to describe the decay 7 — 7'v;.

Unlike the case of the decay from 7 — wv;, in the 7 — 7'v, decay amplitude the
intermediate a;(1260) and af (1640) mesons play a decisive role.

Note that the results obtained here for the widths of the 7 — 7', decay are in satisfactory
agreement with the experimental data [16]. In our calculation, we can claim only qualitative
agreement with experiment, as in the extended NJL model to describe the excited state of the
axial-vector mesons, we used the mixing angles taken from the vector meson sector [18].

Acknowledgements. The authors are grateful to A.B.Arbuzov and D.G. Kostunin for
fruitful discussions and useful comments.
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