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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± · ¸Î¥ÉÊ ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢. �μ-
²ÊÎ¥´Ò Ö¢´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö Ëμ·³Ë ±Éμ·μ¢ ¶¥·¥Ìμ¤  ¨§ ¶·μ¨§¢μ²Ó´ÒÌ ¸μ¸ÉμÖ´¨°
¤¨¸±·¥É´μ£μ ¸¶¥±É·  ¢ ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¢ É¥·³¨´ Ì ±² ¸¸¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢.

The new approach for calculation of form factors of hydrogenlike atoms is proposed. The explicit
expressions for form factors of transitions from bound nS states to continuum in terms of the classical
polynomials are derived.

„²Ö ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ Ô±¸¶¥·¨³¥´É  DIRAC [1Ä3] ´ ·Ö¤Ê ¸μ §´ Î¥´¨Ö³¨ ¶μ²´ÒÌ
¸¥Î¥´¨° ¨ ¸¥Î¥´¨° ¶¥·¥Ìμ¤  ³¥¦¤Ê ¸¢Ö§ ´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨  Éμ³  ¶¨μ´¨Ö ´¥μ¡Ìμ¤¨³Ò
É ±¦¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¥Î¥´¨° ¶¥·¥Ìμ¤μ¢ ÔÉ¨Ì  Éμ³μ¢ ¨§ · §²¨Î´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°
¢ ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· , Ì · ±É¥·¨§Ê¥³Ò¥ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ μÉ´μ¸¨-
É¥²Ó´μ£μ ¨³¶Ê²Ó¸  π+π−-¸¨¸É¥³Ò p ¢ ´¥¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨.

‚ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨ μ´¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥Ìμ¤´Ò¥
Ëμ·³Ë ±Éμ·Ò μ¡ÒÎ´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨

σfi =
∫

|U(q)|2
[
Sfi

(q
2

)
− Sfi

(
−q

2

)]2

d2q, (1)

Sfi(q) =
∫

ψ∗
f (r) eiqrψi(r)d3r, (2)

¢ ±μÉμ·ÒÌ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ψf ¤μ²¦´Ò ¡ÒÉÓ ¢Ò¡· ´Ò ¢ ¢¨¤¥ [4]

ψf (r) = ψ(−)
p (r) = c(−) exp (ipr)Φ (−iξ, 1,−i(pr + pr)) ,

c(−) = (2π)−3/2 exp
(

πξ

2

)
Γ(1 + iξ), ξ = μα/p,

(3)

¢μ²´μ¢Ò¥ ¦¥ ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ψi ¶·¨´ ¤²¥¦ É ¤¨¸±·¥É´μ³Ê ¸¶¥±É·Ê ¸¨-
¸É¥³Ò ψi(r) ≡ ψnlm(r).
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�¡ÒÎ´μ [5Ä7] ¶·¨ · ¸Î¥É Ì ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ Sp,nlm(q) ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö · §² £ ÕÉ ¢ ·Ö¤ ¶μ ¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³:

ψ(−)
p (r) =

∞∑
l1=0

+l1∑
m1=−l1

il1Y ∗
l1m1

(
p
p

)
ψpl1m1(r), (4)

ψpl1m1(r) = Y ∗
l1m1

(r
r

)
Rpl1(r), (5)

¸¢μ¤Ö É¥³ ¸ ³Ò³ § ¤ ÎÊ ± · ¸Î¥ÉÊ ¡¥¸±μ´¥Î´μ£μ Î¨¸²  ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¢¨¤ 

Spl1m1,nlm(q) =
∫

ψ∗
pl1m1

(r) eiqrψnlm(r)d3r, (6)

É ± ÎÉμ

Sp,nlm =
∞∑

l1=0

l1∑
m1=−l1

il1Y ∗
l1m1

(
p
p

)
Spl1m1,nlm(q). (7)

Ÿ¸´μ, ÎÉμ ¶·¨ ¶· ±É¨Î¥¸±μ³ ¶·¨³¥´¥´¨¨ ¢Ò· ¦¥´¨Ö (7) Éμ²Ó±μ ±μ´¥Î´μ¥ Î¨¸²μ ¸² -
£ ¥³ÒÌ ³μ¦¥É ¡ÒÉÓ ÊÎÉ¥´μ ¢ ´¥³ ¨ μ¸É ´¥É¸Ö μÉ±·ÒÉÒ³ ¢μ¶·μ¸ μ¡ μÏ¨¡±¥, ¤μ¶Ê¸± ¥³μ°
μÉ¡· ¸Ò¢ ´¨¥³ μ¸É É±  ·Ö¤  ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ¸² £ ¥³ÒÌ.

�¤´ ±μ ·¥§Ê²ÓÉ É · ¡μÉÒ [8],  ¢Éμ·Ò ±μÉμ·μ° ¶μ²ÊÎ¨²¨ § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ ¤²Ö
Ëμ·³Ë ±Éμ·  |100〉 → |p〉-¶¥·¥Ìμ¤ , ¶μ§¢μ²Ö¥É ´ ¤¥ÖÉÓ¸Ö, ÎÉμ ¨ ¢Ò· ¦¥´¨Ö ¤²Ö Ëμ·³-
Ë ±Éμ·μ¢ ¶·μ¨§¢μ²Ó´ÒÌ |nlm〉 → |p〉-¶¥·¥Ìμ¤o¢ ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ § ³±´ÊÉμ³ ¢¨¤¥.
�¨¦¥ ¶μ± § ´μ, ÎÉμ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ É ±.

� Î´¥³ ¸ · ¸¸³μÉ·¥´¨Ö Ëμ·³Ë ±Éμ·μ¢ |nS〉 → |p〉- ¨²¨ |n00〉 → |p〉-¶¥·¥Ìμ¤o¢.
‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ¢Ò· ¦¥´¨¨ (2) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¢¨¤

ψi = ψn00(r) =
(

ω3

π

)1/2

e−ωr Φ(−n + 1; 2; 2ωr)

≡
(

ω3

π

)1/2 1
n

e−ωr L1
n−1(2ωr), (8)

ω = μα/n,

£¤¥ Φ Å ¢Ò·μ¦¤¥´´ Ö £¨¶¥·£¥μ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö; Lλ
k Å ¶μ²¨´μ³Ò ‹ £¥·· .

ˆ¸¶μ²Ó§Ê¥³ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö [9]

Lλ+1
k (x) =

1
x

[
(k + λ + 1)Lλ

k−1(x) − (k + 1)Lλ
k(x)

]
(9)

¨ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²¨´μ³μ¢ ‹ £¥··  ¸ ¶μ³μÐÓÕ ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨

Lλ
k(x) = Δ(k)

z

[
(1 − z)−(λ+1) exp

(
xz

z − 1

)]
, (10)

£¤¥ μ¶¥· Éμ· Δ(k)
z μ¶·¥¤¥²¥´ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨¥³

Δ(k)
z (f(z)) =

1
k!

(
dk

dzk
f(z)

)∣∣∣∣
z=0

. (11)
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’μ£¤ 

ψi(r) =
ω1/2

2
√

πr

[
Δ(n−1)

z − Δ(n)
z

] [
(1 − z)−1 exp (−ω(z)r)

]
, (12)

ω(z) = ω(1 + z)(1 − z)−1 (13)

¨

Sp,noo(q) =
ω1/2c(−)

2
√

π

[
Δ(n−1)

z − Δ(n)
z

] [
J(q,p, z)
(1 − z)

]
, (14)

J(q,p, z) =
∫

d3r

r
Φ (iξ, 1, i(pr + p, r)) exp [i(q − p)p − ω(z)r]. (15)

�μ¸²¥¤´¨° ¨´É¥£· ² ²¥£±μ ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥-
´¨Ö ¤²Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° (¸³., ´ ¶·¨³¥·, [10]). �¥§Ê²ÓÉ É ¨³¥¥É ¢¨¤

J(q,p, z) = 4π[ω2(z) + Δ2]−1+iξ[(ω(z) − ip)2 + q2]−iξ, (16)

£¤¥
Δ = q − p.

“Î¨ÉÒ¢ Ö μ¶·¥¤¥²¥´¨¥ (13) ¨ μÎ¥¢¨¤´μ¥ ¸μμÉ´μÏ¥´¨¥

Δ(n)
z (zf(z)) = Δ(n−1)

z f(z), (17)

¢Ò· ¦¥´¨¥ (14) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

Sp,noo(q) = −4
√

πc(−)ω1/2
(
Δ(n)

z − 2Δ(n−1)
z + Δ(n−2)

z

) [
D−1+iξ

1 D−iξ
2

]
, (18)

D1 = (1 + z2)(ω2 + Δ2) − 2z(Δ2 − ω2),

D2 = (ω − ip)2 + q2 − 2z(q2 − p2 − ω2) + z2[(ω + ip)2 + q2].
(19)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ ¶μ²¨´μ³μ¢ ƒ¥£¥´¡ ÊÔ·  [9,11]

(1 − 2xz + z)−λ =
∞∑

k=0

C
(λ)
k (x)zk, (20)

²¥£±μ ¶μ²ÊÎ¨ÉÓ

D−1+iξ
1 = (Δ2 + ω2)−1+iξ

∞∑
k=0

C
(1−iξ)
k (u)zk,

(21)

u =
Δ2 − ω2

Δ2 + ω2
;

D−iξ
2 = [(ω − ip)2 + q2]−iξ

∞∑
k=0

C
(iξ)
k (v)zkwk,

v =
q2 − p2 − ω2√

[(ω − ip)2 + q2][(ω + ip)2 + q2]
, (22)

w =

√
(ω + ip)2 + q2

(ω − ip)2 + q2
.
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� ±μ´¥Í, ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨°

Δ(n)
z [f1(z)f2(z)] =

n∑
k=0

[
Δ(n−k)

z f1(z)
] [

Δ(k)
z f2(z)

]
, (23)

C(λ)
n (x) − C

(λ)
n−1(x) =

Γ
(

λ − 1
2

)
Γ(n − 1 + 2λ)

Γ(2λ − 1)Γ
(

n + λ − 1
2

) P (λ− 3
2 ,λ− 1

2 )(x), (24)

£¤¥ P (λ− 3
2 ,λ− 1

2 )(x) Å ¶μ²¨´μ³Ò Ÿ±μ¡¨, μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³ [12]:

Sp,noo(q) = −2
√

πc(−)ω1/2(ω2 + Δ2)−1+iξ[(ω − ip)2 + q2]−iξ×

×
Γ

(
1
2
− iξ

)
Γ (1 − 2iξ)

n∑
k=0

wkC
(iξ)
k (v)

⎡
⎢⎢⎣ Γ (n − k + 1 − 2iξ)

Γ
(

n − k +
1
2
− iξ

) ×

× P
(− 1

2−iξ, 1
2−iξ)

n−k (u) − Γ (n − k − 2iξ)

Γ
(

n − k − 1
2
− iξ

)P
(− 1

2−iξ, 1
2−iξ)

n−k−1 (u)

⎤
⎥⎥⎦ . (25)

’ ±¨³ μ¡· §μ³, Ëμ·³Ë ±Éμ·Ò |nS〉 → |p〉-¶¥·¥Ìμ¤μ¢ ¢Ò· ¦ ÕÉ¸Ö ¢ É¥·³¨´ Ì ±² ¸¸¨-
Î¥¸±¨Ì ¶μ²¨´μ³μ¢ ¨ ²¥£±μ ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò Î¨¸²¥´´μ ¸ ¶·μ¨§¢μ²Ó´μ° ÉμÎ´μ¸ÉÓÕ.

‚ · ¡μÉ¥ [13] ¶μ²ÊÎ¥´Ò  ´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ¶·μ-
Í¥¸¸  · ¤¨ Í¨μ´´μ° ·¥±μ³¡¨´ Í¨¨.
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