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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

ˆ¸¸²¥¤Ê¥³ Ö § ¤ Î  Å μ¤´μ³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ¸¨´£Ê²Ö·´Ò³ ¶μÉ¥´Í¨ ²μ³, ¶·μ-
¶μ·Í¨μ´ ²Ó´Ò³ ±¢ ¤· ÉÊ ¸¥± ´¸   ·£Ê³¥´É , ¨ ´Ê²¥¢Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ´  ±μ´Í Ì μÉ·¥§± 
[0, π/2]. „²Ö É ±μ° § ¤ Î¨ ¤ ´  ´ ²¨§ § ¢¨¸¨³μ¸É¨ ¶·¨¡²¨¦¥´´μ£μ ¸¶¥±É·  ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ
¤¥°¸É¢¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ μÉ¢¥Î ÕÐ¨Ì ¨³ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μÉ ¢¥²¨Î¨´Ò ¤¥°-
¸É¢¨É¥²Ó´μ£μ ¶ · ³¥É·  ¶μÉ¥´Í¨ ² . �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´μ ±μ²² ¶¸Ê Î ¸É¨ÍÒ.

The investigated problem is the one-dimensional Schréodinger equation with the potential proportional
to squared secant of the argument and the zero boundary conditions at the ends of the segment [0, π/2].
For this problem the dependence of the spectrum of real eigenvalues large in absolute values and the
corresponding eigenfunctions on the real potential parameter is analyzed. Special attention is paid to
the particle collapse.

‚‚…„…�ˆ…

� Î´¥³ ¸ ¶μ¸É ´μ¢±¨ ¨¸¸²¥¤Ê¥³μ° μ¤´μ·μ¤´μ° ±· ¥¢μ° § ¤ Î¨ ¨ ¶² ´  ¥¥ ·¥Ï¥´¨Ö.
�Ê¸ÉÓ ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ ¤¥°¸É¢¨É¥²Ó´μ³ ¸¨²μ¢μ³ ¶μ²¥

V (ϕ; c) = c (sec ϕ)2, ϕ ∈ [0, π/2], c = Re c. (1)

�Ê¸ÉÓ p2 ¨ b = 0 Å ¶μ²´ Ö Ô´¥·£¨Ö ¨ Ê£²μ¢μ° ³μ³¥´É ÔÉμ° Î ¸É¨ÍÒ,   ¥¥ ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö Φ ¶μ¤Î¨´Ö¥É¸Ö ¸É Í¨μ´ ·´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· [

∂2
ϕ + p2 − V (ϕ; c)

]
Φ(ϕ; p2) = 0, ϕ ∈ [0, π/2], (2)

¨ Ê¸²μ¢¨Ö³

Φ(0; p2) = 0, Φ(π/2; p2) = 0, Φ(ϕ; p2) ∈ C2
[0,π/2)

⋂
C0
[0,π/2]. (3)

�μ¸²¥¤´¥¥ ¨§ ÔÉ¨Ì Ê¸²μ¢¨° μ§´ Î ¥É, ÎÉμ ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Φ(ϕ; p2) ¤μ²¦´ 
¡ÒÉÓ ´¥¶·¥·Ò¢´μ° ´  ¢¸¥³ μÉ·¥§±¥ [0, π/2] ¨§³¥´¥´¨Ö ¥¥  ·£Ê³¥´É  ϕ, ´μ ³μ¦¥É ´¥ ¨³¥ÉÓ
¶·μ¨§¢μ¤´ÒÌ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶μ·Ö¤±μ¢ Éμ²Ó±μ ¢ ÉμÎ±¥ ϕ = π/2. ‘¢Ö§ ´´μ¥ ¸μ¸ÉμÖ-
´¨¥ Î ¸É¨ÍÒ μ¶¨¸Ò¢ ¥É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° Ô´¥·£¨¥° p2 ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¥¥ ¢μ²´μ¢μ°
ËÊ´±Í¨¥° Φ, ´μ·³¨·μ¢ ´´μ° Ê¸²μ¢¨¥³

||Φ||2 ≡
∫ π/2

0

dϕ |Φ(ϕ; p2)|2 = 1. (4)
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�·¨ É ±μ³ Ê¸²μ¢¨¨ ¢¥²¨Î¨´  |Φ(ϕ; p2)|2 ¨³¥¥É ¸³Ò¸² ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ [1],   ¶·μ-
¨§¢¥¤¥´¨¥ |Φ(ϕ; p2)|2 dϕ ¥¸ÉÓ ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ´  μÉ·¥§±¥ [ϕ, ϕ + dϕ]
¡¥¸±μ´¥Î´μ ³ ²μ° ¤²¨´Ò dϕ.

ƒ² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ± Î¥¸É¢¥´´Ò°  ´ ²¨§ ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ ¤¥°-
¸É¢¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2 = p2(c) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°
Φ(ϕ; p2(c)) ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢¥²¨Î¨´Ò ¤¥°¸É¢¨É¥²Ó´μ£μ ¶ · ³¥É·  c, ¸¨´£Ê²Ö·´μ£μ ¢
ÉμÎ±¥ ϕ = π/2 ¶μ²Ö (1), ¨ ¶μ¶ÊÉ´ Ö ¨²²Õ¸É· Í¨Ö ±μ²² ¶¸ .

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [1] ¶μ¤ ±μ²² ¶¸μ³ (§ Ì¢ Éμ³, ¸ÉÖ£¨¢ ´¨¥³) Î ¸É¨ÍÒ ¢ ¸¨²μ¢μ³
¶μ²¥ ¶μ¤· §Ê³¥¢ ¥É¸Ö ²μ± ²¨§ Í¨Ö ¥¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ¡¥¸±μ´¥Î´μ ³ ²μ° μ±·¥¸É´μ¸É¨
Í¥´É·  ÔÉμ£μ ¶μ²Ö. ‹μ± ²¨§ Í¨Ö Ë¨§¨Î¥¸±¨ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶ ¤¥´¨¥ Î ¸É¨ÍÒ ¢ ÔÉμÉ
Í¥´É·.

�·¥¤² £ ¥³Ò°  ´ ²¨§ Ö¢²Ö¥É¸Ö ´μ¢Ò³ ¨¸¸²¥¤μ¢ ´¨¥³ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³,
¢μ-¶¥·¢ÒÌ, ¤²Ö μ¡μ¡Ð¥´¨Ö ¸¶¥±É· ²Ó´μ° É¥μ·¨¨ £ ³¨²ÓÉμ´μ¢ÒÌ μ¶¥· Éμ·μ¢ [2] ´  ¸²ÊÎ °
¸¨´£Ê²Ö·´μ£μ ¶μ²Ö (1), ¢μ-¢Éμ·ÒÌ, ¶μÉμ³Ê ÎÉμ §´ ´¨¥ ¤¥°¸É¢¨É¥²Ó´μ£μ ¸¶¥±É· , É. ¥. ¸μ¢μ-
±Ê¶´μ¸É¨ {p2, Φ} ¢¸¥Ì ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (p2 = Re p2) ¨ μÉ¢¥Î ÕÐ¨Ì
¨³ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° (Φ = ReΦ), Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³ ¤²Ö · ¸Ï¨-
·¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ° Ëμ·³Ê²¨·μ¢±¨ ¶·μ¡²¥³Ò É·¥Ì Î ¸É¨Í [3] ´  ¸²ÊÎ ° ¶ ·´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨° Í¥´É·μ¡¥¦´μ£μ É¨¶ .

’μÎ´Ò³ ·¥Ï¥´¨Ö³ ¨ ±μ²² ¶¸Ê ¢ § ¤ Î¥ ´¥¸±μ²Ó±¨Ì Î ¸É¨Í ¸ É ±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨
¶μ¸¢ÖÐ¥´Ò · ¡μÉÒ [4Ä10]. �·¥¤¸É ¢²¥´¨¥ ÉμÎ´μ£μ ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ±μ³¶²¥±¸´μ£μ ¸¶¥±-
É·  {p2, Φ} § ¤ Î¨ (1)Ä(3) Î¥·¥§ ·Ö¤Ò ƒ Ê¸¸  [11] É¨¶  2F1 ¶·¥¤²μ¦¥´μ ¨ ¨¸¸²¥¤μ¢ ´μ ¢
μ·¨£¨´ ²Ó´μ³ · §¤. 4 μ¡§μ·´μ° · ¡μÉÒ [10]. �Ö¤Ò 2F1 ¸μ¤¥·¦ É p ¢ ± Î¥¸É¢¥ ¸² £ ¥³μ£μ
¨Ì ¤¢ÊÌ ¶ · ³¥É·μ¢. �μÔÉμ³Ê ¢ ¸²ÊÎ ¥ ¡μ²ÓÏμ£μ ¶μ ³μ¤Ê²Õ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö p2

¶·¥¤¸É ¢²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ(ϕ; p2) Î¥·¥§ ÔÉ¨ ·Ö¤Ò ´¥ ¸Éμ²Ó Ê¤μ¡´μ,   ¨Ì ¸Ê³³¨·μ-
¢ ´¨¥ ¸É ´μ¢¨É¸Ö ¤μ¢μ²Ó´μ ¸²μ¦´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ° ¶·μ¡²¥³μ°. …¥ ·¥Ï¥´¨Õ,   ¨³¥´´μ
¢Ò¢μ¤Ê  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ(ϕ; p2) ¢ ¶·¥¤¥²¥ ¡μ²ÓÏμ°
¶μ ³μ¤Ê²Õ Ô´¥·£¨¨ p2, ¶μ¸¢ÖÐ¥´  ´ ¸ÉμÖÐ Ö · ¡μÉ . ‚ ´¥° Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨
¶μ² £ ¥É¸Ö, ÎÉμ

√
p2 = p � 0, ¥¸²¨ p2 � 0, ¨

√
p2 = i |p|, ¥¸²¨ p2 < 0; ¸¨³¢μ² ³¨

P
(a,b)
n , Γ ¨ Θ μ¡μ§´ Î ÕÉ¸Ö ¶μ²¨´μ³ Ÿ±μ¡¨, £ ³³ - ¨ É¥É -ËÊ´±Í¨Ö;   ¢Ò¶μ²´¥´´Ò¥

¨¸¸²¥¤μ¢ ´¨Ö ¨§² £ ÕÉ¸Ö ¶μ ¸²¥¤ÊÕÐ¥³Ê ¶² ´Ê.
‚ · §¤. 1 ¸´ Î ²  ¢Ò¢μ¤ÖÉ¸Ö  ¸¨³¶ÉμÉ¨±¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸¨¸É¥³ ·¥Ï¥´¨° (”‘�)

{Φ±
0 } ¨ {Φ±} Ê· ¢´¥´¨Ö (2) ¶·¨ ϕ → 0 ¨ ϕ → π/2,   § É¥³ ¸ ¶μ³μÐÓÕ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨±

Ëμ·³Ê²¨·ÊÕÉ¸Ö ¶· ¢¨²  ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ ± ± ²¨´¥°´μ° ±μ³¡¨´ Í¨¨
ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°.

‚ · §¤. 2 ´ °¤¥´´Ò¥ ¢ · §¤. 1  ¸¨³¶ÉμÉ¨±¨ ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ ¨¸¶μ²Ó§ÊÕÉ¸Ö
¤²Ö ± Î¥¸É¢¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¤¥°¸É¢¨É¥²Ó´μ£μ ¸¶¥±É·  {p2, Φ} ¡μ²ÓÏ¨Ì (|p/c| � 1)
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°. ‘ ÔÉμ° Í¥²ÓÕ
¶·¨³¥´Ö¥É¸Ö ¨§¢¥¸É´ Ö ¨ Ë¨§¨Î¥¸±¨ ¶·μ§· Î´ Ö ¢¥·¸¨Ö [1] ³¥Éμ¤  ‚¥´Í¥²ÖÄŠ· ³¥·¸ Ä
	·¨²²Õ¥´  (‚Š	) [12]. ‚ ¨Éμ£¥ ¶·¨¡²¨¦¥´´Ò¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ô²¥³¥´É ·´Ò¥, ÎÉμ ¶μ§¢μ²Ö¥É ¤ ÉÓ  ´ ²¨§ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ μ¸μ-
¡¥´´μ¸É¥° É ±¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, ´¥ ¶·¨¡¥£ Ö ± ± ±¨³-²¨¡μ ¢ÒÎ¨¸²¥´¨Ö³.

‚ · §¤. 3 ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢Ò¢μ¤ÖÉ¸Ö ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¢
¶·¥¤¥²¥ ¡μ²ÓÏμ° ¶μ ³μ¤Ê²Õ Ô´¥·£¨¨ ¶·¥¤¸É ¢²¥´¨Ö.

‚ · §¤. 4 ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·μ¸Éμ° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ¸¶¥±É· , μ¸´μ¢ ´´Ò° ´   ¶-
¶·μ±¸¨³ Í¨¨ ¨¸±μ³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ ±μ´¥Î´μ° ¶μ¤¸Ê³³μ° ¥¥ ËÊ·Ó¥-· §²μ¦¥´¨Ö
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¶μ ¡ §¨¸´Ò³ ¤²Ö ¨¸¸²¥¤Ê¥³μ° μ¤´μ·μ¤´μ° ±· ¥¢μ° § ¤ Î¨ (1)Ä(3) ËÊ´±Í¨Ö³ sin 2nϕ,
n = 1, 2, . . .

‚ · §¤. 5 ¨¸¸²¥¤Ê¥É¸Ö ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É· ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¡μ²¥¥ ·¥ -
²¨¸É¨Î¥¸±μ° § ¤ Î¨, ¶μ²ÊÎ ¥³μ° ¨§ ¨¸Ìμ¤´μ° § ¤ Î¨ (1)Ä(3) § ³¥´μ° ¸¨´£Ê²Ö·´μ£μ ¶μ²Ö
(1) ®μ¡·¥§ ´´Ò³¯ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ ϕb, ¡²¨§±μ° ± ÉμÎ±¥ π/2, ´¥¸¨´£Ê²Ö·´Ò³ ¶μ²¥³
Θ(ϕb − ϕ) c (secϕ)2.

‚ § ±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.

1. ��…„‘’�‚‹…�ˆ… ‚�‹��‚�‰ ”“�Š–ˆˆ
—…�…‡ ”“�„�Œ…�’�‹œ�›… �…˜…�ˆŸ

„²Ö ¶μ¸É·μ¥´¨Ö ËÊ´¤ ³¥´É ²Ó´μ° ¸¨¸É¥³Ò ·¥Ï¥´¨° ”‘� {Φ±
0 } Ê· ¢´¥´¨Ö (2) ¢ ³ ²μ°

¶μ²Êμ±·¥¸É´μ¸É¨ ·¥£Ê²Ö·´μ° ÉμÎ±¨ ϕ = 0 ¶μ²μ¦¨³ ¢ ´¥³ Φ(ϕ) = ϕσ(1+o(1)). “¸É·¥³¨¢
ϕ ± ´Ê²Õ, ¶μ²ÊÎ¨³ Ì · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ σ(σ − 1) = 0. …£μ ·¥Ï¥´¨Ö³ σ = 1 ¨
σ = 0 μÉ¢¥Î ÕÉ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Φ+

0 ¨ Φ−
0 ¸  ¸¨³¶ÉμÉ¨± ³¨

Φ+
0 (ϕ; p2) ∼ ϕ, Φ−

0 (ϕ; p2) ∼ const �= 0, ϕ → 0. (5)

—Éμ¡Ò ´ °É¨ ”‘� {Φ±} ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö (2) ¢ ³ ²μ° ¶μ²Êμ±·¥¸É´μ¸É¨ ¥£μ
μ¸μ¡μ° ·¥£Ê²Ö·´μ° ÉμÎ±¨ ϕ = π/2, Ê¤μ¡´μ ¸´ Î ²  ¶μ²μ¦¨ÉÓ s ≡ (π/2 − ϕ) ¨ Φ(ϕ) =
v(s) = sσ(1 + o(1)). ’μ£¤  ¶μ²ÊÎ¨É¸Ö Ì · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ σ(σ − 1) = c.
…£μ ±μ·´Ö³ σ = 1/2 ± ν, £¤¥ ν ≡

√
c + 1/4, ¸μμÉ¢¥É¸É¢ÊÕÉ ¨¸±μ³Ò¥ ·¥Ï¥´¨Ö Φ± c

 ¸¨³¶ÉμÉ¨± ³¨

Φ±(ϕ; p2) ∼ s1/2±ν , c �= −1/4 , s ≡ (π/2 − ϕ) → 0;

Φ+(ϕ; p2) ∼ s1/2, Φ−(ϕ; p2) ∼ s1/2 ln s, c = −1/4, s → 0.
(6)

�·¥¤¶μ²μ¦¨³, ÎÉμ μ¡¥ ”‘� {Φ±
0 } ¨ {Φ±} ¸ÊÐ¥¸É¢ÊÕÉ ´¥ Éμ²Ó±μ ¢¡²¨§¨ ÉμÎ¥± ϕ = 0

¨ ϕ = π/2, ´μ ¨ ´  ¢¸¥³ μÉ·¥§±¥ [0, π/2]. ’μ£¤  ²Õ¡μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2) ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ ´  ÔÉμ³ μÉ·¥§±¥ ¢ ¢¨¤¥ ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ¸ ´¥±μÉμ·Ò³¨ ±μÔËË¨Í¨¥´-
É ³¨ A0, B0 ¨ A, B:

Φ(ϕ; p2) = A0 Φ+
0 (ϕ; p2) − B0 Φ−

0 (ϕ; p2) = AΦ+(ϕ; p2) − B Φ−(ϕ; p2). (7)

ˆ¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (5) ¨ (6), ¢Ò¡¥·¥³ ¨§ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ·¥Ï¥´¨° (7) Éμ²Ó±μ
·¥Ï¥´¨Ö, ¶μ¤Î¨´¥´´Ò¥ Ê¸²μ¢¨Ö³ (3), É. ¥. · ¢´Ò¥ ´Ê²Õ ¶·¨ ϕ = 0 ¨ ¶·¨ ϕ = π/2. —Éμ¡Ò
Ê¤μ¢²¥É¢μ·¨ÉÓ ¶¥·¢μ³Ê ¨§ ´¨Ì, ¢ Ëμ·³Ê²¥ Φ = A0Φ+ −B0Φ−

0 ¶·¨¤¥É¸Ö ¶μ²μ¦¨ÉÓ B0 = 0
¨ ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³μ¦´μ ¢Ò¡· ÉÓ A0 = 1. ’μ£¤  ¶μ²ÊÎ¨³ Φ = Φ+

0 ¨ Φ ∼ ϕ ¶·¨
ϕ → 0. ‚Éμ·μ¥ ¨§ Ê¸²μ¢¨° (3) ¶μ·μ¦¤ ¥É ¸¶¥±É· ²Ó´μ¥ Ê· ¢´¥´¨¥ Φ+

0 (π/2; p2) = 0,
μ¶·¥¤¥²ÖÕÐ¥¥ ¤μ¶Ê¸É¨³Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2. �·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Ëμ·³Ê²Ò Φ =
AΦ+ −BΦ− ¢μ§³μ¦´Ò ¤¢  ¸²ÊÎ Ö: ¶·¨ ϕ = π/2 ¢ ´Ê²Ó μ¡· Ð ¥É¸Ö Éμ²Ó±μ ËÊ´±Í¨Ö Φ+

¨²¨ ¦¥ μ¡¥ ËÊ´±Í¨¨ Φ±. ‚ ¸¨²Ê (6) ¶¥·¢Ò° ¸²ÊÎ ° ¨³¥¥É ³¥¸Éμ ¶·¨ c � 0, ±μ£¤  ν � 1/2,
  ¢Éμ·μ° ¶·¨ −1/4 < c < 0, ±μ£¤  ν = Re ν < 1/2 ¨ ¶·¨ c < −1/4, ±μ£¤  ν = Im ν = ı̇|ν|.
�μÔÉμ³Ê ¶·¨ c � 0 ¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ A = 1 ¨ B = 0, Éμ£¤  ËÊ´±Í¨Ö Φ = Φ+ ¡Ê¤¥É
· ¢´μ° ´Ê²Õ ¶·¨ ϕ = π/2,   ¸¶¥±É· {p2} μ¶·¥¤¥²¨É¸Ö Ê· ¢´¥´¨¥³ Φ+(0; p2) = 0.
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�Ê¸ÉÓ É¥¶¥·Ó c < 0. ’μ£¤  ²Õ¡μ³Ê ´ ¶¥·¥¤ § ¤ ´´μ³y p2 μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸μ¡-
¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ = AΦ+ − BΦ− ¸ ±μÔËË¨Í¨¥´É ³¨ A = Φ−(0; p2) ¨ B = Φ+(0; p2).
”Ê´±Í¨Ö Φ = AΦ+−BΦ− ¸ ´ ¶¥·¥¤ § ¤ ´´Ò³¨ A ¨ B ¡Ê¤¥É ¸μ¡¸É¢¥´´μ° Éμ£¤  ¨ Éμ²Ó±μ
Éμ£¤ , ±μ£¤  p2 Ö¢²Ö¥É¸Ö ±μ·´¥³ Ê· ¢´¥´¨Ö Φ−(0; p2)/Φ+(0; p2) = A/B. ‚ Î ¸É´μ¸É¨ ·¥-
Ï¥´¨¥ Φ ³μ¦¥É ¸μ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ+, ¥¸²¨ A = 1, B = 0, ¨ p2 Å ±μ·¥´Ó Ê· ¢´¥´¨Ö
Φ+(0; p2) = 0, ¨²¨ ¸μ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ−, ¥¸²¨ A = 0, B = −1 ¨ Φ−(0; p2) = 0.

Š ± ¡Ò²μ ¶μ± § ´μ, ¥¸²¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö Φ±
0 ¨ Φ± Ê· ¢´¥´¨Ö (2) ¸ÊÐ¥-

¸É¢ÊÕÉ ´  ¢¸¥³ μÉ·¥§±¥ [0, π/2], Éμ ²Õ¡μ¥ ·¥Ï¥´¨¥ Φ ¨¸¸²¥¤Ê¥³μ° § ¤ Î¨ (1)Ä(3) ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê Φ ∼ ϕ, ϕ → 0,   ¢¸¥ ee ¢μ§³μ¦´Ò¥ ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ±μ³¶²¥±¸´Ò¥ ¸¶¥±É·Ò
{p2; Φ} μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. …¸²¨ c � 0, Éμ

Φ+(0; p2) = 0, Φ(ϕ; p2) = Φ+
0 (ϕ; p2) = AΦ+(ϕ; p2) (8)

¨ ¢ ¸¨²Ê (6) ¢¡²¨§¨ ÉμÎ±¨ ϕ = π/2 ·¥Ï¥´¨¥ Φ ´¥ μ¸Í¨²²¨·Ê¥É:

Φ(ϕ) ∼ s1/2+ν , s ≡ (π/2 − ϕ) → 0. (9)

…¸²¨ c < 0, Éμ ¶·¨ ²Õ¡μ³ § ¤ ´´μ³ p2 ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥

Φ(ϕ; p2) = AΦ+(ϕ; p2) − B Φ−(ϕ; p2), A ≡ Φ−(0; p2), B ≡ Φ+(0; p2). (10)

‚ ¸²ÊÎ ¥ −1/4 � c < 0 ÔÉμ ·¥Ï¥´¨¥ ¨³¥¥É ´¥μ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê

Φ(ϕ; p2) ∼ s1/2+ν(A − B s−2ν), ϕ → π/2, (11)

¨ ´¥μ£· ´¨Î¥´´Ò¥ ¢ ÉμÎ±¥ ϕ = π/2 ¶·μ¨§¢μ¤´Ò¥,   ¢ ¸²ÊÎ ¥ c < −1/4, ±μ£¤  ν = i|ν|,
¥£μ  ¸¨³¶ÉμÉ¨±  ¢ ¶·¥¤¥²¥ ϕ → π/2 ¡Ò¸É·μ μ¸Í¨²²¨·Ê¥É:

Φ(ϕ; p2) ∼ s1/2 [ (A − B) cos (|ν| ln s) + ı̇ (A + B) sin (|ν| ln s) ] , (12)

  ¶·μ¨§¢μ¤´Ò¥ ´¥ ¨³¥ÕÉ μ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²μ¢ ¶·¨ ϕ → π/2.
�·μ¤μ²¦¨ÉÓ  ´ ²¨§ § ¤ Î¨ (1)Ä(3) ³μ¦´μ ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨: ¸´ Î ²  ´ °É¨ ÉμÎ´ÊÕ

¨²¨ ¶·¨¡²¨¦¥´´ÊÕ ”‘� {Φ±} ´  ¢¸¥³ μÉ·¥§±¥ [0, π/2],   § É¥³ ¶μ²ÊÎ¨ÉÓ ¸¶¥±É· ¶μ Ê¦¥
¤μ± § ´´Ò³ Ëμ·³Ê² ³ (8)Ä(10), ¨²¨ ¦¥ ´ °É¨ ¸¶¥±É·, ´¥ ¶·¨¡¥£ Ö ± ¶μ¸É·μ¥´¨Õ ”‘�.

�¥·¢Ò³ ¸¶μ¸μ¡μ³ ¢ · ¡μÉ¥ [10] ¸´ Î ²  ”‘� ¢Ò· ¦ ² ¸Ó Î¥·¥§ ·Ö¤Ò ƒ Ê¸¸  2F1,  
§ É¥³ ¤μ± §Ò¢ ² ¸Ó ¸²¥¤ÊÕÐ Ö É¥μ·¥³  ¸ÊÐ¥¸É¢μ¢ ´¨Ö.

’¥μ·¥³  1. ‡ ¤ Î  (1)Ä(3) ¶·¨ ²Õ¡μ³ c � 0 ¨³¥¥É Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´Ò°, ¶·¨Î¥³
¤¨¸±·¥É´Ò° ¸¶¥±É·:

p2
n(c) =

(
2n− 1

2
+ ν

)2

, ν ≡
√

c + 1/4,

Φ(ϕ; p2
n) = sin ϕ (cosϕ)1/2+ν P

(1/2,ν)
n−1 (cos 2ϕ), n = 1, 2, . . . ,

(13)

¶·¨ ²Õ¡μ³ c < 0 ¨ ²Õ¡μ³ ±μ³¶²¥±¸´μ³ p2 ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ¸μ¡¸É¢¥´´ Ö ËÊ´±-
Í¨Ö Φ(φ; p2), ¢ÒÎ¨¸²Ö¥³ Ö ¶μ Ëμ·³Ê² ³ (10), ¢ ±μÉμ·ÒÌ ¶·¨ c �= m2 − 1/4,
m = 0, 1, . . . ,

Φ±(ϕ; p2) = sin ϕ (cosϕ)1/2±ν
2F 1

(
α±, β±, 1 ± ν; cos2 ϕ

)
,

α± ≡ 3
4
± ν

2
+

p

2
, β± ≡ α± − p;

(14)
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Φ±(0; p2) =
√

π Γ(1 ± ν)
Γ(α±) Γ(β±)

. (15)

‚Éμ·μ° ¸¶μ¸μ¡ ¶·¨³¥´Ö¥É¸Ö ¢ · §¤. 2, ´μ Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¤¥°¸É¢¨É¥²Ó´μ£μ
¸¶¥±É·  {p2, Φ} ¶·¨ |p2| � |c| ¨ ¸μ£² ¸ÊÕÐ¨Ì¸Ö ¸ ÉμÎ´Ò³¨  ¸¨³¶ÉμÉ¨± ³¨ (5), (11) ¨
(12) Ê¸²μ¢¨ÖÌ

Φ(ϕ; p2) ∼ ϕ, ϕ → 0;

Φ(ϕ; p2) ∼ s1/2 Re [Asν + Bs−ν(1 + δ4c,−1 ln s) ] , ϕ → π/2.
(16)

�ÉμÉ ¦¥ ¸¶μ¸μ¡ ·¥ ²¨§Ê¥É¸Ö ¢ · §¤. 3 ¨ 4, ´μ Ê¦¥, ¢μμ¡Ð¥ £μ¢μ·Ö, ¤²Ö ¶·¨¡²¨¦¥´´μ£μ
¢ÒÎ¨¸²¥´¨Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ Φ(ϕ; p2), μÉ¢¥Î ÕÐ¥° § · ´¥¥ § ¤ ´´μ³Ê ¸μ¡¸É¢¥´´μ³Ê
§´ Î¥´¨Õ p2.

2. ‚�‹��‚�Ÿ ”“�Š–ˆŸ ‚ ��ˆ�‹ˆ†…�ˆˆ ‚Š�

�·¨¸ÉÊ¶¨³ ± ¨¸¸²¥¤μ¢ ´¨Õ ¤¥°¸É¢¨É¥²Ó´μ£μ ¸¶¥±É·  {p2, Φ} ¢ ¶·¥¤¥²¥ |p2/c| → ∞.
„²Ö ÔÉμ£μ ¶·¨³¥´¨³ ¨§¢¥¸É´ÊÕ ¢¥·¸¨Õ [1] ³¥Éμ¤  BK	 [12], ´μ, ÎÉμ¡Ò ‚Š	-·¥Ï¥´¨¥
Φ = ReΦ μ¡² ¤ ²μ ¶· ¢¨²Ó´μ°  ¸¨³¶ÉμÉ¨±μ° (16) ¶·¨ ϕ → π/2, ¶·¥¤¢ ·¨É¥²Ó´μ ¸¤¥² ¥³
¤μ¶Ê¸É¨³ÊÕ ¢ · ³± Ì ³¥Éμ¤  ‚Š	 § ³¥´Ê c ´  ν2 ≡ c + 1/4.

�Ê¸ÉÓ ϕb Å ÉμÎ±  ¶μ¢μ·μÉ , μ¶·¥¤¥²Ö¥³ Ö ± ± ¤¥°¸É¢¨É¥²Ó´Ò° ´Ê²Ó ³μ¤Ê²Ö ±¢ §¨¨³-
¶Ê²Ó¸  q ≡ q(ϕ) = 0,   I(ϕb, ϕ) Å ¨´É¥£· ² μÉ ÔÉμ£μ ³μ¤Ê²Ö:

q(ϕ) ≡
∣∣∣p2 − (ν secϕ)2

∣∣∣1/2

, ϕb ≡ arccos (ν/p) , I(ϕb, ϕ) ≡
∫ ϕ

ϕb

q(ϕ′) dϕ′. (17)

�¡² ¸ÉÓ ¨§³¥´¥´¨Ö  ·£Ê³¥´É  ϕ, £¤¥ ¶μ²´ Ö Ô´¥·£¨Ö p2 ¡μ²ÓÏ¥ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·-
£¨¨ (ν sec ϕ)2, ´ §Ò¢ ¥É¸Ö ±² ¸¸¨Î¥¸±¨ · §·¥Ï¥´´μ°, μ¸É ¢Ï Ö¸Ö μ¡² ¸ÉÓ Ä ±² ¸¸¨Î¥¸±¨
§ ¶·¥Ð¥´´μ°. �¥¶·¥·Ò¢´μ¥ ´  ¢¸¥³ μÉ·¥§±¥ [0, π/2] ‚Š	-·¥Ï¥´¨¥, μ¶·¥¤¥²¥´´μ¥ ¢ · §-
·¥Ï¥´´μ° μ¡² ¸É¨ Ëμ·³Ê² ³¨

Φ(ϕ; p2) =
1
√

q
cos

(
| I(ϕb, ϕ)| − π

4

)
, p2 > (ν secϕ)2 , (18)

¶·¨ ´¥¶¥·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³μ³ ¶·μ¤μ²¦¥´¨¨ ¢ § ¶·¥Ð¥´´ÊÕ μ¡² ¸ÉÓ ¶·¨´¨³ ¥É ¢¨¤

Φ(ϕ; p2) =
1

2
√

q
exp (− |I(ϕb, ϕ)| ) , p2 < (ν secϕ)2 . (19)

’ ± ± ± ¨´É¥£· ² I(ϕ, ϕb) ¸¢μ¤¨É¸Ö ± É ¡²¨Î´μ³Ê ([13, ¸. 219]) ¶·¨ ²Õ¡ÒÌ ν2 ¨ p2, Éμ
‚Š	-·¥Ï¥´¨¥ ´¥ É·Ê¤´μ ´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥. � ¸¸³μÉ·¨³ ¢¸¥ ¢μ§³μ¦´Ò¥ ¸²ÊÎ ¨.

‘²ÊÎ ° c � −1/4 ¨ p > 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ν � 0. � §·¥Ï¥´´ Ö μ¡² ¸ÉÓ Å ¶μ²Ê¨´É¥·¢ ²
0 � ϕ < ϕb. ‚ ÔÉμ° μ¡² ¸É¨

I(ϕ, ϕb) =
π

2
(p − ν) + ν arctg

(
ν

q
tg ϕ

)
− p arcsin

p sin ϕ√
p2 − ν2

,
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  ËÊ´±Í¨Ö (18) · ¢´  ´Ê²Õ ¶·¨ ϕ = 0 Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¶ · ³¥É· p ¸μ¢¶ ¤ ¥É
¸ ¶μ²μ¦¨É¥²Ó´Ò³ ±μ·´¥³ pn ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê· ¢´¥´¨Ö

I(0, ϕb) −
π

4
= πn − π

2
, n = 1, 2, . . .

‘μ£² ¸´μ Ëμ·³Ê² ³ (17)Ä(19) ±¢ ¤· ÉÊ p2 = p2
n ± ¦¤μ£μ É ±μ£μ ±μ·´Ö

p2
n = p2

n(c) =
(

2n − 1
2

+ ν

)2

, n = 1, 2, . . . , (20)

¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · §·¥Ï¥´´μ° μ¡² ¸É¨ 0 � ϕ < ϕbn ≡ arccos (ν/pn) μÉ¢¥Î ¥É ¥¤¨´-
¸É¢¥´´ Ö ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö

Φ(ϕ; p2) =
(−1)n+1

√
q

sin

[
ν arctg

(
ν

q
tg ϕ

)
− p arcsin

p sin ϕ√
p2 − ν2

]
, (21)

±μÉμ· Ö ¢ § ¶·¥Ð¥´´μ° μ¡² ¸É¨ ϕbn < ϕ � π/2 ¸É ´μ¢¨É¸Ö ËÊ´±Í¨¥°

Φ(ϕ; p2) =
Q(ϕ)
2
√

q

( √
p2 − ν2

p sin ϕ + q cosϕ

)p

; Φ(ϕ; p2) ∼ (cosϕ)1/2+ν , ϕ → π/2. (22)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¨¸¶μ²Ó§Ê¥É¸Ö ËÊ´±Í¨Ö Q É ± Ö, ÎÉμ

Q(ϕ) ≡
∣∣∣∣ |ν|tg ϕ − q

|ν|tg ϕ + q

∣∣∣∣
|ν|/2

< ∞, ϕ ∈ [0, π/2]; Q(ϕ) ∼ (cosϕ)|ν|, ϕ → π/2, (23)

  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (20) ¸Î¨É ÕÉ¸Ö Ô²¥³¥´É ³¨ ¡¥¸±μ´¥Î´μ° ¨ ¢μ§· ¸É ÕÐ¥° ¶μ
´μ³¥·Ê n ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ³μ´μÉμ´´μ · ¸ÉÊÐ¨Ì ËÊ´±Í¨°  ·£Ê³¥´É  c � −1/4

{p2
n(c)}∞n=1 : p2

n+1(c) > p2
n(c) > 4n2, p2

n(c) > p2
n(c′), c > c′, n = 1, 2, . . . (24)

C²ÊÎ ° c � −1/4, ν � 0, ´μ p2 < 0. �ÉμÉ ¸²ÊÎ ° ±² ¸¸¨Î¥¸±¨ § ¶·¥Ð¥´: § ¤ Î 
(1)Ä(3) ´¥ ¨³¥¥É ‚Š	-·¥Ï¥´¨Ö, μÉ²¨Î´μ£μ μÉ É·¨¢¨ ²Ó´μ£μ (Φ ≡ 0).

‘²ÊÎ ° c < −1/4, ν2 < 0 ¨ p2 > 0. Š² ¸¸¨Î¥¸±¨ ¤μ¸ÉÊ¶´ Ö μ¡² ¸ÉÓ Å ¢¥¸Ó μÉ·¥§μ±
0 � ϕ � π/2. �μÔÉμ³Ê ³μ¦´μ ¶μ²μ¦¨ÉÓ ϕb = 0,   ¢³¥¸Éμ Ëμ·³Ê² (18) ¨ (19) ´  ¢¸¥³
μÉ·¥§±¥ [0, π/2] ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥

Φ(ϕ; p2) =
1
√

q
sin [ I(0, ϕ) ] , I(0, ϕ) = − ln Q(ϕ) + p arcsin

p sin ϕ√
p2 + |ν|2

, (25)

±μÉμ·μ¥ ¶·¨ ²Õ¡μ³ p2 μ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨° (3). „¥°¸É¢¨É¥²Ó´μ, Φ(0; p2) =
0, ¨ ÌμÉÖ ¨§-§  ËÊ´±Í¨¨ (23) ¨´É¥£· ² I(0, ϕ) · ¸Ìμ¤¨É¸Ö ¶·¨ ϕ → π/2, ¸ ³μ ·¥Ï¥´¨¥ Φ
¢ ÔÉμ³ ¶·¥¤¥²¥, μ¸Í¨²²¨·ÊÖ, ¸Ìμ¤¨É¸Ö ± ´Ê²Õ:

Φ(ϕ; p2) ∼ (cos ϕ)1/2 sin

(
|ν| ln cosϕ − |ν| ln 2|ν|√

p2 + |ν2|
− p arctg

p

|ν|

)
. (26)
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C²ÊÎ ° c < −1/4, ν2 < 0 ¨ p2 < 0. ‚ ÔÉμ³ ¶μ¸²¥¤´¥³ ¨§ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¸²ÊÎ ¥¢
±² ¸¸¨Î¥¸±¨ ¤μ¸ÉÊ¶´  μ¡² ¸ÉÓ 0 < ϕb < ϕ � π/2. ‚ ´¥° ¨´É¥£· ² I(ϕb, ϕ) ´¥μ£· ´¨Î¥´
²¨ÏÓ ¶·¨ ϕ = π/2, ´μ ·¥Ï¥´¨¥ (18), ¢ÒÎ¨¸²Ö¥³μ¥ ± ±

Φ(ϕ; p2) =
1
√

q
cos

[
ln Q(ϕ) + |p| arctg

(
|p|
q

tg ϕ

)
+ |p| π

2
− π

4

]
, (27)

¶·¨ ϕ → π/2, μ¸Í¨²²¨·ÊÖ, ¸Ìμ¤¨É¸Ö ± ´Ê²Õ:

Φ(ϕ; p2) ∼ (cos ϕ)1/2 cos ( |ν| ln cosϕ + δ) ,

δ ≡ −|ν| ln 2|ν|√
|p2| − |ν2|

+ |p| arctg |p|
|ν| + |p| π

2
− π

4
.

(28)

‚ § ¶·¥Ð¥´´μ° μ¡² ¸É¨ 0 � ϕ < ϕb ¨´É¥£· ² I(ϕb, ϕ) ¨ ·¥Ï¥´¨¥ (19), É. ¥.

Φ(ϕ; p2) =
1

2
√

q
exp

[
|ν| arctg

(
q

|ν|ctg ϕ

)
+ |p| arctg

(
q

|p| ctgϕ

)]
, (29)

μ£· ´¨Î¥´Ò, ´μ, ± ¸μ¦ ²¥´¨Õ, ¶·¨ ϕ = 0 ÔÉμ ·¥Ï¥´¨¥ μÉ²¨Î´μ μÉ ´Ê²Ö:

Φ(ϕ; p2) ∼ exp

[
− |p|2 + |ν2|√

|p2| − |ν2|
ϕ

]
, ϕ → 0, (30)

ÎÉμ ´ ¢¥·´μ¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶·¥´¥¡·¥¦¥´¨Ö ¢ ¨¸¶μ²Ó§μ¢ ´´μ° ¢¥·¸¨¨ ³¥Éμ¤  ‚Š	
¸² £ ¥³Ò³¨ ¶μ·Ö¤±  O(|p−3/2|).

‚Ò¢μ¤Ò ¨ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö. Š ± ¢¨¤´μ ¨§ Ëμ·³Ê² (17)Ä(30), ¶·¨ |p2/c| 
 1
¤¥°¸É¢¨É¥²Ó´Ò° ‚Š	-¸¶¥±É· {p2, Φ} § ¤ Î¨ (1)Ä(3) μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ± Î¥¸É¢¥´´Ò³¨
μ¸μ¡¥´´μ¸ÉÖ³¨.

‚ ¸²ÊÎ ¥ c � −1/4 ¨³¥¥É¸Ö Éμ²Ó±μ ¤¨¸±·¥É´Ò° ¸¶¥±É· ¶μ²μ¦¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ
§´ Î¥´¨° (20) ¸μ ¸¢μ°¸É¢μ³ (24). �É¢¥Î ÕÐ¨¥ ÔÉμ³Ê ¸¶¥±É·Ê ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (21), (22), ¨³¥ÕÉ ±μ´¥Î´μ¥ Î¨¸²μ ´Ê²¥° ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¶μ²Ê¨´É¥·¢ ² Ì 0 � ϕ < ϕbn, ³μ´μÉμ´´μ Ê¡Ò¢ ÕÉ ¶·¨ ϕ → π/2 ´  ¶μ²Ê¨´É¥·¢ ² Ì
ϕbn < ϕ � π/2 ¨ μ¡² ¤ ÕÉ É·¥¡Ê¥³Ò³¨  ¸¨³¶ÉμÉ¨± ³¨ (16) ¸ ´Ê²¥¢Ò³ ±μÔËË¨Í¨¥´Éμ³
B. ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¨ c � −1/4 ¶μ²ÊÎ¥´´Ò° ¢ · ³± Ì ¶·¨¡²¨¦¥´¨Ö BK	 ¸¶¥±É·
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (20) ¸μ¢¶ ¤ ¥É ¸ ÉμÎ´Ò³ ¤¥°¸É¢¨É¥²Ó´Ò³ ¸¶¥±É·μ³ ¸μ¡¸É¢¥´´ÒÌ
§´ Î¥´¨°, ¢ÒÎ¨¸²Ö¥³ÒÌ ¶μ Ëμ·³Ê² ³ (13) ´¥ Éμ²Ó±μ ¶·¨ c � 0, ´μ ¨ ¶·¨ ∈ [−1/4, 0).

‚ ¸²ÊÎ ¥ c < −1/4, ±μ£¤  ν = ı̇|ν|, ¨³¥¥É¸Ö ¸¶²μÏ´μ° ¶μ²μ¦¨É¥²Ó´Ò° ¸¶¥±É·: ¶·¨
²Õ¡μ³ (p2 � |c|) § ¤ ´´μ³ p2 ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ (25), μ¡² ¤ ÕÐ¥¥ ¸μ-
£² ¸´μ (26) ¡¥¸±μ´¥Î´Ò³ ¸Î¥É´Ò³ Î¨¸²μ³ ´Ê²¥°, ¸£ÊÐ ÕÐ¨Ì¸Ö ± ÉμÎ±¥ ϕ = π/2, ¨
ÉμÎ´Ò³¨  ¸¨³¶ÉμÉ¨± ³¨ (16).

‚ Éμ³ ¦¥ ¸²ÊÎ ¥ (c < −1/4), ´μ ¶·¨ ²Õ¡μ³ p2 < 0 Ê· ¢´¥´¨¥ (2) ¨³¥¥É ·¥Ï¥´¨¥ (27),
(29), μ¡² ¤ ÕÐ¥¥  ¸¨³¶ÉμÉ¨± ³¨ (28) ¨ (30) ¨ ¡²¨§±μ¥ ± ´Ê²Õ ¶·¨ ϕ = 0 ¢ ¶·¥¤¥² Ì
ÉμÎ´μ¸É¨ ¨¸¶μ²Ó§μ¢ ´´μ° ¢¥·¸¨¨ ³¥Éμ¤  ‚Š	. �Éμ ·¥Ï¥´¨¥ Ë¨§¨Î¥¸±¨ μ¸μ¡μ ¨´É¥·¥¸´μ,
¶μÉμ³Ê ÎÉμ ¶·¨ p2 → −∞ μ´μ Ô±¸¶μ´¥´Í¨ ²Ó´μ Ê¡Ò¢ ¥É ¢ § ¶·¥Ð¥´´μ° μ¡² ¸É¨ ¨,
¡Ò¸É·μ μ¸Í¨²²¨·ÊÖ, ²μ± ²¨§Ê¥É¸Ö ¢ ¡¥¸±μ´¥Î´μ ³ ²μ° ¶μ²Êμ±·¥¸É´μ¸É¨ ϕb < ϕ < π/2
ÉμÎ±¨ ϕ = π/2.
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ˆ§-§  μ¸Í¨²²ÖÍ¨° ¢¡²¨§¨ ÉμÎ±¨ ϕ = π/2 ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ |Φ|2, ±·μ³¥ £² ¢´μ£μ
³ ±¸¨³Ê³ , ¨³¥¥É ¸¶· ¢  μÉ ´¥£μ ¡¥¸±μ´¥Î´μ ³´μ£μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ ϕ → π/2 ³ ±¸¨-
³Ê³μ¢. �μ²μ¦¥´¨¥ £² ¢´μ£μ ³ ±¸¨³Ê³  ϕ0 ¸³¥Ð ¥É¸Ö ¶·¨ p2 → −∞ ± ÉμÎ±¥ ϕ = π/2,
¨ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ²μ± ²¨§Ê¥É¸Ö ¢¡²¨§¨ ÔÉμ° ÉμÎ±¨. ‹μ± ²¨§ Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μ-
ÖÉ´μ¸É¨ μ§´ Î ¥É ±μ²² ¶¸, É. ¥. ¶ ¤¥´¨¥ ¨²¨ ¸ÉÖ£¨¢ ´¨¥ Î ¸É¨ÍÒ ¢ ÉμÎ±Ê ϕ = π/2 ¶·¨
p2 = −∞. Šμ²² ¶¸ Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ ¸μ¸ÉμÖ´¨¥³, É ± ± ± ¢ ´¥³ Ô´¥·£¨Ö ¸¢Ö§¨ (−p2) Î -
¸É¨ÍÒ ¡¥¸±μ´¥Î´μ ¢¥²¨±  ¨ ¶μÔÉμ³Ê ¸·¥¤´¥¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í¥° ¨ ¸¨´£Ê²Ö·´μ°
ÉμÎ±μ° ϕ = π/2 ¶μ²Ö c (secϕ)2 ¡¥¸±μ´¥Î´μ ³ ²μ. �¨¸. 1 ¨²²Õ¸É·¨·Ê¥É ±μ²² ¶¸ ¢ ¸²ÊÎ ¥
c = −25/4 < −1/4.

�¨¸. 1. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ Φ(ϕ; p2), ¢ÒÎ¨¸²¥´´Ò¥ ¶μ Ëμ·³Ê² ³ (27), (29) ¨ ´μ·³¨·μ¢ ´´Ò¥
Ê¸²μ¢¨¥³ (4) (a), ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ |Φ(ϕ; p2)|2 (¡) ¶·¨ c = −25/4 ¨

§´ Î¥´¨ÖÌ Ô´¥·£¨¨ p2, Ê± § ´´ÒÌ Í¨Ë· ³¨ ´ ¤ ±·¨¢Ò³¨

3. �‘ˆŒ�’�’ˆŠ� ‚�‹��‚�‰ ”“�Š–ˆˆ
‚ ��…„…‹… ��‹œ˜�‰ �� Œ�„“‹	 
�…�ƒˆˆ

�£· ´¨Î¨³¸Ö  ´ ²¨§μ³ Ë¨§¨Î¥¸±¨ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´μ£μ ¸²ÊÎ Ö ¶·¨ÉÖ£¨¢ ÕÐ¥£μ (c <
0) ¶μ²Ö (1), ±μ£¤  ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ Ô´¥·£¨¨ p2 ¨³¥¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ Ö, ¶·¨Î¥³
¥¤¨´¸É¢¥´´ Ö, ¢μ²´μ¢ Ö ËÊ´±Í¨Ö (10). ‚Ò¢¥¤¥³ ¤²Ö É ±μ° ËÊ´±Í¨¨ ¡μ²¥¥ ¶·μ¸Éμ¥  ¸¨³-
¶ÉμÉ¨Î¥¸±μ¥ ¶·¨ p2 → ±∞ ¶·¥¤¸É ¢²¥´¨¥, Î¥³ ¨¸¸²¥¤μ¢ ´´μ¥ ¢ÒÏ¥ ‚Š	-¶·¨¡²¨¦¥´¨¥.

Š ± ¶μ± § ´μ ¢ [10], ´μ·³¨·μ¢ ´´ Ö Ê¸²μ¢¨¥³ (4) ¢μ²´μ¢ Ö ËÊ´±Í¨Ö (10), ´μ Éμ²Ó±μ
´  ¶μ¤³´μ¦¥¸É¢¥ [0, ϕb], ∀ϕb < π/2, ¢¸¥£μ μÉ·¥§±  [0, π/2] ¨§³¥´¥´¨Ö ¥¥  ·£Ê³¥´É , ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê

Φ(ϕ; p2) = Φ<(ϕ; p2) [1 + O(|p|−1)],

Φ<(ϕ; p2) ≡
{

(2/
√

π) sin pϕ, p2 → +∞,

2|p| exp [−|p|(π/2 − ϕ)], p2 → −∞,
ϕ ∈ [0, π/2).

(31)

�¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³μ¥ ¶·μ¤μ²¦¥´¨¥ ÔÉμ°  ¸¨³¶ÉμÉ¨±¨ ´  μ¸É ¢Ï¨°¸Ö μÉ·¥§μ±
[ϕb, π/2] Å ¸Ê³³  Φ> = AΦ+ + B Φ−, ±μÔËË¨Í¨¥´ÉÒ ±μÉμ·μ° A ¨ B Ê¤μ¢²¥É¢μ·ÖÕÉ
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¸¨¸É¥³¥ ¤¢ÊÌ (n = 0, 1) Ê· ¢´¥´¨°:

∂n
ϕ

[
Φ<(ϕ; p2) − Φ>(ϕ; p2)

]
= 0, n = 0, 1, ϕ = ϕb. (32)

�É  ¸¨¸É¥³  ¸μ£² ¸´μ ¶·¨´ÖÉμ° ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [1] É¥·³¨´μ²μ£¨¨ μ¡ÒÎ´μ ´ §Ò¢ -
¥É¸Ö Ê¸²μ¢¨Ö³¨ ®¸Ï¨¢±¨¯ ¢ ÉμÎ±¥ ϕ = ϕb ¨²¨ Ê¸²μ¢¨¥³ ´¥¶·¥·Ò¢´μ¸É¨ ²μ£ ·¨Ë³¨Î¥¸±μ°
¶·μ¨§¢μ¤´μ° (∂ϕΦ) ¨¸±μ³μ° ËÊ´±Í¨¨ Φ ¢ ÔÉμ° ¦¥ ÉμÎ±¥. …¸²¨ ¤²Ö ËÊ´±Í¨° Φ± ¨¸¶μ²Ó-
§μ¢ ÉÓ ¨Ì ÉμÎ´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (14), Éμ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ A ¨ B ¶μ²ÊÎ É¸Ö Ö¢´Ò¥, ´μ
´¥ ¸Éμ²Ó ¶·μ¸ÉÒ¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢Ò· ¦¥´¨Ö Î¥·¥§ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ·Ö¤Ò
ƒ Ê¸¸ .

—Éμ¡Ò ¢Ò· §¨ÉÓ ±μÔËË¨Í¨¥´ÉÒ A ¨ B Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨, ¶μ¸ÉÊ¶¨³ ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³. ‘´ Î ²  ¢Ò¡¥·¥³ ÉμÎ±Ê ϕb ´ ¸Éμ²Ó±μ ¡²¨§±μ° ± ÉμÎ±¥ ϕ = π/2, ÎÉμ¡Ò ´ 
μÉ·¥§±¥ [ϕb, π/2] ËÊ´±Í¨¨ Φ± ³μ¦´μ ¡Ò²μ ¡Ò  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ¸É ·Ï¨³¨ ¸² £ ¥³Ò³¨
¨Ì  ¸¨³¶ÉμÉ¨± (6) ¶·¨ ϕ → π/2 ¸ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ O(|p|−1) ¶·¨ |p| → ∞.
‡ É¥³, ¨¸¶μ²Ó§ÊÖ É ±μ¥ ¶·¨¡²¨¦¥´¨¥, ´ °¤¥³ A ¨ B ¨§ Ê¸²μ¢¨° ®¸Ï¨¢±¨¯ ¨ ¢Ò¶¨Ï¥³
¶μ²ÊÎ¨¢Ï¨¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö ¨¸±μ³μ°  ¸¨³¶ÉμÉ¨±¨ Φ> ËÊ´±Í¨¨ Φ ´  μÉ·¥§±¥ [ϕb, π/2].

„²Ö ·¥ ²¨§ Í¨¨ ´ ³¥Î¥´´μ£μ ¶² ´  ¶μ²μ¦¨³

s ≡ π/2 − ϕ, sb ≡ π/2 − ϕb = g|p|−3/2,

£¤¥ g Å ´¥±μÉμ· Ö ´¥´Ê²¥¢ Ö ¤¥°¸É¢¨É¥²Ó´ Ö ±μ´¸É ´É . ’μ£¤  ¸μ£² ¸´μ (14) ¶·¨ s < sb,
É. ¥. ¶·¨ ϕ > ϕb = π/2 − g|p|−3/2, ¡Ê¤ÊÉ ¢¥·´Ò ¨¸±μ³Ò¥  ¶¶·μ±¸¨³ Í¨¨

Φ±(ϕ; p2) = s1/2±ν [ 1 + O(|sp|2) ] = s1/2±ν
[
1 + O(|p|−1)

]
,

   ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ Φ = Φ> ´  μÉ·¥§±¥ [ϕb, π/2] ¶·¨ p2 → ±∞ ¶·¥¤¸É ¢ÖÉ¸Ö ¤μ-
¢μ²Ó´μ ¶·μ¸ÉÒ³¨ Ëμ·³Ê² ³¨. �·¨¢¥¤¥³ ¨Ì.

…¸²¨ p2 → ∞, Éμ ¶·¨ c ∈ (−1/4, 0)

Φ>(ϕ; p2) = − sin pϕb

2ν
√

π

(
s

sb

)1/2+ν
{

[1 − 2ν + χb] − [1 + 2ν + χb]
(

s

sb

)−2ν
}

,

¶·¨ c = −1/4

Φ>(ϕ; p2) =
sin pϕb√

π

(
s

sb

)1/2 [
2 − (1 + χb/2) ln

(
s

sb

) ]
,

  ¶·¨ c < −1/4

Φ>(ϕ; p2) = − 2 sin pϕb√
π sin τb

(
s

sb

)1/2

sin
[
|ν| ln

(
s

sb

)
− arctg τb

]
,

£¤¥ χb ≡ 2psb ctg p sb ¨ τb ≡ 2|ν|/(1 + χb).
…¸²¨ ¦¥ p2 → −∞, Éμ ¶·¨ c ∈ (−1/4, 0)

Φ>(ϕ; p2) = −|p|
2ν

exp (−|p|ϕb)
(

s

sb

)1/2+ν
{

[1 − 2ν + χb] − [1 + 2ν + χb]
(

s

sb

)−2ν
}

,
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¢ ¸²ÊÎ ¥ c = −1/4

Φ>(ϕ; p2) = |p| exp (−|p|ϕb)
(

s

sb

)1/2 [
2 − (1 + χb/2) ln

(
s

sb

) ]
,

¨, ´ ±μ´¥Í, ¶·¨ c < −1/4

Φ>(ϕ; p2) = −2|p| exp (−|p|ϕb)
sin τb

(
s

sb

)1/2

sin
[
|ν| ln

(
s

sb

)
− arctg τb

]
,

£¤¥ χb ≡ 2|p|sb ¨ τb ≡ 2|ν|/(1 + χb).

4. ”“�œ…-��‡‹�†…�ˆ… ‚�‹��‚�‰ ”“�Š–ˆˆ

ˆ³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.
’¥μ·¥³  2. ‹Õ¡μ¥ ·¥Ï¥´¨¥ Φ § ¤ Î¨ (1)Ä(3) ¶·¨ c = b(b+1) ¨ Î¥É´μ³ b ¶·¥¤¸É ¢¨³μ

±μ´¥Î´Ò³ (N < ∞) ·Ö¤μ³ ”Ê·Ó¥ ¸ ±μÔËË¨Í¨¥´É ³¨ Xn:

Φ(ϕ; p2) =
N∑

n=1

α(n, p2)Xn sin 2nϕ, α(n, p2) ≡
{

1, p2 �= 4n2,

(n2 − p2/4)−1, p2 = 4n2,
(33)

  ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ Å ¡¥¸±μ´¥Î´Ò³ (N = ∞).
�·¨¸ÉÊ¶¨³ ± ¤μ± § É¥²Ó¸É¢Ê. �μ É¥μ·¥³¥ 1 ËÊ´±Í¨Ö Φ, Ê¤μ¢²¥É¢μ·ÖÕÐ Ö § ¤ Î¥

(1)Ä(3), ´¥¶·¥·Ò¢´  ´  μÉ·¥§±¥ [0, π/2] ¨, ¸²¥¤μ¢ É¥²Ó´μ ¶·¥¤¸É ¢¨³  ´  ÔÉμ³ μÉ·¥§±¥
·Ö¤μ³ (33).

�Ê¸ÉÓ c = b(b + 1), £¤¥ b = 2k,   k Å ¢Ò¡· ´´μ¥ Í¥²μ¥ Î¨¸²μ. ’μ£¤  ¶μ É¥μ·¥³¥
1 § ¤ Î  (1)Ä(3) ¶·¨ ± ¦¤μ³ n = 1, 2, . . . ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥
p2 = p2

n = (2n + b)2 = 4m2, £¤¥ m Å Í¥²μ¥, ¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¥³Ê ¸μ¡¸É¢¥´´ÊÕ
ËÊ´±Í¨Õ Φ(ϕ; p2 = 4m2), ¢Ò· ¦ ÕÐÊÕ¸Ö Î¥·¥§ ¶μ²¨´μ³ Ÿ±μ¡¨ ¸ ¶μ²ÊÍ¥²Ò³¨ ¢¥·Ì´¨³¨
¨´¤¥±¸ ³¨:

Φ(ϕ; p2 = 4m2) = sin ϕ (cosϕ)b+1 P
(1/2,b+1/2)
m−b/2−1 (cos 2ϕ).

‡ ³¥´¨¢ ÔÉμÉ ¶μ²¨´μ³ ¨§¢¥¸É´μ° ±μ´¥Î´μ° ¸Ê³³μ° [11] ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ ¥£μ  ·£Ê³¥´É 
cos 2ϕ, ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ Φ(ϕ; p2 = 4m2) Å ±μ´¥Î´ Ö (N = m − 1 < ∞) ¸Ê³³ 
”Ê·Ó¥ (33):

Φ(ϕ; p2 = 4m2) =
m−1∑
n=1

Xn

n2 − m2
sin 2nϕ + Xm sin 2mϕ. (34)

�Ê¸ÉÓ É¥¶¥·Ó c �= b(b + 1), £¤¥ b = 0, 2, 4, . . . ’μ£¤  ¶·¥¤¶μ²μ¦¨³, ÎÉμ · §²μ¦¥´¨¥
(33) ËÊ´±Í¨¨ Φ Å ±μ´¥Î´ Ö (N < ∞) ¸Ê³³ . „¨ËË¥·¥´Í¨·ÊÖ ¥¥, ¨³¥¥³ |∂2n

ϕ Φ| = 0
¶·¨ ϕ = π/2 ¨ ²Õ¡μ³ n = 0, 1, . . . ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§  ¸¨³¶ÉμÉ¨± (9) ¨²¨ (11), (12)
¸²¥¤Ê¥É, ÎÉμ |∂2n

ϕ Φ(ϕ; p2)| = ∞, ϕ = π/2, ¢ ¸²ÊÎ ¥ c � 0 ¨ 2n > ν + 1/2 ¨²¨ ¢ ¸²ÊÎ ¥
c < 0 ¨ n � 1. �μ²ÊÎ¥´´μ¥ ¶·μÉ¨¢μ·¥Î¨¥ § ¢¥·Ï ¥É ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò.

�Ê¸ÉÓ c ¨ p2 § ¤ ´Ò ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° 1, É. ¥. ¶·¨ É ±¨Ì c ¨ p2 ·¥Ï¥´¨¥ Φ
¸ÊÐ¥¸É¢Ê¥É. ’μ£¤  ¶μ É¥μ·¥³¥ 1 μ´μ ¥¤¨´¸É¢¥´´μ¥,   ¶μ É¥μ·¥³¥ 2 ¶·¥¤¸É ¢¨³μ ·Ö¤μ³
”Ê·Ó¥ (33). ‚Ò¢¥¤¥³ ¸ ³Ò¥ ¶·μ¸ÉÒ¥ Ê· ¢´¥´¨Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ Xn,
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n = 1, 2, . . . , ÔÉμ£μ ·Ö¤  ¨ μ¶¨Ï¥³ μ¶É¨³ ²Ó´ÊÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ·¥Ï¥´¨Ö É ±¨Ì
Ê· ¢´¥´¨° ¢ É·¥Ì ¢μ§³μ¦´ÒÌ ¸²ÊÎ ÖÌ. Š²ÕÎ¥¢Ò³¨ ¤²Ö ¢Ò¢μ¤  ¡Ê¤ÊÉ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥
(2), Ê³´μ¦¥´´μ¥ ´  (cosϕ)2, É. ¥. Ê· ¢´¥´¨¥[

(cos ϕ)2
(
∂2

ϕ + p2
)
− c

]
Φ(ϕ; p2) = 0, (35)

¨ ¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ²Õ¡ÒÌ ϕ ¨ Í¥²ÒÌ n É·¨£μ´μ³¥É·¨Î¥¸±¨¥ Éμ¦¤¥¸É¢ 

4 (cosϕ)2 sin 2nϕ = sin 2(n − 1)ϕ + 2 sin 2nϕ + sin 2(n + 1)ϕ. (36)

‘²ÊÎ ° c = b(b + 1), b = 0, 2, . . . , p2 = 4m2 = (2n + b)2. �μ É¥μ·¥³¥ 2 ¢ ÔÉμ³ ¸²ÊÎ ¥
Φ Å ±μ´¥Î´ Ö ¸Ê³³  (34). ‡ ³¥´¨³ Φ ¢ Ê· ¢´¥´¨¨ (35) ÔÉμ° ¸Ê³³μ°. ˆ¸¶μ²Ó§ÊÖ Éμ-
¦¤¥¸É¢  (36), ¸¶·μ¥±É¨·Ê¥³ ¶μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ ´  ¢¸¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ sin 2nϕ,
n = 1, 2, . . . ‚Ò¢¥¤¥´´Ò¥ É ±¨³ μ¡· §μ³ ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´-
Éμ¢ Xn, n = 1, 2, . . . , m, ¶·¥¤¸É ¢¨³ ¸μ¢μ±Ê¶´μ¸ÉÓÕ μ¤´μ·μ¤´μ£μ ³ É·¨Î´μ£μ Ê· ¢´¥´¨Ö
AX = 0 ¤²Ö ¸Éμ²¡Í  X ≡ (X1, X2, . . . , Xm−1)T ¨ · ¢¥´¸É¢  Xm = −Xm−1/(4), μ¶·¥-
¤¥²ÖÕÐ¥£μ ±μÔËË¨Í¨¥´É Xm Î¥·¥§ ±μÔËË¨Í¨¥´É Xm−1. ’ ± ± ± ³ É·¨Í  A É·¥Ì¤¨ £μ-
´ ²Ó´ Ö,   ¢¸¥ ¥¥ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ô²¥³¥´É ·´Ò³ Ëμ·³Ê² ³

An,n±1 = 1, Ann = 2 + c/(n2 − p2/4), n = 1, 2, . . . , (37)

Éμ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ X2, . . . , Xm−1,   § É¥³ ¨ Xm ³μ¦´μ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨ μ¤´μ§´ Î´μ
¢Ò· §¨ÉÓ Î¥·¥§ μ¤¨´ ±μÔËË¨Í¨¥´É X1, ±μÉμ·Ò° ¤²Ö Ê¶·μÐ¥´¨Ö ¢ÒÎ¨¸²¥´¨° Ê¤μ¡´μ ¶·¨-
´ÖÉÓ · ¢´Ò³ ¥¤¨´¨Í¥.

‘²ÊÎ ° c �= b(b + 1), p2 �= 4m2, £¤¥ b = 0, 2, 4, . . . ,   m = 1, 2, . . . �μ É¥μ·¥³¥
2 ¨¸±μ³Ò° ·Ö¤ (33) ¡¥¸±μ´¥Î´Ò° (N = ∞). “· ¢´¥´¨¥ (35) É¥³ ¦¥ ¸¶μ¸μ¡μ³, ÎÉμ ¨ ¢
· ¸¸³μÉ·¥´´μ³ ¢ÒÏ¥ ¸²ÊÎ ¥, ¸¢¥¤¥³ ± μ¤´μ³Ê ³ É·¨Î´μ³Ê Ê· ¢´¥´¨Õ AX = 0, ´μ É¥¶¥·Ó
¤²Ö ¡¥¸±μ´¥Î´μ£μ ¸Éμ²¡Í  X = (X1, X2, . . .)T . ‚ ÔÉμ³ Ê· ¢´¥´¨¨ A Å É·¥Ì¤¨ £μ´ ²Ó´ Ö
³ É·¨Í  ¸ ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨ (37). �μÔÉμ³Ê ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ Xn ¸ n � 2 ³μ¦´μ
¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò· §¨ÉÓ Î¥·¥§ μ¤¨´ ±μÔËË¨Í¨¥´É X1.

‘²ÊÎ ° c < 0, p2 = 4m2, £¤¥ m = 1, 2, . . . �μ É¥μ·¥³¥ 2 ¨¸±μ³Ò° ·Ö¤ (33) Å
¡¥¸±μ´¥Î´Ò° (N = ∞). �μÔÉμ³Ê, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ³ É·¨Î´Ò°  ´ ²μ£ Ê· ¢´¥-
´¨Ö (35) Å Ê· ¢´¥´¨¥ AX = 0 ¤²Ö ¡¥¸±μ´¥Î´μ£μ ¸Éμ²¡Í  X = (X1, X2, . . .)T , ´μ É¥¶¥·Ó
¨§-§  · ¢¥´¸É¢  p2 = 4m2 Ô²¥³¥´ÉÒ Am±1,m ³ É·¨ÍÒ A · ¢´Ò ´Ê²Õ. �μÔÉμ³Ê Ê· ¢´¥´¨¥
AX = 0 · ¸Ð¥¶²Ö¥É¸Ö ´  ¤¢  ³ É·¨Î´ÒÌ Ê· ¢´¥´¨Ö A−X− = 0 ¨ A+X+ = 0 ¤²Ö ±μ´¥Î-
´μ£μ ¨ ¡¥¸±μ´¥Î´μ£μ ¸Éμ²¡Íμ¢ X− = (X1, . . . , Xm−1)T ¨ X+ = (Xm+1, Xm+2, . . .)T ¨
¸μμÉ´μÏ¥´¨¥ Xm+1 = −4cXm−Xm−1. �²¥³¥´ÉÒ É·¥Ì¤¨ £μ´ ²Ó´ÒÌ ³ É·¨Í A± ¸¢Ö§ ´Ò
¸ Ô²¥³¥´É ³¨ (37) ³ É·¨ÍÒ A Ëμ·³Ê² ³¨ A−

nn′ = Ann′ , n � m ¨ A+
n−m,n′−m = Ann′ ,

n � m + 1, ¢ ±μÉμ·ÒÌ n′ = n, n ± 1. ‚¸¥ ±μÔËË¨Í¨¥´ÉÒ Xn, n = 2, 3, . . . , m − 1, ¢
Éμ³ Î¨¸²¥ ¨ ±μÔËË¨Í¨¥´É Xm−1, ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò· ¦ ÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö A−X− = 0
Î¥·¥§ μ¤¨´ § ¤ ´´Ò° ±μÔËË¨Í¨¥´É X1. ‡ É¥³ ±μÔËË¨Í¨¥´É Xm ¸Î¨É ¥É¸Ö ¨§¢¥¸É´Ò³ ¨
Éμ²Ó±μ ¶μÉμ³ ±μÔËË¨Í¨¥´É Xm+1 μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³ Xm+1 = −(Xm−1 + 4c Xm).
„ ²¥¥ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ Xn ¸ n > m + 1 ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò· ¦ ÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö
A+X+ = 0 Î¥·¥§ ±μÔËË¨Í¨¥´É Xm+1.

Š ± ¡Ò²μ ¶μ± § ´μ, ¥¸²¨ c ¨ p2 § ¤ ´Ò, Éμ §  ¨¸±²ÕÎ¥´¨¥³ ¶μ¸²¥¤´¥£μ ¨ μ¸μ¡μ£μ
¸²ÊÎ Ö (c < 0, p2 = 4m2) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ËÊ·Ó¥-· §²μ¦¥´¨Ö (33) ¢μ²´μ¢μ° ËÊ´±Í¨¨
Φ μ¤´μ§´ Î´μ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μÔËË¨Í¨¥´É X1,   ¢ ÔÉμ³ μ¸μ¡μ³ ¸²ÊÎ ¥ Å Î¥·¥§
±μÔËË¨Í¨¥´ÉÒ X1 ¨ Xm.
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�Ê¸ÉÓ É¥¶¥·Ó § ¤ ´μ ´¥±μÉμ·μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  c ¨ É·¥¡Ê¥É¸Ö
´ °É¨ ¶·¨¡²¨¦¥´´μ¥ §´ Î¥´¨¥ p̃2

n(c) ¸μ¡¸É¢¥´´μ£μ Î¨¸²  p2
n(c) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¨-

¡²¨¦¥´¨¥ Φ̃(ϕ; p̃2
n) ÉμÎ´μ° ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ Φ(ϕ; p2

n). � ¸¸³μÉ·¨³ ´ ¨¡μ²¥¥ μ¡Ð¨°
¸²ÊÎ ° c �= b(b+1), b = 0, 2, 4 . . . , ±μ£¤  ¨¸±μ³ Ö ËÊ´±Í¨Ö Φ ¶·¥¤¸É ¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´Ò³
(N = ∞) ·Ö¤μ³ ”Ê·Ó¥ (33). …¥ ¶·¨¡²¨¦¥´¨¥ Φ̃ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ±μ´¥Î´μ° ¸Ê³³Ò

Φ̃ =
N∑

n=1

X̃n

n2 − p2/4
sin 2nϕ, N < ∞. (38)

‡ ³¥´¨³ ËÊ´±Í¨Õ Φ ÔÉμ° ¸Ê³³μ° ¢ Ê· ¢´¥´¨¨ (35). �μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¸¢¥¤¥³ ±
³ É·¨Î´μ³Ê ¨ μ¤´μ·μ¤´μ³Ê Ê· ¢´¥´¨Õ AX̃ = 0, ¢ ±μÉμ·μ³ A Å É·¥Ì¤¨ £μ´ ²Ó´ Ö
³ É·¨Í  ¸ § ¢¨¸ÖÐ¨³¨ μÉ p2 ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨ (37),   X̃ ≡ (X̃1, X̃2, . . . , X̃N )T Å
¸Éμ²¡¥Í ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢. ˆ¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ AX̃ = 0 ¨³¥¥É ´¥É·¨¢¨ ²Ó´μ¥
·¥Ï¥´¨¥ X̃ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  p2 Å ´Ê²Ó p̃2

k ¤¥É¥·³¨´ ´É  (detA) ³ É·¨ÍÒ A.
’ ± ± ± A Å ³ É·¨Í  Ÿ±μ¡¨ [14], Éμ ¢¸¥ É ±¨¥ ´Ê²¨ p̃2

k, k = 1, 2, . . . , N , ¶·μ¸ÉÒ¥,
¨ ± ¦¤μ³Ê ¨§ ´¨Ì μÉ¢¥Î eÉ Éμ²Ó±μ μ¤¨´ ¢¥±Éμ·-¸Éμ²¡¥Í X̃k. �μÔÉμ³Ê, ¶μ¤¸É ¢¨¢ ¢
Ê· ¢´¥´¨¥ AX̃ = 0 ¢³¥¸Éμ p2 ´ °¤¥´´μ¥ §´ Î¥´¨¥ p̃2

k ´Ê²Ö ¤¥É¥·³¨´ ´É  detA ¨ ¶μ²μ¦¨¢
X̃1 = 1, ³μ¦´μ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨ μ¤´μ§´ Î´μ ¢ÒÎ¨¸²¨ÉÓ ¢¸¥ μ¸É ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ
X̃n, n � 2,   § É¥³, ¨¸¶μ²Ó§ÊÖ ÔÉ¨ §´ Î¥´¨Ö, ´ °É¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¶·¨¡²¨¦¥´´ÊÕ
ËÊ´±Í¨Õ Φ̃(ϕ; p̃2

k) ± ± ¸Ê³³Ê (38), ¢ ±μÉμ·μ° p2 = p̃2
k.

„²Ö ¶·¨³¥· , ¶μ¤É¢¥·¦¤ ÕÐ¥£μ ¸Ìμ¤¨³μ¸ÉÓ μ¶¨¸ ´´μ£μ ¸¶μ¸μ¡ , ¸´ Î ²  ± ± ´Ê²Ó
¤¥É¥·³¨´ ´É  detA μ¶·¥¤¥²Ö²μ¸Ó ¶·¨¡²¨¦¥´¨¥ p̃2

1(c) ¶¥·¢μ£μ ÉμÎ´μ£μ ¸μ¡¸É¢¥´´μ£μ §´ -
Î¥´¨Ö p2

1(c) = (3/2 + ν)2 ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  c ¨ ¢¥·Ì´¥£μ ¨´¤¥±¸  N
¸Ê³³Ò (38),   § É¥³ ¢ÒÎ¨¸²Ö² ¸Ó ´ ¨¡μ²¥¥ Ê¤μ¡´ Ö ¤²Ö £· Ë¨Î¥¸±μ° ¨²²Õ¸É· Í¨¨ Ì · ±-
É¥·¨¸É¨±  χ(p2

1(c), N) μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸É¨ ¶·¨¡²¨¦¥´¨Ö p2
1(c) ≈ p̃2

1(c), μ¶·¥¤¥²¥´´ Ö
± ± ËÊ´±Í¨Ö Í¥²μ£μ  ·£Ê³¥´É  N ¨ ¶ · ³¥É·  c:

χ(p2
1(c), N) ≡ log

∣∣p̃2
1(c)/p2

1(c) − 1
∣∣ . (39)

�¨¸. 2. „¥¸ÖÉ¨Î´Ò° ²μ£ ·¨Ë³ (39) μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ p2
1(c) ≈ p̃2

1(c) ¸μ¡-
¸É¢¥´´μ£μ §´ Î¥´¨Ö p2

1(c) ± ± ËÊ´±Í¨Ö ¢¥·Ì´¥£μ ¨´¤¥±¸  N ¸Ê³³Ò (38) ¶·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É· 

c, Ê± § ´´ÒÌ Í¨Ë· ³¨ Ê ±·¨¢ÒÌ
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ƒ· Ë¨±¨ ÔÉμ° ËÊ´±Í¨¨ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  c ¨§μ¡· ¦¥´Ò ´  ·¨¸. 2. Š ±
¢¨¤´μ, μÉ´μ¸¨É¥²Ó´ Ö ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö p2

1(c) ≈ p̃2
1(c) ¡Ò¸É·μ Ê²ÊÎÏ ¥É¸Ö ¸ ·μ¸Éμ³

c ¨ N .

5. ‘‹“—�‰ ®���…‡����ƒ�¯ ��‹Ÿ

‚ ¨¸¸²¥¤Ê¥³μ° § ¤ Î¥ (1)Ä(3) μ¡ Ô´¥·£¥É¨Î¥¸±μ³ ¸¶¥±É·¥ {p2(c)} Î ¸É¨ÍÒ ¢ ¶μ²¥
c (secϕ)2 § ³¥´¨³ ÔÉμ ¶μ²¥ ®μ¡·¥§ ´´Ò³¯ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ ϕ = ϕb, ¡²¨§±μ° ± ÉμÎ±¥
ϕ = π/2, ¶μ²¥³ Θ(ϕb−ϕ) c (sec ϕ)2. �μ¸²¥¤´¥¥ ¨§ É·¥Ì Ê¸²μ¢¨° (3) μ¸² ¡¨³, ´μ Éμ²Ó±μ ¢
ÉμÎ±¥ ϕ = ϕb: ¢ ÔÉμ° ÉμÎ±¥ ¶¥·¢ Ö ¶·μ¨§¢μ¤´ Ö ¨¸±μ³μ° ËÊ´±Í¨¨ Φ(ϕ; p2(c; ϕb)) ¤μ²¦´ 
¡ÒÉÓ ´¥¶·¥·Ò¢´μ°,   ¢Éμ· Ö ³μ¦¥É ¨³¥ÉÓ · §·Ò¢ ¶¥·¢μ£μ ·μ¤ . ˆ¸¸²¥¤Ê¥³ § ¢¨¸¨³μ¸ÉÓ
¤¥°¸É¢¨É¥²Ó´μ£μ ¸¶¥±É·  {p2(c; ϕb)} ¸Ëμ·³Ê²¨·μ¢ ´´μ° § ¤ Î¨ μÉ  ·£Ê³¥´É  c ¨ ¶ · ³¥-
É·  ϕb ¶·¨ ϕb → π/2, ±μ£¤  ®μ¡·¥§ ´´μ¥¯ ¶μ²¥ ¸Ìμ¤¨É¸Ö ± ¨¸Ìμ¤´μ³Ê. „²Ö ¸μ±· Ð¥´¨Ö
§ ¶¨¸¨ ¶μ² £ ¥³ s ≡ π/2 − ϕ ¨ sb ≡ π/2 − ϕb. �·¨ ϕ > ϕb, É. ¥. ¶·¨ s � sb, ¨¸¶μ²Ó§Ê¥³
ÉμÎ´μ¥ ·¥Ï¥´¨¥ Φ = Φ> ≡ sin ps/p, ´¥¶·¥·Ò¢´μ¥ ¶μ p ¢ ÉμÎ±¥ p = 0 ¨ · ¢´μ¥ s ¶·¨
p = 0 ¨ sh |p|s/|p| ¶·¨ p2 < 0, ±μ£¤  p = i|p|. �·¨ ϕ � ϕb, É. ¥. ¶·¨ s � sb, ·¥Ï¥´¨¥
Φ ¡Ê¤¥³ ¨¸± ÉÓ ¢ μ¡Ð¥³ ¢¨¤¥ Φ = Φ< ≡ AΦ+ − BΦ−. �·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ s ¨ sb ¨
μ£· ´¨Î¥´´μ³ |p|, ¨¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (6) ¨ Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (14) ËÊ´±Í¨° Φ±,
¶·¥¤¸É ¢¨³ ¨¸±μ³ÊÕ ËÊ´±Í¨Õ Φ< ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¢¨¤¥

Φ<(ϕ; p2) = s1/2
[
1 + O((sp)2)

] {
(Asν − Bs−ν), c �= −1/4,
(A − B ln s), c = −1/4.

(40)

‘´ Î ²  ¨§ Ê¸²μ¢¨° ®¸Ï¨¢±¨¯ (32) μ¶·¥¤¥²¨³ μÉ´μÏ¥´¨¥ α = B/A ¨ ±μÔËË¨Í¨¥´ÉÒ A ¨
B ± ± ËÊ´±Í¨¨  ·£Ê³¥´É  p2 ¨ ¶ · ³¥É·  ϕb. ‡ É¥³ ´ °¤¥³ É¥ §´ Î¥´¨Ö p2, ¶·¨ ±μÉμ·ÒÌ
ËÊ´±Í¨Ö Φ = Φ< Ê¤μ¢²¥É¢μ·Ö¥É ¶¥·¢μ³Ê ¨§ É·¥Ì Ê¸²μ¢¨° (3), É. ¥. μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨
ϕ = 0.

�Ê¸ÉÓ ϕb → π/2, ´μ |p| < ∞. ’μ£¤  sb → 0, |p|sb → 0 ¨ ¶μÔÉμ³Ê ¨¸±μ³ÊÕ ËÊ´±Í¨Õ
Φ< ³μ¦´μ § ³¥´¨ÉÓ ¢ Ê¸²μ¢¨ÖÌ ®¸Ï¨¢±¨¯ (32) ¥¥  ¸¨³¶ÉμÉ¨±μ° (40). � §·¥Ï¨¢ ¶μ²ÊÎ¥´-
´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ É ±μ° § ³¥´Ò Ê· ¢´¥´¨Ö μÉ´μ¸¨É¥²Ó´μ A ¨ B ¨ ¶μ²μ¦¨¢ ¤²Ö ±· É±μ¸É¨
§ ¶¨¸¨ χb ≡ 2psb ctg psb, ´ Ìμ¤¨³

α ∼ χb − 1 − 2ν

χb + 2ν − 1
s2ν

b , c �= −1/4; α ∼ 1 − χb

2 + (1 − χb) ln sb
, c = −1/4. (41)

� ¸¸³μÉ·¨³ ¤¢  ¢μ§³μ¦´ÒÌ ¸²ÊÎ Ö.
‘²ÊÎ ° c � −1/4, ν � 0. ˆ§ (41) ¸²¥¤Ê¥É, ÎÉμ α = B/A → 0 ¶·¨ sb → 0, É. ¥.

¶·¨ ϕb → π/2. �μÔÉμ³Ê ËÊ´±Í¨Ö Φ< ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ [0, π/2] ¨ p2 ± ËÊ´-
¤ ³¥´É ²Ó´μ³Ê ·¥Ï¥´¨Õ AΦ+, ±μÉμ·μ¥ · ¢´μ ´Ê²Õ ¢ ÉμÎ±¥ ϕ = 0, Éμ²Ó±μ ¥¸²¨ p2 Å
±μ·¥´Ó Ê· ¢´¥´¨Ö Φ+(0; p2) = 0. Š ± ¨§¢¥¸É´μ [10], ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É Éμ²Ó±μ ¤¥°-
¸É¢¨É¥²Ó´Ò¥ ±μ·´¨ p2 = p2

n(c), n = 1, 2, . . . , μ¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê² ³¨ (13). ‡´ Î¨É ¶·¨
c � −1/4 ¨ ϕb → π/2 ¸¶¥±É· {p2(c, ϕb)} Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³ ¨ ¸Ìμ¤¨É¸Ö ± ÉμÎ´μ³Ê ¤¨¸-
±·¥É´μ³Ê ¸¶¥±É·Ê {p2

n(c)}∞n=1,   ± ¦¤ Ö ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ<(ϕ; p2
n(c, ϕb)) ¸Ìμ¤¨É¸Ö

± ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ÉμÎ´μ° ËÊ´±Í¨¨ Φ = Φ+(ϕ; p2
n(c)) ´  ¢¸¥³ μÉ·¥§±¥ [0, ϕb]. ‘Éμ¨É

μÉ³¥É¨ÉÓ, ÎÉμ É ±μ° ¶·¥¤¥²Ó´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É· {p2
n, Φ(ϕ, p2

n)}∞n=1 ¢ÒÎ¨¸²Ö¥É¸Ö
¶μ Ëμ·³Ê² ³ (13) ´¥ Éμ²Ó±μ ¶·¨ c > 0, ´μ ¨ ¶·¨ c ∈ [−1/4, 0].
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‘²ÊÎ ° c < −1/4. ’ ± ± ± É¥¶¥·Ó ν = i|ν|, Éμ ¢ ¸¨²Ê (41) μÉ´μÏ¥´¨¥ α = B/A
´¥ ¨³¥¥É μ¶·¥¤¥²¥´´μ£μ ¶·¥¤¥²  ¶·¨ sb → 0, É. ¥. ¶·¨ ϕb → π/2. �μÔÉμ³Ê, ¢ μÉ²¨Î¨¥
μÉ · ¸¸³μÉ·¥´´μ£μ ¢ÒÏ¥ ¸²ÊÎ Ö, ¨¸±μ³ Ö ËÊ´±Í¨Ö Φ< = AΦ+ − BΦ− ¢¸¥£¤  ¸μ¤¥·¦¨É
μ¡  ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨Ö Φ± ¨ ¢ ¸¨²Ê (40) ¨ (41) ¨³¥¥É ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÐÊÕ
 ¸¨³¶ÉμÉ¨±Ê

Φ<(ϕ; p2) =
1
p

sin psb

sin (arctg 2|ν|)

(
s

sb

)1/2

sin (|ν| ln s − δ) [1 + O((s|p|)2)],

δ ≡ |ν| ln sb − arcctg [(χb − 1)/(2|ν|)], ϕ → ϕb − 0 ≈ π/2.

(42)

“¸²μ¢¨¥ Φ<(ϕ = 0; p2) = 0 ¢Ò¶μ²´Ö¥É¸Ö Éμ²Ó±μ, ¥¸²¨

α ≡ B/A = Φ−(0; p2)/Φ+(0; p2) .

‡ ³¥´¨¢ ¢ ÔÉμ³ ¸μμÉ´μÏ¥´¨¨ Φ±(0; p2) ¨ α ¨Ì ¶·¥¤¸É ¢²¥´¨Ö³¨ (15) ¨ (41), ¶μ²ÊÎ¨³
Ê· ¢´¥´¨¥

argΓ(3/4 + i|ν|/2 + p/2) + argΓ(3/4 + i|ν|/2 − p/2)+

+ arcctg [(2psb ctg psb − 1)/(2|ν|)] = |ν| ln sb − arg Γ(1 − i|ν|) + 2πn, (43)

μ¶·¥¤¥²ÖÕÐ¥¥ ´¥Ö¢´Ò³ μ¡· §μ³ p(c; ϕb) ± ± ËÊ´±Í¨Õ  ·£Ê³¥´É  c, ¶ · ³¥É·  ϕb ¨ Í¥²μ£μ
Î¨¸²  n. …¸²¨ ¶·¨ ¤ ´´μ³ n ÔÉμ Ê· ¢´¥´¨¥ · §·¥Ï¨³μ, Éμ ¶μ ¨§¢¥¸É´μ° É¥μ·¥³¥ [15]
μ ´¥Ö¢´ÒÌ ËÊ´±Í¨ÖÌ ¥£μ ·¥Ï¥´¨¥ p ≡ pn(c; sb) ¥¤¨´¸É¢¥´´μ¥ ¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°,
´¥¶·¥·Ò¢´μ° ¶μ c ¨ ϕb. ‚ ¸¨²Ê ¨§¢¥¸É´μ° Ëμ·³Ê²Ò [11]

argΓ(x + iy) =
∞∑

n=0

[y/(x + n) − arctg (y/x) ]

¶·¨ ¤ ´´μ³ c ¨ ϕb → π/2 Î¨¸²μ ¤¥°¸É¢¨É¥²Ó´ÒÌ ·¥Ï¥´¨° (p2
n > 0) ´¥ μ£· ´¨Î¥´μ ¸¢¥·ÌÊ,

´μ Î¨¸²μ Î¨¸Éμ ³´¨³ÒÌ ·¥Ï¥´¨° (p2
n < 0) ¢¸¥£¤  ±μ´¥Î´μ¥, p2

n+1(c; ϕb) > p2
n(c; ϕb),

±¢ ¤· É p2
n(c; ϕb) ± ¦¤μ£μ ·¥Ï¥´¨Ö ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ´Ê²Ó cn(ϕb), ¸Ìμ¤ÖÐ¨°¸Ö ± ÉμÎ±¥

c = −1/4 ¸²¥¢  ¶·¨ ϕb → π/2, ¶μ § ±μ´Ê

cn(ϕb) ≈ −1
4

+
2πn

ln (π/2 − ϕb)
, ϕb → π/2.

�¨¸. 3. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢ ®μ¡·¥§ ´´μ³¯ ¢ ÉμÎ±¥ ϕb =

π/2 − sb ¶μ²¥ (1): ¸¶²μÏ´Ò¥ ±·¨¢Ò¥ Å ¶·¨ sb = (π/2)/999;
ÏÉ·¨Ìo¢Ò¥ Å ¶·¨ sb = (π/2)/300; Éμ´±¨¥ ¸¶²μÏ´Ò¥ £μ·¨§μ´-

É ²Ó´ Ö ¨ ¢¥·É¨± ²Ó´ Ö ²¨´¨¨ Å ¶·Ö³Ò¥ p2 = 0 ¨ c = −1/4;
• μ¡μ§´ Îa¥É ÉμÎ±Ê ¸ ±μμ·¤¨´ É ³¨ c = 0 ¨ p2

n = (2n)2,

n = 1, 2, 3, 4
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“± § ´´ Ö § ±μ´μ³¥·´μ¸ÉÓ ¶μÖ¸´Ö¥É¸Ö ·¨¸. 3, ´  ±μÉμ·μ³ ¨§μ¡· ¦¥´Ò ¢ÒÎ¨¸²¥´´Ò¥
± ± ±μ·´¨ Ê· ¢´¥´¨Ö (43) ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2

n(c; ϕb) ¶·¨ n = 1, 2, 3, 4 ¨ c ∈ [−2, 0]
¢ ¸²ÊÎ ¥ sb = (π/2)/300 ¨ ¢ ¸²ÊÎ ¥ sb = (π/2)/999. �¨¸. 3 ¨²²Õ¸É·¨·Ê¥É ¥Ð¥ μ¤´Ê
§ ±μ´μ³¥·´μ¸ÉÓ: ¶·¨ ¤ ´´ÒÌ n ¨ c ¶μ²´ Ö Ô´¥·£¨Ö p2

n(c; ϕb) Î ¸É¨ÍÒ ¢ ®μ¡·¥§ ´´μ³¯
¶μ²¥ Ê³¥´ÓÏ ¥É¸Ö ¶·¨ ϕb → π/2.

Š ± ¡Ò²μ ¶μ± § ´μ, ¶·¨ c < −1/4 ¨ ²Õ¡μ³ ϕb �= π/2 ¢ ®μ¡·¥§ ´´μ³¯ ¶μ²¥ Î -
¸É¨Í  ¨³¥¥É ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò° ¸¶¥±É· Ô´¥·£¨°,   ¸μ£² ¸´μ (42) Î¨¸²μ ´Ê²¥°
¥¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Φ = Φ>, · ¸¶μ²μ¦¥´´ÒÌ ¸²¥¢  μÉ ÉμÎ±¨ ϕ = ϕb, ´¥μ£· ´¨Î¥´´μ
¢μ§· ¸É ¥É ¶·¨ ϕb → π/2. �μ ¨§¢¥¸É´μ° μ¸Í¨²²ÖÍ¨μ´´μ° É¥μ·¥³¥ [15] ¢μ²´μ¢ Ö ËÊ´±Í¨Ö
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¨¸±·¥É´μ£μ ¸¶¥±É· , ±μ£¤  p2 ³¨´¨³ ²Ó´μ¥, ¢μ¢¸¥ ´¥ ¨³¥¥É ´Ê²¥°,
ÎÉμ ¢μ§³μ¦´μ Éμ²Ó±μ ¢ ¶·¥¤¥²¥ ϕb → π/2 ¨ ¶·¨ ¥¥ Ô´¥·£¨¨ p2 = −∞. — ¸É¨Í  ¸ É ±μ°
Ô´¥·£¨¥° ²μ± ²¨§μ¢ ´  ¢ ÉμÎ±¥ ϕ = π/2.

‡�Š‹	—…�ˆ…

‘Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ.
�μ¸É ¢²¥´´ Ö ¢μ ¢¢¥¤¥´¨¨ § ¤ Î  ¶μ²´μ¸ÉÓÕ ·¥Ï¥´ : ¤²Ö ²Õ¡μ£μ ¤¥°¸É¢¨É¥²Ó´μ£μ ¶ -

· ³¥É·  c ¸¨´£Ê²Ö·´μ£μ ¶μ²Ö c(secϕ)2 ¶·¥¤²μ¦¥´Ò ¨ ¶·μ¨²²Õ¸É·¨·μ¢ ´Ò É·¨ ¤μ¢μ²Ó´μ
¶·μ¸ÉÒÌ ¸¶μ¸μ¡  ¢ÒÎ¨¸²¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨° p2 ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Φ ¨¸Ìμ¤´μ° μ¤´μ·μ¤´μ°
±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (1)Ä(3). �¥·¢Ò° ¸¶μ¸μ¡ Å μ¶¨¸ ´´μ¥ ¢ · §¤. 2 ¶·¨¡²¨¦¥´¨¥
‚Š	, ¢Éμ·μ° ¸¶μ¸μ¡ μ¸´μ¢ ´ ´  Ô²¥³¥´É ·´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì Ëμ·³Ê² Ì, ¶·¨¢¥¤¥´´ÒÌ
¢ · §¤. 3, É·¥É¨° ¸¶μ¸μ¡ ¶·¥¤¸É ¢²¥´ ¢ · §¤. 4 ¨ ·¥ ²¨§Ê¥É¸Ö ·¥Ï¥´¨¥³ ¸¨¸É¥³ ²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¸ É·¥Ì¤¨ £μ´ ²Ó´Ò³¨ ³ É·¨Í ³¨ Ÿ±μ¡¨ ¨ ¶μ¸²¥¤ÊÕÐ¨³ ¢ÒÎ¨¸²¥´¨¥³ ¸Ê³³
”Ê·Ó¥.

�¥·¥Î¨¸²¨³ £² ¢´Ò¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨°.
‚ · ³± Ì ¨§¢¥¸É´μ° ¢¥·¸¨¨ ³¥Éμ¤  ‚Š	 ¢ ¶μ²¥ c(sec ϕ)2 ¶·¨ c > −1/4 Î ¸É¨Í 

¨³¥¥É Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´Ò°, ¤¨¸±·¥É´Ò°, ´¥ μ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ ¨ μ£· ´¨Î¥´´Ò°
¸´¨§Ê ¢¥²¨Î¨´μ° p2

1(c) = (3/2 + ν)2 Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·, ¸μ¢¶ ¤ ÕÐ¨° ¸ ÉμÎ´Ò³
¸¶¥±É·μ³,   Ê¸²μ¢¨¥ c < −1/4 Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´Ò³ ¤²Ö ±μ²² ¶¸  Î ¸É¨ÍÒ ¢ ¸¨´£Ê²Ö·´ÊÕ
ÉμÎ±Ê ϕ = π/2 ¶μ²Ö, ¶·¨ É ±μ³ Ê¸²μ¢¨¨ ¢ ¶·¥¤¥²¥ p2 → −∞ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Î ¸É¨ÍÒ,
¡Ò¸É·μ μ¸Í¨²²¨·ÊÖ, ²μ± ²¨§Ê¥É¸Ö ¢¡²¨§¨ ÔÉμ° ÉμÎ±¨.

‚ ²Õ¡μ³ ®μ¡·¥§ ´´μ³¯ ¶μ²¥ Θ(ϕb − ϕ) c(sec ϕ)2, ϕb �= π/2, Î ¸É¨Í  ¨³¥¥É ¤¥°¸É¢¨-
É¥²Ó´Ò°, ¤¨¸±·¥É´Ò°, ´¥ μ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ ¨ μ£· ´¨Î¥´´Ò° ¸´¨§Ê ¢¥²¨Î¨´μ° p2

1(c; ϕb)
Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·, ¶·¨ c � −1/4 ¨ ϕb → π/2 ÔÉμÉ ¸¶¥±É· ¸Ìμ¤¨É¸Ö ± ÉμÎ´μ³Ê ¸¶¥±-
É·Ê ¢ ¶μ²¥ c(secϕ)2, ´¨ ¶·¨ ± ±¨Ì c ¨ ϕb �= π/2 §´ Î¥´¨¥ p2 = −∞ ´¥ ¤μ¸É¨¦¨³μ ¨
±μ²² ¶¸ Î ¸É¨ÍÒ ´¥ ¢μ§³μ¦¥´.
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