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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨´É¥´¸¨¢´μ · §¢¨¢ ¥É¸Ö É¥μ·¥É¨Î¥¸± Ö ¨ Ô±¸¶¥·¨³¥´-
É ²Ó´ Ö Ë¨§¨±  Ê²ÓÉ· Ìμ²μ¤´ÒÌ  Éμ³μ¢ ¨ ³μ²¥±Ê², ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ³ £´¨Éμ-
μ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ± Ì [1], ´  ¶²μ¸±¨Ì ³¥É ²²¨Î¥¸±¨Ì ¶μ¢¥·Ì´μ¸ÉÖÌ [2] ¨ ´ 
¶²μ¸±¨Ì ¶²¥´± Ì ¨§ ¦¨¤±μ£μ £¥²¨Ö [3Ä5]. „μ¸É¨£´ÊÉÒ° Ê·μ¢¥´Ó Ô±¸¶¥·¨³¥´-
É ²Ó´μ° É¥Ì´¨±¨ ´ ¸Éμ²Ó±μ ¢Ò¸μ±, ÎÉμ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò ¸É ²μ ¢μ§³μ¦´Ò³
¨¸¸²¥¤μ¢ ÉÓ ¨μ´- Éμ³´Ò¥ ¸Éμ²±´μ¢¥´¨Ö ¢ μ£· ´¨Î¥´´μ° £¥μ³¥É·¨¨ ³ £´¨Éμ-
μ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ¥±. �¡Ï¨·´Ò° ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò ¶μ É ±¨³ ¸Éμ²±´μ¢¥´¨Ö³
¸μ¤¥·¦¨É ´¥¤ ¢´ÖÖ · ¡μÉ  [6], ¢ ±μÉμ·μ° ¢¶¥·¢Ò¥ ¤ ´ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°
 ´ ²¨§ ·¥§μ´ ´¸´μ£μ · ¸¸¥Ö´¨Ö  Éμ³  ´  ¨μ´¥ ¢ ²μ¢ÊÏ±¥.

Š¢ ´Éμ¢μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨Í Ê²ÓÉ· Ìμ²μ¤´ÒÌ  Éμ³μ¢ ¨²¨ ³μ²¥±Ê² ¢ ¤¨¸-
±μμ¡· §´μ° ³ £´¨Éμμ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¥, ± ± ¨ ´  ¶²μ¸±¨Ì ³¥É ²²¨Î¥¸±¨Ì
¶² ¸É¨´ Ì ¨²¨ ´  ¶²μ¸±¨Ì ¶²¥´± Ì ¨§ ¦¨¤±μ£μ £¥²¨Ö, Ö¢²Ö¥É¸Ö ±¢ §¨¤¢Ê³¥·-
´Ò³ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥. �Éμ³Ò ¨²¨ ³μ²¥±Ê²Ò μ¸É ÕÉ¸Ö É·¥Ì³¥·´Ò³¨ (μ¡Ñ-
¥³´Ò³¨) μ¡Ñ¥±É ³¨. ‚¸¥ ¶ ·´Ò¥ ±Ê²μ´μ¢¸±¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ-
´ ³¨ ¨ Ö¤· ³¨, μ¡· §ÊÕÐ¨¥  Éμ³Ò ¨²¨ ³μ²¥±Ê²Ò, Ö¢²ÖÕÉ¸Ö É ±¨³¨ ¦¥, ± ±
¨ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥, ´μ Í¥´É·Ò ³ ¸¸  Éμ³μ¢ ¨²¨ ³μ²¥±Ê² ¤¢¨¦ÊÉ¸Ö
¢ μ¤´μ° ¨ Éμ° ¦¥ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨.

�²μÉ´μ¸ÉÓ Ê²ÓÉ· Ìμ²μ¤´ÒÌ  ´¸ ³¡²¥°  Éμ³μ¢ ¨²¨ ³μ²¥±Ê² ´ ¸Éμ²Ó±μ
³ ² , ÎÉμ ¢ É ±μ° ¶²μ¸±μ¸É¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³¨ μ± §Ò¢ ÕÉ¸Ö ¶ ·´Ò¥ ¸Éμ²±-
´μ¢¥´¨Ö ¨Ì Î ¸É¨Í. ‚ ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨ ±¢ §¨¤¢Ê³¥·´μ¥
¸Éμ²±´μ¢¥´¨¥ ¤¢ÊÌ Î ¸É¨Í ¢ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥, ¸¢Ö§ ´´μ° ¸ μ¤´μ° ¨§ Î -
¸É¨Í, Ö¢²Ö¥É¸Ö § ¤ Î¥° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö μ¤´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ´¥¶μ-
¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  ´¥¥ ¶μ¸·¥¤¸É¢μ³ ´¥±μÉμ·μ£μ
ÔËË¥±É¨¢´μ£μ ¶μÉ¥´Í¨ ² .

�μ¸É·μ¥´¨¥ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¶μ¤· §Ê³¥¢ ¥É ·¥Ï¥´¨¥ É ±μ°
§ ¤ Î¨ ¤²Ö ¢¸¥Ì ¢μ§³μ¦´ÒÌ É¨¶μ¢ ÔËË¥±É¨¢´ÒÌ ¶μÉ¥´Í¨ ²μ¢. Š ´¨³ μÉ´μ-
¸ÖÉ¸Ö Í¥´É· ²Ó´Ò° ±μ·μÉ±μ- ¨²¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ², ±Ê²μ´μ¢¸±¨°
¶μÉ¥´Í¨ ²,   É ±¦¥ ¸Ê³³Ò É ±¨Ì ¶μÉ¥´Í¨ ²μ¢.

„¢Ê³¥·´μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕ-
Ð¨³ ¶μÉ¥´Í¨ ²μ³ ¨¸¸²¥¤μ¢ ²μ¸Ó ³´μ£¨³¨  ¢Éμ· ³¨. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ
¶μÖ¸´¥´Ò ¨ ¶·μ¸Ê³³¨·μ¢ ´Ò ¢ ±² ¸¸¨Î¥¸±μ° ³μ´μ£· Ë¨¨ [7], ¶μ¸¢ÖÐ¥´´μ°
³¥Éμ¤Ê Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ¨ ¢ ¸μ¢·¥³¥´´μ³ ±Ê·¸¥ É¥μ-
·¨¨ · ¸¸¥Ö´¨Ö [8]. �μ²´Ò°  ´ ²¨§ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
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Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ¢ ¶·¥¤¥²¥ ¥¥ ´¨§±¨Ì Ô´¥·£¨°
¤ ´ ¢ · ¡μÉ Ì [9Ä12].

‡ ¤ Î  · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¢ ¤¢Ê-
³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¨³¥¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥ [13]. Œ´μ£¨¥ ¸¢μ°¸É¢  ÔÉμ£μ
·¥Ï¥´¨Ö ¨ ¢¸¥Ì ¶μ·μ¦¤¥´´ÒÌ ¨³ ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨° ¢ÒÖ¢²¥´Ò ¢ ¤ ¢´μ
¨§¢¥¸É´ÒÌ ËÊ´¤ ³¥´É ²Ó´ÒÌ · ¡μÉ Ì [14,15] ¨ ¢ ´¥¤ ¢´¨Ì ¸É ÉÓÖÌ [16,17].

„¢Ê³¥·´μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ê³³μ° ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨-
 ²  ¨ ´¥±μÉμ·μ£μ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ² , ¶·¨´ ¤²¥¦ Ð¥£μ ¤μ¢μ²Ó´μ Ï¨-
·μ±μ³Ê ±² ¸¸Ê ±μ·μÉ±μ- ¨²¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨Ì ¶μÉ¥´Í¨ ²μ¢, ¥Ð¥ ´¥ ¨¸-
¸²¥¤μ¢ ²μ¸Ó. „²Ö ¨¸¸²¥¤μ¢ ´¨Ö É ±μ£μ · ¸¸¥Ö´¨Ö ¶·¥¦¤¥ ¢¸¥£μ ´¥μ¡Ìμ¤¨³μ
¶·¥¤²μ¦¨ÉÓ ¶·μ¸Éμ°, ´μ ³ É¥³ É¨Î¥¸±¨ μ¡μ¸´μ¢ ´´Ò° ¨ Ë¨§¨Î¥¸±¨ ¶·μ§· Î-
´Ò° ¶μ¤Ìμ¤.

ƒ² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ¶μ± § ÉÓ, ÎÉμ ¨³¥´´μ É ±¨³ ¶μ¤Ìμ¤μ³
Ö¢²Ö¥É¸Ö ³¥Éμ¤  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¶μÖ¸´¨³ ¶μ-
¸É ´μ¢±Ê ¨¸Ìμ¤´μ° § ¤ Î¨. � §¤¥²Ò 2Ä4 ¶μ¸¢ÖÉ¨³, ¸μμÉ¢¥É¸É¢¥´´μ, Ëμ·³Ê²¨-
·μ¢±¥, ³ É¥³ É¨Î¥¸±μ³Ê μ¡μ¸´μ¢ ´¨Õ ¨ ¶·¨²μ¦¥´¨Ö³ ¶·¥¤² £ ¥³μ£μ ³¥Éμ¤ .
ˆÉμ£¨ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¶μ¤¢¥¤¥³ ¢ § ±²ÕÎ¥´¨¨.

1. ��‘’���‚Š� ˆ‘•�„��‰ ‡�„�—ˆ

�¡Ñ¥±É ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Å Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
p1 ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ¥¥ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢ 
´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³ O, ²¥¦ Ð¨³ ¢ Éμ° ¦¥ ¶²μ¸±μ¸É¨ ¨ ¢μ§¤¥°-
¸É¢ÊÕÐ¨³ ´  ÔÉÊ Î ¸É¨ÍÊ ¶μ¸·¥¤¸É¢μ³ ¸Ê¶¥·¶μ§¨Í¨¨ V c + Ṽ ±Ê²μ´μ¢¸±μ£μ
¶μÉ¥´Í¨ ²  V c ¨ ´¥±μÉμ·μ£μ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ²  Ṽ .

‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¸É ´¤ ·É´Ò³ μ¡· §μ³ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨-
´ É ¸ ´ Î ²Ó´μ° ÉμÎ±μ°, ¸μ¢¶ ¤ ÕÐ¥° ¸ ¸¨²μ¢Ò³ Í¥´É·μ³ O. �μ²μ¦¥´¨¥
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P μ¶·¥¤¥²¨³ ¥¥ ¶μ²Ö·´Ò³¨ ±μμ·¤¨´ É ³¨
r = (r, ϕ). ‘¨³¢μ² ³¨ m1, z1, E ¨ k μ¡μ§´ Î¨³ ³ ¸¸Ê, ±Ê²μ´μ¢¸±¨° § ·Ö¤,
¶μ²´ÊÕ Ô´¥·£¨Õ ¨ ¢μ²´μ¢μ° ¢¥±Éμ· ÔÉμ° Î ¸É¨ÍÒ. ‘Î¨É ¥³, ÎÉμ ¢μ²´μ¢μ° ¢¥±-
Éμ· k0 ¥¥ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ´Ê²¥¢μ°  §¨³ÊÉ ²Ó´Ò° Ê£μ² (ϕ = 0),
  ¸¨²μ¢μ° Í¥´É· O μ¡² ¤ ¥É ±Ê²μ´μ¢¸±¨³ § ·Ö¤μ³ Z. �μ μ¶·¥¤¥²¥´¨Õ μ¡ 
§ ·Ö¤  z1 ¨ Z ±· É´Ò § ·Ö¤Ê Ô²¥±É·μ´ .

�Ê¸ÉÓ � Å ¶μ¸ÉμÖ´´ Ö �² ´± . �μ²μ¦¨³

k = |k| ≡
√

2 m1E

�2
, R ≡ �

2

2m1z1Z
, q = k|R|, η ≡ 1

2kR
=

signR

2q
;

x ≡ r

|R| , ρ ≡ kr = qx, x = 2ρ|η|.

‡¤¥¸Ó ¨ ¤ ²¥¥ k ¨ q Å · §³¥·´μ¥ ¨ ¡¥§· §³¥·´μ¥ ¢μ²´μ¢Ò¥ Î¨¸²  Î ¸É¨ÍÒ
p1; η Å ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤ ; x ¨ ρ Å ¡¥§· §³¥·´Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥
¶¥·¥³¥´´Ò¥.
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ŠÊ²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² V c μ¶·¥¤¥²¨³ Ëμ·³Ê²μ° V c(r) = z1Z/r. ’ ±μ³Ê
¶μÉ¥´Í¨ ²Ê μÉ¢¥Î ÕÉ · §³¥·´Ò° ¨ ¡¥§· §³¥·´Ò¥ ¶μÉ¥´Í¨ ²Ò 1/(Rr) ¨ 2η/ρ.

‘Ëμ·³Ê²¨·Ê¥³ μ£· ´¨Î¥´¨Ö ´  ¨¸Ìμ¤´Ò° ¶μÉ¥´Í¨ ² Ṽ . �Ê¸ÉÓ ËÊ´±Í¨Ö
Ṽ (r) ¶·¨´ ¤²¥¦¨É ¶·μ¸É· ´¸É¢Ê C0

(0,∞) ´¥¶·¥·Ò¢´ÒÌ ´  ¨´É¥·¢ ²¥ 0 < r < ∞
ËÊ´±Í¨° ¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ Ṽ (r) = o(r−2) ¶·¨ r → 0 ¨ ¶·¨ r → ∞.
‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì μ£· ´¨Î¥´¨° ¶·¨ ²Õ¡μ³ ±μ´¥Î´μ³ §´ Î¥´¨¨ ¶¥·¥³¥´´μ° η
¡¥§· §³¥·´Ò° ¶μÉ¥´Í¨ ²

V (x) ≡ (2m1R
2/�

2)Ṽ (r = x|R|) , x = 2ρ|η|, (1)

¶μ¤Î¨´Ö¥É¸Ö ¶μ ¶¥·¥³¥´´μ° ρ É·¥³ Ê¸²μ¢¨Ö³:

lim
ρ→0

ρ2 V (2ρ|η|) = 0, V (2ρ|η|) ∈ C0
(0,∞) , lim

ρ→∞
ρ2 V (2ρ|η|) = 0. (2)

‚¸Õ¤Ê ¤ ²¥¥ ¸Î¨É ¥É¸Ö, ÎÉμ ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É μ£· ´¨Î¥´¨Ö³ (2),
¶¥·¥³¥´´ Ö η ¶·¨´¨³ ¥É ²Õ¡Ò¥, ´μ ±μ´¥Î´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ±·μ³¥
´Ê²¥¢μ£μ,   §´ Î¥´¨Ö  ·£Ê³¥´É  q ²Õ¡Ò¥, ´μ ¶μ²μ¦¨É¥²Ó´Ò¥.

�¥·¥Î¨¸²¨³ ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö [7, 8, 10] ¸μμÉ´μ-
Ï¥´¨Ö.

’ ± ± ± ¸Ê³³ ·´Ò° ¶μÉ¥´Í¨ ² V c(r) + Ṽ (r) ´¥ § ¢¨¸¨É μÉ Ê£²  ϕ, ¤¢Ê-
³¥·´ Ö § ¤ Î  ˜·¥¤¨´£¥·  ¤²Ö · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¤μ¶Ê¸± ¥É · §¤¥²¥´¨¥
¶¥·¥³¥´´ÒÌ r ¨ ϕ ¨ ¸¢μ¤¨É¸Ö ± ¡¥¸±μ´¥Î´μ°, ´μ ¸Î¥É´μ° (2λ = −1, 1, . . .)
¸μ¢μ±Ê¶´μ¸É¨ · ¤¨ ²Ó´ÒÌ ±· ¥¢ÒÌ § ¤ Î ˜·¥¤¨´£¥· . ‚ ±Ê²μ´μ¢¸±¨Ì ¶¥·¥-
³¥´´ÒÌ ρ ¨ η ± ¦¤ Ö ¨§ É ±¨Ì § ¤ Î ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ μ¤´μ³¥·´μ£μ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

[
∂2

ρ − λ(λ + 1)
ρ2

+ 1 − 2η

ρ
− 4η2 V (2ρ|η|)

]
uλ(ρ, η) = 0, ρ > 0, (3)

c Ê¸²μ¢¨¥³
lim
ρ→0

uλ(ρ, η)/Fλ(ρ, η) = N(η) (4)

¨ Ê¸²μ¢¨¥³

uλ(ρ, η) = sin
[
ρ− η ln (2ρ)−πλ/2+ δc

λ(η)+ δλ(η)
]
+O(ρ−1), ρ → ∞. (5)

�¥¶·¥·Ò¢´μ¥ ¢ μ¡² ¸É¨ 0 � ρ < ∞ ·¥Ï¥´¨¥ uλ § ¤ Î¨ (3)Ä(5) ¸Î¨É ¥É¸Ö
·¥£Ê²Ö·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 ¸
±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q ¨ λ.

�¸¨³¶ÉμÉ¨±¨ (4) ¨ (5) ¸μ¤¥·¦ É ·¥£Ê²Ö·´ÊÕ ËÊ´±Í¨Õ ŠÊ²μ´  Fλ ¨ § -
· ´¥¥ ´¥¨§¢¥¸É´Ò¥ ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(η) ¨ Ë §Ê δλ(η). ”Ê´±-
Í¨¨ δc

λ(η) ¨ δλ(η) ¶¥·¥³¥´´μ° η ¨³¥ÕÉ ¶·μ¸Éμ° Ë¨§¨Î¥¸±¨° ¸³Ò¸². ‘Ê³³ 
δc
λ(η)+δλ(η) Å ¶μ²´ Ö Ë §  ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¸Ê¶¥·¶μ§¨Í¨¥°

3



±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  2η/ρ ¨ ¶μÉ¥´Í¨ ²  V ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉. ‘² £ ¥-
³μ¥ δc

λ(η) Å Ë §  · ¸¸¥Ö´¨Ö ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³, · ¢´ Ö  ·£Ê³¥´ÉÊ
£ ³³ -ËÊ´±Í¨¨ Γ(λ + 1 + ıη). ‘² £ ¥³μ¥ δλ(η) Å ¨¸±μ³ Ö Ë §  · ¸¸¥Ö´¨Ö
¶μÉ¥´Í¨ ²μ³ V ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥. 	É  Ë § , ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ · ¢´  Ë §¥
· ¸¸¥Ö´¨Ö δ̃λ(q), ¶μ·μ¦¤¥´´μ° ¶μÉ¥´Í¨ ²μ³ V ¢ μÉ¸ÊÉ¸É¢¨¥ ±Ê²μ´μ¢¸±μ£μ
¢§ ¨³μ¤¥°¸É¢¨Ö. � ¢¥´¸É¢μ δλ = δ̃λ ¤μ¸É¨£ ¥É¸Ö ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥
(|R| → ∞). ‚ ÔÉμ³ ¶·¥¤¥²¥ ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤  η = 1/(2kR) ¨ ±Ê²μ´μ¢-
¸±¨° ¶μÉ¥´Í¨ ² 2η/ρ, ρ = kr, ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ,   ¶·μ¨§¢¥¤¥´¨¥ 4η2 V (2ρ|η|)
¸μ£² ¸´μ · ¢¥´¸É¢Ê (1) ¢Ò·μ¦¤ ¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨ 2m1/(k�)2 · §-
³¥·´μ£μ ¢μ²´μ¢μ£μ Î¨¸²  k ¨ · §³¥·´μ£μ ¶μÉ¥´Í¨ ²  Ṽ (r = ρ/k).

‘¥Î¥´¨¥ σca
λ (η) · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 μ¶·¥-

¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

σca
λ (η) = 8 R η ελ { sin [ δc

λ(η) + δλ(η) ] }2 , ελ =
{

1, 2λ = −1
2, 2λ > −1 .

’ ±μ¥ ¸¥Î¥´¨¥ ¢ ¸¨²Ê Éμ¦¤¥¸É¢ 

[sin (δc
λ + δλ) ]2 ≡ [sin δc

λ]2 + [sin δλ ]2 + 2 sin δc
λ sin δλ cos (δc

λ + δλ)

Ö¢²Ö¥É¸Ö ¸Ê³³μ° ¸² £ ¥³ÒÌ

σc
λ(η) ≡ 8Rηελ sin2 δc

λ(η), σint
λ (η) ≡ 16Rηελ sin δc

λ sin δλ cos (δc
λ + δλ)

¨ ¸² £ ¥³μ£μ

σλ(η) ≡ 8Rηελ sin2 δλ(η) =
σu

λ(η)
[ctg δλ(η) ]2 + 1

, σu
λ(η) ≡ 8Rηελ. (6)

‘² £ ¥³μ¥ σc
λ Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö μ¤´¨³ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³. ‘² £ -

¥³μ¥ σint
λ Å ¢±² ¤ μÉ ¨´É¥·Ë¥·¥´Í¨¨ · ¸¸¥Ö´¨Ö ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¨

¶μÉ¥´Í¨ ²μ³ V . ‘² £ ¥³μ¥ σλ Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ÔÉ¨³ ¶μÉ¥´Í¨ ²μ³ ¢ ±Ê-
²μ´μ¢¸±μ³ ¶μ²¥. �·¨ ²Õ¡μ³ η É ±μ¥ ¸¥Î¥´¨¥ ´¥ ¶·¥¢ÒÏ ¥É ¸¢μ¥£μ Ê´¨É ·´μ£μ
¶·¥¤¥²  σu

λ .
‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ±· ¥¢ Ö § ¤ Î  ˜·¥¤¨´£¥·  (3)Ä(5) ¡Ê¤¥É ¨¸Ìμ¤-

´μ°. �μ¤ ¥¥ ¶μ²´Ò³ ·¥Ï¥´¨¥³ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ¢μ-¶¥·¢ÒÌ, ¢ÒÎ¨¸²¥´¨¥ ¢¸¥Ì
ËÊ´±Í¨° N(η), uλ, δλ ¨ σλ ¶·¨ ²Õ¡ÒÌ λ ¨ η, ¢μ-¢Éμ·ÒÌ,  ´ ²¨§ ¶μ¢¥¤¥´¨Ö
ÔÉ¨Ì ËÊ´±Í¨° ¢ É·¥Ì Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥² Ì λ → ∞, η → 0 ¨ q → 0.
‘²ÊÎ ° q → 0 ¡Ê¤¥É ¨¸¸²¥¤μ¢ ´ ¢ ¸²¥¤ÊÕÐ¥° · ¡μÉ¥.

2. ”��Œ“‹ˆ��‚Š� Œ…’�„�

� ¶μ³´¨³, ÎÉμ ³¥Éμ¤ Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ É¥μ·¨¨ É·¥Ì³¥·´μ£μ · ¸¸¥Ö-
´¨Ö [18] Í¥´É· ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ ·¥ ²¨§μ¢ ´ ¢ ¤¢ÊÌ ¢¥·¸¨ÖÌ: ´¥²¨´¥°-
´μ° [7] ¨ ²¨´¥°´μ° [19]. ‚ ¶¥·¢μ° ¨§ ´¨Ì ±²ÕÎ¥¢Ò³ Ö¢²Ö¥É¸Ö ´¥²¨´¥°-
´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤±  ¤²Ö Ë §μ¢μ° ËÊ´±Í¨¨,
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  ¢μ ¢Éμ·μ° Å ¸¨¸É¥³  ¤¢ÊÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·-
¢μ£μ ¶μ·Ö¤±  ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‚ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° [20] ÔÉ¨ ËÊ´±Í¨¨ ´ §Ò¢ ÕÉ¸Ö ®¢ ·Ó¨·Ê¥³Ò³¨ ¶μ¸ÉμÖ´´Ò³¨¯. ‹¨´¥°-
´ Ö ¨ ´¥²¨´¥°´ Ö ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° Ê¸¶¥Ï´μ ¨¸¶μ²Ó§μ¢ ²¨¸Ó
· ´¥¥ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · ¡μÉ Ì [9,10] ¨ [11] ¤²Ö  ´ ²¨§  ¤¢Ê³¥·´μ£μ · ¸¸¥Ö-
´¨Ö ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´-
Í¨ ²μ³.

�·¥¤² £ ¥³Ò° ¶μ¤Ìμ¤ ± ¨¸Î¥·¶Ò¢ ÕÐ¥³Ê ·¥Ï¥´¨Õ · ¤¨ ²Ó´μ° § ¤ Î¨
˜·¥¤¨´£¥·  (3)Ä(5) Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ¢¥·¸¨¥° ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° ¢
É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¨ ¤²Ö ±· É±μ¸É¨ ´ §Ò¢ ¥É¸Ö ³¥Éμ¤μ³  ³¶²¨ÉÊ¤-
´ÒÌ ËÊ´±Í¨°.

”μ·³Ê²¨·μ¢±Ê ¶·¥¤² £ ¥³μ£μ ³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¤ ¤¨³ ¢ É·¨
ÔÉ ¶ . Š ¦¤μ³Ê ¨§ ´¨Ì ¶μ¸¢ÖÉ¨³ μÉ¤¥²Ó´Ò° ¶Ê´±É. ‚ ¶. 2.1 ¢Ò¢¥¤¥³ ²¨´¥°´ÊÕ
§ ¤ ÎÊ ŠμÏ¨, ´ ¨¡μ²¥¥ Ê¤μ¡´ÊÕ ¤²Ö Î¨¸²¥´´μ£μ  ´ ²¨§   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±-
Í¨°. ‚ ¶. 2.2 ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨Ö ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, Ë §
¨ ¸¥Î¥´¨° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨. ‚ ¶. 2.3 ¸¢¥-
¤¥³ § ¤ ÎÊ ŠμÏ¨ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ± ¨´É¥£· ²Ó´Ò³ Ê· ¢´¥´¨Ö³ ¨
¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³, ´ ¨¡μ²¥¥  ¤ ¶É¨·μ¢ ´´Ò³ ¤²Ö ¤μ± § É¥²Ó¸É¢ 
É¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ É ±¨Ì ËÊ´±Í¨°.

2.1. ‡ ¤ Î  ŠμÏ¨ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‚ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V ,
Éμ¦¤¥¸É¢¥´´μ · ¢´μ£μ ´Ê²Õ, Ê· ¢´¥´¨Õ (3) Ê¤μ¢²¥É¢μ·ÖÕÉ ²¨´¥°´μ ´¥§ ¢¨¸¨-
³Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ(ρ, η) ¨ Gλ(ρ, η) ¶μ²ÊÍ¥²μ£μ
¶μ·Ö¤±  λ = −1/2, 1/2, . . . 	É¨ ËÊ´±Í¨¨ ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ´Ò ¢ ¶·¥¤Ò¤ÊÐ¨Ì
· ¡μÉ Ì [16, 17],   ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ± Î¥¸É¢¥ ¢¸¶μ³μ£ -
É¥²Ó´ÒÌ.

‘¢¥¤¥³ · ¤¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (3) ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ (4)
± § ¤ Î¥ ŠμÏ¨ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c(ρ, η) ¨ s(ρ, η),   ¨³¥´´μ ± ´¥-
¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¤¢ÊÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ
¶μ·Ö¤± 

∂ρc(ρ, η) = 4η2 V (2ρ|η|) [c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η)] Gλ(ρ, η),
(7)

∂ρs(ρ, η) = −4η2 V (2ρ|η|) [c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η)] Fλ(ρ, η), ρ > 0,

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

c(ρ, η) = 1, s(ρ, η) = 0, ρ = 0. (8)

�·¨³¥´¨³ ¨§¢¥¸É´Ò° ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [20] ³¥Éμ¤
®¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ¯ ¶μ Éμ° ¦¥ ¸Ì¥³¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ μ¤´¨³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ [10].

ˆ¸±μ³Ò¥ ËÊ´±Í¨¨ c ¨ s ¶μ¤Î¨´¨³ Éμ¦¤¥¸É¢Ê

Fλ(ρ, η) ∂ρc(ρ, η) + Gλ(ρ, η) ∂ρs(ρ, η) ≡ 0, ρ � 0. (9)
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‡ ³¥É¨³, ÎÉμ ¨§ ÔÉμ£μ Éμ¦¤¥¸É¢  ¸²¥¤ÊÕÉ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö:

∂ρs(ρ, η) = −Fλ(ρ, η)
Gλ(ρ, η)

∂ρc(ρ, η), ∂ρc(ρ, η) = −Gλ(ρ, η)
Fλ(ρ, η)

∂ρs(ρ, η), ρ � 0.

(10)
�¥Ï¥´¨¥ uλ ±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (3)Ä(5) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¶·μ¨§-
¢¥¤¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N ¨ ¢¸¶μ³μ£ É¥²Ó´μ° ËÊ´±Í¨¨ U :

uλ(ρ, η) = N(η)U(ρ, η), U(ρ, η) ≡ c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η). (11)

‘´ Î ²  ¢ Ê· ¢´¥´¨¨ (3) § ³¥´¨³ ËÊ´±Í¨Õ uλ ¶·μ¨§¢¥¤¥´¨¥³ (11). ‡ É¥³
¢μ¸¶μ²Ó§Ê¥³¸Ö É¥³, ÎÉμ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ ¨ Gλ Ê¤μ¢²¥É¢μ·ÖÕÉ ÔÉμ³Ê Ê· ¢-
´¥´¨Õ ¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ ¶μÉ¥´Í¨ ²  V ¨ ¶μ¤Î¨´ÖÕÉ¸Ö Éμ¦¤¥¸É¢Ê (9).
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

∂ρc(ρ, η) ∂ρFλ(ρ, η) + ∂ρs(ρ, η) ∂ρGλ(ρ, η) =

= 4η2 V (2ρ|η|) [c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η)] . (12)

ˆ¸±²ÕÎ¨³ ¨§ ÔÉμ£μ Ê· ¢´¥´¨Ö ¶·μ¨§¢μ¤´ÊÕ ∂ρs. „²Ö ÔÉμ£μ ¶·¨³¥´¨³ ¶¥·¢μ¥
¨§ ¤¢ÊÌ · ¢¥´¸É¢ (10). �μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ê¶·μ¸É¨³, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥-
´¨¥ ‚·μ´¸±μ£μ [16]

W (Fλ, Gλ) ≡ Fλ(ρ, η) ∂ρ Gλ(ρ, η) − Gλ(ρ, η) ∂ρFλ(ρ, η) = −1, ρ � 0.

‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (7). …¥ ¢Éμ·μ¥ Ê· ¢´¥´¨¥
¢Ò¢¥¤¥³  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³. ‘´ Î ² , ¨¸¶μ²Ó§ÊÖ ¢Éμ·μ¥ ¨§ · ¢¥´¸É¢ (10),
¸¢¥¤¥³ Ê· ¢´¥´¨¥ (12) ± Ê· ¢´¥´¨Õ, ´¥ ¸μ¤¥·¦ Ð¥³Ê ¶·μ¨§¢μ¤´ÊÕ ∂ρc. ‡ -
É¥³ ¶μ± ¦¥³, ÎÉμ ¡² £μ¤ ·Ö ¶·¨¢¥¤¥´´μ³Ê ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨Õ ‚·μ´¸±μ£μ
¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ¢Éμ·Ò³ Ê· ¢´¥´¨¥³ ¸¨¸É¥³Ò (7).

’¥¶¥·Ó ¤²Ö ÔÉμ° ¸¨¸É¥³Ò ¢Ò¢¥¤¥³ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö (8). ˆ¸¶μ²Ó§Ê¥³
±· ¥¢μ¥ Ê¸²μ¢¨¥ (4) ¤²Ö ËÊ´±Í¨¨ uλ ¨ ¥¥ ¶·¥¤¸É ¢²¥´¨Ö (11) Î¥·¥§ ËÊ´±-
Í¨¨ N , U , c ¨ s. Š· ¥¢μ¥ Ê¸²μ¢¨¥ (4) ¢Ò¶μ²´Ö¥É¸Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ ,
±μ£¤ 

U(ρ, η) = c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η) → Fλ(ρ, η) , ρ → 0.

”Ê´±Í¨Ö U ¸Ìμ¤¨É¸Ö ± ËÊ´±Í¨¨ Fλ ¢ ¶·¥¤¥²¥ ρ → 0, ¥¸²¨ ¢ ÔÉμ³ ¶·¥¤¥²¥
ËÊ´±Í¨Ö c ¸Ìμ¤¨É¸Ö ± ¥¤¨´¨Í¥ ¨ ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

s(ρ, η)Gλ(ρ, η) = o(c(ρ, η)Fλ(ρ, η)) → 0, ρ → 0, 2λ � −1.

	É¨ ¸μμÉ´μÏ¥´¨Ö ¡² £μ¤ ·Ö · ¢¥´¸É¢Ê c(ρ, η) = 1, ρ = 0, ¨ ¨§¢¥¸É´Ò³  ¸¨³¶-
ÉμÉ¨± ³ [16]

Fλ(ρ, η) ∼ Cλ(η) ρλ+1,
(13)

Gλ(ρ, η) ∼ 1
Cλ(η) ρλ

{
− lnρ, 2λ = −1,
(2λ + 1)−1, 2λ > −1,

ρ → 0,
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μ§´ Î ÕÉ, ÎÉμ

s(ρ, η) =
{

o(ρ2λ+1), 2λ > −1,
o(1/ ln ρ), 2λ = −1,

ρ → 0. (14)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ ρ → 0 ËÊ´±Í¨Ö s ¤μ²¦´  ¸Ìμ¤¨ÉÓ¸Ö ± ´Ê²Õ. 	É¨³
ÊÉ¢¥·¦¤¥´¨¥³ § ±μ´Î¨³ ¢Ò¢μ¤ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨° (8).

�É³¥É¨³, ÎÉμ ÔÉ¨ Ê¸²μ¢¨Ö Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢μ²´μ-
¢ Ö ËÊ´±Í¨Ö ¨³¥²   ¸¨³¶ÉμÉ¨±Ê (4), ´μ μ¸´μ¢ ´Ò ´  ¤¢ÊÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ:
ËÊ´±Í¨¨ c ¨ s ´¥¶·¥·Ò¢´Ò ¢ ÉμÎ±¥ ρ = 0 ¸¶· ¢ ,   ËÊ´±Í¨Ö s μ¡² ¤ ¥É ¸¢μ°-
¸É¢μ³ (14). 	É¨ ¶·¥¤¶μ²μ¦¥´¨Ö ¤μ± ¦¥³ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥,   ¨³¥´´μ ¢
É¥μ·¥³¥ 4.

�¥·¥°¤¥³ ± ± Î¥¸É¢¥´´μ³Ê  ´ ²¨§Ê § ¤ Î¨ ŠμÏ¨ (7), (8).
‘´ Î ²  μ¡¸Ê¤¨³ ËÊ´±Í¨Õ U . �μ μ¶·¥¤¥²¥´¨Õ (11) ËÊ´±Í¨Ö U Ö¢²Ö¥É¸Ö

¸Ê³³μ°, ¶¥·¢μ¥ ¸² £ ¥³μ¥ ±μÉμ·μ° ¸μ¤¥·¦¨É ËÊ´±Í¨Õ Fλ ¸  ³¶²¨ÉÊ¤μ° c,  
¢Éμ·μ¥ Å ËÊ´±Í¨Õ Gλ ¸  ³¶²¨ÉÊ¤μ° s. �μÔÉμ³Ê ËÊ´±Í¨¨ c ¨ s ´ §Ò¢ ÕÉ¸Ö
 ³¶²¨ÉÊ¤´Ò³¨. …¸²¨ ÔÉ¨ ËÊ´±Í¨¨ Ê¤μ¢²¥É¢μ·ÖÕÉ § ¤ Î¥ ŠμÏ¨ (7), (8), Éμ
ËÊ´±Í¨Ö U Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (3) ¸ ´ Î ²Ó´Ò³ Ê¸²μ-
¢¨¥³ U/Fλ → 1 ¶·¨ ρ → 0. ‚¥·´μ ¨ μ¡· É´μ¥ ÊÉ¢¥·¦¤¥´¨¥. ‘²¥¤μ¢ É¥²Ó´μ,
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (3) ¸ É ±¨³ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ Ô±¢¨¢ ²¥´É´μ § ¤ Î¥
ŠμÏ¨ (7), (8).

‡ ³¥É¨³, ÎÉμ ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (7) ¸μ¤¥·¦ É ¶·μ¨§¢¥¤¥´¨Ö V F 2
λ ,

V FλGλ ¨ V G2
λ. ˆ¸¸²¥¤Ê¥³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö ÔÉ¨Ì ¶·μ¨§¢¥¤¥´¨° ¢ ¤¢ÊÌ

¶·¥¤¥² Ì ρ → ∞ ¨ ρ → 0 ¨ ¸Ëμ·³Ê²¨·Ê¥³ ¸²¥¤¸É¢¨Ö ¢ÒÖ¢²¥´´ÒÌ μ¸μ¡¥´´μ-
¸É¥°.

�Ê¸ÉÓ ρ → ∞. ’μ£¤  ¸μ£² ¸´μ É·¥ÉÓ¥³Ê ¨§ Ê¸²μ¢¨° (2) ¶μÉ¥´Í¨ ² V Ê¡Ò-
¢ ¥É ± ± o(ρ−2),   ËÊ´±Í¨¨ ŠÊ²μ´  ¨³¥ÕÉ μ¸Í¨²²¨·ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨±¨ [16]

Fλ(ρ, η) ∼ sin χλ(ρ, η),
Gλ(ρ, η) ∼ cosχλ(ρ, η), (15)

χλ(ρ, η) ≡ ρ − η ln(2ρ) − πλ/2 + δc
λ(η).

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ρ → ∞ ¨ ²Õ¡μ³ λ ¶·μ¨§¢¥¤¥´¨Ö V F 2
λ , V FλGλ ¨ V G2

λ,
μ¸Í¨²²¨·ÊÖ, ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ± ± o(ρ−2). �μÔÉμ³Ê ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ
¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (7), ¶·μ¨§¢μ¤´Ò¥ ∂ρc, ∂ρs ¨ ËÊ´±Í¨¨ c ¨ s ¡Ê¤ÊÉ
μ¸Í¨²²¨·μ¢ ÉÓ ¢ μ¡² ¸É¨ ρ � 1.

� ¸¸³μÉ·¨³ ¸²ÊÎ ° ρ → 0 ¨ 2λ = −1. ‚¸²¥¤¸É¢¨¥ Ëμ·³Ê² (13) ¨³¥¥³ É·¨
¸μμÉ´μÏ¥´¨Ö

V (x)F 2
λ (ρ, η) ∼ C2

λ(η) ρV (x), V (x)Fλ(ρ, η)Gλ(ρ, η) ∼ −ρ ln ρ V (x),

V (x)G2
λ(ρ, η) ∼ C−2

λ (η) ρ (ln ρ)2 V (x), x = 2ρ|η|, ρ → 0.
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�¥·¢μ¥ ¨§ Ê¸²μ¢¨° (2) μ§´ Î ¥É, ÎÉμ V = o(ρ−2), ρ → 0, ¨ ¶μÔÉμ³Ê ´¥
Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´Ò³ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¶· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¨³¥²¨
±μ´¥Î´Ò¥ ¶·¥¤¥²Ò ¢ ÉμÎ±¥ ρ = 0. ‘²¥¤μ¢ É¥²Ó´μ, ¶·μ¨§¢¥¤¥´¨Ö V F 2

λ , V FλGλ

¨ V G2
λ, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨ ¢ ÔÉμ° ÉμÎ±¥:

¨Ì ³μ¤Ê²¨ ³μ£ÊÉ ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÉÓ ¶·¨ ρ → 0.
’¥¶¥·Ó ¶Ê¸ÉÓ ρ → 0, ´μ 2λ > −1. ’μ£¤  V = o(ρ−2) ¨ ¸μ£² ¸´μ Ëμ·³Ê-

² ³ (13)

V (x)F 2
λ (ρ, η) ∼ C2

λ(η) ρ2λ+1 V (x), V (x)Fλ(ρ, η)Gλ(ρ, η) ∼ ρV (x)/(2λ + 1),

V (x)G2
λ(ρ, η) ∼ V (x)/

[
Cλ(η) ρλ (2λ + 1)

]2
, x = 2ρ|η|, ρ → 0.

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö V F 2
λ ´¥¶·¥·Ò¢´  ¢ ÉμÎ±¥ ρ = 0 ¸¶· ¢ , ´μ ³μ¤Ê²¨

μ¡¥¨Ì ËÊ´±Í¨° V FλGλ ¨ V G2
λ ³μ£ÊÉ ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÉÓ, ¥¸²¨ ρ → 0.

ˆÉ ±, ¶·¨ Ê¸²μ¢¨¨ V = o(ρ−2), ρ → 0, ËÊ´±Í¨¨ V FλGλ ¨ V G2
λ ³μ£ÊÉ

¡ÒÉÓ ´¥μ£· ´¨Î¥´´Ò³¨ ¢ ¶·¥¤¥²¥ ρ → 0. 	Éμ³Ê Ë ±ÉÊ ¸²¥¤Ê¥É Ê¤¥²¨ÉÓ μ¸μ¡μ¥
¢´¨³ ´¨¥ ¶·¨ Î¨¸²¥´´μ³ ¨´É¥£·¨·μ¢ ´¨¨ § ¤ Î¨ ŠμÏ¨ (7), (8) ¨ ¶·¨ ¤μ± § -
É¥²Ó¸É¢¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ¥¥ ·¥Ï¥´¨Ö {c, s} ´  ¢¸¥° ¶μ²Êμ¸¨
ρ � 0. ’μ²Ó±μ ¢ ¨¸±²ÕÎ¨É¥²Ó´μ³ ¸²ÊÎ ¥, ±μ£¤  ¢¸¥ ËÊ´±Í¨¨ V F 2

λ , V FλGλ ¨
V G2

λ ´¥¶·¥·Ò¢´Ò ¢ ÉμÎ±¥ ρ = 0 ¸¶· ¢ , μ¡¸Ê¦¤ ¥³ Ö § ¤ Î  ŠμÏ¨ ¶μ É¥μ·¥³¥
�¨± ·μ [20] ¨³¥¥É ´  ²Õ¡μ³, ´μ ±μ´¥Î´μ³ μÉ·¥§±¥ 0 � ρ < b < ∞ μ¤´μ ¨
Éμ²Ó±μ μ¤´μ ·¥Ï¥´¨¥ {c, s}. �¤´ ±μ ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨§ É¥μ·¥³Ò �¨± ·μ ´¥
¸²¥¤Ê¥É, ÎÉμ ±μ³¶μ´¥´ÉÒ c ¨ s É ±μ£μ ·¥Ï¥´¨Ö μ£· ´¨Î¥´Ò ¢ ÉμÎ±¥ ρ = ∞ ¨
¶·¨´¨³ ÕÉ ¢ ÔÉμ° ÉμÎ±¥ ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ §´ Î¥´¨Ö.

‘Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É ´ ¸ÉμÖÐ¥£μ ¶Ê´±É : ¤ ´ ¢Ò¢μ¤ ¨ ± Î¥-
¸É¢¥´´Ò°  ´ ²¨§ § ¤ Î¨ ŠμÏ¨ (7), (8) ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c ¨ s. Š ±
¢ÒÖ¸´¨²μ¸Ó, ÔÉ  § ¤ Î  ´¥  ¤ ¶É¨·μ¢ ´  ¤²Ö ¶·μ¸Éμ£μ ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò
¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ËÊ´±Í¨° c ¨ s. —Éμ¡Ò ¤μ± § ÉÓ É ±ÊÕ É¥μ-
·¥³Ê ¢ · §¤. 3, ¢ ¶. 2.3 ¶·¨¤¥É¸Ö ¢Ò¢¥¸É¨ ¸¶¥Í¨ ²Ó´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö
¨ ¶·¥¤¸É ¢²¥´¨Ö.

2.2. �·¥¤¸É ¢²¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö, Ë §Ò ¨ ¸¥Î¥´¨Ö · ¸-
¸¥Ö´¨Ö. ‘Éμ¨É ´ ¶μ³´¨ÉÓ ¨ ¶μÖ¸´¨ÉÓ ¶·¨´ÖÉμ¥ ¢ ³ É¥³ É¨Î¥¸±μ³  ´ ²¨§¥
μ¶·¥¤¥²¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ g(ρ), § ¤ ´´μ° ´  ¶μ²Êμ¸¨ ρ � 0. ”Ê´±-
Í¨Ö g(ρ) ´ §Ò¢ ¥É¸Ö ´¥¶·¥·Ò¢´μ° ´  ¶μ²Êμ¸¨ ρ � 0, ¥¸²¨ μ´  ´¥¶·¥·Ò¢´  ¢
± ¦¤μ° ÉμÎ±¥ ¨´É¥·¢ ²  0 < ρ < ∞, ´¥¶·¥·Ò¢´  ¸¶· ¢  ¢ ÉμÎ±¥ ρ = 0 ¨ ¢ ¶·¥-
¤¥²¥ ρ → ∞ ¶·¨´¨³ ¥É ¢¶μ²´¥ μ¶·¥¤¥²¥´´μ¥ ±μ´¥Î´μ¥ §´ Î¥´¨¥. ”Ê´±Í¨Ö,
´¥¶·¥·Ò¢´ Ö ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 � ρ < ∞ ¨ μ£· ´¨Î¥´´ Ö ¢ ¶·¥¤¥²¥ ρ → ∞,
´¥ ¢¸¥£¤  Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ´  ¶μ²Êμ¸¨ ρ � 0. � ¶·¨³¥·, ËÊ´±Í¨Ö sin ρ
μ¡² ¤ ¥É É ±¨³¨ ¸¢μ°¸É¢ ³¨, ´μ ´¥ ¸Ìμ¤¨É¸Ö ´¨ ± ± ±μ³Ê μ¶·¥¤¥²¥´´μ³Ê
§´ Î¥´¨Õ ¶·¨ ρ → ∞.

�·¥¤¶μ²μ¦¨³, ÎÉμ ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s
μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö § ¤ Î¥° ŠμÏ¨ (7), (8), Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ¨ ´¥
¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°. ‚¸¥ ÔÉ¨ ¶·¥¤¶μ²μ¦¥´¨Ö ¤μ± ¦¥³ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥,
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  ´ ¸ÉμÖÐ¨° ¶Ê´±É ¶μ¸¢ÖÉ¨³ ¢Ò¢μ¤Ê ¨ μ¡¸Ê¦¤¥´¨Õ ¶·¥¤¸É ¢²¥´¨° ËÊ´±Í¨°
N , δλ ¨ σλ Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s. ‚μ ¢¸¥Ì É ±¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ
¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¸¨³¢μ²μ³ A(η) μ¡μ§´ Î ¥³ ¶·¥¤¥²Ó´μ¥ ¶·¨ ρ → ∞
§´ Î¥´¨¥ A(∞, η) ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ A(ρ, η).

‘´ Î ²  ´ °¤¥³  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ uλ ¢ ¶·¥¤¥²¥ ρ → ∞. ˆ¸¶μ²Ó§Ê¥³
¶·¥¤¸É ¢²¥´¨¥ ÔÉμ° ËÊ´±Í¨¨ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö (11). ‚ ÔÉμ³ ¶·μ¨§¢¥¤¥´¨¨
(¶μ ¶·¥¤¶μ²μ¦¥´¨Õ) ËÊ´±Í¨¨ c ¨ s ¢¸Õ¤Ê μ£· ´¨Î¥´´Ò,   ±Ê²μ´μ¢¸±¨¥ ËÊ´±-
Í¨¨ ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ (15). �μÔÉμ³Ê ¨¸±μ³ Ö  ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨+uλ

É ±μ¢ :

uλ(ρ, η) ∼ N(η) c(ρ, η) sin [χλ(ρ, η) + δλ(η)] +
+ N(η) s(ρ, η) cos [χλ(ρ, η) + δλ(η)] , ρ → ∞.

’¥¶¥·Ó § ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´ Ö  ¸¨³¶ÉμÉ¨±  ¸μ¢¶ ¤ ¥É ¸ É·¥¡Ê¥³μ°
 ¸¨³¶ÉμÉ¨±μ° (5) Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¤¢ 
¶·¥¤¥²Ó´ÒÌ ¸μμÉ´μÏ¥´¨Ö:

lim
ρ→∞

N(η) c(ρ, η) = cos δλ(η), lim
ρ→∞

N(η) s(ρ, η) = sin δλ(η).

‘²¥¤μ¢ É¥²Ó´μ, ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(η) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê² ³¨

N(η) = lim
ρ→∞

N(ρ, η), N(ρ, η) ≡
[
c2(ρ, η) + s2(ρ, η)

]−1/2
, (16)

  É ´£¥´¸ Ë §Ò · ¸¸¥Ö´¨Ö δλ(η) Å Ëμ·³Ê² ³¨

tg δλ(η) = lim
ρ→∞

tg δλ(ρ, η), tg δλ(ρ, η) ≡ s(ρ, η)/c(ρ, η). (17)

‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì Ëμ·³Ê² ¨ μ¶·¥¤¥²¥´¨Ö (6) ¤²Ö ¸¥Î¥´¨Ö σλ ¢¥·´μ
¶·¥¤¸É ¢²¥´¨¥

σλ(η) = lim
ρ→∞

σλ(ρ, η), σλ(ρ, η) = σu
λ(η) [ s(ρ, η)N(ρ, η)]2 . (18)

‚ ¸¨²Ê ¢Ò¸± § ´´ÒÌ ¢ÒÏ¥ ¶·¥¤¶μ²μ¦¥´¨° μ ¸¢μ°¸É¢ Ì  ³¶²¨ÉÊ¤´ÒÌ
ËÊ´±Í¨° Ëμ·³Ê²Ò (11) ¨ (16)Ä(18) μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ μ¡¥ ËÊ´±Í¨¨ U
¨ uλ, ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(η), Ë §Ê ¨ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö δλ(η) ¨
σλ(η). �·¨ É¥Ì ¦¥ ¶·¥¤¶μ²μ¦¥´¨ÖÌ ËÊ´±Í¨¨ uλ(ρ, η), U(ρ, η) ¨ ËÊ´±Í¨¨
N(ρ, η), δλ(ρ, η) ¨ σλ(ρ, η) Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0.
…¸²¨  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s Ê¤μ¢²¥É¢μ·ÖÕÉ § ¤ Î¥ ŠμÏ¨ (7), (8), Éμ
ËÊ´±Í¨Ö uλ, ¢ÒÎ¨¸²¥´´ Ö ¶μ Ëμ·³Ê² ³ (11) ¨ (16), Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¨¸-
Ìμ¤´μ° ±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (3)Ä(5). ‚¥·´μ ¨ μ¡· É´μ¥ ÊÉ¢¥·¦¤¥´¨¥.
‘²¥¤μ¢ É¥²Ó´μ, § ¤ Î  ˜·¥¤¨´£¥·  (3)Ä(5) Ô±¢¨¢ ²¥´É´  § ¤ Î¥ ŠμÏ¨ (7), (8),
¤μ¶μ²´¥´´μ° Ëμ·³Ê² ³¨ (11) ¨ (16)Ä(18).

‚ ¦´Ò³ ¸²¥¤¸É¢¨¥³ É ±μ° Ô±¢¨¢ ²¥´É´μ¸É¨ Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·-
¦¤¥´¨¥: ¥¸²¨ § ¤ Î  ŠμÏ¨ (7), (8) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ {c, s}, ±μ³-
¶μ´¥´ÉÒ ±μÉμ·μ£μ c ¨ s ´¥¶·¥·Ò¢´Ò ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0 ¨ ´¥ ¨³¥ÕÉ
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μ¡Ð¨Ì ´Ê²¥°, Éμ ±· ¥¢ Ö § ¤ Î  ˜·¥¤¨´£¥·  (3)Ä(5) μ¤´μ§´ Î´μ · §·¥Ï¨³ ,
  ¥¥ ·¥Ï¥´¨¥ uλ ´¥¶·¥·Ò¢´μ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 � ρ < ∞.

‚ÒÖ¢¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¢¸¶μ³μ£ É¥²Ó´ÒÌ ËÊ´±Í¨° N(ρ, η), δλ(ρ, η)
¨ σλ(ρ, η). „²Ö ÔÉμ£μ ¢ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (7) § ³¥´¨³ ¶μÉ¥´Í¨ ² V (x) Ë¨-
´¨É´Ò³ ¶μÉ¥´Í¨ ²μ³ Vd(x), ¸μ¢¶ ¤ ÕÐ¨³ ¸ ¶μÉ¥´Í¨ ²μ³ V ´  ´¥±μÉμ·μ³
±μ´¥Î´μ³ μÉ·¥§±¥ 0 � x � d < ∞ ¨ · ¢´Ò³ ´Ê²Õ ¢´¥ ÔÉμ£μ μÉ·¥§± . ‚ ³μ-
´μ£· Ë¨ÖÌ [7, 19] ¶μÉ¥´Í¨ ² Vd ´ §Ò¢ ¥É¸Ö ¶μÉ¥´Í¨ ²μ³ V , ®μ¡·¥§ ´´Ò³¯ ¢
ÉμÎ±¥ x = d. ’ ± ± ± x = 2ρ|η|, É ±μ° ÉμÎ±¥ μÉ¢¥Î ¥É ÉμÎ±  ρ = ρd ≡ d/(2|η|).
�·¥¤¶μ²μ¦¨³, ÎÉμ ·¥Ï¥´¨¥ {c, s} § ¤ Î¨ ŠμÏ¨ (7), (8) ¸ ®μ¡·¥§ ´´Ò³¯ ¶μ-
É¥´Í¨ ²μ³ V ´ °¤¥´μ ´  ¢¸¥³ μÉ·¥§±¥ 0 � ρ � ρd. �μ¸É·μ¨³ ´¥¶·¥·Ò¢-
´μ¥ ¶·μ¤μ²¦¥´¨¥ ÔÉμ£μ ·¥Ï¥´¨Ö ¢ μ¡² ¸ÉÓ ρ > ρd, ¢ ±μÉμ·μ° ®μ¡·¥§ ´´Ò°¯
¶μÉ¥´Í¨ ² Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ´Ê²Õ. ‚ ÔÉμ° μ¡² ¸É¨ ¨¸¸²¥¤Ê¥³Ò¥ Ê· ¢´¥-
´¨Ö (7) ¢Ò·μ¦¤ ÕÉ¸Ö ¢ Ê· ¢´¥´¨Ö ∂ρc = 0 ¨ ∂ρs = 0 ¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨
c(ρ, η) = (ρd, η) ¨ s(ρ, η) = s(ρd, η) ¢ ÉμÎ±¥ ρ = ρd. ’ ± Ö § ¤ Î  ŠμÏ¨
¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥: c(ρ, η) = c(ρd, η), s(ρ, η) = s(ρd, η) ¶·¨ ²Õ¡μ³
ρ � ρd, ¢ Éμ³ Î¨¸²¥ ¨ ¶·¨ ρ = ∞. 	Éμ ·¥Ï¥´¨¥ ¨ μ¶·¥¤¥²¥´¨Ö (16)Ä(18)
¶μ·μ¦¤ ÕÉ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

N(η) ≡ lim
ρ→∞

N(ρ, η) = N(ρd, η), δλ(η) ≡ lim
ρ→∞

δλ(ρ, η) = δλ(ρd, η),

σλ(η) ≡ lim
ρ→∞

σλ(ρ, η) = σλ(ρd, η).

‚ ¸¨²Ê ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° μ¡¸Ê¦¤ ¥³Ò¥ ËÊ´±Í¨¨ N(ρ, η), δλ(ρ, η) ¨ σλ(ρ, η)
μ¡² ¤ ÕÉ ¶·μ§· Î´Ò³ Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³: §´ Î¥´¨Ö ÔÉ¨Ì ËÊ´±Í¨° ¢ ²Õ¡μ°
ÉμÎ±¥ ρ = ρd Ö¢²ÖÕÉ¸Ö ´μ·³¨·μ¢μÎ´Ò³ ³´μ¦¨É¥²¥³ N(η), Ë §μ° δλ(η) ¨
¸¥Î¥´¨¥³ σλ(η) · ¸¸¥Ö´¨Ö ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (x), ®μ¡·¥§ ´´μ£μ¯ ¢ ÉμÎ±¥
x = d = 2ρd|η|. �² £μ¤ ·Ö É ±μ³Ê ¸³Ò¸²Ê ËÊ´±Í¨¨ δλ(ρ, η) ¥¥ ³μ¦´μ ´ §¢ ÉÓ
Ë §μ¢μ° ËÊ´±Í¨¥°.

2.3. ˆ´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¨ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. „ ¤¨³
¨´É¥£· ²Ó´ÊÕ Ëμ·³Ê²¨·μ¢±Ê § ¤ Î ¤²Ö ËÊ´±Í¨° c, s ¨ U .

‘´ Î ²  ¶·¥¤¸É ¢¨³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ ŠμÏ¨ (7), (8) ¢ ¢¨¤¥ Ô±¢¨¢ ²¥´É´μ°
¥° ¸¨¸É¥³Ò ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ‚μ²ÓÉ¥··  ¢Éμ·μ£μ ·μ¤ :

c(ρ, η) = 1 + 4η2

ρ∫
0

V (2t|η|)U(t, η)Gλ(t, η) dt,

(19)

s(ρ, η) = −4η2

ρ∫
0

V (2t|η|)U(t, η)Fλ(t, η) dt.

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ ¤²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¨¸¶μ²Ó§μ¢ ² ¸Ó ËÊ´±Í¨Ö U . � ¶μ-
³´¨³, ÎÉμ ËÊ´±Í¨Ö U μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s Ëμ·³Ê-
² ³¨ (11), Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (3) ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³
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U/Fλ → 1 ¶·¨ ρ → 0 ¨ ¸¢Ö§ ´  ¸ · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° uλ · ¢¥´-
¸É¢μ³ U = uλ/N , £¤¥ ³´μ¦¨É¥²Ó N μ¡¥¸¶¥Î¨¢ ¥É ´μ·³¨·μ¢±Ê (5).

‚Ò¢¥¤¥³ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ U . „²Ö ÔÉμ£μ ¢ ¥¥ ¶·¥¤¸É -
¢²¥´¨¨ (11) Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s § ³¥´¨³ ¶μ¸²¥¤´¨¥ ¶· ¢Ò³¨
Î ¸ÉÖ³¨ ¸μμÉ´μÏ¥´¨° (19) ¨ ¢ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢-
´¥´¨¥ ‚μ²ÓÉ¥··  ¢Éμ·μ£μ ·μ¤ :

U(ρ, η) = Fλ(ρ, η) + (20)

+ 4η2

ρ∫
0

[
Fλ(ρ, η)Gλ(t, η) − Gλ(ρ, η)Fλ(t, η)

]
V (2t|η|)U(t, η) dt.

‚ É¥μ·¨¨ É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö [18] Ê· ¢´¥´¨¥³ ‹¨¶¶³ ´ Ä˜¢¨´£¥· 
¶·¨´ÖÉμ ´ §Ò¢ ÉÓ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥, Ô±¢¨¢ ²¥´É´μ¥ · ¤¨ ²Ó´μ³Ê Ê· ¢-
´¥´¨Õ ˜·¥¤¨´£¥·  ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ ¢ ÉμÎ±¥ ρ = 0. �μÔÉμ³Ê ¨ ¢
É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¢¶μ²´¥ ²μ£¨Î´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ´ §Ò¢ ÉÓ Ê· ¢-
´¥´¨¥ (20) Ê· ¢´¥´¨¥³ ‹¨¶¶³ ´ Ä˜¢¨´£¥· .

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¥¤²μ¦¥´´ Ö ·¥¤Ê±Í¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (3) ±
Ê· ¢´¥´¨Õ ‹¨¶¶³ ´ Ä˜¢¨´£¥·  (20), μ¸´μ¢ ´´ Ö ´  ¨¸¶μ²Ó§μ¢ ´¨¨ ËÊ´±Í¨°
c ¨ s, Ö¢²Ö¥É¸Ö ´μ¢Ò³ ¸¶μ¸μ¡μ³, μÉ²¨Î´Ò³ μÉ ¤ ¢´μ ¨§¢¥¸É´μ£μ ¢ É¥μ·¨¨
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [20].

�¡¸Ê¤¨³ Ê· ¢´¥´¨Ö (19) ¨ (20). ‚ Ê· ¢´¥´¨ÖÌ (19) ¸¨³¢μ²μ³ U μ¡μ§´ -
Î¥´  ¸Ê³³  ¶·μ¨§¢¥¤¥´¨° cFλ ¨ sGλ. ‘²¥¤μ¢ É¥²Ó´μ, ¶· ¢Ò¥ Î ¸É¨ Ê· ¢-
´¥´¨° (19) ¸μ¤¥·¦ É μ¡¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ c ¨ s. ‡´ Î¨É, ¸¨¸É¥³  ÔÉ¨Ì
Ê· ¢´¥´¨° ´¥ ¤¨ £μ´ ²Ó´ Ö, ¨ Ê¦¥ ¶μÔÉμ³Ê ¥¥ ¸²μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ³¥Éμ¤μ³
¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° �¨± · Ä‹¨´¤¥²ßË  [20]. �·¨³¥´¥´¨¥ ÔÉμ£μ
³¥Éμ¤  ± Ê· ¢´¥´¨Ö³ (19) ¨ (20) ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥¢μ§³μ¦´Ò³ ¨§-§  μÉ¸ÊÉ-
¸É¢¨Ö ³ ¦μ· ´É´ÒÌ μÍ¥´μ± ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨° Fλ(ρ′, η) ¨ Gλ(ρ, η) ¶·¨
Ê¸²μ¢¨¨ ρ < ρ′. …¸²¨ ËÊ´±Í¨Ö U ´ °¤¥´ , ´ ¶·¨³¥·, ± ± ·¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö (20), Éμ ¸μμÉ´μÏ¥´¨Ö (19) ¸É ´μ¢ÖÉ¸Ö ¨´É¥£· ²Ó´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨
ËÊ´±Í¨° c ¨ s Î¥·¥§ ËÊ´±Í¨¨ Fλ, Gλ ¨ U .

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¥Ð¥ μ¤´μ° ¸¨¸É¥³Ò ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°,   ¨³¥´´μ
¶μ± ¦¥³, ÎÉμ § ¤ ÎÊ ŠμÏ¨ (7), (8) ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c ¨ s ³μ¦´μ
¸¢¥¸É¨ ± ¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°

y1(ρ, η) = 1 +

ρ∫
0

P1(ρ1, η) dρ1

ρ1∫
0

P2(ρ2, η) y1(ρ2, η) dρ2,

(21)

y2(ρ, η) =

ρ∫
0

P2(ρ1, η) dρ1 +

ρ∫
0

P2(ρ1, η) dρ1

ρ1∫
0

P1(ρ2, η) y2(ρ2, η) dρ2,

11



¢ ±μÉμ·ÒÌ ρ � 0,   ËÊ´±Í¨¨

P1(ρ, η) ≡ 4η2 V (2ρ|η|)G2
λ(ρ, η) exp

[
2B(ρ, η)

]
,

(22)
P2(ρ, η) ≡ −4η2 V (2ρ|η|)F 2

λ(ρ, η) exp
[
− 2B(ρ, η)

]
,

¸μ¤¥·¦ É ¨´É¥£· ²

B(ρ, η) ≡ 4η2

ρ∫
0

V (2t|η|)Fλ(t, η)Gλ(t, η) dt. (23)

�μ²μ¦¨¢ ¢ ¨¸¸²¥¤Ê¥³μ° § ¤ Î¥ (7), (8)

c(ρ, η) = y1(ρ, η) exp
[
B(ρ, η)

]
, s(ρ, η) = y2(ρ, η) exp

[
− B(ρ, η)

]
, (24)

¢Ò¢¥¤¥³ ´¥¤¨ £μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

∂ρy1(ρ, η) = P1(ρ, η) y2(ρ, η), ∂ρy2(ρ, η) = P2(ρ, η) y1(ρ, η), ρ > 0,

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ y1 = 1 ¨ y2 = 0 ¢ ÉμÎ±¥ ρ = 0. ‡ ¶¨Ï¥³ É ±ÊÕ
§ ¤ ÎÊ ŠμÏ¨ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°:

y1(ρ, η) = 1 +

ρ∫
0

P1(t, η) y2(t, η) dt,

(25)

y2(ρ, η) =

ρ∫
0

P2(t, η) y1(t, η) dt, ρ � 0.

‡ É¥³ ¢ ¶¥·¢μ³ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨° § ³¥´¨³ ËÊ´±Í¨Õ y2 ¶· ¢μ° Î ¸ÉÓÕ ¢Éμ-
·μ£μ Ê· ¢´¥´¨Ö,   ¢μ ¢Éμ·μ³ Ê· ¢´¥´¨¨ § ³¥´¨³ ËÊ´±Í¨Õ y1 ¶· ¢μ° Î ¸ÉÓÕ
¶¥·¢μ£μ Ê· ¢´¥´¨Ö. ‚ ·¥§Ê²ÓÉ É¥ É ±μ° ¨É¥· Í¨¨ ¶μ²ÊÎ¨É¸Ö ¸¨¸É¥³  ¤¢ÊÌ
Ê· ¢´¥´¨° (21), ±μÉμ·ÊÕ ¨ ÌμÉ¥²μ¸Ó ¢Ò¢¥¸É¨.

�¡¸Ê¤¨³ Ê· ¢´¥´¨Ö (21) ¨ (25). �¥·¢μ¥ ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (21) ´¥
¸μ¤¥·¦¨É ËÊ´±Í¨Õ y2,   ¢Éμ·μ¥ ´¥ ¸μ¤¥·¦¨É ËÊ´±Í¨Õ y1. �μÔÉμ³Ê μ¡  μ¡-
¸Ê¦¤ ¥³ÒÌ Ê· ¢´¥´¨Ö ³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ´¥§ ¢¨¸¨³μ ¤·Ê£ μÉ ¤·Ê£ . ‚ ÔÉμ³
§ ±²ÕÎ ¥É¸Ö ¶¥·¢μ¥ ¨ ´¥μ¸¶μ·¨³μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¸¨¸É¥³Ò (21) ¶μ ¸· ¢´¥´¨Õ
¸ ´¥¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³μ° (19). ‚Éμ·μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¤μ-
¸É ÉμÎ´μ ·¥Ï¨ÉÓ Éμ²Ó±μ ¶¥·¢μ¥ ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (21),   § É¥³ ¢ÒÎ¨¸²¨ÉÓ
ËÊ´±Í¨Õ y2 ± ± ¨´É¥£· ² (25), ¸μ¤¥·¦ Ð¨° Ê¦¥ ´ °¤¥´´ÊÕ ËÊ´±Í¨Õ y1.

ˆÉ ±, Ê· ¢´¥´¨Ö (7) ¤²Ö ËÊ´±Í¨° c ¨ s ¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ (8) ¢
ÉμÎ±¥ ρ = 0 ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ³ ¸¶μ¸μ¡μ³ ¸¢μ¤ÖÉ¸Ö ± ¨´É¥£· ²Ó´Ò³ Ê· ¢´¥-
´¨Ö³ (21). �¡μ¡Ð¨³ ÔÉμÉ ¸¶μ¸μ¡ ´  ¸²ÊÎ ° ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°, § ¤ ´´ÒÌ ¢
¶·μ¨§¢μ²Ó´μ° ÉμÎ±¥ b ¶μ²Êμ¸¨ ρ > 0.
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‘´ Î ²  ¸Ëμ·³Ê²¨·Ê¥³ ´μ¢ÊÕ § ¤ ÎÊ ŠμÏ¨ ¤²Ö ËÊ´±Í¨° c ¨ s. �Ê¸ÉÓ
z1(b, η) ¨ z(b, η) Å ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ¶¥·¥³¥´´μ° η. „²Ö Ê· ¢´¥´¨° (7)
¨¸¶μ²Ó§Ê¥³ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö

c(ρ, η) = z1(b, η), s(ρ, η) = z2(b, η), ρ = b > 0. (26)

’¥¶¥·Ó ¶μ± ¦¥³, ÎÉμ ´μ¢ Ö § ¤ Î  ŠμÏ¨ (7), (26) ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0
¸¢μ¤¨É¸Ö ± ¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°

zi(ρ, η) = zi0(ρ, η) +

ρ∫
b

Ti(ρ1, η) dρ1

ρ1∫
b

Tj(ρ2, η) zi(ρ2, η) dρ2, i = 1, 2. (27)

‡¤¥¸Ó ¨ ¤ ²¥¥ j = 2, ¥¸²¨ i = 1, ¨ j = 1, ¥¸²¨ i = 2; ËÊ´±Í¨¨ zi0 Å ¸Ê³³Ò

zi0(ρ, η) ≡ zi(b, η) + zj(b, η)

ρ∫
b

Ti(t, η) dt, i = 1, 2, (28)

  ËÊ´±Í¨¨

T1(ρ, η) ≡ 4η2 V (2ρ|η|)G2
λ(ρ, η) exp [2D(ρ, η)] ,

(29)
T2(ρ, η) ≡ −4η2 V (2ρ|η|)F 2

λ (ρ, η) exp [−2D(ρ, η)]

¸μ¤¥·¦ É ¨´É¥£· ²

D(ρ, η) ≡ 4η2

ρ∫
b

V (2t|η|)Fλ(t, η)Gλ(t, η) dt. (30)

�μ²μ¦¨¢ ¢ ¨¸¸²¥¤Ê¥³μ° § ¤ Î¥ (7), (26)

c(ρ, η) = z1(ρ, η) exp [ D(ρ, η) ] , s(ρ, η) = z2(ρ, η) exp [−D(ρ, η) ] , (31)

¢Ò¢¥¤¥³ ´¥¤¨ £μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

∂ρzi(ρ, η) = Ti(ρ, η) zj(ρ, η), i = 1, 2,

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ zi(ρ, η) = zi(b, η), i = 1, 2, ¢ ÉμÎ±¥ ρ = b. �·¥¤¸É -
¢¨³ É ±ÊÕ § ¤ ÎÊ ŠμÏ¨ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°

zi(ρ, η) = zi(b, η) +

ρ∫
b

Ti(t, η) zj(t, η) dt, i = 1, 2. (32)
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ˆÉ¥· Í¨¥° ¸¢¥¤¥³ ÔÉ¨ Ê· ¢´¥´¨Ö ± Ê· ¢´¥´¨Ö³ (27), ±μÉμ·Ò¥ ¨ É·¥¡μ¢ ²μ¸Ó
¶μ²ÊÎ¨ÉÓ.

�μÖ¸´¨³ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  Ê· ¢´¥´¨° (27), (32) ¨ μ¶É¨³ ²Ó´Ò° ¸¶μ¸μ¡
¨Ì ·¥Ï¥´¨Ö. �¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ b = 0 ÔÉ¨ Ê· ¢´¥´¨Ö
¢Ò·μ¦¤ ÕÉ¸Ö ¢ Ê· ¢´¥´¨Ö (21) ¨ (25). �¡  Ê· ¢´¥´¨Ö (27) ³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ
´¥§ ¢¨¸¨³μ ¤·Ê£ μÉ ¤·Ê£ . „μ¸É ÉμÎ´μ ·¥Ï¨ÉÓ Éμ²Ó±μ ¶¥·¢μ¥ ¨§ ÔÉ¨Ì Ê· ¢-
´¥´¨°,   § É¥³ ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨Õ z2 ± ± ¨´É¥£· ² (32), ¸μ¤¥·¦ Ð¨° Ê¦¥
´ °¤¥´´ÊÕ ËÊ´±Í¨Õ z1. �·¨ É ±μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±-
Í¨° z1 ¨ z2 ËÊ´±Í¨Ö z1 Ö¢²Ö¥É¸Ö μ·¨£¨´ ²μ³,   ËÊ´±Í¨Ö z2 Å ¨´É¥£· ²Ó´Ò³
μ¡· §μ³ ËÊ´±Í¨¨ z1.

3. Œ�’…Œ�’ˆ—…‘Š�… ���‘��‚��ˆ… Œ…’�„�

„ ¤¨³ ¶μ²´μ¥ ³ É¥³ É¨Î¥¸±μ¥ μ¡μ¸´μ¢ ´¨¥ ³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°
¶μ ¸²¥¤ÊÕÐ¥³Ê ¶² ´Ê. ‚ ¶. 3.1 ¤μ± ¦¥³ É·¨ ²¥³³Ò μ ³ ¦μ· ´É´ÒÌ μÍ¥´± Ì.
‡ É¥³ ¢ ¶. 3.2 ¨¸¶μ²Ó§Ê¥³ ÔÉ¨ ²¥³³Ò ¤²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö
¨ ¥¤¨´¸É¢¥´´μ¸É¨ ·¥Ï¥´¨° ¸¨¸É¥³ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (21), (27) ¨ § ¤ Î¨
ŠμÏ¨ (7), (8).

3.1. ‹¥³³Ò μ ³ ¦μ· ´É´ÒÌ μÍ¥´± Ì. � ¸ÉμÖÐ¨° ¶Ê´±É ¸μ¤¥·¦¨É ¤μ-
± § É¥²Ó¸É¢  É·¥Ì ¢¸¶μ³μ£ É¥²Ó´ÒÌ ÊÉ¢¥·¦¤¥´¨°,   ¨³¥´´μ ²¥³³ 1Ä3 μ ³ -
¦μ· ´É´ÒÌ μÍ¥´± Ì ËÊ´±Í¨° (22) ¨ (29). ’ ±¨¥ μÍ¥´±¨ ¶μÉ·¥¡ÊÕÉ¸Ö ¢
¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸¨¸É¥³ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (21)
¨ (27). ‘Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢ ²¥³³ Ì 1Ä3 ÊÉ¢¥·¦¤¥´¨Ö Å ¸²¥¤¸É¢¨Ö ¥¤¨´-
¸É¢¥´´ÒÌ ¨§¢¥¸É´ÒÌ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ³ ¦μ· ´É´ÒÌ μÍ¥´μ± [17] ËÊ´±-
Í¨° ŠÊ²μ´  ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤± . ‚ ¸²ÊÎ ¥ 2λ > −1 É ±¨¥ μÍ¥´±¨ ´ ¸Éμ²Ó±μ
¶·μ¸ÉÒ, ÎÉμ ¶μ§¢μ²ÖÕÉ ¤μ± § ÉÓ ²¥³³Ê 1 ¡¥§ μ¸μ¡ÒÌ § É·Ê¤´¥´¨° ¶·¨ ²Õ-
¡μ³ ρ � 0. ‹¥³³Ò 2 ¨ 3 ¶μ¸¢ÖÐ¥´Ò μ¸μ¡μ³Ê ¸²ÊÎ Õ 2λ = −1. ‚ ÔÉμ³
¸²ÊÎ ¥ ¤²Ö ËÊ´±Í¨° ŠÊ²μ´  ¨³¥ÕÉ¸Ö É·¨ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨: Q, Q− ¨
Q+. � ¨¡μ²¥¥ ÉμÎ´ Ö ¨§ ´¨Ì Å μÍ¥´±  Q Å ¢¥·´  ¶·¨ ²Õ¡μ³ ρ � 0,
´μ ¸μ¤¥·¦¨É Ô²²¨¶É¨Î¥¸±¨° ¨´É¥£· ² ¶¥·¢μ£μ ·μ¤ . ‚¸¥ ¶μ¶ÒÉ±¨ ¨¸¶μ²Ó-
§μ¢ ÉÓ É ±ÊÕ ¸²μ¦´ÊÕ μÍ¥´±Ê ´¥ Ê¢¥´Î ²¨¸Ó Ê¸¶¥Ìμ³. Œ¥´¥¥ ÉμÎ´Ò¥, § Éμ
¶·μ¸ÉÒ¥, ´μ ËÊ´±Í¨μ´ ²Ó´μ · §´Ò¥ μÍ¥´±¨ Q− ¨ Q+ ¸¶· ¢¥¤²¨¢Ò ¸μμÉ¢¥É-
¸É¢¥´´μ ´  μÉ·¥§±¥ 0 � ρ � b = 0,05 ¨ ¶μ²Êμ¸¨ ρ � b. ˆ§-§  ¶μÖ¸´¥´´ÒÌ
¢ÒÏ¥ ¸¢μ°¸É¢ μÍ¥´μ± Q, Q− ¨ Q+  ´ ²¨§ ¸²ÊÎ Ö 2λ = −1 ¶·¨Ï²μ¸Ó · §-
¡¨ÉÓ ´  ¤¢¥ ²¥³³Ò: ¢ ²¥³³¥ 2 ¨¸¶μ²Ó§Ê¥É¸Ö μÍ¥´±  Q−,   ¢ ²¥³³¥ 3 Å
μÍ¥´±  Q+. ’ ±μ¥ · §¡¨¥´¨¥ μ± § ²μ¸Ó Ê¤ Î´Ò³: ¡² £μ¤ ·Ö ¥³Ê Ê¤ ²μ¸Ó
´ °É¨ ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ¥ ¨ μ¤´μÉ¨¶´Ò¥ ¤μ± § É¥²Ó¸É¢  ²¥³³ 1Ä3. ‚ ²¥³³¥ 1
¢¸¥ ¶·μ³¥¦ÊÉμÎ´Ò¥ ¢Ò±² ¤±¨ ¸´ ¡¦ ÕÉ¸Ö ¶μ¤·μ¡´Ò³¨ ¶μÖ¸´¥´¨Ö³¨, ÎÉμ ¶μ-
§¢μ²Ö¥É ¢ ²¥³³ Ì 2 ¨ 3 ¶¥·¥Î¨¸²¨ÉÓ ²¨ÏÓ ±²ÕÎ¥¢Ò¥ ³μ³¥´ÉÒ ¨Ì ¤μ± § -
É¥²Ó¸É¢.
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‹¥³³  1. �Ê¸ÉÓ 2λ > −1 ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

L(ρ, η) ≡ 4aλ η2

ρ∫
0

t |V (2t|η|)| dt,

(33)

aλ ≡
√

2π

2λ + 1
, 2τ(ρ, η) ≡ exp [2L(ρ, η)] − 1.

’μ£¤  ¶·μ¨§¢¥¤¥´¨¥ P1 P2 ËÊ´±Í¨° (22) Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê

|P1(ρ, η)P2(ρ′, η) | � ∂ρτ(ρ, η) ∂ρ′τ(ρ′, η), 0 � ρ′ � ρ � ∞, (34)

¨ ¨³¥¥É ³¥¸Éμ μÍ¥´± 

|P2(ρ, η) | � max
0�t�ρ

|Fλ(t, η) | ∂ρτ(ρ, η), 0 � ρ � ∞. (35)

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸  ´ ²¨§  ¨´É¥£· ²  L ¨ ËÊ´±Í¨¨ τ .
� ¶μ³´¨³, ÎÉμ |η| = 1/(2q), ρ = qx ¨ ¶μÔÉμ³Ê x = 2ρ|η| = r/|R|.

‚ ¨´É¥£· ²¥ L ¶¥·¥°¤¥³ ± ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö x1 = 2t|η| = t/q,
¢¥·Ì´¨° ¶·¥¤¥² ρ ¢Ò· §¨³ Î¥·¥§ ¶¥·¥³¥´´ÊÕ x = ρ/q ¨ ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³

L(ρ, η) =

√
2π

2λ + 1

x∫
0

x1 |V (x1)| dx1, x = ρ/q = 2ρ|η|.

‘²¥¤μ¢ É¥²Ó´μ, ¨´É¥£· ² L Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¶¥·¥³¥´´μ° x = 2ρ|η| ¨ ¶μ-
ÔÉμ³Ê ´¥ § ¢¨¸¨É μÉ ¢μ²´μ¢μ£μ Î¨¸²  q. ’ ± ± ± ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É
Ê¸²μ¢¨Ö³ (2), Éμ ¨´É¥£· ² L ¸Ìμ¤¨É¸Ö ´  ´¨¦´¥³ ¶·¥¤¥²¥, ¸ÊÐ¥¸É¢Ê¥É ¶·¨
²Õ¡μ³ ρ > 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¸²ÊÎ ¥ ρ = ∞. ‚ ¶·¥¤¥²¥ λ → ∞ ¨´É¥£· ² L
Ê¡Ò¢ ¥É ± ± O(λ−1/2) ¶·¨ ²Õ¡ÒÌ ρ > 0 ¨ η ∈ (−∞,∞).

’¥¶¥·Ó Ê± ¦¥³ ¢ ¦´Ò¥ ¸¢μ°¸É¢  ËÊ´±Í¨¨ τ , ¸²¥¤ÊÕÐ¨¥ ¨§ ¥¥ μ¶·¥¤¥²¥-
´¨Ö (33) Î¥·¥§ ¨´É¥£· ² L ¨ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ÔÉμ£μ ¨´É¥£· ² .
”Ê´±Í¨Ö τ · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ ρ = 0, ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ´μ μ£· ´¨Î¥´ 
´  ¶μ²Êμ¸¨ ρ � 0 ¨ Ê¡Ò¢ ¥É ¢ ¶·¥¤¥²¥ λ → ∞ ± ± O(λ−1/2). �·μ¨§¢μ¤´ Ö
∂ρτ μ£· ´¨Î¥´  ¢ μ¡² ¸É¨ ρ > 0, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ μ£· ´¨Î¥´  ¢ ÉμÎ±¥ ρ = 0,
´μ ¨´É¥£·¨·Ê¥³  ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0.

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¢¸¶μ³μ£ É¥²Ó´ÒÌ ´¥· ¢¥´¸É¢. ‘´ Î ²  ¶μ± ¦¥³, ÎÉμ
³μ¤Ê²Ó ¨´É¥£· ²  B, § ¤ ´´μ£μ Ëμ·³Ê²μ° (23), ´¥ ¶·¥¢μ¸Ìμ¤¨É ¨´É¥£· ²  L.
‡ É¥³ ¶¥·¥Î¨¸²¨³ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ÔÉμ£μ ¸¢μ°¸É¢  ¨´É¥£· ²  B.

Ÿ¸´μ, ÎÉμ ³μ¤Ê²Ó ¨´É¥£· ²  B ³¥´ÓÏ¥ ¨´É¥£· ²  ¸ É¥³¨ ¦¥ ¶·¥¤¥² ³¨, ´μ
μÉ ³μ¤Ê²Ö Éμ° ¦¥ ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¨. ’ ±μ° ³μ¤Ê²Ó ´¥ ¶·¥¢μ¸Ìμ¤¨É
¶·μ¨§¢¥¤¥´¨Ö ³μ¤Ê²Ö ¶μÉ¥´Í¨ ²  V ´  ¶· ¢ÊÕ Î ¸ÉÓ ¨§¢¥¸É´μ° ³ ¦μ· ´É´μ°
μÍ¥´±¨ [17]

|Fλ(ρ′, η)Gλ(ρ, η) | � aλ

√
ρ′ρ, 0 � ρ′ � ρ � ∞, 2λ > −1. (36)
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‡´ Î¨É, ¢¥·´  Í¥¶μÎ±  ¸²¥¤ÊÕÐ¨Ì ¤·Ê£ ¨§ ¤·Ê£  ´¥· ¢¥´¸É¢

|B(ρ, η)| = 4η2

∣∣∣∣∣∣
ρ∫

0

V (2t|η|)Fλ(t, η)Gλ(t, η) dt

∣∣∣∣∣∣ �

� 4η2

ρ∫
0

|V (2t|η|)| |Fλ(t, η)Gλ(t, η)| dt �

� 4 aλ η2

ρ∫
0

t |V (2t|η|)| dt = L(ρ, η) < ∞, ρ � 0.

‚ ¸¨²Ê ÔÉμ° Í¥¶μÎ±¨ ¨´É¥£· ² L(ρ, η) ¸²Ê¦¨É ³ ¦μ· ´Éμ° ¨´É¥£· ²  B(ρ, η)
¶·¨ ²Õ¡μ³ ρ � 0. �μÔÉμ³Ê ¢¸¥£¤  ¢¥·´Ò ´¥· ¢¥´¸É¢ 

exp [±2B(ρ, η)] � exp [2L(ρ, η)] < ∞, ρ � 0.

‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì ´¥· ¢¥´¸É¢ ¨ μ¶·¥¤¥²¥´¨° (33) ¶·¨ ²Õ¡μ³ ρ � 0 ¨³¥¥³

4aλ η2ρ |V (2ρ|η|)| exp [±2B(ρ, η) ] �
� 4aλη2ρ |V (2ρ|η|)| exp [2L(ρ, η)] =

= ∂ρL(ρ, η) exp [2L(ρ, η)] = ∂ρτ(ρ, η). (37)

’¥¶¥·Ó ¤μ± ¦¥³ ´¥· ¢¥´¸É¢μ (34). ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (22) ËÊ´±Í¨°
P1 ¨ P2, μÍ¥´±Ê (36) ¨ ¸μμÉ´μÏ¥´¨Ö (37), ¶·¨ Ê¸²μ¢¨¨ 0 � ρ′ � ρ � ∞
¶μ²ÊÎ ¥³

|P1(ρ, η)P2(ρ′, η) | �
�

{
4η2 |V (2ρ|η|)| exp [2B(ρ, η)]

} {
4η2 |V (2ρ′|η|)| exp [−2B(ρ′, η)]

}
×

× |Gλ(ρ, η)Fλ(ρ′, η)|2 �
{
4aλη2 ρ |V (2ρ|η|)| exp [2L(ρ, η)]

}
×

×
{
4aλη2 ρ′ |V (2ρ′|η|)| exp [2L(ρ′, η)]

}
= ∂ρτ(ρ, η) ∂ρ′τ(ρ′, η).

‘²¥¤μ¢ É¥²Ó´μ, ´¥· ¢¥´¸É¢μ (34) ¢¥·´μ.
�¸É ²μ¸Ó μÍ¥´¨ÉÓ ËÊ´±Í¨Õ P2. �μ μ¶·¥¤¥²¥´¨Õ (22) ÔÉ  ËÊ´±Í¨Ö ¸μ-

¤¥·¦¨É ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ËÊ´±Í¨° Fλ. Œμ¤Ê²Ó μ¤´μ° ¨§ ´¨Ì § ³¥´¨³ ³ ±-
¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³ ËÊ´±Í¨¨ |Fλ(t, η) | ´  μÉ·¥§±¥ 0 � t � ρ,   ³μ¤Ê²Ó
¤·Ê£μ° Å ¶· ¢μ° Î ¸ÉÓÕ ¨§¢¥¸É´μ£μ ´¥· ¢¥´¸É¢  [17]:

|Fλ(ρ, η) | � aλ ρ , ρ � 0, 2λ > −1, (38)
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§ É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (37) ¨ ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³ μÍ¥´±Ê (35).
�·¨¢¥¤¥³ ¤²Ö ¡μ²ÓÏ¥° Ö¸´μ¸É¨ ¥¥ ¶μ¤·μ¡´Ò° ¢Ò¢μ¤:

|P2(ρ, η) | � 4η2 |V (2ρ|η|) | F 2
λ(ρ, η) exp [−2B(ρ, η) ] �

� max
0�t�ρ

|Fλ(t, η) | 4aλ η2ρ |V (2ρ|η|)| exp [−2B(ρ, η)] �

� max
0�t�ρ

|Fλ(t, η)| ∂ρL(ρ) exp [2L(ρ)] = max
0�t�ρ

|Fλ(t, η) | ∂ρτ(ρ),

¨ É¥³ ¸ ³Ò³ § ¢¥·Ï¨³ ¤μ± § É¥²Ó¸É¢μ ²¥³³Ò 1.
‹¥³³  2. �Ê¸ÉÓ 2λ = −1, b = 0,05, e Å μ¸´μ¢ ´¨¥ ´ ÉÊ· ²Ó´μ£μ

²μ£ ·¨Ë³ , B Å ¨´É¥£· ² (23), ρ ∈ [0, b], ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

L1(ρ, η) ≡ 2 η2

ρ∫
0

t
[
ln (β1t

2)
]2 |V (2t|η|) | dt,

2τ1(ρ, η) ≡ exp [2L1(ρ, η)] − 1, β1 ≡ 1
e

√
π

2
.

’μ£¤  ËÊ´±Í¨¨ (22) Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥· ¢¥´¸É¢ ³

|P1(ρ, η)P2(ρ′, η)| � ∂ρτ1(ρ, η) ∂ρ′τ1(ρ′, η), 0 � ρ′ � ρ � b;
(39)

|P2(ρ, η) | � ρ ∂ρτ1(ρ, η), ρ ∈ [0, b].

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸  ´ ²¨§  ¨´É¥£· ²  L1 ¨ ËÊ´±Í¨¨ τ1. ˆ´É¥£-
· ² L1 § ¢¨¸¨É μÉ ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¸ÊÐ¥¸É¢Ê¥É, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ
μ£· ´¨Î¥´¨Ö³ (2) ¶μÉ¥´Í¨ ² V ´¥¶·¥·Ò¢¥´ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < ρ � b ¨
Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ V (2t|η|) = o((t|η|)−2) ¶·¨ t → 0+. ”Ê´±Í¨Ö τ1 · ¢´ 
´Ê²Õ ¢ ÉμÎ±¥ ρ = 0, ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ´μ μ£· ´¨Î¥´  ´  ¢¸¥³ μÉ·¥§±¥
0 � ρ � b. �·μ¨§¢μ¤´ Ö ∂ρτ1 μ£· ´¨Î¥´  ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < ρ � b ¨
¨´É¥£·¨·Ê¥³  ´  μÉ·¥§±¥ [0, ρ], ρ � b.

’¥¶¥·Ó ¨§ ¨§¢¥¸É´ÒÌ μÍ¥´μ± [17] ËÊ´±Í¨° ŠÊ²μ´ 

|Fλ(ρ′, η)Gλ(ρ, η)| � −
√

ρ′ρ

2
ln (β1ρ

′ρ), 0 � ρ′ � ρ � b = 0,05,

(40)

|Fλ(ρ, η)| � −ρ

2
ln (β1ρ

2), ρ ∈ [0, b], β1 =
1
e

√
π

2
= 0,4610685 . . . ,

¢Ò¢¥¤¥³ ¸¶¥Í¨ ²Ó´Ò¥ μÍ¥´±¨, ¶μ§¢μ²ÖÕÐ¨¥ ¨¸¶μ²Ó§μ¢ ÉÓ ¤μ± § É¥²Ó¸É¢μ
²¥³³Ò 1.
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‚ Î ¸É´μ³ ¸²ÊÎ ¥ ρ = ρ′ ¨§ ¸μμÉ´μÏ¥´¨° (40) ¸²¥¤ÊÕÉ ¤¢¥ ³ ¦μ· ´É´Ò¥
μÍ¥´±¨:

F 2
λ (ρ, η) � ρ2

4
[
ln (β1ρ

2)
]2

,

(41)
|Fλ(ρ, η)Gλ(ρ, η)| � ρ

2

∣∣ln (β1ρ
2)

∣∣ , ρ ∈ [0, b].

‚Éμ· Ö ¨§ ´¨Ì ¶μ·μ¦¤ ¥É ³¥´¥¥ ÉμÎ´ÊÕ μÍ¥´±Ê:

|Fλ(ρ, η)Gλ(ρ, η)| � ρ

2
[
ln (β1ρ

2)
]2

, ρ ∈ [0, b]. (42)

„¥°¸É¢¨É¥²Ó´μ, ´  μÉ·¥§±¥ 0 � ρ � 0,05 ¢¸¥ §´ Î¥´¨Ö ËÊ´±Í¨¨ | ln (β1ρ
2)|

´¥ ¶·¥¢μ¸Ìμ¤ÖÉ Î¨¸²μ | ln (0,05β1)| = 6,765673 . . ., ±μÉμ·μ¥ ¡μ²ÓÏ¥ ¥¤¨´¨ÍÒ.
‘²¥¤μ¢ É¥²Ó´μ, ´  ÔÉμ³ μÉ·¥§±¥ ËÊ´±Í¨Ö | ln (β1ρ

2)| ¢¸¥£¤  ³¥´ÓÏ¥ ¥¥ ±¢ -
¤· É .

‚ ¸²ÊÎ ¥ ρ′ = ρ2 ¨ ρ = ρ1 ¡² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Ö³ (40) ¢¥·´μ ´¥-
· ¢¥´¸É¢μ

G2
λ(ρ1, η)F 2

λ (ρ2, η)| � 1
4

ρ1 ρ2 [ln (β1ρ1ρ2)]
2
, 0 � ρ2 � ρ1 � b.

ˆ§ ÔÉμ£μ ´¥· ¢¥´¸É¢  ¢ ¸¨²Ê Ëμ·³Ê²

[
ln (β1ρ

2
1)

]2
> 1, |ln (β1ρ1ρ2)| �

∣∣ln (β1ρ
2
2)

∣∣ , 0 � ρ2 � ρ1 � b,

¸²¥¤Ê¥É ³¥´¥¥ ÉμÎ´ Ö μÍ¥´± 

G2
λ(ρ1, η)F 2

λ(ρ2, η) �
{ρ1

2
[
ln (β1ρ

2
1)

]2
} {ρ2

2
[
ln (β1ρ

2
2)

]2
}

,

(43)
0 � ρ2 � ρ1 � b,

¢ ±μÉμ·μ° ¶¥·¢Ò° ¨²¨ ¢Éμ·μ° ¨§ ¸μ³´μ¦¨É¥²¥°, § ±²ÕÎ¥´´ÒÌ ¢ Ë¨£Ê·´Ò¥
¸±μ¡±¨, § ¢¨¸¨É Éμ²Ó±μ μÉ μ¤´μ° ¶¥·¥³¥´´μ° ρ1 ¨²¨ ρ2.

’¥¶¥·Ó ´¥¸²μ¦´μ ¤μ± § ÉÓ ´¥· ¢¥´¸É¢  (39) ¶μ  ´ ²μ£¨¨ ¸ ¤μ± § É¥²Ó-
¸É¢μ³ ´¥· ¢¥´¸É¢ (34), ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³ ¢ ²¥³³¥ 1. „²Ö ÔÉμ£μ ¢³¥¸Éμ
μÍ¥´μ± (36) ¨ (38) ËÊ´±Í¨° ŠÊ²μ´  ¨¸¶μ²Ó§Ê¥³ μÍ¥´±¨ (41)Ä(43),   ¢³¥¸Éμ
ËÊ´±Í¨° L ¨ τ Å ËÊ´±Í¨¨ L1 ¨ τ1.

‚ ¸¨²Ê μ¶·¥¤¥²¥´¨° ¨´É¥£· ²μ¢ B ¨ L1 ¨ μÍ¥´±¨ (42) ¢¥·´Ò ¤¢  ´¥· -
¢¥´¸É¢ 

|B(ρ, η)| � L1(ρ, η), exp [±2B(ρ, η)] � exp [2L1(ρ, η)] , ρ ∈ [0, b].

�² £μ¤ ·Ö ¢Éμ·μ³Ê ¨§ ´¨Ì,   É ±¦¥ μ¶·¥¤¥²¥´¨Ö³ ËÊ´±Í¨° P1, P2, τ1 ¨
μÍ¥´±¥ (43) ¸¶· ¢¥¤²¨¢μ ¶¥·¢μ¥ ¨§ ´¥· ¢¥´¸É¢ (39). ‚Éμ·μ¥ ¨§ ´¨Ì Å ¸²¥¤-
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¸É¢¨¥ μÍ¥´±¨ (41) ¤²Ö ËÊ´±Í¨¨ F 2
λ . Š²ÕÎ¥¢Ò³¨ ¶·¨ ¢Ò¢μ¤¥ μ¡μ¨Ì ´¥· -

¢¥´¸É¢ (39) Ö¢²ÖÕÉ¸Ö ¤¢  Éμ¦¤¥¸É¢ 

∂ρτ1(ρ, η) ≡ ∂ρL1(ρ, η) exp [2L1(ρ, η)] ≡

≡ 2η2 ρ
[
ln (β1ρ

2)
]2 |V (2ρ|η|)| exp [2L1(ρ, η)].

	É¨³ § ³¥Î ´¨¥³ § ±μ´Î¨³ ¤μ± § É¥²Ó¸É¢μ ²¥³³Ò 2.
‹¥³³  3. �Ê¸ÉÓ 2λ = −1, b = 0,05, K(π/4) Å ¶μ²´Ò° Ô²²¨¶É¨Î¥¸±¨°

¨´É¥£· ² ¶¥·¢μ£μ ·μ¤ , D Å ¨´É¥£· ² (30), ρ � b, ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

L2(ρ, η) ≡ 4β2 η2

ρ∫
b

√
t |V (2t|η|) | dt,

2τ2(ρ, η) ≡ exp [2L2(ρ, η)] − 1, β2 ≡ 2√
π

K(π/4).

’μ£¤  ËÊ´±Í¨¨ (29) Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥· ¢¥´¸É¢ ³

|T1(ρ, η)T2(ρ′, η) | � ∂ρτ2(ρ, η) ∂ρ′τ2(ρ′, η), b � ρ′ � ρ � ∞;
(44)

|T2(ρ, η) | � max
b�t�ρ

|Fλ(t, η)| ∂ρτ2(ρ, η), ρ � b,

¨ ¶·¨ ²Õ¡μ³ ρ � b ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö∣∣∣∣∣∣
ρ∫

b

T1(t, η) dt

∣∣∣∣∣∣ � p(η) ≡ 4η2

∞∫
b

G2
λ(t, η) |V (2t|η|) | exp [ 2D(t, η) ] < ∞. (45)

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸ μ¡¸Ê¦¤¥´¨Ö ¨´É¥£· ²  L2 ¨ ËÊ´±Í¨¨ τ2. ˆ´É¥-
£· ² L2 § ¢¨¸¨É μÉ ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¸ÊÐ¥¸É¢Ê¥É ¶·¨ ²Õ¡μ³ ρ � b ¡² £μ¤ ·Ö
μ£· ´¨Î¥´¨Ö³ (2) ´  ¶μÉ¥´Í¨ ² V . ‚ ¸²ÊÎ ¥ ρ = ∞ ¸Ìμ¤¨³μ¸ÉÓ ÔÉμ£μ ¨´-
É¥£· ²  ´  ¢¥·Ì´¥³ ¶·¥¤¥²¥ μ¡¥¸¶¥Î¨¢ ¥É¸Ö Ê¸²μ¢¨¥³ V (2t|η|) = o((t|η|)−2)
¶·¨ t → ∞. ”Ê´±Í¨Ö τ2 · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ ρ = b, ³μ´μÉμ´´μ ¢μ§· ¸É ¥É ´ 
¶μ²Êμ¸¨ ρ � b, ´μ μ£· ´¨Î¥´  ¢ ÉμÎ±¥ ρ = ∞.

�·μ¤μ²¦¥´¨¥ ¤μ± § É¥²Ó¸É¢  μÉ²¨Î ¥É¸Ö μÉ ¤μ± § É¥²Ó¸É¢  ²¥³³Ò 1 Éμ²Ó±μ
É¥³, ÎÉμ ¢³¥¸Éμ ËÊ´±Í¨° B, L ¨ τ ¨¸¶μ²Ó§ÊÕÉ¸Ö ËÊ´±Í¨¨ D, L2 ¨ τ2,   ¢³¥¸Éμ
μÍ¥´μ± (36) ¨ (38) Å μÍ¥´±¨ [17]

|Fλ(ρ′, η)Gλ(ρ, η)| � β2 (ρ′ρ)1/4,
(46)

|Fλ(ρ, η)| � β2
√

ρ, 0,05 = b � ρ′ � ρ � ∞.

�¥·¢ Ö ¨§ ÔÉ¨Ì μÍ¥´μ± ¶μ·μ¦¤ ¥É ´¥· ¢¥´¸É¢ 

|D(ρ, η)| � L2(ρ, η), exp [±2D(ρ, η) ] � exp [2L2(ρ, η)] , ρ � b.
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ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ´¥· ¢¥´¸É¢ , μ¶·¥¤¥²¥´¨Ö (29) ËÊ´±Í¨° T1 ¨ T2, μÍ¥´±Ê (46)
¶·μ¨§¢¥¤¥´¨Ö Fλ Gλ ¨ Éμ¦¤¥¸É¢ 

∂ρτ2(ρ, η) ≡ ∂ρL2(ρ, η) exp [2L2(ρ, η)] ≡
≡ 4β2 η2 √ρ |V (2ρ|η|)| exp [2L2(ρ, η)] ,

´¥¸²μ¦´μ ¤μ± § ÉÓ ¶¥·¢μ¥ ¨§ ´¥· ¢¥´¸É¢ (44). ‚Éμ·μ¥ ¨§ ´¨Ì Å ¸²¥¤¸É¢¨¥
μ¶·¥¤¥²¥´¨Ö (29) ËÊ´±Í¨¨ T2 ¨ μÍ¥´±¨ (46) ¤²Ö ËÊ´±Í¨¨ Fλ. ‘μμÉ´μÏ¥-
´¨Ö (45) ¸²¥¤ÊÕÉ ¨§ μ¶·¥¤¥²¥´¨Ö (29) ËÊ´±Í¨¨ T1. ˆ´É¥£· ² ¢ ÔÉ¨Ì ¸μ-
μÉ´μÏ¥´¨ÖÌ ¸Ìμ¤¨É¸Ö ´  ¢¥·Ì´¥³ ¶·¥¤¥²¥, ¶μÉμ³Ê ÎÉμ G2

λ(t, η) = O(1) ¨
|V (2t|η|)| = o(t−2), ¥¸²¨ t → ∞. 	É¨³ § ³¥Î ´¨¥³ § ¢¥·Ï¨³ ¤μ± § É¥²Ó¸É¢μ
²¥³³Ò 3.

“± ¦¥³ ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥ ²¥³³ 1Ä3: ¨´É¥£· ²Ò B ¨ D, ¨¸¶μ²Ó§μ¢ ´´Ò¥
¢ ¶. 2.2 ¤²Ö ·¥¤Ê±Í¨¨ § ¤ Î ŠμÏ¨ (7), (8) ¨ (7), (26) ± ¸¨¸É¥³ ³ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° (21) ¨ (27), ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ²Õ¡ÒÌ λ � −1/2, ρ � 0 ¨ b � 0.

3.2. ’¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨. �·¥¤¸É ¢¨³ ¶² ´ ¨¸¸²¥-
¤μ¢ ´¨°, ¢Ò¶μ²´¥´´ÒÌ ¢ ´ ¸ÉμÖÐ¥³ ¶Ê´±É¥.

�μ¸²¥¤μ¢ É¥²Ó´μ ¤μ± ¦¥³ É¥μ·¥³Ò 1Ä3 ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨
´¥¶·¥·Ò¢´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³ Ê· ¢´¥´¨° (21) ¨ (27). ˆ¸¶μ²Ó§Ê¥³ ¶·¥¨³ÊÐ¥-
¸É¢  ÔÉ¨Ì ¸¨¸É¥³ ¨ μ¤´Ê ¨ ÉÊ ¦¥ ¸Ì¥³Ê, ¸μ¸ÉμÖÐÊÕ ¨§ É·¥Ì ÔÉ ¶μ¢. �  ¶¥·¢μ³
ÔÉ ¶¥ ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° �¨± · Ä‹¨´¤¥²ßË  [20] ¶μ-
¸É·μ¨³ Ëμ·³ ²Ó´Ò¥ ·¥Ï¥´¨Ö y1 ¨²¨ z1 ¶¥·¢ÒÌ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (21) ¨²¨
¸¨¸É¥³Ò (27) ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ·Ö¤μ¢ W ¨²¨ X . �  ¢Éμ·μ³ ÔÉ ¶¥ ¸´ -
Î ²  ¨¸¶μ²Ó§Ê¥³ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨ (34), (35), (39) ¨ (44), ¶μ²ÊÎ¥´´Ò¥ ¢
²¥³³ Ì 1Ä3, ¨ ¶μ¸É·μ¨³ ³ ¦μ· ´ÉÒ ³μ¤Ê²Ö ·Ö¤  W ¨²¨ X ¢ ¢¨¤¥ £¨¶¥·-
¡μ²¨Î¥¸±¨Ì ±μ¸¨´Ê¸μ¢ ch τ , ch τ1 ¨²¨ ch τ2,  ·£Ê³¥´É ³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö
μ£· ´¨Î¥´´Ò¥ ËÊ´±Í¨¨ τ , τ1 ¨²¨ τ2 ¶¥·¥³¥´´ÒÌ ρ ¨ η. ‡ É¥³ ¸ ¶μ³μ-
ÐÓÕ É ±¨Ì ³ ¦μ· ´É ¨ ³ ¦μ· ´É´μ£μ ¶·¨§´ ±  ‚¥¥·ÏÉ· ¸¸  [21] ¤μ± ¦¥³
· ¢´μ³¥·´ÊÕ ¨  ¡¸μ²ÕÉ´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  W ¨²¨ X ¢ ±² ¸¸¥ ´¥¶·¥·Ò¢-
´ÒÌ ËÊ´±Í¨° ¨ É¥³ ¸ ³Ò³ Ê¸É ´μ¢¨³ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¥¤¨´¸É¢¥´´ÒÌ ¨ ´¥-
¶·¥·Ò¢´ÒÌ ·¥Ï¥´¨° y1 = W ¨²¨ z1 = X ¶¥·¢ÒÌ Ê· ¢´¥´¨° ¸¨¸É¥³ (21)
¨²¨ (27). �  É·¥ÉÓ¥³ ¨ § ¢¥·Ï ÕÐ¥³ ÔÉ ¶¥ ´ °¤¥³ ´¥¶·¥·Ò¢´Ò¥ ·¥Ï¥-
´¨Ö y2 ¨ z2 ¢Éμ·ÒÌ Ê· ¢´¥´¨° ÔÉ¨Ì ¸¨¸É¥³ ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ó-
´Ò¥ μ¡· §Ò (25) ¨ (32) ËÊ´±Í¨° y1 ¨ z1, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¢¨¤¥ ·Ö¤μ¢ W
¨ X .

’¥μ·¥³Ê 1 ¤μ± ¦¥³ ¶μ¤·μ¡´μ,   É¥μ·¥³Ò 2 ¨ 3 Å ¸Ì¥³ É¨Î¥¸±¨. ‡ É¥³
(± ± ¸²¥¤¸É¢¨¥ É¥μ·¥³ 1Ä3) ¤μ± ¦¥³ ¨Éμ£μ¢ÊÕ É¥μ·¥³Ê 4 μ¡ μ¤´μ§´ Î´μ°
· §·¥Ï¨³μ¸É¨ § ¤ Î¨ ŠμÏ¨ (7), (8).

� Î´¥³ ¸ ´ ¨¡μ²¥¥ ¶·μ¸Éμ£μ ¸²ÊÎ Ö 2λ > −1. ˆ¸¶μ²Ó§Ê¥³ ²¥³³Ê 1.
’¥μ·¥³  1. ‚ ¸²ÊÎ ¥ 2λ > −1 ¸¨¸É¥³  ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (21) ´ 

¶μ²Êμ¸¨ ρ � 0 ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ {y1, y2}. …£μ ±μ³¶μ´¥´ÉÒ y1 ¨
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y2 ´¥¶·¥·Ò¢´Ò ´  ÔÉμ° ¶μ²Êμ¸¨,   ¢ ¶·¥¤¥²¥ λ → ∞ Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨

y1(ρ, η) = 1 + ε1(ρ, η),
(47)

y2(ρ, η) =

ρ∫
0

P2(t, η) dt + ε2(ρ, η), λ → ∞, ρ � 0,

¢ ±μÉμ·ÒÌ ¸² £ ¥³Ò¥ ε1 ¨ ε2 Ê¡Ò¢ ÕÉ ´¥ ³¥¤²¥´´¥¥, Î¥³ λ−1 ¨ λ−3/2. ‚ ¶·¥-
¤¥²¥ ρ → 0 ±μ³¶μ´¥´É  y2 Ê¡Ò¢ ¥É ¡Ò¸É·¥¥ ËÊ´±Í¨¨ ρ2λ+1.

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸  ´ ²¨§  ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21). „²Ö
ÔÉμ£μ ¶·¨³¥´¨³ ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° �¨± · Ä‹¨´¤¥-
²ßË  [20]. �¶·¥¤¥²¨³ ¢¸¥ Ô²¥³¥´ÉÒ y1m(ρ, η) ¡¥¸±μ´¥Î´μ° ¨É¥· Í¨μ´´μ° ¶μ-
¸²¥¤μ¢ É¥²Ó´μ¸É¨ {y1m}∞m=0. �Ê¸ÉÓ y10(ρ, η) ≡ 1 ¶·¨ ²Õ¡ÒÌ ρ ¨ η,   ± ¦¤Ò°
(m = 1, 2, . . .) Ô²¥³¥´É y1m Å ¶· ¢ Ö Î ¸ÉÓ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21),
¢ ±μÉμ·μ° ¨¸±μ³ Ö ±μ³¶μ´¥´É  y1 § ³¥´¥´  Ô²¥³¥´Éμ³ y1,m−1:

y10(ρ, η) ≡ 1;
(48)

y1m(ρ, η) = 1 +

ρ∫
0

P1(ρ1, η) dρ1

ρ1∫
0

P2(ρ2, η) y1,m−1(ρ2, η) dρ2, m � 1.

‘²¥¤μ¢ É¥²Ó´μ, Ô²¥³¥´É y1m Ö¢²Ö¥É¸Ö ¶μ¤¸Ê³³μ° Wm ¸² £ ¥³ÒÌ y10 ≡ 1 ¨
wn, n = 1, . . . , m,

wn(ρ, η) ≡
ρ∫

0

P1(ρ1, η) dρ1

ρ1∫
0

P2(ρ2, η) dρ2 . . .

. . .

ρ2n−2∫
0

P1(ρ2n−1, η) dρ2n−1

ρ2n−1∫
0

P1(ρ2n, η) dρ2n (49)

¡¥¸±μ´¥Î´μ£μ ·Ö¤ 

W (ρ, η) = 1 +
∞∑

n=1

wn(ρ, η). (50)

�μÔÉμ³Ê ¨É¥· Í¨μ´´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {y1m}∞m=0 ¨³¥¥É ¶·¥¤¥² y1,∞= W ,
Ö¢²ÖÕÐ¨°¸Ö ¨¸±μ³Ò³ ·¥Ï¥´¨¥³ y1, Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¸Ìμ¤¨É¸Ö
·Ö¤ W .

�μ± ¦¥³, ÎÉμ ·Ö¤ W ¢¸¥£¤  ¸Ìμ¤¨É¸Ö, ¶·¨Î¥³  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ.
� Î´¥³ ¸ μÍ¥´±¨ ³μ¤Ê²Ö ± ¦¤μ£μ ¸² £ ¥³μ£μ wn, n � 1, ÔÉμ£μ ·Ö¤ . �μ
μ¶·¥¤¥²¥´¨Õ (49) ¸² £ ¥³μ¥ wn Å ¨´É¥£· ² ±· É´μ¸É¨ 2n. 	ÉμÉ ¨´É¥-
£· ² ¸μ¤¥·¦¨É n ¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° P1(ρp, η) ¨ P2(ρp+1, η) ¸ ´μ³¥·μ³
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p = 1, 2, . . . , 2n− 1 ¨  ·£Ê³¥´É ³¨ ρp ¨ ρp+1, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ´¥· ¢¥´¸É¢Ê
ρp+1 � ρp. ‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Ö³ (33) ¨ ´¥· ¢¥´¸É¢Ê (34), ¤μ± § ´´μ³Ê ¢
²¥³³¥ 1, ³μ¤Ê²Ó É ±μ£μ ¶·μ¨§¢¥¤¥´¨Ö ´¥ ¶·¥¢μ¸Ìμ¤¨É ¶·μ¨§¢¥¤¥´¨Ö ¶·μ¨§-
¢μ¤´ÒÌ ∂ρpτ(ρp, η) ¨ ∂ρp+1τ(ρp+1, η),   ËÊ´±Í¨Ö τ(ρ, η) · ¢´  ´Ê²Õ ¢ ÉμÎ±¥
ρ = 0. �μÔÉμ³Ê ¨§ · ¢¥´¸É¢  (49) ¸²¥¤Ê¥É · ¢´μ³¥·´ Ö ¶μ μ¡¥¨³ ¶¥·¥³¥´´Ò³
ρ, η ¨ ¤μ¢μ²Ó´μ ¶·μ¸É Ö ³ ¦μ· ´É´ Ö μÍ¥´± 

|wn(ρ, η) | �
ρ∫

0

∂ρ1τ(ρ1, η) dρ1

ρ2∫
0

∂ρ2τ(ρ2, η) dρ2 . . .

. . .

ρ2n−2∫
0

∂ρ2n−1τ(ρ2n−1, η) dρ2n−1

ρ2n−1∫
0

∂ρ2nτ(ρ2n, η) dρ2n =
τ2n(ρ, η)

(2n)!
. (51)

ˆ¸¶μ²Ó§ÊÖ e¥ ¨ ¨§¢¥¸É´μ¥ · §²μ¦¥´¨¥ £¨¶¥·¡μ²¨Î¥¸±μ£μ ±μ¸¨´Ê¸  ch τ , ¶μ²Ê-
Î¨³ ¸²¥¤ÊÕÐÊÕ · ¢´μ³¥·´ÊÕ ¶μ μ¡μ¨³  ·£Ê³¥´É ³ ρ ¨ η μÍ¥´±Ê ·Ö¤  (50):

|W (ρ, η) | � 1+
∞∑

n=1

|wn(ρ, η) | � 1+
∞∑

n=1

τ2n(ρ, η)
(2n)!

= ch τ(ρ, η) < ∞, ρ � 0.

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö ch τ ,  ·£Ê³¥´É ±μÉμ·μ° τ ¢¸¥£¤  ¶·¨´¨³ ¥É Éμ²Ó±μ
±μ´¥Î´Ò¥ §´ Î¥´¨Ö, Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´´μ° ³ ¦μ· ´Éμ° ·Ö¤  W . �μÔÉμ³Ê ´ 
¶μ²Êμ¸¨ ρ � 0 ·Ö¤ W ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ¨  ¡¸μ²ÕÉ´μ ¶μ ³ ¦μ· ´É´μ³Ê
¶·¨§´ ±Ê ‚¥¥·ÏÉ· c¸  [21].

�·μ¤μ²¦¨³ ¨¸¸²¥¤μ¢ ´¨¥ ·Ö¤  W . �Í¥´±  (51) μ§´ Î ¥É, ÎÉμ ¶·¨ ²Õ-
¡μ³ n = 1, 2, . . . ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (49) ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³
ρ � 0. ‘²¥¤μ¢ É¥²Ó´μ, ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ · ¢¥´¸É¢  Å ËÊ´±Í¨Ö wn Å ´¥¶·¥-
·Ò¢´  ¶·¨ ²Õ¡ÒÌ n = 1, 2, . . . ¨ ρ � 0.

ˆÉ ±, ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0 ·Ö¤ W ¸Ìμ¤¨É¸Ö  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ,
  ¢¸¥ ¥£μ ¸² £ ¥³Ò¥ wn Å ´¥¶·¥·Ò¢´Ò¥ ËÊ´±Í¨¨. Š ± ¨§¢¥¸É´μ ¨§ É¥μ·¨¨
·Ö¤μ¢ [21], ·Ö¤, μ¡² ¤ ÕÐ¨° É ±¨³¨ ¸¢μ°¸É¢ ³¨, Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±-
Í¨¥° ´  Éμ° ¦¥ ¶μ²Êμ¸¨ ρ � 0. ‚ ¸¨²Ê μ¶·¥¤¥²¥´¨° (49) ¨ (50) ¸² £ ¥³ÒÌ
wn ¨ ¨Ì ¸Ê³³Ò W ÔÉ  ¸Ê³³  Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ y1 = W ¶¥·¢μ£μ Ê· ¢´¥´¨Ö
¸¨¸É¥³Ò (21).

�μ± ¦¥³ μÉ ¶·μÉ¨¢´μ£μ, ÎÉμ ÔÉμ Ê· ¢´¥´¨¥ ´¥ ¨³¥¥É ¤·Ê£μ£μ ·¥Ï¥´¨Ö,
´¥¶·¥·Ò¢´μ£μ ¶·¨ ρ � 0. �Ê¸ÉÓ ỹ1 Å ¥Ð¥ μ¤´μ ·¥Ï¥´¨¥. ’μ£¤  · §´μ¸ÉÓ
ζ = y1 − ỹ1 Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê

ζ(ρ, η) ≡
ρ∫

0

P1(ρ1, η) dρ1

ρ1∫
0

P2(t, η) ζ(t, η) dt, ρ � 0.
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�μ¸²¥ n � 2 ¨É¥· Í¨° ÔÉμ Éμ¦¤¥¸É¢μ ¡² £μ¤ ·Ö · ¢¥´¸É¢Ê (49) ¸É ´¥É Éμ¦¤¥-
¸É¢μ³

ζ(ρ, η) ≡
ρ∫

0

P1(ρ1, η) dρ1

ρ1∫
0

P2(t, η)wn−1(t, η) ζ(t, η) dt,

n = 2, 3, . . . , ρ � 0.

’ ±μ¥ Éμ¦¤¥¸É¢μ ¨ μÍ¥´±¨ (34), (51) ËÊ´±Í¨° P1P2 ¨ wn−1 ¶μ·μ¦¤ ÕÉ ´¥· -
¢¥´¸É¢μ

|ζ(ρ, η)| � max
0�t<ρ

|ζ(t, η)| τ2n(ρ, η)
(2n)!

, n = 2, 3, . . . , ρ � 0.

‚ ¶·¥¤¥²¥ n → ∞ ÔÉμ ´¥· ¢¥´¸É¢μ ¢Ò·μ¦¤ ¥É¸Ö ¢ ¸μμÉ´μÏ¥´¨¥ |ζ(ρ, η)| � 0,
ρ � 0, ¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ y1 = ỹ1 ¶·¨ ²Õ¡μ³ ρ � 0. ‡´ Î¨É, ¶¥·¢μ¥
Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (21) ¨³¥¥É Éμ²Ó±μ μ¤´μ ·¥Ï¥´¨¥ y1 = W .

„μ± ¦¥³ ¶¥·¢μ¥ ¨§ ¸μμÉ´μÏ¥´¨° (47). ‚¸²¥¤¸É¢¨¥ μÍ¥´μ± (51) ´ °¤¥´-
´μ¥ ·¥Ï¥´¨¥ y1 = W ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0 Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê
|y1(ρ, η)| � ch τ(ρ, η) ¨ μÍ¥´± ³

| y1(ρ, η) − y1m(ρ, η) | �
∞∑

n=m+1

|wn(ρ, η)| �

�
∞∑

n=0

τ2(n+m+1)(ρ, η)
(2n + 2m + 2)!

<
τ2(m+1)(ρ, η)

(2m + 2)!
ch τ(ρ, η).

‚Ò¢¥¤¥³ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ÔÉ¨Ì μÍ¥´μ±. „²Ö ÔÉμ£μ § ³¥É¨³, ÎÉμ ¢ ¶·¥¤¥²¥
λ → ∞ ËÊ´±Í¨Ö τ ¸μ£² ¸´μ ¥¥ μ¶·¥¤¥²¥´¨Õ (33) Ê¡Ò¢ ¥É ± ± O(λ−1/2).
�μÔÉμ³Ê ¨§ μ¡¸Ê¦¤ ¥³ÒÌ μÍ¥´μ± ¸²¥¤ÊÕÉ ¤¢  ¢Ò¢μ¤ : ¢ ¶·¥¤¥²¥ λ → ∞ ¶·¨
²Õ¡μ³ m � 0 ËÊ´±Í¨Ö y1m Ö¢²Ö¥É¸Ö · ¢´μ³¥·´μ°  ¸¨³¶ÉμÉ¨±μ° ·¥Ï¥´¨Ö y1,
  ¢ Î ¸É´μ³ ¸²ÊÎ ¥ m = 0 ¢¥·´μ ¶¥·¢μ¥ ¨§ ¸μμÉ´μÏ¥´¨° (47).

’¥¶¥·Ó ¶μ¸É·μ¨³ ¨ ¨¸¸²¥¤Ê¥³ ·¥Ï¥´¨¥ y2 ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21).
�μ²μ¦¨¢ y1 = W ¢μ ¢Éμ·μ³ ¨§ · ¢¥´¸É¢ (25), ¶μ²ÊÎ ¥³ ¨´É¥£· ²Ó´μ¥ ¶·¥¤-
¸É ¢²¥´¨¥

y2(ρ, η) =

ρ∫
0

P2(t, η)W (t, η) dt, ρ � 0, (52)

¨¸±μ³μ£μ ·¥Ï¥´¨Ö y2 Î¥·¥§ Ê¦¥ ´ °¤¥´´Ò° ·Ö¤ W . ‚¢¥¤¥³ ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸ÉÓ {y2m}∞m=0 ¸ Ô²¥³¥´É ³¨

y2m(ρ, η) ≡
ρ∫

0

P2(t, η) y1m(t, η) dt, m = 0, 1, . . .
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ˆ¸¶μ²Ó§ÊÖ μÍ¥´±¨ (35) ¨ (51) ËÊ´±Í¨¨ P2 ¨ wn, Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ ´ 
¢¸¥° ¶μ²Êμ¸¨ ρ � 0 ´ °¤¥´´μ¥ ¢ ¢¨¤¥ ¨´É¥£· ²  ·¥Ï¥´¨¥ y2 ´¥¶·¥·Ò¢´μ,
μ£· ´¨Î¥´´μ:

| y2(ρ, η) | �
ρ∫

0

|P2(t, η) | |W (t, η) | dt �

� max
0�t�ρ

|Fλ(t, η) |
ρ∫

0

∂tτ(t, η) ch τ(t, η) dt = max
0�t�ρ

|Fλ(t, η) | sh τ(ρ, η) < ∞,

¨ Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢ ³

| y2(ρ, η) − y2m(ρ, η) | �
ρ∫

0

|P2(t, η) | | y1(t, η) − y1m(t, η) | dt �

� max
0�t�ρ

|Fλ(t, η) |
∞∑

n=0

τ2(n+m+1)+1(ρ, η)
(2n + 2m + 3)!

�

� max
0�t�ρ

|Fλ(t, η) | τ2(m+1)(ρ, η)
(2m + 2)!

sh τ(ρ, η).

�² £μ¤ ·Ö ÔÉ¨³ ´¥· ¢¥´¸É¢ ³ ¢ ¶·¥¤¥²¥ λ → ∞ ¶·¨ ²Õ¡μ³ m � 0 ËÊ´±Í¨Ö
y2m Ö¢²Ö¥É¸Ö · ¢´μ³¥·´μ°  ¸¨³¶ÉμÉ¨±μ° ·¥Ï¥´¨Ö y2,   ¢ Î ¸É´μ³ ¸²ÊÎ ¥
m = 0 ¢¥·´μ ¢Éμ·μ¥ ¨§ ¸μμÉ´μÏ¥´¨° (47).

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¸μμÉ´μÏ¥´¨Ö y2 = o(ρ2λ+1), ρ → 0. ’ ± ± ± ËÊ´±-
Í¨Ö y1 ´¥¶·¥·Ò¢´  ¢ ÉμÎ±¥ ρ = 0 ¸¶· ¢  ¨ · ¢´  ¥¤¨´¨Í¥ ¢ ÔÉμ° ÉμÎ±¥, Éμ
y1 ∼ 1 + o(1) ¶·¨ ρ → 0. �μ± ¦¥³, ÎÉμ ¢ ÔÉμ³ ¦¥ ¶·¥¤¥²¥ ËÊ´±Í¨Ö y2

¡Ò¸É·μ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ. „²Ö ÔÉμ£μ ¢μ ¢Éμ·μ³ ¨§ ¸μμÉ´μÏ¥´¨° (25) ¶μ²μ¦¨³
y1 = 1+o(1), ¢μ¸¶μ²Ó§Ê¥³¸Ö μ¶·¥¤¥²¥´¨¥³ (22) ËÊ´±Í¨¨ P2 ¨ § ³¥´¨³ ËÊ´±-
Í¨Õ Fλ ¥¥  ¸¨³¶ÉμÉ¨±μ° (13). ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸É ·Ï¥¥ ¸² £ ¥³μ¥
 ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ y2 ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

y2(ρ, η) ∼ −4η2 C2
λ(η)

ρ∫
0

t2λ+2 V (2t|η|) dt, ρ → 0,

¢ ±μÉμ·μ³ ¨´É¥£· ² Ê¡Ò¢ ¥É ¡Ò¸É·¥¥, Î¥³ ËÊ´±Í¨Ö ρ2λ+1. „¥°¸É¢¨É¥²Ó´μ,
¶·¨³¥´¨¢ ¶· ¢¨²μ ‹μ¶¨É ²Ö [21], ¨³¥¥³

lim
ρ→0+

ρ−2λ−1

ρ∫
0

t2λ+2 V (2t|η|) dt =
1

2λ + 1
lim

ρ→0+
ρ2 V (2ρ|η|) = 0.

‘²¥¤μ¢ É¥²Ó´μ, y2 = o(ρ2λ+1) ¢ ¶·¥¤¥²¥ ρ → 0, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.
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�¸É ²μ¸Ó Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ ¨´É¥£· ² (52) Å ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥
¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21) ¢ ±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´  ¶μ²Êμ¸¨
ρ � 0. �·¥¤¶μ²μ¦¨³ ¶·μÉ¨¢´μ¥: ¶Ê¸ÉÓ ¨³¥¥É¸Ö ¥Ð¥ μ¤´μ ·¥Ï¥´¨¥ ỹ2. ’μ£¤ 
¸μ£² ¸´μ ¶¥·¢μ³Ê Ê· ¢´¥´¨Õ ¸¨¸É¥³Ò (25) ËÊ´±Í¨Ö y1 = W Ö¢²Ö¥É¸Ö μ¡· §μ³
ËÊ´±Í¨¨ y2, · ¢´μ° ¨´É¥£· ²Ê (52), ¨ ËÊ´±Í¨¨ ỹ2:

W (ρ, η) = 1 +

ρ∫
0

P1(t, η) y2(t, η) dt,

W (ρ, η) = 1 +

ρ∫
0

P1(t, η) ỹ2(t, η) dt, ρ � 0.

‘²¥¤μ¢ É¥²Ó´μ, · §´μ¸ÉÓ y2 − ỹ2 Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê

ρ∫
0

P1(t, η) [ y2(t, η) − ỹ2(t, η) ] dt ≡ 0 , ρ � 0.

�μ¸²¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ  ·£Ê³¥´ÉÊ ρ ÔÉμ Éμ¦¤¥¸É¢μ ¸É ´μ¢¨É¸Ö ¸μμÉ-
´μÏ¥´¨¥³ P1(y2 − ỹ2) ≡ 0, ±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö Éμ²Ó±μ ¢ ¸²ÊÎ ¥ y2 ≡ ỹ2,
ρ � 0. ‘²¥¤μ¢ É¥²Ó´μ, ¨´É¥£· ² (52) Å ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ¶·¨ ρ � 0
·¥Ï¥´¨¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21). 	Éμ ÊÉ¢¥·¦¤¥´¨¥ § ¢¥·Ï ¥É ¤μ± -
§ É¥²Ó¸É¢μ É¥μ·¥³Ò 1.

�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê ¸²ÊÎ Ö 2λ = −1. �μ¸²¥¤μ¢ É¥²Ó´μ ¤μ± ¦¥³ É¥μ-
·¥³Ò 2 ¨ 3.

’¥μ·¥³  2. ‚ ¸²ÊÎ ¥ 2λ = −1 ¸¨¸É¥³  ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (21)
¨³¥¥É ´  μÉ·¥§±¥ 0 � ρ � b = 0,05 ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ {y1, y2}. �¡¥
¥£μ ±μ³¶μ´¥´ÉÒ y1 ¨ y2 ´¥¶·¥·Ò¢´Ò ´  ÔÉμ³ μÉ·¥§±¥. ‚ ¶·¥¤¥²¥ ρ → 0
±μ³¶μ´¥´É  y2 ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¡Ò¸É·¥¥ ËÊ´±Í¨¨ (ln ρ)−1.

�·¥¤² £ ¥³μ¥ ¤μ± § É¥²Ó¸É¢μ μÉ²¨Î ¥É¸Ö μÉ ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò 1
Éμ²Ó±μ É¥³, ÎÉμ ¢³¥¸Éμ μÍ¥´μ± (34) ¨ (35) ËÊ´±Í¨° P1P2 ¨ P2 ¨¸¶μ²Ó§Ê-
ÕÉ¸Ö ¤μ± § ´´Ò¥ ¢ ²¥³³¥ 2 μÍ¥´±¨ (39). �μÔÉμ³Ê ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ²¨ÏÓ
±· É±¨³¨ ¶μÖ¸´¥´¨Ö³¨.

„²Ö ¶¥·¢μ£μ ¨§ Ê· ¢´¥´¨° (21) Ëμ·³Ê² ³¨ (48) μ¶·¥¤¥²¨³ ¨É¥· Í¨μ´´ÊÕ
¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {y1m}∞m=0. …¥ ¶·¥¤¥² Ö¢²Ö¥É¸Ö ¨¸±μ³Ò³ ·¥Ï¥´¨¥³ y1 ¨
· ¢¥´ ¡¥¸±μ´¥Î´μ³Ê ·Ö¤Ê W , § ¤ ´´μ³Ê · ¢¥´¸É¢ ³¨ (49) ¨ (50). �² £μ¤ ·Ö
μÍ¥´±¥ (39) ¶·μ¨§¢¥¤¥´¨Ö P1P2 ²Õ¡μ¥ ¸² £ ¥³μ¥ wn ·Ö¤  W μ£· ´¨Î¥´´μ:

|wn(ρ, η) | � τ2n
1 (ρ, η)
(2n)!

, ρ ∈ [0, b].

�μÔÉμ³Ê |W | � ch τ1, ρ ∈ [0, b]. ‘²¥¤μ¢ É¥²Ó´μ, ·Ö¤ W ¸Ìμ¤¨É¸Ö  ¡¸μ²ÕÉ´μ
¨ · ¢´μ³¥·´μ ´  ¢¸¥³ μÉ·¥§±¥ 0 � ρ � b ¨ ´  ÔÉμ³ ¦¥ μÉ·¥§±¥ Ö¢²Ö¥É¸Ö
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´¥¶·¥·Ò¢´Ò³ ·¥Ï¥´¨¥³ y1 = W ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (21). ‚Éμ·μ¥
¨§ ¨´É¥£· ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° (25), μÍ¥´±  (39) ËÊ´±Í¨¨ P2 ¨ ´¥· ¢¥´¸É¢μ
|W | � ch τ1 ¶μ·μ¦¤ ÕÉ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

y2(ρ, η) =

ρ∫
0

P2(t, η)W (t, η) dt, | y2(ρ, η) | � ρsh τ1(ρ, η), ρ ∈ [0, b].

‚ ¸¨²Ê ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ´  ¢¸¥³ μÉ·¥§±¥ 0 � ρ � b ±μ³¶μ´¥´É  y2 μ¶·¥¤¥-
²Ö¥É¸Ö μ¤´μ§´ Î´μ ¨ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°.

�¸É ²μ¸Ó ¨¸¸²¥¤μ¢ ÉÓ ¥¥ ¶μ¢¥¤¥´¨¥ ¢ ¶·¥¤¥²¥ ρ → 0. ‚ ÔÉμ³ ¶·¥¤¥²¥
ËÊ´±Í¨Ö y1 ¸Ìμ¤¨É¸Ö ± ¥¤¨´¨Í¥,   ËÊ´±Í¨Ö F−1/2 ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê (13).
�μÔÉμ³Ê ¨§ μ¶·¥¤¥²¥´¨Ö (22) ËÊ´±Í¨¨ P2 ¨ ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (25)
¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥

y2(ρ, η) ∼ −4η2 C2
−1/2(η)

ρ∫
0

t V (2t|η|) dt, ρ → 0.

‘· ¢´¨³ ¥£μ ¶· ¢ÊÕ Î ¸ÉÓ ¸ ËÊ´±Í¨¥° (ln ρ)−1. �·¨³¥´¨¢ ¶· ¢¨²μ ‹μ¶¨É ²Ö,
¶μ²ÊÎ ¥³

lim
ρ→0+

(ln ρ)−1

ρ∫
0

t V (2t|η|) dt = lim
ρ→0+

ρ2 V (2ρ|η|) = 0.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ ρ → 0 ËÊ´±Í¨Ö y2 ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¡Ò¸É·¥¥ ËÊ´±-
Í¨¨ (ln ρ)−1. 	É¨³ ¢Ò¢μ¤μ³ § ±μ´Î¨³ ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 2.

�¥·¥°¤¥³ ± ¨¸¸²¥¤μ¢ ´¨Õ ¸¨¸É¥³Ò ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (27) ¤²Ö
ËÊ´±Í¨° z1 ¨ z2 ´  ¶μ²Êμ¸¨ ρ � b = 0,05. ˆ¸¶μ²Ó§Ê¥³ ²¥³³Ê 3.

’¥μ·¥³  3. ‚ ¸²ÊÎ ¥ 2λ = −1 ¨ b = 0,05 ¸¨¸É¥³  ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥-
´¨° (27) ¨³¥¥É ´  ¶μ²Êμ¸¨ ρ � b ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥ {z1, z2}.

„μ± § É¥²Ó¸É¢μ ´¥¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ¥É¸Ö μÉ ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò 1:
¢³¥¸Éμ Ê· ¢´¥´¨° (21) ¨ (25) ¨ μÍ¥´μ± (34) ¨ (35) ¨¸¶μ²Ó§Ê¥³ Ê· ¢´¥´¨Ö (27)
¨ (32) ¨ ¤μ± § ´´Ò¥ ¢ ²¥³³¥ 3 μÍ¥´±¨ (44) ¨ (45). �μÖ¸´¨³ ²¨ÏÓ ±²ÕÎ¥¢Ò¥
¶μ¸É·μ¥´¨Ö.

Œ¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ¸É·μ¨³ Ëμ·³ ²Ó´μ¥ ·¥Ï¥´¨¥
z1 ¶¥·¢μ£μ (i = 1, j = 2) Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (27) ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 

X(ρ, η) = z10(ρ, η) +
∞∑

n=1

xn(ρ, η) (53)
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¸μ ¸² £ ¥³Ò³¨

xn(ρ, η) ≡
ρ∫

b

T1(ρ1, η) dρ1

ρ1∫
b

T2(ρ2, η) dρ2 . . .

. . .

ρ2n−2∫
b

T1(ρ2n−1, η) dρ2n−1

ρ2n−1∫
b

T1(ρ2n, η) z10(ρ2n, η) dρ2n, n � 1. (54)

ˆ¸¸²¥¤Ê¥³ ·Ö¤ X . ‘² £ ¥³μ¥ z10, ± ± ¸²¥¤Ê¥É ¨§ ¥£μ μ¶·¥¤¥²¥´¨Ö (28),
i = 1, j = 2, ¨ μÍ¥´±¨ (45), Ö¢²Ö¥É¸Ö ¢¸Õ¤Ê (ρ � b) ´¥¶·¥·Ò¢´μ° ¨ μ£· ´¨-
Î¥´´μ° ËÊ´±Í¨¥°:

|z10(ρ, η)| � |z1(b, η)| + |z2(b, η)|

∣∣∣∣∣∣
ρ∫

b

T1(t, η) dt

∣∣∣∣∣∣ �

� S0(η) ≡ | z1(b, η) | + | z2(b, η) | p(η).

�μ¸É·μ¨³ ³ ¦μ· ´É´ÊÕ μÍ¥´±Ê Sn ¸² £ ¥³μ£μ xn ¸ ´μ³¥·μ³ n � 1. ‘´ Î ² 
¢ ¨´É¥£· ²¥ (54) § ³¥´¨³ ¢¸¥ ËÊ´±Í¨¨ ¨Ì ³μ¤Ê²Ö³¨. ‡ É¥³ § ³¥´¨³ ËÊ´±Í¨Õ
| z10 | ËÊ´±Í¨¥° S0(η),   ± ¦¤μ¥ (p = 1, 2, . . . , 2n− 1) ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨°
|T1(ρp, η) | ¨ |T2(ρp+1, η) | § ³¥´¨³ ¶·¥¢μ¸Ìμ¤ÖÐ¨³ ¥£μ ¸μ£² ¸´μ ¶¥·¢μ³Ê ¨§
´¥· ¢¥´¸É¢ (44) ¶·μ¨§¢¥¤¥´¨¥³ ¶·μ¨§¢μ¤´ÒÌ ∂ρpτ2(ρp, η) ¨ ∂ρp+1τ(ρp+1, η).
ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢μ τ2(b, η) = 0, ¢ÒÎ¨¸²¨³ ¶μ²ÊÎ¥´´Ò° ¨´É¥£· ² Sn ¨ § ¶¨-
Ï¥³ ¨¸±μ³ÊÕ μÍ¥´±Ê ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

|xn(ρ, η) | � Sn(ρ, η) ≡ S0(η)
τ2n
2 (ρ, η)
(2n)!

< ∞, n = 1, 2, . . . , ρ � b. (55)

�² £μ¤ ·Ö É ±μ° μÍ¥´±¥ ³μ¤Ê²Ó |X | ·Ö¤  (53) ´¥ ¶·¥¢μ¸Ìμ¤¨É ¶·μ¨§¢¥¤¥´¨Ö
S0 ch τ2 ´  ¢¸¥° ¶μ²Êμ¸¨ ¢¸¥° ρ � b. �μÔÉμ³Ê ´  Éμ° ¦¥ ¶μ²Êμ¸¨ ÔÉμÉ ·Ö¤
¸Ìμ¤¨É¸Ö  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ ¨ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³, ¶·¨Î¥³ ´¥¶·¥-
·Ò¢´Ò³ ·¥Ï¥´¨¥³ z1 = X ¶¥·¢μ£μ (i = 1, j = 2) Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (27).

�¥Ï¥´¨¥ z2 ¢Éμ·μ£μ (i = 2, j = 1) Ê· ¢´¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò ¶μ¸É·μ¨³ ± ±
μ¡· § (32), i = 2, j = 1, ·Ö¤  (53). �² £μ¤ ·Ö μÍ¥´±¥ (44) ËÊ´±Í¨¨ T2 É ±μ°
μ¡· § Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê

| z2(ρ, η) | � | z2(b, η) | + S0(η) max
b�t�ρ

|Fλ(t, η) | sh τ2(ρ, η) < ∞, ρ � b.

‘²¥¤μ¢ É¥²Ó´μ, ¶μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ z2 Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´Ò³ ¨ ´¥¶·¥·Ò¢´Ò³
´  ¶μ²Êμ¸¨ ρ � b. 	É¨³ ¢Ò¢μ¤μ³ § ±μ´Î¨³ ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 3.

’μ²Ó±μ É¥¶¥·Ó, ±μ£¤  ¤μ± § ´Ò É¥μ·¥³Ò 1Ä3, ´¥É·Ê¤´μ ¤μ± § ÉÓ ¨ ¨Éμ£μ-
¢ÊÕ É¥μ·¥³Ê 4.
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’¥μ·¥³  4. �·¨ ²Õ¡μ³ λ � −1/2 § ¤ Î  ŠμÏ¨ (7), (8) μ¤´μ§´ Î´μ · §·¥-
Ï¨³  ¢ ±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´  ¢¸¥° ¶μ²Êμ¸¨ ρ � 0. Šμ³¶μ´¥´ÉÒ c
¨ s ·¥Ï¥´¨Ö {c, s} ÔÉμ° § ¤ Î¨ ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°,   ±μ³¶μ´¥´É  s
Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Õ (14).

„μ± § É¥²Ó¸É¢μ ´¥¸²μ¦´μ¥. ˆ¸¶μ²Ó§Ê¥³ É¥μ·¥³Ò 1Ä3 ¨ ¶·¥¤¸É ¢²¥´¨Ö (24)
¨ (31).

‚ ¸²ÊÎ ¥ 2λ > −1 ¸ÊÐ¥¸É¢μ¢ ´¨¥, ¥¤¨´¸É¢¥´´μ¸ÉÓ ¨ ´¥¶·¥·Ò¢´μ¸ÉÓ ËÊ´±-
Í¨° c ¨ s ´  ¶μ²Êμ¸¨ ρ � 0 ¸²¥¤ÊÕÉ ¨§ μ¤´μ§´ Î´μ¸É¨ ¨ ´¥¶·¥·Ò¢´μ¸É¨ ¶·¥¤-
¸É ¢²¥´¨° (24) ÔÉ¨Ì ËÊ´±Í¨° Î¥·¥§ ËÊ´±Í¨¨ y1 ¨ y2 ¨ É¥μ·¥³Ò 1. ‘μ£² ¸´μ
ÔÉμ° ¦¥ É¥μ·¥³¥ ¢ ¶·¥¤¥²¥ ρ → 0 ±μ³¶μ´¥´É  y2 Ê¡Ò¢ ¥É ¡Ò¸É·¥¥ ËÊ´±Í¨¨
ρ2λ+1. �² £μ¤ ·Ö ÔÉμ³Ê ¸¢μ°¸É¢Ê ¨ ¶·¥¤¸É ¢²¥´¨Ö³ (24) ¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ-
´μÏ¥´¨¥ (14), μ¡¥¸¶¥Î¨¢ ÕÐ¥¥ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö (4) ¨ (8) ¤²Ö ¢μ²´μ¢μ°
ËÊ´±Í¨¨ uλ ¨ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c ¨ s.

�´ ²¨§ ¸²ÊÎ Ö 2λ = −1 ´¥μ¡Ìμ¤¨³μ ´ Î ÉÓ ¸ μ¶·¥¤¥²¥´¨Ö §´ Î¥´¨° ËÊ´±-
Í¨° zi(ρ, η), i = 1, 2, ¢ ÉμÎ±¥ ρ = b. �  μÉ·¥§±¥ 0 � ρ � b = 0,05 ¸Î¨É ¥³
ËÊ´±Í¨¨ c ¨ s μ¡· § ³¨ (24) ËÊ´±Í¨° y1 ¨ y2. �  ¶μ²Êμ¸¨ ρ � b ¤²Ö
ËÊ´±Í¨° c ¨ s ¨¸¶μ²Ó§Ê¥³ ¨Ì ¶·¥¤¸É ¢²¥´¨Ö (31) Î¥·¥§ ËÊ´±Í¨¨ z1 ¨ z2.
‚¸²¥¤¸É¢¨¥ É¥μ·¥³Ò 2 ¨ ´¥¶·¥·Ò¢´μ¸É¨ μÉμ¡· ¦¥´¨° (24) μ¡¥ ËÊ´±Í¨¨ c
¨ s ´¥¶·¥·Ò¢´Ò ´  μÉ·¥§±¥ 0 � ρ � b. ‚ ¸¨²Ê É¥μ·¥³Ò 3 ¨ ´¥¶·¥·Ò¢´μ¸É¨
μÉμ¡· ¦¥´¨° (31) ËÊ´±Í¨¨ c ¨ s ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ ρ � b ¶·¨ ²Õ¡ÒÌ ±μ-
´¥Î´ÒÌ §´ Î¥´¨ÖÌ zi(b, η) ËÊ´±Í¨° zi(ρ, η), i = 1, 2, ¢ ÉμÎ±¥ ρ = b. �μ± ¦¥³,
ÎÉμ ËÊ´±Í¨¨ c ¨ s ¡Ê¤ÊÉ ´¥¶·¥·Ò¢´Ò³¨ ¨ ¢ ÉμÎ±¥ b, ¥¸²¨ ¢ · ¢¥´¸É¢ Ì (26)
¶μ²μ¦¨ÉÓ

zi(b, η) = yi(b, η) exp
[
(−1)i+1 B(b, η)

]
, i = 1, 2. (56)

‘μ£² ¸´μ Ëμ·³Ê² ³ (24)

lim
ρ→b−

c(ρ, η) = y1(b, η) exp [B(b, η)] , lim
ρ→b−

s(ρ, η) = y2(b, η) exp [−B(b, η)] ,

  ¨§ · ¢¥´¸É¢ (31) ¸²¥¤Ê¥É, ÎÉμ

lim
ρ→b+

c(ρ, η) = z1(b, η), lim
ρ→b+

s(ρ, η) = z2(b, η).

�μÔÉμ³Ê · ¢¥´¸É¢  (56) ¨ Éμ²Ó±μ μ´¨ μ¡¥¸¶¥Î¨¢ ÕÉ ´¥¶·¥·Ò¢´μ¸ÉÓ ËÊ´±Í¨° c
¨ s ¢ ÉμÎ±¥ ρ = b. „ ²¥¥ ¸Î¨É ¥³, ÎÉμ ÔÉ¨ · ¢¥´¸É¢  ¢Ò¶μ²´ÖÕÉ¸Ö. ˆ¸¶μ²Ó§ÊÖ
É¥μ·¥³Ò 2 ¨ 3 ¨ ¤μ¸²μ¢´μ ¶μ¢Éμ·ÖÖ ¤ ´´Ò° ¢ÒÏ¥  ´ ²¨§ ¸²ÊÎ Ö 2λ > −1,
¤μ± §Ò¢ ¥³ ¢¸¥ ÊÉ¢¥·¦¤¥´¨Ö μ ¸¢μ°¸É¢ Ì ËÊ´±Í¨° c ¨ s ¢ μ¡¸Ê¦¤ ¥³μ³ ¸²ÊÎ ¥
2λ = −1.

�¸É ²μ¸Ó ¤μ± § ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ λ � −1/2 ´  ¶μ²Êμ¸¨ ρ � 0 ´¥É ÉμÎ±¨,
¢ ±μÉμ·μ° μ¡¥ ËÊ´±Í¨¨ c ¨ s · ¢´Ò ´Ê²Õ. Š²ÕÎ¥¢Ò³¨ ¤²Ö ¤μ± § É¥²Ó¸É¢  μÉ
¶·μÉ¨¢´μ£μ ¡Ê¤ÊÉ ¤¢  Ë ±É : ËÊ´±Í¨Ö c ´¥¶·¥·Ò¢´  ¢ ÉμÎ±¥ ρ = 0 ¨ · ¢´ 
¥¤¨´¨Í¥ ¢ ÔÉμ° ÉμÎ±¥.
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�·¥¤¶μ²μ¦¨³ ¶·μÉ¨¢´μ¥: ¶Ê¸ÉÓ c(ρ, η)= 0 ¨ s(ρ, η)=0 ¢ ÉμÎ±¥ ρ =∞.
	É¨ · ¢¥´¸É¢  ¨¸¶μ²Ó§Ê¥³ ± ± ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö ¤²Ö Ê· ¢´¥´¨° (7) ¢ μ¡² ¸É¨
ρ > 0. ˆ¸¸²¥¤Ê¥³ ¸Ëμ·³Ê²¨·μ¢ ´´ÊÕ É ±¨³ μ¡· §μ³ § ¤ ÎÊ ŠμÏ¨. �μ¤-
¸É ´μ¢±μ°

t = 1 − exp(−ρ), c(ρ, η) = c̃(t, η), s(ρ, η) = s̃(t, η)

¸¢¥¤¥³ ¥¥ ± ²¨´¥°´μ° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° c̃ ¨ s̃ § ¤ Î¥ ŠμÏ¨
´  μÉ·¥§±¥ 0 � t � 1. ‡ ¶¨Ï¥³ É ±ÊÕ § ¤ ÎÊ ¢ ¢¨¤¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°

∂tc̃ = S1(t, c̃, s̃), ∂ts̃ = S2(t, c̃, s̃), t ∈ [0, 1],

¸ É·¨¢¨ ²Ó´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ c̃(t, η) = 0 ¨ s̃(t, η) = 0 ¢ ÉμÎ±¥ t = 1.
�  ¶μ²Ê¨´É¥·¢ ²¥ 0 < t � 1 ËÊ´±Í¨¨ S1 ¨ S2 ´¥¶·¥·Ò¢´Ò ¶μ ¶¥·¥³¥´´μ°

t ¨ ¨³¥ÕÉ ´¥¶·¥·Ò¢´Ò¥ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¶¥·¥³¥´´Ò³ c̃ ¨ s̃. ‘²¥¤μ¢ -
É¥²Ó´μ, ¢Ò¶μ²´¥´Ò μ¡  ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö É¥μ·¥³Ò �¨± ·μ [20]. �μ ÔÉμ°
É¥μ·¥³¥ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < t � 1 μ¡¸Ê¦¤ ¥³ Ö § ¤ Î  ŠμÏ¨ ¤²Ö ËÊ´±Í¨°
c̃ ¨ s̃ ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¨ ¶·¨Éμ³ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥. �Î¥¢¨¤´μ, ÎÉμ ¨³
Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´μ¥ ¨ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥: c̃(t, η) ≡ 0 ¨ s̃(t, η) ≡ 0 ¤²Ö
¢¸¥Ì t ∈ (0, 1]. ’ ± ± ± c(ρ, η) = c̃(t, η), Éμ c(ρ, η) = 0 ¶·¨ ²Õ¡μ³ ρ > 0,
´μ c(ρ, η) = 1 ¢ ÉμÎ±¥ ρ = 0. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö c É¥·-
¶¨É · §·Ò¢ ¶¥·¢μ£μ ·μ¤ , ´μ ¶μ É¥μ·¥³¥ 5 ÔÉ  ËÊ´±Í¨Ö ´¥¶·¥·Ò¢´  ¢ ÉμÎ±¥
ρ = 0 ¸¶· ¢ . �μ²ÊÎ¥´´μ¥ ¶·μÉ¨¢μ·¥Î¨¥ μ§´ Î ¥É, ÎÉμ · ´¥¥ ¢Ò¸± § ´´μ¥
¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ c(∞, η) = 0 ¨ s(∞, η) = 0, ´¥ ¢¥·´μ.

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É ±μ´¥Î´μ£μ
§´ Î¥´¨Ö ¶¥·¥³¥´´μ° ρ, ¶·¨ ±μÉμ·μ³ μ¡¥ ËÊ´±Í¨¨ c ¨ s μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó.

’¥μ·¥³  4 ¶μ²´μ¸ÉÓÕ ¤μ± § ´ .

4. ��ˆ‹�†…�ˆŸ Œ…’�„�

�·¥¤¸É ¢¨³ ´¥±μÉμ·Ò¥ É¥μ·¥É¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ ¶·¨²μ¦¥´¨Ö ³¥Éμ¤   ³-
¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‚ ¶. 4.1 ¢Ò¢¥¤¥³ ¶·¨¡²¨¦¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö ¢ ¶·¥-
¤¥²¥ λ → ∞. �Ê´±É 4.2 ¶μ¸¢ÖÉ¨³ Ëμ·³Ê²¨·μ¢±¥ ¨ μ¡μ¸´μ¢ ´¨Õ ´¥²¨´¥°´μ°
¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°. ‚ ¶. 4.3 μ¡¸Ê¤¨³ ¸²ÊÎ ° ¢Ò±²ÕÎ¥´´μ£μ ±Ê-
²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  (η = 0). ‚ ¶. 4.4 ¨¸¸²¥¤Ê¥³ É·¥Ì³¥·´μ¥ · ¸¸¥Ö´¨¥
(λ = �, � = 0, 1, . . .).

4.1. �·¨¡²¨¦¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¨´¤¥±¸  λ.
‚Ò¢¥¤¥³ ¨ ¨¸¸²¥¤Ê¥³ ¶·¨¡²¨¦¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö δλ(η) ¢ Ë¨§¨Î¥¸±¨ ¨´É¥-
·¥¸´μ³ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ±¢ ´Éμ¢μ£μ Î¨¸²  λ. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³
μ¶·¥¤¥²¥´¨¥ (23) ¨´É¥£· ²  B, ¶·¥¤¸É ¢²¥´¨¥ (24)  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c
¨ s Î¥·¥§ ËÊ´±Í¨¨ y1 ¨ y2 ¨ Ê¸É ´μ¢²¥´´Ò¥ ¢ É¥μ·¥³¥ 1 · ¢´μ³¥·´Ò¥  ¸¨³-
¶ÉμÉ¨±¨ (47) ËÊ´±Í¨° y1 ¨ y2.
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‚ · ¢¥´¸É¢  (24) ¶μ¤¸É ¢¨³ ¢³¥¸Éμ ËÊ´±Í¨° y1 ¨ y2 ¨Ì  ¸¨³¶ÉμÉ¨±¨ (47).
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ · ¢´μ³¥·´Ò¥ (ρ � 0)  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö
 ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°

c(ρ, η) = [1 + ε1(ρ, η)] exp [B(ρ, η)] ,
(57)

s(ρ, η) = −

⎡
⎣4η2

ρ∫
0

V (2t|η|)F 2
λ(t, η) dt + ε2(ρ, η)

⎤
⎦ exp [−B(ρ, η)] , λ → ∞,

¢ ±μÉμ·ÒÌ ËÊ´±Í¨¨ ε1 ¨ ε2 Ê¡Ò¢ ÕÉ ¶·¨ ²Õ¡μ³ ρ � 0 ´¥ ³¥¤²¥´´¥¥, Î¥³
O(λ−1/2) ¨ O(λ−1).

‡ ³¥´¨¢ ËÊ´±Í¨¨ c ¨ s ¨Ì  ¸¨³¶ÉμÉ¨± ³¨ (57) ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (16)Ä
(18), ³μ¦´μ ¢Ò¢¥¸É¨ ¶·¨¡²¨¦¥´¨Ö ³´μ¦¨É¥²Ö N(η), Ë §Ò δλ(η) ¨ ¸¥Î¥´¨Ö
σλ(η) · ¸¸¥Ö´¨Ö ¢ ¶·¥¤¥²¥ λ → ∞.

„²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ ¶·¨¡²¨¦¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö:

δλ(η) ≈ −

⎡
⎣4η2

∞∫
0

V (2t|η|)F 2
λ (t, η) dt

⎤
⎦×

× exp

⎡
⎣−8η2

∞∫
0

V (2t|η|)Fλ(t, η)Gλ(t, η) dt

⎤
⎦ . (58)

“¶·μ¸É¨³ ÔÉμ ¶·¨¡²¨¦¥´¨¥ ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (x), Ê¡Ò¢ ÕÐ¥£μ ¢
¶·¥¤¥²¥ x = 2t|η| → ∞ ¡Ò¸É·¥¥ ²Õ¡μ° μ¡· É´μ° ¸É¥¶¥´¨  ·£Ê³¥´É  x. ’ ±μ°
¶μÉ¥´Í¨ ² ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³. ‚μ¸¶μ²Ó§Ê¥³¸Ö ¨§¢¥¸É´Ò³
¶·¥¤¸É ¢²¥´¨¥³ [15,16]

Fλ(ρ, η) = Cλ(η) ρλ+1 exp (ıρ)Φ(a1, a2;−2 ıρ),
a1 = λ + 1 + ı η, a2 = 2λ + 2,

¨ § ³¥É¨³, ÎÉμ ¢ ¶·¥¤¥²¥ λ → ∞ ³μ¤Ê²¨ μ¡μ¨Ì ¶ · ³¥É·μ¢ a1 ¨ a2 ·Ö¤ 
ŠÊ³³¥·  Φ(a1, a2;−2ıρ) ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ. Š ¸μ¦ ²¥´¨Õ, ¢ É ±μ³
¸²ÊÎ ¥  ¸¨³¶ÉμÉ¨±  [22] ·Ö¤  ŠÊ³³¥·  ¨§¢¥¸É´  ²¨ÏÓ ´  ¨´É¥·¢ ²¥ 0 � ρ <
∞. ˆ¸¶μ²Ó§ÊÖ ¥¥ ¨ μ¡μ§´ Î Ö ¸¨³¢μ²μ³ e μ¸´μ¢ ´¨¥ ´ ÉÊ· ²Ó´μ£μ ²μ£ ·¨Ë³ ,
¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Fλ(ρ, η) = exp (−πη/2)

√
λ + 1
2λ

[
eρ

2(λ + 1)

]λ+1 [
1 + O(λ−1)

]
,

λ → ∞, ρ < ∞.
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�² £μ¤ ·Ö ÔÉμ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¨§ Ëμ·³Ê²Ò (58) ¸²¥¤Ê¥É ¨¸±μ³μ¥ ¶·¨-
¡²¨¦¥´¨¥

δλ(η) ≈ exp (−πη)
2λ

(e

2

)2λ+2
(

1
λ + 1

)2λ+1 ∞∫
0

t2λ+2 V (2t|η|) dt, λ → ∞,

¸¶· ¢¥¤²¨¢μ¥ Éμ²Ó±μ ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨-
 ²  V . “¶·μ¸É¨ÉÓ  ¶¶·μ±¸¨³ Í¨Õ (58) ¢ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ ´¥ Ê¤ ²μ¸Ó ¨§-§ 
μÉ¸ÊÉ¸É¢¨Ö · ¢´μ³¥·´ÒÌ ¶μ ¶¥·¥³¥´´μ° ρ  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° Fλ ¨ Gλ ¢
¶·¥¤¥²¥ λ → ∞.

4.2. �¥²¨´¥°´ Ö ¢¥·¸¨Ö ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°. ‘Ëμ·³Ê²¨·Ê¥³ ¨ μ¡μ-
¸´Ê¥³ ´¥²¨´¥°´ÊÕ ¢¥·¸¨Õ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ
· ¸¸¥Ö´¨Ö. �μ¸É·μ¨³ ÔÉÊ ¢¥·¸¨Õ ± ± ·¥¤Ê±Í¨Õ ¶·¥¤²μ¦¥´´μ£μ ¢ÒÏ¥ ³¥Éμ¤ 
 ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°, μ¸´μ¢ ´´μ£μ ´  § ¤ Î¥ ŠμÏ¨ (7), (8) ¨ ¶·¥¤¸É ¢²¥-
´¨ÖÌ (11), (16) ¨ (17).

ˆ§ ¶·¥¤¸É ¢²¥´¨° (16) ¨ (17) ¶μ²ÊÎ¨³ · ¢¥´¸É¢ 

δλ(ρ, η) = arctg
s(ρ, η)
c(ρ, η)

,

(59){
cos δλ(ρ, η)
sin δλ(ρ, η)

}
=

1√
c2(ρ, η) + s2(ρ, η)

{
c(ρ, η)
s(ρ, η)

}
.

”Ê´±Í¨Õ M(ρ, η) ¸Î¨É ¥³ · ¢´μ° ËÊ´±Í¨¨ N−1(ρ, η). ‘μ£² ¸´μ Ëμ·³Ê-
² ³ (16) ¨³¥¥³

M(ρ, η) ≡ N−1(ρ, η) =
√

c2(ρ, η) + s2(ρ, η). (60)

ˆ¸¶μ²Ó§ÊÖ ËÊ´±Í¨¨ δλ ¨ M , ¨§ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ ¢ ¢¨¤¥
¶·μ¨§¢¥¤¥´¨Ö (11) ËÊ´±Í¨¨ U ¨ ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö (16) ¶μ²ÊÎ¨³
¶·¥¤¸É ¢²¥´¨¥

uλ(ρ, η) =
M(ρ, η)
M(∞, η)

[cos δλ(ρ, η)Fλ(ρ, η) + sin δλ(ρ, η)Gλ(ρ, η)] . (61)

’¥¶¥·Ó ¢Ò¢¥¤¥³ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ δλ. �·μ¤¨ËË¥·¥´Í¨·Ê¥³ ¥¥ ¶·¥¤-
¸É ¢²¥´¨¥ (59) Î¥·¥§ ËÊ´±Í¨¨ c ¨ s ¶μ ¶¥·¥³¥´´μ° ρ. ‚ ¶μ²ÊÎ¥´´μ³ ¸μμÉ-
´μÏ¥´¨¨ § ³¥´¨³ ¶·μ¨§¢μ¤´Ò¥ ∂ρc ¨ ∂ρs ¶· ¢Ò³¨ Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
Ê· ¢´¥´¨° (7). ‡ É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ (59) ±μ¸¨´Ê¸  ¨ ¸¨´Ê¸ 
ËÊ´±Í¨¨ δλ Î¥·¥§ ËÊ´±Í¨¨ c ¨ s. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ´¥²¨´¥°´μ¥
Ê· ¢´¥´¨¥

∂ρδλ(ρ, η) = −4η2 V (2ρ|η|)
[
cos δλ(ρ, η)Fλ(ρ, η)+

+ cos δλ(ρ, η)Gλ(ρ, η)
]2

, ρ > 0, (62)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ δλ(ρ, η) = 0 ¶·¨ ρ = 0.
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�´ ²μ£¨Î´Ò³ μ¡· §μ³, ´μ ¤¨ËË¥·¥´Í¨·ÊÖ É ´£¥´¸ tλ = s/c ËÊ´±Í¨¨ δλ

¨²¨ · ¢¥´¸É¢μ (60), ¢Ò¢¥¤¥³ ´  ¶μ²Êμ¸¨ ρ > 0 ´¥²¨´¥°´μ¥ Ê· ¢´¥´¨¥

∂ρtλ(ρ, η) = −4η2 V (2ρ|η|) [Fλ(ρ, η) + tλ(ρ, η)Gλ(ρ, η)]2 (63)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ tλ(ρ, η) = 0, ρ = 0, ¨²¨ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥

∂ρM(ρ, η) = 2η2 V (2ρ|η|)Tλ(ρ, η)M(ρ, η),
Tλ(ρ, η) ≡ 2 cos 2δλ(ρ, η)Fλ(ρ, η)Gλ(ρ, η)+

+ sin 2δλ(ρ, η)
[
G2

λ(ρ, η) − F 2
λ(ρ, η)

]
¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ M(ρ, η) = 1, ρ = 0. ’ ±μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¥¤¨´¸É¢¥´-
´μ¥ ·¥Ï¥´¨¥:

M(ρ, η) = exp

⎧⎨
⎩2η2

ρ∫
0

V (2t|η|)Tλ(t, η) dt

⎫⎬
⎭ . (64)

Š ± ¶μÖ¸´Ö²μ¸Ó ¢ ¶. 2.2, ËÊ´±Í¨Ö δλ(ρ, η) ´ §Ò¢ ¥É¸Ö Ë §μ¢μ° ¨ ¨³¥¥É
¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸². ˆ§ ¶·¥¤¸É ¢²¥´¨Ö (61) ¸²¥¤Ê¥É, ÎÉμ μÉ´μ-
Ï¥´¨¥ M(ρd, η)/M(∞, η) Ö¢²Ö¥É¸Ö  ³¶²¨ÉÊ¤μ°, ´  ±μÉμ·ÊÕ ¢μ²´μ¢ Ö ËÊ´±-
Í¨Ö uλ μÉ²¨Î ¥É¸Ö μÉ ³´μ¦¨É¥²Ö, § ±²ÕÎ¥´´μ£μ ¢ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ ¢ ±¢ -
¤· É´Ò¥ ¸±μ¡±¨. �μÔÉμ³Ê ËÊ´±Í¨Õ M ³μ¦´μ ´ §Ò¢ ÉÓ  ³¶²¨ÉÊ¤´μ° ËÊ´±-
Í¨¥°.

ˆÉ ±, ¢ ¶·¥¤²μ¦¥´´μ° ¢ÒÏ¥ ´¥²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±-
Í¨° ¤²Ö ¶μ²´μ£μ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (3)Ä(5) ´¥μ¡Ìμ¤¨³μ
¸´ Î ²  ¶·μ¨´É¥£·¨·μ¢ ÉÓ ´¥²¨´¥°´μ¥ Ë §μ¢μ¥ Ê· ¢´¥´¨¥ (62) ¨²¨ ´¥²¨´¥°-
´μ¥ Ê· ¢´¥´¨¥ (63), § É¥³ ´ °É¨  ³¶²¨ÉÊ¤´ÊÕ ËÊ´±Í¨Õ M ¶μ Ëμ·³Ê²¥ (64)
¨ ´ ±μ´¥Í ¢ÒÎ¨¸²¨ÉÓ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ uλ ¶μ Ëμ·³Ê²¥ (61).

‘Ëμ·³Ê²¨·Ê¥³ μ¸μ¡μ ¢ ¦´Ò° ¨ ´μ¢Ò° ·¥§Ê²ÓÉ É ¢ ¢¨¤¥ ³ É¥³ É¨Î¥¸±μ£μ
μ¡μ¸´μ¢ ´¨Ö ´¥²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°. ‚¸²¥¤¸É¢¨¥ ¶·¥¤-
¸É ¢²¥´¨Ö (59) Ë §μ¢μ° ËÊ´±Í¨¨ δλ(ρ, η) Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s ¨
μ¤´μ§´ Î´μ° · §·¥Ï¨³μ¸É¨ § ¤ Î¨ ŠμÏ¨ (7), (8) ¤²Ö ÔÉ¨Ì ËÊ´±Í¨° Ë §μ¢μ¥
Ê· ¢´¥´¨¥ (62) ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ δλ = 0 ¶·¨ ρ = 0 ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥
·¥Ï¥´¨¥. �μÔÉμ³Ê ¢μ²´μ¢ Ö ¨  ³¶²¨ÉÊ¤´ Ö ËÊ´±Í¨¨ uλ ¨ M μ¶·¥¤¥²ÖÕÉ¸Ö
· ¢¥´¸É¢ ³¨ (61) ¨ (64) μ¤´μ§´ Î´μ. ˆ´É¥£· ² ¢ · ¢¥´¸É¢¥ (64) ¸ÊÐ¥¸É¢Ê¥É ¶·¨
²Õ¡μ³ ρ � 0, ¥¸²¨ ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (2). ‚ ÔÉμ³ ÊÉ¢¥·¦¤¥-
´¨¨ ´¥É·Ê¤´μ Ê¡¥¤¨É¸Ö, ¨¸¶μ²Ó§ÊÖ ´¥¶·¥·Ò¢´μ¸ÉÓ ¨  ¸¨³¶ÉμÉ¨±¨ (13) ¨ (15)
ËÊ´±Í¨° ŠÊ²μ´ .

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° ¶Ê´±É ¸ ³Ò³ ¶·μ¸ÉÒ³ ¤μ± § É¥²Ó¸É¢μ³ ÊÉ¢¥·¦¤¥-
´¨Ö μ Éμ³, ÎÉμ ËÊ´±Í¨¨ c ¨ s ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°. ˆ¸¶μ²Ó§Ê¥³ ËÊ´±Í¨Õ M .
‘μ£² ¸´μ ¶·¥¤¸É ¢²¥´¨Õ (60) ËÊ´±Í¨Ö M · ¢´ 

√
c2 + s2,   ¢ ¸¨²Ê ¶·¥¤¸É -

¢²¥´¨Ö (64) ÔÉ  ¦¥ ËÊ´±Í¨Ö ¢¸¥£¤  ¶μ²μ¦¨É¥²Ó´ Ö. ‘²¥¤μ¢ É¥²Ó´μ, ´  ¢¸¥°
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¶μ²Êμ¸¨ ρ � 0 ¢¥·´μ ´¥· ¢¥´¸É¢μ
√

c2 + s2 > 0, ±μÉμ·μ¥ ¨ μ§´ Î ¥É, ÎÉμ
ËÊ´±Í¨¨ c ¨ s ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°.

4.3. Œ¥Éμ¤  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥. Š ± ¨§-
¢¥¸É´μ [15,16], ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥ (|R| → ∞, η → 0) ËÊ´±Í¨¨ ŠÊ²μ´ 
Fλ ¨ Gλ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ ¶·μ¨§¢¥¤¥´¨Ö jλ ¨ ñλ ËÊ´±Í¨¨

√
πρ/2 ¨ ËÊ´±Í¨°

�¥¸¸¥²Ö Jm ¨ Ym Í¥²μ£μ ¶μ·Ö¤±  m = λ + 1/2:

Fλ(ρ, η) = jλ(ρ) ≡
√

πρ

2
Jm(ρ),

(65)

Gλ(ρ, η) = −ñλ(ρ) ≡ −
√

πρ

2
Ym(ρ), η = 0.

‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¶¥·¥Ìμ¤  ± ´¥±Ê²μ´μ¢¸±μ³Ê ¶·¥¤¥²Ê ¢μ ¢¸¥Ì ¸μμÉ´μÏ¥-
´¨ÖÌ, ¶·¨¢¥¤¥´´ÒÌ ¢ · §¤. 2Ä5, ´Ê¦´μ ¢Ò¶μ²´¨ÉÓ É·¨ § ³¥´Ò

Fλ(ρ, η) → jλ(ρ), Gλ(ρ, η) → −ñλ(ρ), 4η2 V (2ρ|η|) → 2m1

(�k)2
Ṽ (ρ/k),

(66)
  § É¥³ ¶μ²μ¦¨ÉÓ η = 0. ‚ ¨Éμ£¥ ±· ¥¢ Ö § ¤ Î  ˜·¥¤¨´£¥·  (3)Ä(5) ¸É ´¥É
§ ¤ Î¥° ¤²Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ(ρ, 0) ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 Í¥´É· ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ Ṽ (r), r = ρ/k,   § ¤ Î 
ŠμÏ¨ (7), (8) ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c(ρ, 0) ¨ s(ρ, 0) ¸¢¥¤¥É¸Ö ± ¸¨¸É¥³¥
Ê· ¢´¥´¨°

∂ρc(ρ, 0) =
2m1

(�k)2
Ṽ (ρ/k) [ c(ρ, 0) jλ(ρ) + s(ρ, 0) ñλ(ρ) ] ñλ(ρ),

(67)

∂ρs(ρ, 0) = − 2m1

(�k)2
Ṽ (ρ/k) [c(ρ, 0) jλ(ρ) + s(ρ, 0) ñλ(ρ, 0)] jλ(ρ), ρ > 0,

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ c(ρ, 0) = 1 ¨ s(ρ, 0) = 0 ¶·¨ ρ = 0.
’ ±¨¥ Ê· ¢´¥´¨Ö ¨¸¶μ²Ó§μ¢ ²¨¸Ó · ´¥¥ ¢ · ¡μÉ Ì [9] ¨ [10]. ‚ · ¡μÉ¥ [9]

¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ·¥Ï¥´¨Ö {c(ρ, 0), s(ρ, 0)} ¢μ¢¸¥ ´¥
μ¡¸Ê¦¤ ²¸Ö. ‚ · ¡μÉ¥ [10] ²¨ÏÓ ¶μÖ¸´Ö² ¸Ó ¸Ì¥³  μÉ¢¥É  ´  ÔÉμÉ ¢μ¶·μ¸.
„ ¤¨³ ¨¸Î¥·¶Ò¢ ÕÐ¨° μÉ¢¥É. „²Ö ÔÉμ£μ § ³¥É¨³, ÎÉμ μÍ¥´±¨ (36), (38) ¨ (40)
ËÊ´±Í¨° ŠÊ²μ´  μ± § ²¨¸Ó ±²ÕÎ¥¢Ò³¨ ¤²Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¤μ± § É¥²Ó-
¸É¢  ²¥³³ 1Ä3 ¨ ¢¸¥Ì É¥μ·¥³ 1Ä4. 	É¨ μÍ¥´±¨ ¢¥·´Ò ¶·¨ ²Õ¡μ³ η, ¢ Éμ³
Î¨¸²¥ ¨ ¢ ¸²ÊÎ ¥ η = 0. �μÔÉμ³Ê ¢ ÔÉμ³ ¦¥ ¸²ÊÎ ¥ ¢¸¥ ²¥³³Ò 1Ä3 ¨ É¥μ-
·¥³Ò 1Ä4 μ¸É ÕÉ¸Ö ¢ ¸¨²¥ ¨ Ö¢²ÖÕÉ¸Ö ³ É¥³ É¨Î¥¸±¨³ μ¡μ¸´μ¢ ´¨¥³ ³¥Éμ¤ 
 ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¤²Ö ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¶μÉ¥´Í¨ ²μ³ V , Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨³ Ê¸²μ¢¨Ö³ (2). ‚ Î ¸É´μ¸É¨, É¥μ·¥³  4 £ · ´É¨·Ê¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨
¥¤¨´¸É¢¥´´μ¸ÉÓ ´¥¶·¥·Ò¢´μ£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (67) ¸ ´ Î ²Ó´Ò³¨
Ê¸²μ¢¨Ö³¨ c = 1 ¨ s = 0 ¢ ÉμÎ±¥ ρ = 0.
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4.4. Œ¥Éμ¤  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¤²Ö É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö. �μÖ¸-
´¨³, ± ±  ¤ ¶É¨·μ¢ ÉÓ ¶·¥¤²μ¦¥´´Ò° ³¥Éμ¤  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ´  ¸²ÊÎ °
É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö ¸Ê³³μ° V c + V ¤¢ÊÌ ¶μÉ¥´Í¨ ²μ¢ ¨²¨ ¦¥ μ¤´¨³ ¶μ-
É¥´Í¨ ²μ³ V .

‚ § ¤ Î¥ (3)Ä(5) § ³¥´¨³ ¶μ²ÊÍ¥²Ò° ¨´¤¥±¸ λ ´  Í¥²Ò° ¨´¤¥±¸ � ¨ ¶μ²μ-
¦¨³ � = 0, 1, . . . ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö § ¤ Î  ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó´μ°
±μ³¶μ´¥´ÉÒ u� ¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ É·¥Ì-
³¥·´μ³ ¶·μ¸É· ´¸É¢¥. 	É  ±μ³¶μ´¥´É  μ¶·¥¤¥²Ö¥É · ¸¸¥Ö´¨¥ ¸Ê³³μ° ±Ê²μ´μ¢-
¸±μ£μ ¨ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ²  V ¢ ±¢ ´Éμ¢μ³ ¸μ¸ÉμÖ´¨¨ |q, �〉 ¸ § ¤ ´´Ò³¨
§´ Î¥´¨Ö³¨ q ¨ � ¢μ²´μ¢μ£μ Î¨¸²  ¨ Ê£²μ¢μ£μ ³μ³¥´É .

’ ± ± ± ¶·¨ Í¥²μ³ λ = � ¸²ÊÎ ° 2λ = −1 ´¥ ·¥ ²¨§Ê¥É¸Ö, Éμ ²¥³³Ò 2, 3 ¨
É¥μ·¥³Ò 2, 3 ´¥ ´Ê¦´Ò. �Í¥´±¨ ËÊ´±Í¨° ŠÊ²μ´  (36) ¨ (38) Í¥²μ£μ ¶μ·Ö¤± 
(λ = �) ¸É ´ÊÉ ¤ ¢´μ ¨§¢¥¸É´Ò³¨ μÍ¥´± ³¨ C. Š² ·¸Ë¥²Ó¤  [23]. ‘²¥¤μ¢ -
É¥²Ó´μ, ²¥³³  1 ¨ É¥μ·¥³Ò 1 ¨ 4 μ¸É ÕÉ¸Ö ¢ ¸¨²¥ ¨ ¸²Ê¦ É ³ É¥³ É¨Î¥¸±¨³
μ¡μ¸´μ¢ ´¨¥³ ³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¤²Ö É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö ¸Ê-
¶¥·¶μ§¨Í¨¥° ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨ ¶μÉ¥´Í¨ ²  V , ¶μ¤Î¨´¥´´μ£μ ¸μμÉ-
´μÏ¥´¨Ö³ (2).

’¥¶¥·Ó μ¡¸Ê¤¨³ ¸²ÊÎ ° ¢Ò±²ÕÎ¥´´μ£μ (η = 0) ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨-
 ² . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ£² ¸´μ · ¢¥´¸É¢ ³ (65) ËÊ´±Í¨¨ ŠÊ²μ´  Í¥²μ£μ ¶μ·Ö¤± 
¢Ò·μ¦¤ ÕÉ¸Ö ¢ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ �¨±± É¨Ä�¥¸¸¥²Ö [18]. ‘²¥¤μ¢ É¥²Ó´μ,
¤²Ö ¶¥·¥Ìμ¤  ± μ¡¸Ê¦¤ ¥³μ³Ê ¸²ÊÎ Õ ¢μ ¢¸¥Ì ¸μμÉ´μÏ¥´¨ÖÌ, ¶·¨¢¥¤¥´´ÒÌ ¢
· §¤. 2Ä5, ´Ê¦´μ ¢Ò¶μ²´¨ÉÓ É·¨ § ³¥´Ò (66),   § É¥³ ¶μ²μ¦¨ÉÓ λ = � ¨ η = 0.
�μ¸²¥ Ê± § ´´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ±²ÕÎ¥¢Ò¥ μÍ¥´±¨ (36) ¨ (38) ¢Ò·μ¤ÖÉ¸Ö ¢
³¥´¥¥ ÉμÎ´Ò¥, Î¥³ ¤ ¢´μ ¨§¢¥¸É´Ò¥ μÍ¥´±¨ �.Œ ·É¨´  [24] ¤²Ö ËÊ´±Í¨¨
�¨±± É¨Ä�¥¸¸¥²Ö. �μÔÉμ³Ê ¢¸¥ ÊÉ¢¥·¦¤¥´¨Ö, ¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢ ²¥³³¥ 1
¨ É¥μ·¥³ Ì 1 ¨ 4, μ¸É ´ÊÉ¸Ö ¢¥·´Ò³¨ ¨ ¡Ê¤ÊÉ ³ É¥³ É¨Î¥¸±¨³ μ¡μ¸´μ¢ ´¨¥³
³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¤²Ö É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö Í¥´É· ²Ó´Ò³ ¶μ-
É¥´Í¨ ²μ³ V , ¶μ¤Î¨´¥´´Ò³ ¸μμÉ´μÏ¥´¨Ö³ (2).

‡�Š‹	—…�ˆ…

�¥·¥Î¨¸²¨³ ¨ μ¡¸Ê¤¨³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.
„ ´  Ëμ·³Ê²¨·μ¢±  ¨ ³ É¥³ É¨Î¥¸±μ¥ μ¡μ¸´μ¢ ´¨¥ ³¥Éμ¤   ³¶²¨ÉÊ¤-

´ÒÌ ËÊ´±Í¨°, ¶·¥¤´ §´ Î¥´´μ£μ ¤²Ö ¶·μ¸Éμ£μ ¨ ¨¸Î¥·¶Ò¢ ÕÐ¥£μ ·¥Ï¥´¨Ö
· ¤¨ ²Ó´μ° § ¤ Î¨ (3)Ä(5) ¤¢Ê³¥·´μ£μ (2λ = −1, 1, . . .) ¨²¨ É·¥Ì³¥·´μ£μ
(λ = � = 0, 1, . . .) · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ê³³μ° ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´-
Í¨ ²  V c = 2η/ρ ¨ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ²  V , Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ ¤μ¢μ²Ó´μ
μ¡Ð¨³ Ê¸²μ¢¨Ö³ (2).

�μ± § ´μ, ÎÉμ ÔÉμÉ ¦¥ ³¥Éμ¤ ¶·¨³¥´¨³ ¤²Ö ·¥Ï¥´¨Ö · ¤¨ ²Ó´μ° § -
¤ Î¨ (3)Ä(5) ¤¢Ê³¥·´μ£μ ¨²¨ É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö ¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ
±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  (η = 0).
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ˆ§ μ¸´μ¢´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (7) ¸ Ê¸²μ¢¨Ö³¨ (8) ¢Ò¢¥¤¥´Ò ´¥²¨´¥°-
´μ¥ Ë §μ¢μ¥ Ê· ¢´¥´¨¥ (62) ¨ ¶·¥¤¸É ¢²¥´¨Ö (61) ¨ (64) ¢μ²´μ¢μ° ¨  ³¶²¨-
ÉÊ¤´μ° ËÊ´±Í¨° uλ ¨ M Î¥·¥§ Ë §μ¢ÊÕ ËÊ´±Í¨Õ δλ(ρ, η).

‘Ëμ·³Ê²¨·Ê¥³ ´¥μ¸¶μ·¨³Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±-
Í¨°. ‚ ÔÉμ³ ³¥Éμ¤¥ ±²ÕÎ¥¢Ò³¨ Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨, Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨¥ ¤μ¢μ²Ó´μ ¶·μ¸Éμ°,   ¨³¥´´μ ²¨´¥°´μ° ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° (7) ¶¥·¢μ£μ ¶μ·Ö¤± . 	É  ¸¨¸É¥³  ¸¢μ¤¨É¸Ö ± ¸μ¢μ±Ê¶´μ¸É¨ ¤¢ÊÌ
´¥¸¢Ö§ ´´ÒÌ ¸ ¤·Ê£ ¸ ¤·Ê£μ³ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (21) ¨²¨ (27), Ê¤μ¡´ÒÌ
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö · §²¨Î´ÒÌ ¸¢μ°¸É¢  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°.

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³ ¸²¥¤ÊÕÐ¨¥ Ë ±ÉÒ. ‚ ¨§¢¥¸É´ÒÌ ³μ´μ£· Ë¨ÖÌ [7,
19], ¶μ¸¢ÖÐ¥´´ÒÌ ³¥Éμ¤Ê Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ É¥μ·¨¨ É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö,
¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´μ¸ÉÓ Ë §μ¢ÒÌ ¨  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ²¨ÏÓ ¶μ¤-
· §Ê³¥¢ ²¨¸Ó. „μ± § ´´Ò¥ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ É¥μ·¥³Ò 1Ä4 Ö¢²ÖÕÉ¸Ö ¸ÊÐ¥-
¸É¢¥´´Ò³ ¤μ¶μ²´¥´¨¥³ ± ÔÉ¨³ ³μ´μ£· Ë¨Ö³ ¨ · ¸Ï¨·¥´¨¥³ ³¥Éμ¤  Ë §μ¢ÒÌ
ËÊ´±Í¨° ´  ¸²ÊÎ ° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö.
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